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ABSTRACT

Soil thermal conductivity (A) is an important thermal property for environmental, agricultural,
and engineering heat transfer applications. Existing A models for frozen soils are complicated
to use because they require estimates of both liquid water content and ice content. This study
introduces a new approach to estimate A of partially frozen soils from air-filled porosity (n,),
which can be determined by using an oven-drying method. A A and #, relationship was
established based on measurements for 28 partially frozen soils. A strong exponential
relationship between A and 1, was found (with R? of 0.82). Independent tests on 10 partially
frozen soils showed that the exponential -z, model produced reliable A estimates with a
RMSE 0f 0.319 W m™ K™!, which was smaller than those of two widely used A models for
partially frozen soils. The A-n, model is easier to use than existing models, because it requires
fewer parameters. Note that the A-n, model ignores the effect of temperature on A of frozen

soils and is most applicable to soil at temperatures < -4°C.

Abbreviations: TDR, time domain reflectometry; SE, standard error of the regression;

RMSE, root mean square error.

Soil thermal conductivity (A) is a key parameter in modeling heat transfer in the vadose
zone, which is important for environmental science, ground engineering, and geothermal

applications (Dai et al., 2019). Direct measurement of A can be time-consuming and
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somewhat difficult, especially for frozen soils (Tian et al., 2016). Substantial effort has been
devoted to developing empirical or semi-theoretical models that estimate A from basic soil
properties (de Vries, 1963; Coté and Konrad, 2005; Lu et al., 2007; Lu et al., 2014). For
frozen soils, the de Vries- and Johansen-based A models have been widely used (Penner et al.,
1975; Johansen, 1975; Tian et al., 2016). When soil freezes, there exists unfrozen liquid
water in the soil pores, i.e., remaining partially frozen, due to the absorptive and capillary
forces exerted by soil particles. The de Vries-based models give reliable A estimates for
partially frozen soils, but they require accurate liquid water content (6y) and ice content (6;)
values, which are difficult to measure. The Johansen-based models estimate A of partially
frozen soils from A values of dry soils and saturated frozen soils at the same bulk density (py),
which also requires 0y and 0; values at saturation. Although several techniques have been
tested for measuring 0y, and 0; in partially frozen soils, the accuracy of these techniques is
questionable, because no independent verification method is available (Watanabe and Wake,
2009; Zhou et al., 2014; Tian et al., 2019; Kojima et al., 2020). Thus, it is necessary to
develop models that estimate A of partially frozen soils using more easily measurable

parameters.

Previous studies reported that A values of unfrozen and frozen soils are greatly affected by

soil water (0, and 6;) and py, conditions, and the correlations between A and 0y, 6;, and py, vary

Accepted Article

This article is protected by copyright. All rights reserved.



Accepted Article

significantly among soil types (Abu-Hamdeh and Reeder, 2000; C6té and Konrad, 2005).
Ochsner et al. (2000), however, observed that the air-filled porosity (n,), rather than 0y, and
pv, had a dominant effect on A of unfrozen soils. Xie et al. (2019) showed that, for unfrozen
soils, the A and n, relationship could be approximated using a general linear function. For
partially frozen soils, the n, is approximated by the difference between soil porosity (1) and
total water content (0y,) because liquid water and ice have fairly similar densities (about 1
and 0.92 Mg m™, respectively), which differ substantially from that of the soil solid phase
(about 2.65 Mg m™ for many mineral soils). Considering the fact that 1 and 0, in mineral
soils can be measured easily and accurately with the oven-drying method, it is common for 1
and 0y, to be used as independent variables in A models. To the best of our knowledge, no
studies have reported the influences of n, on A of partially frozen soils, nor whether A of

partially frozen soils can be estimated directly from »n, measurements.

The objectives of this research are to examine the relationship between n, and A for
partially frozen soils and to develop a single-parameter model that estimates A from 7,.
Literature A data for 28 partially frozen soils with various textures at different 0,,; and py
values are used to develop the A-n, model. Independent data from another 10 soils are used to

evaluate the accuracy of the new model.
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MATERIALS AND METHODS

Thermal Conductivity Dataset of Partially Frozen Soils

Due to the difficulties in accurately determining A of partially frozen soils, a limited
number of datasets are available in the literature. In this work, A measurements on 38
partially frozen soils were obtained from Kersten (1949), Penner et al. (1970, 1975), Inaba
(1983), Jacobs and Perkins (1990), and Tian et al. (2016, 2017). The A values for 10 soils
from Kersten (1949) and four soils from Jacobs and Perkins (1990) were determined with the
steady state method at a mean temperature of -4°C. The A values for 10 soils from Penner et
al. (1970, 1975) and three soils from Inaba (1983) were measured with a single-probe
heat-pulse method at temperatures from -2°C to -20°C. The A data for 11 soils from Tian et al.
(2016, 2017) were determined with the dual-probe heat-pulse method at temperatures from -1
to -15°C. Because the heat-pulse method performed poorly at temperatures from 0 to -5°C
(Tian et al., 2015), only the heat-pulse measurements at temperatures < -5°C were used in this
study. Table 1 presents the basic physical properties of the investigated soils. The 38 soils
were grouped into two datasets: Soils 1-28 with a total of 229 measurements were used to
establish the relationship between A and #n,, and Soils 29-38 with a total of 111 measurements
were used to examine the accuracy of the A-n, model. The 38 soils were classified into

model-fitting and validation groups based on two principles: (1) Both groups included a wide

This article is protected by copyright. All rights reserved.



range of soil texture, py,, and 0o; (2) Both groups contained A measurements from three
different methods (Table 1). Figure 1 shows the textural class distribution of the datasets
according to the USDA system. Note that most of the investigated soils had organic carbon

content less than 5%, and thus organic soils, such as peat, were not considered in this study.
Soil n, values were calculated with the following equation,
Na=1—v5—0y, —0; 1 —v5 — Bt

where vs = py/ps is the volume fraction of soil solids and ps is soil particle density. p; is

assumed herein to be 2.65 Mg m” when it is not otherwise reported (Hillel, 2004).

We examined the relationships between A and O, vs, and n,. The significance of these
relationships was assessed with the coefficient of determination (Rz) and the standard error of

the regression (SE).
Thermal Conductivity Models for Partially Frozen Soils

In this study, we assumed that for partially frozen soils, a linear or nonlinear empirical
relationship existed between A and 7n,, and the relationship could be used to estimate A from n,
measurements. The A-n, model was developed using data for the 28 soils in the model-fitting

dataset. The performance of the A-n, model was evaluated with data for the 10 soils in the
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validation dataset and by comparing its performance versus the de Vries- and Johansen-based

A models.

The de Vries-based A model for partially frozen soils is (Tian et al., 2016),

_ OwAw+kiBiAi+kanaAg+ksvsAg [2]
- Bw+kiOj+kana+ksvs

A

where Ay (0.57 W m™ K™, & (2.28 W m™ K™, A, (0.024 W m™ K), and A, represent
thermal conductivities of liquid water, ice, air, and soil solids, respectively; and 4;, k,, and &
are weighting factors for ice, air, and soil solids, respectively. The parameter A is estimated

from soil texture information with (Tian et al., 2016),
)\S — Asandfsand)\Silthilt)\Clayfday [3]

where Asang (7.70 W m™ K™, A (2.74 W m™ K™), and Acay (1.93 W m™ K) are thermal
conductivities of sand, silt, and clay, respectively; and fand, fsiir, and fciay are the volume

fractions of sand, silt, and clay in soil solids, respectively.

The weighting factor &; in Eq. [2] is:

=31+ (- Vo] +3[1+ (1) a-200)] .

%%

where the subscript j represents ice, air, and soil solids; and g, is the shape factor for ice

crystals, solid particles, and air voids. The shape factor gy is given by,
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Jagice) = 0333 (1 — =) [5]

—Vg

Gacairy = 0.333 (1 - 2) [6]
ga(solids) = ga(sand)fsand + ga(silt)fsilt + ga(clay)fclay [7]

where Za(sand), Sasilt), and Zacclay) are 0.182, 0.0534, and 0.00775, respectively (Tian et al.,
2016). Note that, Eq. [2] treats liquid water as a continuous phase in partially frozen soils,
which might be inappropriate at a sufficiently low temperature when ice becomes the
continuous phase. The A of soils used in this study were measured at temperatures > -20°C,

and thus, for simplicity, we treated water as a continuous phase for all samples.
The Johansen-based model is (Johansen, 1975; Lu et al., 2007),
A= (}\sat - )\dry)Ke + }\dry [8]

where Ag and Agry are A values for saturated frozen and dry soils, respectively; and K. 1s the
normalized thermal conductivity which is equal to the degree of saturation (S,) in partially

frozen soils. Agt , Adary, and S are as follows,
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)\sat — S”s)\wew(sat)}\i[1_vs_9w(sat)] [9]

Adry = —0.56(1 — 1) + 0.51 [10]
Ow+6;

Se =" [11]
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where A is obtained with Eq. [3], and Oysar) is the 0, value of the partially frozen soil sample

at saturation.

Both the de Vries- and Johansen-based A models require 6, and 0; estimates and soil
texture information. For the soils from Tian et al. (2016, 2017), 0, values were measured
with the TDR technique, and 6; values were obtained from the difference between 0, and 0
(i.e., 0; = (B0t — Ow)pw/pi, Where py, and p; are densities of water and ice, respectively). For the
soils from Inaba (1983), 6,, values were determined by a calorimetric technique. For the soils
from Kersten (1949) and Penner et al. (1975), 0,, values were not available, and thus, were
estimated from soil freezing characteristic curves. Please refer to Tian et al. (2016) for details
on how to estimate 0, from soil freezing characteristic curves. For soil particle size analysis,
Tian et al. (2016, 2017) used the pipette method, and Kersten (1949), Penner et al. (1975),
and Inaba (1983) used the hydrometer and sieve methods. The root mean square error
(RMSE) and R? values between the measured and estimated A values were calculated to

evaluate performances of the A models.
RESULTS AND DISCUSSION

Although the effects of 0y, Vs, pb, salt concentration, and organic matter content on A of
unfrozen and partially frozen soils have been investigated (Abu-Hamdeh and Reeder, 2000;

Mustamo et al., 2019; Zhao and Si, 2019), no universal relationship has been established
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between A and these variables. Alternately, in unfrozen soils, A has been observed to exhibit a
general linear correlation with n, across a wide range of textures (Ochsner et al., 2000; Tong
et al., 2019; Xie et al., 2019). Figure 2 illustrates A as a function of 0y, vs, or 1, for 28
partially frozen soils. Similar to that for unfrozen soils, only a moderate linear relationship
was observed between A and 0, with an R? 0f 0.44 and an SE of 0.634 W m™! K (Fig. 2a),
which indicated that A somewhat depended on 0y in partially frozen soils. However, such a
linear function was inadequate to model A of partially frozen soils. Although the A of partially
frozen soils also increased with v, the correlation between A and v was weak as the R? was

0.14 and the SE value was 0.785 W m™ K™ (Fig. 2b).

In unfrozen soils, n, (rather than 6, or v;) is a key factor that impacts A, because A of air
(0.025 W m™ K™ at 20°C) is much lower than that of water and soil solids (0.60 and ~3.5 W
m™ K at 20°C, respectively). Likewise, in partially frozen soils, 1, may manifest a simpler
direct relationship with A than do liquid water, ice (with a A of 2.28 W m™ K™), or vs. In this
study, we observed strong linear and exponential relationships between A and 7, on 28
partially frozen soils (Fig. 2c). The fitted linear equation had an R of 0.74 and an SE of
0.428 W m™ K. The fitted exponential equation between A and n, for the 28 soils had an R’

of 0.82 and an SE of 0.368 W m™ K. Additionally, the exponential A-n, model avoids
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negative A estimates at large n, values. The following gives the exponential A-n, fitting

equation,
A = 3.14e*9%M [12]

The R? of Equation [12] was much greater than that of the A-0,; and the A-v4 functions, and
the SE of Eq. [12] was less than half that of the A-0,,; and the A-vs functions. Thus, the
exponential function explained much of the variation in A and could be an appropriate model

to estimate A of partially frozen soils.

Figure 3a presents the comparison between Eq. [12] estimated A values and measured A
values of the 10 partially frozen soils in the validation dataset. In general, the data distributed
randomly along the 1:1 line with a RMSE of 0.319 W m™ K. The R? of the fitted linear
relation between estimated and measured A values was 0.85. The performance of the de
Vries-based and the Johansen-based A models on the same soils were also evaluated in this
study (Figs. 3b and 3c). The de Vries-based model gave reasonable A estimates for the 10
partially frozen soils with a RMSE of 0.370 W m™ K™ and an R” of 0.83. The
Johansen-based model had a RMSE of 0.376 W m™ K™ and R? of 0.80. Thus, the exponential
A-n, model could give A estimates as accurate as or even slightly better than the de Vries- and

Johansen-based models. More importantly, unlike the de Vries-based and the Johansen-based
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models, the exponential A-n, model is simple to use and has a practical advantage, because it

does not require soil texture, 0y, and 6; measurements.

It is worth noting that the exponential A-n, model ignores the effect of temperature on A of
partially frozen soils, because the measurements of both the model-fitting and validation
datasets are mostly carried out at temperatures < -4°C at which the A varies little with
temperatures (Inaba, 1983). The effect of temperature on A of frozen soils can be significant
at temperatures close to 0°C (Zhao and Si, 2019). However, only a few A measurements at
such temperatures are available in the literature, because it is quite difficult for the steady
state and the heat-pulse methods to determine A of partially frozen soils at temperatures near
0°C. Fig. 4 shows the performance of three models on estimating A of partially frozen soils at
temperatures of -1 and -2°C using a limited number of measured values from Inaba (1983)
and Tian et al. (2017). Among the three models, the de Vries-based model provides the most
accurate A estimates with a RMSE of 0.319 W m™ K. The exponential A-n, model and the
Johansen-based model have RMSE values of 0.349 and 0.340 W m™ K™, respectively. The
exponential A-n, model may perform worse at temperatures between -1 to 0°C as a large
phase change of water occurs with temperature changes under such a condition. Besides, the

measurement accuracy of the steady-state and transient methods is also questionable during
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this temperature range due to the significant latent heat effect on the measurement. Thus, the

exponential A-n, model is most applicable to soils at temperatures < -4°C.
CONCLUSIONS

In this note, we examined the effects of Oy, vs, and n, on A of partially frozen soils. A
strong exponential relationship was found between A and n, across a wide range of soils. The
exponential A-n, function gave reliable A estimates for the partially frozen soils at
temperatures < -4°C with a RMSE of 0.319 W m™ K™'. The accuracy of the new model was
greater than the widely used de Vries- and Johansen-based models, which had RMSE values
>0.370 W m™ K. In addition, the new model did not require specific information about soil
texture nor separate estimates of ice and liquid water contents. Thus, we conclude that the
new single parameter 7, model can estimate A of partially frozen soils at temperatures < -4°C

with satisfactory accuracy.
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List of figure captions:

Fig. 1. Textural distribution of the partially-frozen soils for the model-fitting and validation
datasets. Note, texture information for soils from Jacobs and Perkins (1990) was not reported,

and thus, is not included here.
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Fig. 2. Soil thermal conductivity (1) as functions of (a) total water content (0y), (b) volume

fraction of soil solids (vs), and (c) air-filled porosity (n,) for 28 partially-frozen soils in the

model-fitting dataset. Dashed and solid lines represent the fitted regression functions.
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Fig. 3. Comparison of estimated soil thermal conductivity (L) vs. measured A values for the

(a) exponential model of air-filled porosity (n,), the (b) de Vries-based model, and the (¢)

Johansen-based model for the 10 partially-frozen soils of the validation dataset. Solid lines

are the 1:1 lines, and dashed lines are linear regressions.
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Fig. 4. Comparison of estimated soil thermal conductivity (A) vs. measured A values for the
(a) exponential model of air-filled porosity (n,), the (b) de Vries-based model, and the (¢)
Johansen-based model for the partially-frozen soils measured at temperatures of -1 and -2°C.

Solid lines are the 1:1 lines, and dashed lines are linear regressions.
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Table 1. Soil ID, particle-size distribution (PSD), texture, measurement temperature (7),
particle density (ps), bulk density (py), initial total water content (0y), air-filled porosity (n,),

and measurement method of thermal conductivity of the frozen soils used in this study.

PSD
ID Texture T Ps Pb O1ot 7N Method
Sand Silt Clay

Accepted Article

3 3.3 3.3
°C Mg m m’ m m’ m

1 98 1 1 Sand -4 272 1.71~1.97 0.00~0.30 0.06~0.37 SS
2 100 0 0 Sand -4 2.67 1.49~1.90 0.00~0.30 0.08~0.44 SS
3 100 0 0 Sand -4 274 1.48~1.81 0.01~0.34 0.09~0.45 SS

4 94 1 5 Sand -10 2.65 1.46~1.59 0.09~0.29 0.13~0.36 DPHP

&1 18 1 -6 SPHP
Loamy
5 ~ 2.65 1.14~1.50 0.00~0.46 0.07~0.51
sand
-20
80 8 12 -5 DPHP
Sandy
6 ~ 2.65 1.30 0.16~0.47 0.10~0.35
loam
-15
64 20 16 Sandy -5, SPHP
7 270 1.66~1.89 0.10~0.25 0.03~0.25
loam -15
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Note: N.A., not available; SS, steady state method; SPHP, single-probe heat-pulse

method; DPHP, dual-probe heat-pulse method.
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