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I. INTRODUCTION
A. Statement of the Problem

This dissertation is concerned with the multiple
comparison problem. The model considered is the one-~way
classification with errors that are normally and independently
distributed with zero mean and constant unknown variance oé .

The observations are denoted by xij and the model is

l'onc,n

l,.--,ri

xij = ui + eij

. e
o

in which the u; are unknown constants or parameters and the

eij are the errors. The data may be reduced to the sample

means ii , i=1,...,n and the pooled estimate of cé .

~

denoted by s? or o’ where

-

s 1 l 2 1 s
X. = — 1§ X.. and S = ) (X.. - x.)
1 r; 3 1) R-n ij 1j i

with R =2 ri .
i

We want to give some substance to the notion of evidence

? with respect to u;,...,u and

given by 71,...,§h and s N

o; . Some procedures which have been suggested in the

literature will be reviewed in this chapter. These

- ——tA
A

procedures QGiifer consi 2kly in the mnde of approach.



It is our view that the choice of a procedure must be
based on prior opinions about the true means, that is, the
values of Uyreeest These opinions may be used to develop
a procedure for making assertions about the true means and

differences between them.
B. Review of the Literature with Minor Additions

A very extensive review of multiple comparison
procedures in current use is given in Duncan (1965), Miller
(1966) , and O'Neill and Wetherill (1971). For this reason
we will give only a brief discussion on the significant
contributions. For quick reference and in order to keep this
work as self-contained as poséible we will describe concisely
some of the procedures.

First, let us introduce some notation. A contrast of a

set of p means is given by

P
¥= ¢ c.,u. , with I c; = o . (1.1)

Y is estimated by

Yy =12 cixi . (1.2)

The variance of fi , 1i=1,...,n, is cé/ri , which
~ A
is estimated by a;/ri , where oé is based on v degrees

of freedom with v=R-n. The procedures in current use give



significance tests and/or confidence intervals for sets of

contrasts. The confidence intervals are of the form
YeV¥Y+A

where the value of A is determined for each method.
The Least Significant Difference (LSD) is applied to
pairwise differences and uses
A=t o /(gL + 4 (1.3)

a/2 e i rj

where tZ/z is the upper 100c/2 percent point of the .
Student's t distribution with v degrees of freedom.
Fisher (1935) proposed the Fisher Significant Difference

(FSD) which uses, instead of t:/z ' tZ/Zh for an experiment

with h comparisons. This modification of the LSD was
suggested by Fisher to overcome the fact that the LSD gives
too many false significances as the number of comparisons

increase. If Fisher were interested, before looking at the

v
o/2m "’

Scheffe (1953, 1959) proposed the S-method. The S-

data, in m < h comparisons he would probably use t

method states that the probability is 1l-a that the values

of all contrasts simultaneously satisfy the inequalities
¥ -S<¥<V¥+s (1.4)

o

where S = o /{(p~1)F% (p-1),v

(p-1),v © ci/r;} , and F is

i



the upper a% point of the F distribution with parameters
p-1 and v . This method is an inversion of the F-test.
Even though the S-method is applicable to means based on
samples of unequal sizes and also to means adjusted by
covariates, it does not seem completely appropriate for
selected comparisons, when the selection is made in the light
of the data.

Recently Olshen (1973) considered regression problems
where simultaneous confidence intervals of the S-method are
used after a preliminary F-test rejects the null hypothesis
that the regression parameters are zero. He showed that for
significantly 1arge”critica1 values and at least two degrees
of freedom for error, the probability of simultaneous
coverage, conditioned on the rejection of the F-test, is
always smaller than the unconditional probability. In other
words, in practice, we usually make simultaneous confidence
intervals after a significant F-test in the analysis of
variance table. Each conditional probability of
simultaneous coverage is less than 1l-a for all values of
the unknown parameter when the F-test is made at level a .
It appears that the same result extends to the Tukey T-method
which will be described next.

Many writers, for example Newman (1939), Keuls (1952),
Tukey (1953), and Duncan (1955) developed procedures based
on the studentized range statistic for testing means with

» equal number of replications.



Tukey (1953) suggested the T-method which for balanced
data, states that the probability is 1l-a that all the

n(n-1)

5 differences (ui - uj), i#j , simultaneously
satisfy
u; - uj - Tce < u, - uj < u, - uj + Tce (1.5)
%p
where T = qp'v//f ’ (1.6)
[+ 3 ) .
p=n , a=a , and q P is the upper 100a_ percent point of
P P,V P

the studentized range distribution with parameters p and
v .

The problem of making statements about differences of
the u, has also been approached in a multistage way. The
nature of multistage procedures is as follows. First an
overall test is made to make a judgment of whether the whole
set of means exhibits significant differences. If the result
is nonsignificant, no further steps are taken, while if the
result is significant, statistical tests are applied to sub~
sets of the means. The overall test and the subsequent tests
are based on the studentized range statistic. The Duncan
D-method and the Student-Newman-Keuls (SNK) method both use
Equation (1.5) but differ in the choice of o . If at some
stage in the procedure a set of p~means is being compared in
which at the beginning of the sequential procedure p equals

n, and later p is less than n, the D-method uses



ap = 1--(1-ct)p“1 while the SNK method uses ap = o

throughout.

In thié multistage approach to the overall problem as
any of the single stage approaches, the prdcedures depend
intrinsically on the choice of the so-called error rates

ap or a . No logic is given on how these are to be

determined. In our view this is a critical aspect of the
overall problem. The experimenter when using any of the
procedures is assumed to be able to specify these "error
rates." In fact, the contrary seems to'be the case. 1In
simple one stage statistical testing situations, the problem
of choosing an a can be evaded by giving instead the so-
called P-values, leaving the problem of choice of a cut-off
value to the discretion of the experimenter. Even in the
case of a single test, for whether there are differences
among the whole set of n means, this problem arises. It
is common sense that if the data set is small in some sense,
a test must not use a very small error rate, because then the
power or sensitivity of the test will be very low. Cne
approach in this simple case is to consider the power
properties of tests with different null hypothesis error
rates, a , and then to make a subjective judgment as to which
test, determined by the value of a , has the most appeal.
Modifications were given for mﬁltip]e range tests, for

testing means with unequal number of replications. by Kramer



(1956, 1957), Duncan (1957) and Bancroft (1968).
Kramer (1956, 1957) suggested that for the D-method we
should replace (1.6) by

a
=q P 1 (1 1)
nean s G

where ap = 1-(1-a)p-1 and p=2,...,n. Bancroft (1968)

suggested that for the T-method we use
— a ~
Ty = 9n,v /n

1
r

where ) .

S

1
=-—£(
nj

fute

In these proposed modifications all the distributional
properties, significance levels, etc., are lost.

Recently Spjgtvoll and Stoline (1973) and Hochberg
(1973) gave an extension of the T-method to include the case
with unequal sample sizes. The method is applicable to any
set of heteroscedastic uncorrelated means. In these

extensions the distributional properties are preserved.

Spi#tvoll and Stoline (1973) proved

p{ % gu ezim+a® o -0,V el, Fia @.n
i=1 ii i i - 5n,v e ' i Le

n + n _
il (a,2.) , iﬁl (aiii) } ’



(a.zi) = max (O,aili) ' (aizi)- = min (O,aizi) .

_ 1 a4
a; = ¢ , and I‘Qc = linear space of all

i
linear combinations {%l""'ln : 21""'£n arbitrar%} .

In particular, for all pairwise comparisons of the

population means Uyreee U, , we may make the following

statement
{(u -uj) € (xi-xj) + 0Ty ¢ i#j}z l-a (1.8)
where T; = qé g / min(/ri,/rj) ’ (1.9)

]
ap=a and p=n . Here qnav is the upper 100a percent
’

point of the studentized augmented range distribution with
parameters n and v . The studentized augmented range

with parameters n and v is the random variable

5,y = max {IMIn r R, }//(xé/v)

max le} = max {lx - X, }
n i { . ' i,i' '

and xl,...,xn are independent, standard normal random

0
]

=
]

variables with xz , an independent x? variable on v

degrees of freedom. An eguivalent method of defining the

studentized augmented range is



Qr'l,\) = max {Ixi - xi.|}//(x\2’/v)

i,i'=0'l’- -t'n

where xi , i=1,...,n are given as before and xo is an
independent random variable with X, = 0.

Although unmentioned in the literature, extensions of
the D-method and the SNK procedure to group means with

unequal number of replications can be constructed. The D-

method would use {1.8) and (1.9) with ap = 1--(1—oz)p"l and

P=2,...,n , while the SNK would use ap = g and

P = 2,¢.0,N.

To use these new extensions of the D-method and the SNK
procedure we need the upper o point of the studentized
augmented range which is not tabulated. However, Tukey (1953)
shows for n > 2 and a £ .05 , that it differs from the
corresponding upper o« point of the studentized range by a
practically negligible amount. For n=2, Tukey (1953) also

shows that we may obtain the upper o point of the

studentized maximum modulus by using the following relations;

' =1 L
Qz’v(x) = 2V2,v(x) + 2V2,v(x//2)
where Qé v(x) is the cumulative distribution function (cdf)
’
of the studentized augmented range with parameters 2 and

v , and V2 v(x) is the cdf of the studentized maximum
’
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modulus with parameters 2 and v .

Most of the multiple comparison procedures discussed so
far do not give an unambiguous grouping of the means.

Tukey (1949) suggested that a procedure based on the
distribution of the studentized maximum gap statistic may
help the experimenter to find the pattern or determine the
grouping of the means.

Murphy (1973) explored the consequences of using this
statistic for finding the grouping in a set of means which
are normally distributed with a common variance. He gave
only the exact null distribution of the maximum gap between
adjacent means when there are four or five means. Some
approximations were also given when the number of means is
greater than five and less than twenty;

Here we develop an exact expression for the distribution
of the maximum gap which involves n means from any popula-
tion which has a continuous form. Though the derivation is
straightforward, the formula is not simple for the normal
distribution.

Let X, , i=l,...,n be distributed with cdf F and
pdf £ with x(l),...,x(n) , the order statistics. It is

required to find the distribution of

Gp =, X, n(gi) with gy = X4, = X(5.9)

and 2 n-1 .
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The jocint density of all n order statistics is

_ é n! (xl)f(xz)...f(x ) if xl‘<x2'<...< X

LO otherwise.

n (1.10)

et g = (gz,...,gn). Then by a linear transformation

in (1.10) we obtain

n
n! / I f(x+g2+g3+'-'+g .)dx,
-c0 i=2
fé(gzl---lgn) = if gi>0, (Zilin) (1.11)

0, otherwise.

Also from (l.11l) we get

£ (y) f f

(x,x+y)dx
e % (1) *(i-1)

- T I F(x 11572 (1 - Py} P
CE(x)E(x+y)dx . (1.12)

This expression was given in another context by Pyke
(1965) .

Before we give the distribution of Gz let us give the
Boole formula for the n events Al,...,An . The

probability of at least one of the Ai is
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n
P ( 14} A’.) =Y P(A.)~- I P(AiA.) Feooe (---1)1'1-l
i=1 i i<j J

-P(AlA "'Ah) . (1.13)

2

Let A, be the event '{gi.>g}. Then {1.13) may now be

expressed as

. > Q)

n
P (G2>g) = iﬁz P(gi>g) - r P (g‘i>g,g3

i<j i#A&l
n-2
+ .00 (=1) P(gz>g,g3>g,...,gn>g) . (1.14)

Therefore if F is the normal distribution we may obtain

the distribution of Gz by substitution in (1.14). This

general technique of finding the upper percentage points by
the use of the Boole formula was described by David (1970).
A special case was given by Fisher (1929) who used in our
notation the first term of Boole formula for finding the
upper percentage points.

Using the first term of (1.14), we obtain

n |
P(G, >g) = I P(g;>9) . (1.15)
i=2 1

An upper bound g(l) to Gz o which is the upper a% point
’

G, is obtained by solving (1.15) for g. With the exist-

ing computer software , it is not very difficult to solve (l1.15).
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Let us define the studentized maximum gap by

'R = G,/s with s? an unbiased estimate of o; with v

L,V
d.f. and independent of the order statistics.
The cumulative probability integral of the studentized

maximum gap is given by

P(R, ,<r) = g‘” P(G, < sr)f(sr)ds

1 .1/2v
2(3v) ® v-1 1
= —e—— [ s exp (-5 vs?)P(G, <sr)ds. (1.16)
1 (-i\’) 0

With the above expression we may calculate the
distribution of the studentized maximum gap and the various
upper percentage points of the distribution for different
£ and v .

These multiple comparison procedures are based on
different principles and there are large differences between
the solutions offered by these procedures. A major source
of difference lies in the choice of the probability of a Type
I error o . Some procedures control the per-comparison error
rate which is the number of erroneous inferences divided by
the number of inferences, while other procedures control the
experimentwise error rate which is defined as the number of
experiments with one or more erroneous inferences divided by

the number of experiments. A basic question is how the
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choice of «a should be made, for example, in terms of a
comparisonwise a or an experimentwise a or on some other
basis. This is a question which has not been addressed.

Another inadequacy in the area of simultaneous inference
is the choice of a multiple comparison procedure. Since the
S-method and the LSD are based on the F statistic, while the
D-method, the SNK and the T-method use.the studentized range
statistic, it seems that the choice of a multiple comparison
procedure is related to the choice of a pivotal quantity.
This aspect of the problem has not been considered in the
literature.

Let us consider the work that was done on the logic for
the choice of error rates. For the simple hypothesis vs the
simple alternative Lehmann (1958) said that any experiment
gives a convex curve passing through (0,1) and (1,0) of the
admissible values of o and 8 , the probabilities of errors
of the first and second kind. To pick a he says that we
may specify a series of indifference curves on the (a,B)
plane and use this to pick an optimum a« . But he abandens
this approach because of the difficulty of specifying the
indifference map and suggests that we fix a and select a
test which minimizes B8 . This recipe does not tell us how to
select «

Lindley and Savage in a series of papers, for example,

Savage et al., (1962), and Edwards et al., (1963) showed under
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certain assumptions for the simple hypothesis vs the simple
alternative that the indifference curves are parallel
straight lines whose slope is the prior odds-ratio when we
assume a zero-one loss function. They gave a logic for the
choice of o and a Bayes rule for the simple hypothesis vs
the simple alternative. 1In this dissertation we will give
the Lindley-Savage argument and extend it for the multiple
comparison problem.

Lindley (1961) considered the composite hypothesis vs
the composite alternative and showed that the critical values
depend on the loss function, the prior distribution and the
sample size. This important result shows that o should
decrease with increasing sample size. We will review the
Lindley (1961) work and also extend his arguments in this
diséertation. v

For the symmetric multiple comparison problem, the major
contributions were Duncan (1961, 1965) and Waller and Duncan
(1969). They developed a Bayes rule for the symmetric
multiple comparison problem. Duncan (1965) showed that when
the F ratio in the analysis of variance table for the one-
way classification is small, for example, F < 2.5, the
Bayes rule has the same character as the experimentwise
a~rule, and when the F ratio is large, the Bayes rule has the
same form as the comparisonwise oa-rule. Waller and Duncan
(1969) considered the one-way classification model with equal

number of replications and variances unknown but equal. Using
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a comparisonwise approach to the multiple comparison problem,
they developed a Bayes rule and claimed to have a method for
the choice of o . They used priors which are functions of
the data. These priors have two difficulties in spite of the
analytical convenience that they offer. They do not extend
obviously to the case of unequal éample sizes and they depend
on the data. The authors developed a Bayes Least Significant
Difference. We will discuss the Waller and Duncan (1969) rule
in detail in this dissertation.

The work in this dissertation represents an improvement
over Waller and Duncan (1969) because we are using priors
which are not functions of the data and also because we have
considered the one-way classification model with unequal

number of replications and with a common unknown variance.
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II. GENERAL FRAMEWORK FOR A BAYESIAN APPROACH
TO THE MULTIPLE COMPARISON PROBLEM

A. Introduction

The main objective of this chapter is to present a
general framework for a Bayesian approach to the multiple
comparison problem.

First, the probability space and Bayes theorem are
discussed. Next the decision theoretic formulation of the
multiple comparison problem for the one-way classificaticn
model is developed. This involves a discussion of a linear
loss function used by Waller and Duncan (1969). Finally
de Finetti's ideas of exchangeability are presented and it is
shown how we can characterize our prior knowledge or beliefs

by exchangeable priors.
B. Probability Space and Bayes Theorem

Consider the probability space (Q}},Pe : 8 e®), where

{Pe : 8 e O} is a family of probability measures defined on

the measurable space (Q,3). Consider X as a 3 -measurable

mapping of Q onto X, i.e.,
X
(nglpe) _—.x_é ({]B’Pe)

X -1 s
} Pg(B) = Pg(XeB) = Po(X "(B)) Belp.
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In addition, consider a decision space D and a loss
function, L :@® x D—>[0,~») . We may also define a class
of decision rules, A* = {§ :X—D}. The riek function

R(6,9) 1is given by

R(5,8) = EgIL(8,8(x))] .

Suppose @ supports a o-field and a probability
measure over it. Then we may find a Bayes rule by minimizing
the expected risk. Let Il = {m : # is a probability measure
over ((® ,C ), where ¢ includes single points }, then the

Bayes risk of § with respect to 7 is given by
B(w,8) = S R(§,0)Aan(8) .

Now 60 is a Bayes rule with respect to w if

B(W,GO) = inf B(w,d8) ,
8§ € A*

where A* 1is the class of randomized decision rules. Lehmann
(1959) said it is convenient to consider this class. He said
'actually the introduction of randomized procedures leads to
an important mathematical simplification by enlarging the
class of risk functions so that it becomes convex. 1In
gddition, there are problems in which some features of the
risk function such as its maximum can be improved by using a
:ﬁéndomized procedure.' The notion of using randomized

procedures is unappealing from the viewpoint of the evidential
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content of data. However, in the situations to be discussed
this will not be involved.

We will now characterize the measure on @ by means
of some density w{8) with respect to some dominating

o-finite measure. The famous Bayes theorem is given by

(8 ]x)

p(x|8) 7 (8)/p(x) ,

]

where p(x) = f p(x|e)w(s)ds .

The Bayesians go a step further with the introduction of
a utility function U[d(x),0], which is bounded, real-valued
and defined over D x ®. It has become standard in decision
theory problems to use the negative of the utility, and to
call this number the loss.

Bayesians claim that the decision problem is solved by

maximizing the posterior expected utility which is given by
frula(x),elp(x|e)n(e)dx dae (2.1)

where 6 may be a vector. If w(6) is a proper prior

distribution then (2.1) is finite. Now by Fubini's theorem

(2.1) is
S dx { sy de uld(x),8lp(x|e)n(8)} .

Therefore the best decision is the one which maximizes

Lior each x the aunantity

ooy e o= Tes

S a6 uld(x),8lp(x|8)n(8) . (2.2)
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For a further discussion on the decision and inference
problem the reader may refer to Lindley (1971a).

In this development utility theory is a cornerstone of
much decision theory. The reader must be aware of the fact
that although many able statisticians use utility theory there
are deep obscurities. Luce and Raiffa (1957) discuss some
of the difficulties. They said that the problem of inter-
personal comparisons of utility has not been solved and that
reported preferences of individuals never satisfy the axioms
but are usually intransitivities. They also said "There can
be no question that it is extremely difficult to determine
a person's utility function even under the most ideal and
idealized experimental conditions, one can almost say that it
has yet to be done." Therefore one may ask the following
question; Can one base statistical methods on utility theory?

For further discussion see Kempthorne (1972).

C. Decision Theoretic Formulation of the Problem

From the one-way classification model let
ii«-NID(ui,o;/ri), i=1,...,n .

The multiple comparisons among the means are reduced to

a set of separate comparisons between the means u, and uj .
A comparison of one mean u, toa given mean uj may be

congidered as the problem P(i,j), which allows two
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decisions
at. : X¥. is significantly larger than X. ,
ij 1 J
or u; >uy
dgj : X; is not significantly larger than '}'fj

or uy; is unranked relative to u:.l . (2.3)

If we consider the complementary problem P(j,i) we
obtain with a combination of P(i,j) and P(j,i) the

familiar three-decision problem Q(i,j) , allowing the

decisions
at. =at.Na% : %, is significantly larger than X,
ij ij ji i 3
2 _ 50 0 = . . sgx .
d¢. =4a;./Md;., : X, is not significantly different from
ij ij ji i
X.
J
a3, =d%Nnat : % is significantly less than ij . (2.4)

ij ij ji’
Note we have ruled out the decision

+ + 5 X . o ses =
dij(\ dji : Xi is significantly larger than Xj

and ij is significantly larger than

Xi .

[See Lehmann 1957a and 1957b] .
We have now reduced the multiple comparison problem to

one of a three-decision problem Q(i,j) for all of the

L2
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Eiﬂ%ll combinations of (ui'uj) taken simultaneously.

For the single component problem P(i,j), an

appropriate loss table may be given by Figure 1.1 .

Acts
+ 0
dj:j dij
6..>0 Gain Loss
1]
States of
Nature
Loss Gain which
§..<0 depends on
3= S, .
1]

Figure 1.1 Loss Table

Here we may represent gain by negative loss and 6ij= ui-uj .
In particular for the single component problem P(i,j),
we will consider a simple linear loss function used by

Waller and Duncan (1969).

. kylogsl 5520 0 8520
0 sij >0 kzdij aij >0 (2.5)
where 6 = (ul,...,un,cé) , Gij =u;-us and k; and k,

are positive. The numbers k1 and k, are very important

in this approach because they represent the relative
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seriousness of the Type I and Type II errors. The solution

depends on kl and kz through k = kl/k2 .

Kempthorne and Folks (1971) say that in most real
situations there is great difficulty in specifying L(d4,8)
because the consequences of terminal decisions extend into
the indefinite future. Here we assume this difficulty has

been solved by the users of this procedure.

0 8

Figure 1.2 Loss Function and Prior Distribution

We have used the above convenient loss function (Figure
1.2) and do not claim that this loss function is appropriate
to every problem that an experimenter faces in practice, nor
of the appropriateness of the assumption of normality of the
distribution of the data and the parameters. Hence our
solution is not exactly optimal for any practical problem.
We also have symmetry and monotonicity of the loss function.

This loss function is also unbounded but iLhiis propiriy

does not hinder us from interchanging the order of the

&
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integrals in the expression for the Bayes risk in our

search for a Bayes solution. Here we appeal to Tonelli's

theorem which allows us to interchange the order of the

integrals in Equation 2.1. A statement of the theorem is

given below.

Theorem (Tonelli) [Royden (1968)].

Let (XAQ,u) and (Y,B,v) be two o~-finite measure

spaces, and let £ be a nonnegative measurable function on

X x Y. Then

il

ii

iii

If di‘s

for almost all x +the function fx defined
by fx(y) = f(x,y) is a measurable function
on Y,

for almost all y the function fy defined
by fy(x) = f(x,y) is a measurable function

on X,

J £(x,y) dv(y) is a measurable function on
Y

X,

J £(x,y) du(x) is a measurable function on
x .
Y,

S [J £ avidu = [ fd{uxv)
X Y , XxY

= J [/ £ duldv .
Y X

are the component decisions of the form of

(2.3) then for a multiple comparison decision d where
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P
d = N\ d' we obtain under the linear additive loss model
i=1
P i
L(d,8) = I L(d,0) . (2.6)
i=1

In this dissertation we have as a matter of convenience
considered only an additive loss structure, but we can
envisage cases where the loss structure is not additive. 1In
certain cases we may be able to transform a non-additive
loss structure to an additive loss structure. At the moment
it is unclear how one deals with non-additive loss functions

in general.

D. Exchangeability

De Finetti introduced the idea of exchangeability in
1931 and 1937. The random variables xl""’xn are

exchangeable if the n! permutations (X ,...,xk )} have
kl n

the same n dimensional probability structure. An excellent
translation of his paper is given in de Finetti (1964) where
he shows for random variables taking the values 0 or 1,
that their distribution could be represented as the weighted
average of probabilities obtained by coin tossing processes.
He also extended this chiaracterizaticn te general random

variables. A proof of this general result is given in this
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chapter. Hewitt and Savage (1955) studied this theorem for
random variables in abstract topﬁlogical spaces.

This major result shows'that if exchangeability is
assumed for every n in 91,...,en , then a mixture seems
to be the only way to generate an exchangeable distribution.
An alternative restatement is that an exchangeable sequence
of random variables behaves like a random sample from some
distribution with a (prior) distribution over the sampled
distribution. Lindley (1971b) says that exchangeability can
be a substitute for the concept of randomness and that
exchangeability is an easier condition to check than the
concept of independence which is involved in the concept of
randomness. Here he means that one can easily see whether
the joint distribution has the property of exchangeabili.y,
i.e., invariance under permutation of the suffices. The
reader must be aware that this concept of exchangeability is
not always valid, and that in some cases one méy have to
modify the idea of exchangeability and talk about between and
within exchangeability. A simple example which demonstrates
the inapplicability of this idea is given by the one-way
classification model where some of the treatments are
experimental varieties and some are controls. We cannot
assume here that the treatment means are all exchangeable; we
may suppose from a particular structure of the treatments
thag we have exchangeability between the controls and bLetweesn

the experimental varieties. 1In other cases our beliefs about
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the structure of the treatments may show that the assumption
of exchangeability is not applicable.

Lindley (1971a, 1971b), Smith (1973a, 1973b), and
Lindley and Smith (1972) used the idea of exchangeability to
generate prior distributions in the estimation problem. We
hope in this thesis to use this idea to generate prior
distributions for an analysis of the multiple comparison
problem.

With the assumption of exchangeability we are imposing
some form of structure in our prior information or beliefs.
Also on account of the difficulty of assigning priors in
higher dimensions in any meaningful way, by using exchange-
able priors we are able to reduce the dimensionality of the
problem. This point will be illustrated later by an example.

All the results given in this thesis are valid if we
drop de Finetti's idea of exchangeability, but we may regard
exchangeability as a convenient way to generate prior
distributions. This advice is given because the Hewitt and
Savage (1955) theorem is true only in an infinite dimensional
space while Lindley and Smith in their work quoted earlier
appear to be using it for a finite dimensional space
[Godambe, 1971]1. When Lindley says that if exchangeability
is assumed for every n in 91""'9n , then a mixture is
the only way to generate an exchangeable distribution, it
seems that he is using the theorem for a finite dimensionail

space.
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Let us restate these ideas on exchangeability by giving
a formal definition of exchangeability and by reproducing a
result which is given in Loeve (1963). But before we do this
we need some notation. Let (9,2,P) be the ‘sample space.

Define xl’XZ"" as random variables on this space with

distribution function Fk k and with conditional

1°°""m

8
k where B is a sub o-field

distribution function F
kl. -k

contained in @ .

Definition: The X's given B8 are conditionally

independent if

8
F =
kl...km

b
nj&

where the subscripts form an arbitrary finite subset. Now if

we take the expectation by integrating with respect to Pa

where

1;3(8) =.P(B) , BelB ,

and using the definition of conditional expectation we obtain

4 8
F = E(F, ***F ) .
kyoooky ky k,
Note aiso if & =2, Ry o2y are a2lwaye conditionally

independent, so we assume 8§ # & .
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Suppose the r.v's are conditionally independent with

some common conditional distribution function F6 ; then we
have as above
F ' x) = E(F (%)) F (2.7)
kl'“km(xl'“”xm) = E(F (xl) (xm)) . .

So the joint distributions of any m r.v's do not depend upon
their subscripts but only upon the number m. This leads to
de Finetti's definition of exchangeability which may be
restated

Definition: The random variables are exchangeable if

the probability that Xi reeerXs satisfy a given condition
1 m

is the same no matter how the distinct indices il,...,im
are chosen.

Theorem (de Finetti-Loeve).

The concept of exchangeability is equivalent to that of
conditional independence with a common conditional

distribution function.

Proof (Ldéve,'1963)(Given in detail) : €« This is true

from (2.7) where the joint distributions of any m of the
%f.v's do not depend upon the subscripts but only on m. So
the r.v's are exchangeable.
Let

- G =F and V xeR
m kl...km .
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define

_1 7
Sn(x)——

T I .
Ry ¥ <%
J
From exchangeability

E[I[Xi<x]] = P[X; <x] = G (x) = my

and
E[I X, < x]I[xj <x]}= Gy (x,x) = m, iy .

Now for m < n

2 . m , o 2
E%m(x) ‘Sn""} = EEIT jzl I[ij< x] T n jE—l I[ij<x.]]

1 [ m 2 1 n 2
— E{ Z I ] + —E| Z I ]

-2 [m n
-—E| 2 I I I
mn (52 [ij <x] =1 [ij <x] ]

L fmy +mm-1)my] + L [omy +n(n-1)my]

m? n

- m—zﬁ [mm1+m(n-l)m2]

1.1_2 m-1_n-1_2(n-1)
ml_[m+'ﬁ' n]+m2[m 3 n ]
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1 1], [ 1
ml[ﬁ'ﬁ]““z['ﬁ'ﬁ]

- 1_1
= (ml-mz) (ﬁ n) v

and as m,n »> ® E[Sm(x) -~ Sh(X) 72+ 0 . This shows that Sn(x)

is a Cauchy sequence which implies 3

S(x) ¥ E[Sn(x) - S(x)1*+0. But convergence in mean

square =—) convergence in probability [Tucker (1967)].
Hence

s_ (x) L5 51 .

Since Sn (x) is bounded by 1 , we have by the Bounded
Convergence Theorem and the a.s invariance under finite

permutations of X's of B @ =8 (s(x),x ¢ R)

E(S, (%))« =+ 8,0x)Tp) > E(IS(x)) - - - S0 ) IIp)

The LHS

® .
P [x1<x1,...,xm<xm} while

RHS = S(x;)- -+ S(x_)

®
so P [xl<x1,...,xm<xm] = S(xl) s o S(xm) a.s .

Now S, (x) is a step function and is a d4.f in X. Therefore

S(x) has a.s the properties of a d.f in X, and from the
above can be replaced by a conditional distribution function

i.e., convergence in probability =) convergence in

=3
B
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distribution. Note that theorems on the existence of

conditional distributions are given in Lo&ve (1963).

This major result by de Finetti shows that the p.d.f.’'s
of a class of exchangeable random variables are averages of
independent random variables. It gives us also a method of
obtaining exchangeable distributions.

In the example given next we show how exchangeable priors
are used in estimating the mean from a normal distribution

with a known variance.

Example 1.1. Suppose X~ NID(ui,oz) i=l,...,n where

2  ig known.

g
Assume also the distribution of u; Vn is exchangeable.
By our theorem
n
p(u) =/ 1 P(ui|¢)dQ(ﬂ)
i=1
where p(uilﬂ) VG and Q(f) are arbitrary p.d.f.'s. Note
P(u) is a mixture weighting by Q(f) of i.i.d. distributions
given @ .
By exchangeability we have E(ui) is a constant, §, Vi.

In particular, let u; be i.i.d. N(g,7?) with 7 known.

In addition, we assume @ has a distribution which can be
supposed diffuse and the variance for @ tends to infinity.
T+ ie inatructive at this point to mention that by assuming

an exchangeable prior we have reduced the dimension of the
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parameter space from n to one.

From the above assumptions we have the elementary result

xi/cz +X. /7

1/6% + 1/7

E(u;|x) = where X. = IX;/n .
As mentioned, before one applies the assumption of
exchangeability it is necessary to check whether it is

practically realistic.
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III. ATTEMPTS OF A LOGIC OF CHOICE OF ERROR RATES
A. Introduction

In this chapter we review in detail some of the major
contribuﬁions on the choice of o, the probability of a Type
I error. First, the assumptions of a "rational"” decision
maker are given and using these assumptions we state a result
due to Raiffa and Schlaifer (1961) which shows that a decision
maker's indifference surfaces must be parallel hyperplanes.

The Lehmann argument is disqussed and the Raiffa and
Schlaifer result is then used to reproduce the Lindley-
Savage argument on the choice of o. Hypothesis testing
within a Bayesian framework is then discussed with the simple
hypothesis versus thé simple alternative. Lindley's argqument
on the choice of a for a composite hypothesis versus a
composite alternative is also given with an extension of the
argument to the multiple comparison problem. A critical

discussion of the Waller-Duncan argument is also given.
B. Assumptions of a "Rational" Decision Maker

Raiffa and Schlaifer (1961) showed that under "three
basic assumptions concerning logically consistent behavior,"
a decision maker's indifferenée surfaces must be parallel
hyperplanes. In this discussion we will use a decision space,

a bounded utility function, and a decision will be selected
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which maximizes the expected utility.

A basic assumption is that the parameter space ® is

finite.

The three basic assumptions which will characterize

a logically consistent behavior are

i)

ii)

iii)

Sure-thing Principle: Suppose © = {el,...,er} and
let a = {al,...,ar} be the utility for decision d,,
and b = {b;,...,b.} the utility for decision 4, .

Then d,>d, (4, is preferred to d,) if a,; >b;

1

for all i, and ai:>bi for some 1i.

Continuous Substitutability: Indifference surfaces
extend smoothly from boundary to boundary of a region
R in r-space in the sense that if a is a point on
the indifference surface, and if we make a small
change in any (r-1l) coordinates, then by making a
small compensating change in the remaining coordi-
nates, we can obtain a new point on the same
indifference surface és a.

Suppose there are three decisions dl' dz, and d3

such that d;v~d, (4 is indifferent to d,). Then

1
a mixed strategy which selects .dl with probability
p and d3 with probability 1-p is indifferent to
a mixed strategy which selects d2 with probability
p and d, with probability (1-p).

sy,
P
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Theorem:
Under these three assumptions, the decision maker's
indifference surfaces must be parallel hyperplanes.

Proof: See Raiffa and Schlaifer (1961) pg. 25-27.
C. The Lehmann Argument

Lehmann (1958) in his discussion on the choice of error

rates considered X as distributed as

X
8,v

r
ar (x) C(8,v)exp[OU(x) + z viTi(x)]du (x)

i=l

with (8,v) ¢® ,

v = (vl,...,vr) and T = (Tl,...,Tr) .
Consider the problem of testing the hypothesis

H.:0=0

0 0 against the alternative lee > 90 . By the Neyman-

Pearson theory, the uniformly most powerful unbiased test is

given by
1 if u>cC(t)
gu,t) = y(t) if u=C(t)
0 if u<cC(t) (3.1)

with the functions C and vy determined by

Eg [#(U,T) [T=t] = @
0

and
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Eg (ug(u,T) |T=t) = «E, [U|T=t] for all t.
0

%
Let € be the class of tests satisfying (3.1). We want to
select a specific test from € .

For r=0 we have no nuisance parameters. Let o and
B8 be the error probabilities associated with testing
H0:9=60 against H1:9=91. The attainable pairs (a,B8) form
a convex set, the lower boundary of which corresponds to the
admissible test (3.1). This lower boundary S is a convex
curve connecting (0,1) and (1,0). We need a method to select
a point on this curve. Lehmann considers an indifference
map as shown in Figure 3.1l(a).

He then suggests that the optimum test would be given
by that point of S 1lying on the indifference curve closest
to the origin.

However, he abandons this approach by commenting on its
complexity and by saying that the indifference map may be
any family of curves running in a north-westerly to south-
easterly direction.

Some other suggestions have been given. Consider fixing
o without regard to power. Let L = {a}la=a'l as shown in
Figure 3.1(b). The required test is given by the intersection
of L and S, which is the point (a',8').

We may also consider, as illustrated in Figure 3.1l(c)

(R

he intersection of S and C, where C = {8|B=f(a)} and

f is a continuous strictly increasing function with £(0)=0.



Figure 3.1 Diagrams for selecting a .



Indifference
Curves

(a) (b)

6€

(c)



40

In particular we may take B=ka. Since for all admissible
tests B<1l-a , we have o<k/(k+l) and 1/(k+l) is an.
upper bound for a. The problem seems to be how to determine
the function ¢£.

Lehmann also considers the case for r >0 and gave

some discussion dn the choice of o and 8.
D. The Lindley-Savage Argument

Consider the case of a simple hypothesis and a simple
alternative. Savage et al., (1962) said our choice of
(a,8) must be made subjectively.

Let us consider the unit square with axes a, 0<a<l,
and B, 0<B<1l. By the principle of admissiblity we will
restrict our choice of (a,B8) to the south-west portion of
the square. Any experiment will give a convex curve passing
through the two corners (1,0) and -(0,1) and the
statistician will select a point on this curve as the best in
some sense. We know that the admissible tests on this curve
are the likelihood ratio tests.

Let us éonsider a family of indifference curves in the
(a,8) plane. . By the argumépt given in Section IIIB these
curves should be a family of parallel straight lines. So
the question is how to pick‘the slope of these lines which is
simply the rate at which one is willing to increase £ per

unit decrease in a, or the rate of exchange.
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Since any decision will amount to the choice of a slope,
we will arrive at a decision by being Bayesians with utilities

and subjective probabilities. By Bayes theorem for A and

D e ¥

P(a|D) = P(DPAAP(A) provided P(D)#0 .

P(D|A)P (A)
P(D)

Also P(A|D) with P(D)#0 .

P(a|D) _ P(D|a) P(a)
P(A|D) P(D|A) P(A)

So

The left-hand side is the posterior odds for A over A and
P(a)/P(A) is the prior odds, so posﬁerior odds = likelihood
ratio x prior odds i.e., Q(A|D) = L(A:D) Q(A), where .
Q(alp) = p(a|D)/P(R|D), L(A:D) =P(D|A)/P(D|A) and

q(a) = p(a)/p(2).

Now consider the following payoff matrix,

Correctly Incorrect
A I 0
Y J 0

and the expected cash matrix,
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Correctly Incorrect
A IP(A) 0
A JP (A) 0

We will guess A iff 1IP(A) > JP(A). After an examination
of the data we will guess A iff Q(A|D) > J/I iff
L(A:D) > J/(I92(A)) = A, where A 1is the critical likelihood
ratio. Therefore the indifference curves will have then slope
~[3/(12(A))]. So once we specify our prior odds and our
utilities we can find our slope and our choice of (o,B8) in the
unit square. In particular, if J = i = I then the slope of
the indifference curve is -P(X)/P(a). '
Lindley (1971b) showed the unsoundness of the minimax
method which is sometimes employed in the selection of a.
The Lindley-Savage argument provides a logic for the
choice of o in the simple hypothesis versus the simple
alternative. Using a Bayeéian proof of the Neyman-Pearson
lemma we restate formally the Lindley-Savage argument for

determining ao.
E. Bayesian Hypothesis Testing

1. Simple vs simple

Let ® = (eo,ef , D= (do,dﬁ , Wwhere d0 accepts

the nypoinesis whilc acte it. Also let

B
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a, i#j (3.2)

such that a,>0 and a; >0, a(6)=p(6=d1|90) and

0
8(6)=p(6=d0l91). Consider a prior distribution over ®
which is given by p(9=90)= m ¥ we(0,1) and p(9=01)=l—1r .
Now the Bayes risk

R(m,8) = agma(s) + a; (1-m)B(S)
aa(§) + bg(§) (3.3)

such that a = ay” and b = al(l-n) . Por i=0,1 1let fi
be the pdf of the observation X when e=ei .

Given the above we may restate the Neyman-Pearson lemma

for H0:9=90 versus H1:9=01 .

Lemma (DeGroot (1970)). For any constants a>0 and

b>0, let &§* be a decision such that

§*(x)

d if afo(x) >bfl(x)

0
and

§*(x) = d, if afo(x) <bfl(x) . (3.4)

The value of 6*(x) may be either d, or dl if

afg (x) = bf, (x). Then for any cther §
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ac(6*) + bB(6*) < aa(§) + bB(S) .

Proof. (See DeGroot (1970)).

This lemma says that we should pick

. . fl(x) a 20"
§*(x) = do if —-—-——fo(x) < E’ = ——(—-——al 1-7)

fl(x) aon

a. if 5 a . - (3.5)
1 folxi b alil—n)

The above result shows that in the simple hypothesis versus
the simple alternative our choice of a decision function
depends on our prior distribution, our losses or utilities

and the likelihood ratio fl(x)/fo(x).

For the above test we know that o is the probability
of rejecting Ho when H, is true. Therefore in this case
if we specify our prior probabilities and our losses or
negative utilities we can calculate this probability and
hence obtain the required value for «.

By the above argument we have not only found a logic
for the choice of error rates but have also found a method
for determining whether to reject or accept the hypothesis
under discussion.

As illustrations of the suggested process we give two

examples.
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3.1. Continuous case

Let

Now L(x) = £,(x)/£,(x) = 3x2

By the a
re

or ac

Ho:fo(x) =1 xe [0,1]
lefl(x) = 3x2 xe¢e([0,1]1 .

xe [0,1] .

bove Neyman-Pearson lemma,
ject H, if L(x) > magy/[(1-m)a,]

cept H, if L(x) < nay/[(1-ma,] .

a.

For A<3,
o = Pao(sz(x) > A ) = Péo(x:3x2 > A )
= 1-(/3 /2
also 8= Py (x:L(x) <1 )= Po, (x:x < (2 /3)1/2}
= w3¥?% = (1-a)? .
Suppose the loss associated with decision di is
P(Ho) = w7, then for = = 3/4, ag = 3/2, and ay = 3
A= may/l(l-ma,] = 3/2 .
so a=1-(/3)1/% = 1-y2/2 = .203 .
Example 3.2. Discrete case

h S

and

Consider the discrete r- v x 3 the probability under

-
" L1
-

]
@
=
‘&
{be

*

>
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x 0 1 2 3
Polx) .1 .2 .3 .4

Pl(X) .2 .1 .4 .3 .

Now L(x) = pl(x)/po(x) .

X 1 3 2 0
L(x) 1/2 3/4 4/3 2 .

Now let a, = a l1 and 7w = .6 .

1

11'3.0 _ 3

ll-nial .4

N W

a-—-PGo(x:L(x) > k}= Peo( x=0 )= .1
B==Pe { x:L(x) < X} = Pe { x=1 or x=2 or x=3} = .8
1 1

so ¢a=.1 and B = .8 .

2. Composite vs composite

Here we will review the logic of Lindley (1961) for the
choice of a when one has the following hypothesis testing

problem:
Ho:6=0 versus lee#o where @ is a nuisance parameter.
Lindley discussed the use of prior probability distribu-

tions in statistical inference and decisions. He was concerned

with the large sample problem and showed how the effect of the
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prior distribution is minimal. He obtained results which are
comparable to the large sample theory of testing. Let

D = (do,dl) where do accepts Ho while dl rejects Ho.
Let us make the following assumptions about the utility
function.

U(do;O.ﬂ) > U(dl;O.ﬂ)
and U(do;elﬂ) < U(dl;eiﬂ) .
We note that the optimum decision which is obtained by
maximizing (2.1), is not affected by subtracting any function

of @ fromU(d,8) = U(d(x),8) where 8 = (8,f). With the

same notation the above inequalities are replaced by

U(do;ﬁnﬂ) =0 6#0
U(dliorg) =0
and U(di;e.ﬂ) > 0 otherwise . (3.6)

Following Jeffreys (1961) we will assume that along the
line 6=0 there is a density wo(ﬁ) with respect to
Lebesque measure on this line, while over the.rest of the
parameter space we will assume a density wl(e,ﬂ) with
respect to Lebesque area over 6 = (6,f) .

By definition the prior-odds in favour of Hy is

f na(ﬂ)dﬂ / I/ n,(6,8)a8a8 .
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From the expected utility let

Mdg,x) = S U(dy:0,0)p(x]|0,8) 7, (9)ap (3.7)

and Ald,,x) I U(dl;e,ﬂ)p(xle,ﬂ)wl(O,ﬂ)dadﬂ . (3.8)

Let us approximate the integrals (3.7) and (3.8). First

let us introduce some notation. Let

wo(B) = U(dy:0.0)my(8) (3.9)

and w,(8,8) = U(d,;e,p)m,(8,9) . (3.10)
For x = (Xgse-e0X)) ¥ X; i.i.d. with p(xile), let
_ n
p(x|e,9) = T p(x;|e,8)

i=]

and

_ A . A 32 n ~
A = det(ncij(g)) with ncij(g)"'5§T§T log .E p(xilg) ,

i’j i=}l

where 6 is the maximum likelihood estimate (mle) of 6

wnile F' is the mle of § when 6=0 .

For the case of n independent and identically
distributed observations Lindley (1961) under suitable

regularity conditions approximated (3.7) by

Mdg,x) = /(2mwy (D B(x]0,8) (ncy, (0,817 (3.11)
and (3.8) by
A~ A A “-5
M),z & (2mw, (0.0)5(x]0,0) 2 (3.12)

Assuming that wo(ﬂ) and wl(e,ﬂ) are bounded away from
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zero near the mle values, the rule is to accept HO if

AMdg.x) > A(dy.x),

that is, if

gl
|

~ ~oA ~ 5
(x]0,8) w,(8,8) | 2mnc,,(0,8) |"

IA — [ 22 ] : (3.13)
( lerﬂ) Wo(p)

oi
1%

This test is the usual likelihood ratio test as shoﬁn
by Lindley (1961). Let a, be the value of the right-hand
side of (3.13). Now a, is obtained from the prior
probabilities and utilities evaluated at the mle values
and the sample size.

We can get a better estimate of a, by including more

terms in the expansion of (3.7) and (3.8). Let
A(x) = p(x|0,8)/p(x|0,/)
then (3.13) becomes

wi(e,§) 2nc,, (0,

- - + log n . (3.14)
wa(ﬂ) n ‘A

-2log A(x) < - log

Under H,:0=0, the left-hand side of (3.14) is

0
distributed as a x? with one degree of freedom. The left-
hand side is O(l). With n » « the right-hand side in

square brackets tends tc a finite limit and the difference

between it and the limit is O(1/vn). Lindley then replaced
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the expression (3.14) by its limit which is obtained by

~

replacing 6 by =0 and § and § by ﬂo « Therefore

we may write (3.14) as
x2'<A(ﬂo) + log n (3.15)

with x ~N(0,1) and

=2 .
wa(ﬂo) n‘a

A(ﬂo) = - log

The right-hand side of (3.14) is a random variable. For
the simple hypothesis versus the simple alternative the
corresponding expression is a constant, so to make the right-
hand side of (3.14) a constant Lindley replaced it by its
limit. In practice we do not know ﬂo the true value.

For this problem

o =2 S 1//(21) exp(~t2/2)dt (3.16)
u
n

where u, = [A(ﬂo) + log n]'5 . Integrating (3.16) by parts

we are able to bound (3.16) and show that o is asymptoti-

cally

[(1/2 exp(A(f,))n log nj”*> . (3.17)

e
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Here a depends on ﬂo , the true value, which is unknown.

It appears that with the mle of @ we may compute (3.17).

With (3.17) Lindley concludes that a is asymptotically

proportional to. [n log n]-'5 , SO as n increases o
should decrease.

He also remarked that an extension of this argument
can be made without difficulty for a finite number of
decisions but we will adopt a slightly different point of
view. -

In this test of a composite versus a composite
hypothesis as proposed by Lindley (1961) there are many
interesting questions one may ask. .What is the required
nature of a test here in the presence of a nuisance
parameter? Does the procedure have the needed frequency
properties? These questions are outside the scope of this
study and will not be discussed here.

C(a) tests were also proposed by Neyman (1959 and 1969)
and Neyman and Scott (1965) for the test of a hypothesis in
the presence of a nuisance parameter. Extensions of Neyman's
C(a) test were given by Bartoo and Puri (1967) and Buhler and

Puri (1966).

3. Extension of the Lindley argument

In our review of Lindley's work we mentioned the fact

that the techniques given may be extended to include the:
e
case where there is a finite number of decisions, such as in

0

R
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the analysis of variance situation. Lindley said that we

may find approximations to A(d,,x) for each 4, .

Here we will not use this suggestion but will incorporate
some of his basic results in our extension.

In the one-way classification model with k treatments
we may want to test the following hypothesis from the

analysis of variance.

Ho: Uy =uy = -« = up
or equivalently
HO: u; - uj =0 i#j
vs le u; - uj #0 .
Let 6ij =u; - uj ’ so we have
Hj: sij =0 i#j
vs le Gij #0

and @ is a nuisance parameter. As we have indicated before

a comparison between two means u, and uj, i#j 1is

considered as the problem P(i,j). By formulating the problem
in this manner we can reduce the problem of comparison of k

k
meang to h = component decision problems where we compare
S

Sha )

two means at a time. By using the same utility and prior

i
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structure as Lindley (1961) we accept H0 if l(do,§)>»l(dl,§)

iff (3.13) holds. So for the component problem which involves

the means u, and uj , and two decisions d0 and dl we

have o* which is similar in form to (3.16) and is given by

2 S°
[A(ﬂo) +logn]

a* 1/V/(27) -exp{-t2/2}dt

.5

172

"e

[n/2 exp{A(f,)}-n log n] -

2 -2 ’
wq (84) n=- A

where A(ﬂo) = - log

(o d

.=0, and @ and @ are replaced by

§.. 1is replaced by Gi]

1]
ﬁo . Also wo(ﬂ) and wl(O,ﬂ) are defined in (3.9) and

(3.10).
So l-a* = P[|x]| < [a(f,) + log n]l/zl where

x~N(0,1) .

k(k-1)
2

Since for k~treatments there are h =
component problems, by an application of a Bonferroni
inequality, we achieve an o for the overall problem by
using oa* = a/h* for the component problem where h* = h.

Hence from our previous calculations

a* = a/h = [(1/2 exp{A(f,) In log nj~> .
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Therefore o = hin/2 exp{A(g )}nl.ogn]"'5 . As before we
0

will use the mle value of ﬂo in determining a. Therefore
as in the two-decision problem, we see in the multiple
comparison problem that a depends on the utility function,
the prior distributions, the sample sizes, and the number of
samples. The reader may wish tc use also an improved

h-1l+a
—s -

Bonferroni inequality. Here the a* =
Another recommendation may be that one uses a*
irrespective of the number of treatments the experimenter
may have to compare.
It is interesting to note that the above recommendations
depend on the choice of the priors, loss function, and the
sample sizes.

F. The Waller-Duncan Approach to the Multiple
Comparison Problem

Waller and Duncan (1969%) gave a Bayesian approach to the
symmetric multiple comparison problem. EKere we will give the
main ideas in this approach. They gave a Bayes rule for the
symmetric multiple comparison problem and claimed to have a
logic for the choice of error rates.

Consider the one~way classification random effect model

xij = ui + eij 7 l=l’n-.,n'

3=1l,...,x;
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e e..
where i

2 2
j naNID(O,oe) and u; ﬂ‘N(O,UB). Now

ii.~ NID(ui,c;/r) for i=1l,...n and S;E is an independent
estimate of oé such that fEséE/o; nuxz(fE) .

In Section IIC we reduced the multiple comparison
problem to one of a three-decision problem Q(i,j) for all
of the n(n-1)/2 combinations of (ui,uj) congidered
simultaneously. For the P(i,j) problem we also gave a

linear loss function.

Por X = (X;,...,X), let y =0X where O is the
Helmert orthogonal matrix with E(y)=n¥n'= (nlc ces "nn-l) .

Consider a normal prior on n; with mean zero and
variance equals o; . On the unknown expected mean squares
2

o and cé + rcé = o; , the authors considered two

independent prior distributions which are of the form

2 2| a2 2 e | 21 2 21, 2
P, (0q, 08| 81p/83psGp - £p) =K "P3(oglsppsap)Pylogls gprfp)

2 2
for 0 < Og < Op (3.18)

where
P, (0%|s?m) =[z‘“/2r (m/2)] “1 (ms?/02)™ 2exp (-ms2 A202) (1/02)

for o2 ¢ RY

and

- w 2| o2 21g 2 23,2
K = Q)f P3(0T|sTP,qP)P3(celsep,fp)donoe .
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Note the joint density of o; and aé is derived by

considering the joint distribution of cé and oé obtained

from the joint distribution of g, = (qpsép)/oé and

2

= (fpsép)/cé which are independently distributed as x

e

with 9p and fP degrees of freedom respectively.

Now we may combine all these prior distributions over
the parameter space y'= (nho;,o;) to obtain the prior

distribution
A(y) =Py (n]| (o~ 02)/r)P, (05/02]s2prsipraprfp) -

Since Y; is distributed normally with mean ny and
variance o;/r and (fES;E)/Gé is distributed independently

of y; as a Chi Square variable with fE d.f., we may now

write the distribution of 2z = (v

£(z|y) ___[___r2 ] (n-1)/2 exp |~ I ——————-—iz d
2woe 1 Zoe/r
fE
ﬁE 2
(£,-2)
B ™! 2
v \Z2 SeE £ESeE
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For the two-decision problem P(i,j), an application

of Bayes theorem gives the Bayes risk proportional to

91,(2) = (L@}, ) -L@,, Pifz|prmay .

s s + - 0 .
S0 one would take decision d12 if glz(z) <0 and d12 if

912(2) > 0 . Using the loss function which is given in (2.5)

we have

0>g,,(2) = [ _ k[8;,|E(zlYr(pay -/  ky8;,£(z]y)
w

W
‘Aly)dy
where w ={y :6,, < 0} and w = {y :8,, >0} . From the

above equation we obtain

I 4012 £ zlD A Ay

ky
> l-c—- = k -
I _ |612|f(z|1)l(1)d1 2
w :

Waller (1967) shows that integrating w.r.t.

Yo = NgrevesY = Npo1 the critical region is given by

n=-1
I+(t121qulf)/[I_(tllelqlf)] >k

where t;, = (Y]V-'fz)/sd. F=S.§./S; ’

+ £_s?

2 - -1) 82 2 2 2 2
Sp = U(n=1)85p + qpSqpl/a and  s; = (fp8.p + £p8.p)/f

e
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with. q = (n-1) + 9p » £ =fp + £, where
2 n-1 2 2 2
Spp = T i yi/(n-l) and 83 = ZSe/r .

Therefore the rule is

ii is significantly greater than 25 if t5 > t*

ii is not significantly greater than i% if tij < t*

where for 1i,j=1,2, t*=t(k,F,q,f) is the solution for tl2

of the equation

I+(t12'qulf)/[I_(tlziqulf)] =k .

We find that the critical t value t* is the same for all
the P(i,j) problems because of the symmetry of the loss
function and the prior density.

On a simultaneous application of the above rule to the
P(i,j) and the P(j,i) problems we can derive the three
decision rule for the Q(i,j) problem which is given as

follows

~ L] - ) (3 L] v s " *
X; is significantly greater than 35 if tij >t

X; is not significantly different from ig if ltij' S t*

= . s 7. ; -tk
X, 1is significantly smaller than Xa if tij < =t .
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By the simultaneous application of this three~decision
n
rule to all the pairs of treatments we obtain the
2

Bayes rule for this symmetric multiple comparison problem

which is given as follows

fi is significantly greater than k—j if '5('1._ -ij > BLSD

>

; is not significantly different from 25'

[X; -le < BLSD

if

el

is significantly smaller than 25 if ii-§5~<-BLSD

where the Bayes Least Significant Difference

(BLSD) = sdt(k,t,q,f) .

The cut-off points ¢t(k,F,q,f) depend on the F ratio,
k, g, and £. So they depend on the data. The a used is a
random variable. One would like, it seems, an a determined
a priori by one's prior opinions and one's loss structure
as in the case of a simple hypothesis versus a simple
alternative.

We view Waller and Duncan's work as limited and
unsatisfactory for the following additional reasons. They
considered the case of a one-way classification where the

groups are equally replicated. In addition for 2  they

O
used a density which is proportional to oé==c;-+ra;, but

this prior has two difficulties in spite of tne analiytical

convenience that it offers: (i) it does not extend obviously
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to the case of unequal sample sizes, (ii) it depends on
the sample size r.

There is no reason for an experimenter's prior opinions
to depend on the data, though one's prior opinion may well
influence the choice of the sample size. Concisely, a prior
is chosen to represent the knowledge or beliefs of an
experimenter before an experiment. It should not depend on
what he plans to undertake next. Therefore, we adopt the
view that a prior should be independent of the sample size
and ease of integration should not be the motivating force
in the choice of a prior dependent on the sample size, in

view of the availability of high speed computers.
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IV. A BAYES RULE FOR THE MULTIPLE COMPARISON PROBLEM
A, Introduction

The background for this work is the view that the choice
of a testing procedure must necessarily be based on prior
ideas or partial beliefs about the nature of the true means.
Characterizing our prior beliefs, rather than our prior
ignorance and using the Waller-Duncan decision theoretic
formulation of the problem which is given in Section IIC we
propose a solution to the multiple comparison problem. As
mentioned, one convenient method of characterizing our prior
ideas or partial beliefs is the use of de Finetti's ideas of
exchangeability.

Consider the one-way classification model with a common
unknown variance and where there are no control treatments.
The posterior distribution of u|z is derived and estimates
of u are given. The Bayes rule for the multiple comparison
problem is then found with an algorithm for the computation

of the critical t values.
B. The Posterior Distribution

Consider the one-way classification model with a common
unknown variance and with no control treatments. 1In the
practical situation the variance components are unknown. The

Bayesian process requires the assignment of priors to these

0
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components. One method of doing this is the use of
exchangeable priors, but as mentioned in Chapter II, the
results given in here may be obtained without the use of
exchangeable priors.

The observations

xij N N(ui,c;) ’ i=1'0.o,n [}

and J=1,...,ri .

For the ui which are unknown, we will assume conditional on

2
u, and og that
2

As a prior for u,, we shall use the improper uniform
distribution over (-«,»). It is surmised that this will
have little effect, in that one could use a proper normal

prior with very large variance. As prior distributions for

2
B

the one~way classification model with a common unknown

o and o; , which are the unknown variance components for

variance, we use the conjugate inverse-y? family. For given

q2'f2's;2' and 3;2 , we assume that

(qzs;z)/"; ~x2(q2) and (fzséz) /Jé “— xz(fz)

independently. Here we are using one mode of gquantifying our

}beliefs or prognosis which can also be expressed in other

it
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terms.
From the additive loss structure as discussed in Chapter

II the Bayes risk for the multiple comparison problem is the

sum of the Bayes risk for the BlE%lL component problems.

Therefore a minimization of the Baves risk for the multiple
comparison problem reduces to the minimization of the Bayes
risk for each of the component problems. It is then
necessary only to find the Bayes rule for the component
problem P(i,j) and a simultaneous application of this rule
to all the component problems gives us the Bayes rule for the
overall problem.

To find the Bayes rule for the component problem let us
consider the decision problem P(i,j). The experimenter who

is minimizing Bayes risk will pick the rule

+ . s g
dij if gi,j(Z) <0 , i#j
or
d0 if g (z) >0
ij i3 -
where 9; J.(z) is an (n+3)-fold integral and is given by
’
_ + _ 0
gi,j(Z) = f[L(dij.Y) L(dij.v)] £(z|y)A(y)ady (4.1)

with A(Y) the prior distribution, £(z|y) the density of

the data, Y= (uo,g,»oé,o;) and z = (’il,...,in,sél) . With the
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loss function given in (2.5)

gi,j(Z) = i_ k1|61j|f(z|Y)l(v)dY
f ko8 f(zIY)A(Y)dY
h T o= {y:6, * oy
where o {y 613 <0}, w {Y.ﬁij >0}
and 6ij =u; - uj . Therefore, we will pick d;j if
) £(z]y)Aa(y)dy

+ lj
f_lﬁljlf(i]y)l(y)dy > ky/ky =k (422)
w

So the Bayes rule depends on the solution of (4.2). 1In this
chapter we will solve (4.2).

Let us consider the numerator of the right-hand side of
(4.2) which is equal to

1/2 _
£+ (ul-u )1E1 (ri/ (21rcé)) exp[— z (xi - ui) 2/(zc;/ri)]

rig /22 Y (o2)

- £

£,77 °*P [e1e21/ (202)

1/ (21ro§) lVzexp[— £ (u;-u,) 2y (205)]

2
[ _2 ,_z\qz/ 11 722\ 1 mmr a.a2._ /(20.,)-‘
72 - - -2 Bz
I (g,/2)2%
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£,/2

(fzséz/oé) 2 (1/02) —————m exp [fzséz/(wé)]
P(f2/2)2

2 2
Now (4.3) is proportional to

f (u -u. )p(uo,u cB,c Iz)du dudozdc

where p(uo,_q.o;,oélz) is the posterior distribution of

Y|z .
We find
-1/2(n+ £, + £, + 2)
p(uy,u,03,02|2) C(c?) 172
-1/2(n+q, +2)
-(c;) 2
:—-l—- ( z (x -u.)? + £,82. +£f,8%,)
. expch 1-1r uy 15 l 2 e2
. exp =L (Z(u.-u,)?+ q,s2 )] (4.4)
ooz 3 viTte’ T %2®p2’ | - y
B h
Using
Y )2 - 2
ii(ui uo) } E(ui . ) + Z:(u0 u.)
2 2
Op )
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where u. = Zui/n, we integrate (4.4) with respect to u, -
This integration replaces Z(ui-uo)2 in (4.4) by Z(ui—u.F

and multiplies the expression by Ogr SO (4.4) becomes

1 1
-5 (n+£+2) , g {ntay+1)

(c2) g

e - (o

n
. exp 2+ (z ri(ii-ui)z-!- fsé)]
Zoé i=1

-1 ( 2 2
« exp|-— 'z(u.—u.) +q s D '
20_; i 1 2°B2

= 2 2 2 . .
where fl-i-f2 = £ and flsel-i-fzsez = fse . Now integrating

with respect to o; and og and using

e (c:rz)'k exp(-a/02)do2eC a- (k-1) ,
0
we obtain
-%[mf]
plulz) oc ri(ii—ui)2+ fsé]
- -%(q2+n-l)
- )2 2
. [?(ui u. )+ qszaj .
i

So the posterior distribution of u is a product of
two multivariate t-dietrihntions. This distribution is

similar to the one obtained by Lindley (1971a). Now
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1
n _ ) -i(n-l-f)
iElri(xi-ui)
p(ulz) oC |1 +
£s?
e
1
-=(n-1+q,)
L (ui-u.)2 2 2
. |1 + % - . (4.5)
925g2

It is instructive at this stage to note that distri-
butions of this type have been discussed by Tiae and Zellner
(1964) and Fisher (1941, 196l1la,b) in connection with-the
Behren's integral. We propose to use Fisher's methods which
were applied also by Tiao and Zellner (1964) to find
asymptotic expressions for the mean and variance of the above
posterior distribution. In the Appendix we give some of the
asymptotic expressions for the postefior distribution and the

marginal distribution.

C. Moments of the Posterior Distribution

The moments of the posterior distribution may be found
by expanding (4.5) as a double inverse power series in £
and q=q, which are the degrees of freedom for the distri-

bution. Let
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i
v., =] — ¢+ ' w, =
11 2 2 1 2
Sp Sp s
r.
= L & _x.) =1
8% R ¥ T vy
e B
=1 (= oy =n~
Py = 82v(u:.L u.)* , s=n-1
B
and
n 1/2 n
£(u;u,,v,;) = [E vii] (2m) exp[i-[.g (u;-u;) vii]] .
i=1 i=1l
(4.6)

As shown in the Appendix we may write the posterior

distribution which is given in (9.51) as

© 0 .

-3 -j
plulz) = £(w;d,,v,,) T I d,.v,°V
i77ii% o, j=o 13 172

for -» < u < » , where the quantities dij are given in

(9.20) to (9.25).

Using the first three terms of the power series in vil

-1
and vz‘ we have
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_ .~ -1 -1
plulz) = £(u;u,,v, ;) (1 + vy7d;, + v,7dg,) + o(1) +o(l)
(4.7)
where
1 2 n 2 ] n :
a = =105 -2nQ, -2 I (wf+2w.%.) -( L (w.+£.))
10 4 1 1 (i=1 i izi j=1 1 i
n
+ 2n ('El (wi-FEi))
and
1 2 2 2 n :
d01 = Iy Qz"z(n"l)Qz‘z( lﬁl(yl-’-zplyi)) - (1_2—. (Yi"'pi))
n
+ 2(n-1) (iﬁl(Yiﬂai)) '
n v 2 4.2 n 2 .2
with Q1 = iilri(xi-ui) /se and Q2 = iil (ui—u.) /sB .

The posterior distribution is the product of a multi-

-1

variate normal distribution and a power series in vy and

vEl . As vy and vy get very large, all terms of the

power series except the leading one vanishes so that the

posterior distribution is asymptotically distributed

Nn(ﬁ,M-l) where U= (4;,...,4) and
r.
M=diag(-—1;+—l- )
s2 g2
\ e B J
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The terms in the power series may be interpreted for finite
values of vy and v, as the corrections in the normal
approximations to the posterior distribution p(u |2).

From the posterior distribution given in (4.?) we will
give the marginal distribution of u, where u = (up:u) .
This distribution is derived in the Appendix and is given by

(9.71) as
Plu,fz) = £(u,;u;,v,;) [1 + "-1-1510 + "51501] +0(1) +0(1) (4.8)

where

1 A 2 A r
810= 1[2 5 (w? +2wg)-(z (w; +g)- I (ug-F 2+ )

i=1 i=l Se
{2. n L .
{Z (. +E)+2 £ (. +£)+2(u-x)—-2n 3
ji=1 * % i=g41 i=1 )
and
1 A L .
601=71' 2151(7 +2p. iYi )-( 2: (Y + 0. )-lzl(u -u.) /sB}

2 n L
{ 2(yi+pi)+2 z (Y +p ) + 2 (u -u.)? /s? -25}]
i=l i=2+1 =1

This distribution is a polynomial in u; .

As shown in the Appendix by (9.80), we may obtain the
joint density of the i-th and the j-th mean, i#j, for
all 1,4 1,.::;n. aiven the data. This joint density of

u. and uj given the data is denoted by
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p(ui.ujlz) = f(“i'“j’ui"’ii’

]

. .]; -1 - 2 2 : - ' ' o ¥ 2__i_
1+7v] [ 2w} + 208+ 0l +20E,) (wiwj (u;-X,)

0
ow»n

_er(wl Yy p Yo -)2ri -)zf.i
—(uj-xj) —5-) j_+ ' +2 I k+(ui-xi —+ (uj--xj "

J - 2
] k=1 s
- 2n ) :I
1l -1 - 2 2 - “ " _ - 2_1__
+;1-v2 [ Z(Yi+2yipi+yj+2yjpj) (\l’i+'¥j (ui u.) 52
B
2 1 n 2 1
- -- [ ] — * 'l' 'n‘ " + l- [ ] ——
(uJ u.) 32) (‘1’1+WJ +2 kﬁlwk (ul u.) o2
B k#i,3 B
+ (uj-u.)z-%-Z(n-l)) ] + o(1l) + ofl) , (4.9)
s
B

| - N .

To obtain the posterior density of uilz we integrate

with respect to uj, j#i and using Lemma (9.3) from the

Appendix we obtain
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~
p(ui|z) = £(u;5u4,v5;)

1 -1 2 =z Zri v
. [1 tIvy [-Z(mi+2wi£i) - (‘i’i- (ui—xi) s—z—) (‘Pi+2 jil '*’j
© i
r.
+ (u.-X.)2 = - Zn) ]
1 1 s2
e
+iotlioayz 42 ) = |¥' - (u,-u.)®/s2)(¥¥+2 g ¥
V2 Vit ePiYy i7 Mt SB)( 174 3
j#i
*-(ui-u.)z/SE - 2(n-10]} + o(l) + o(l). (4.10)

Using the expressions for the moments of a normal
variable, we found the asymptotic expression for the moments
of p(uilz) in the Appendix. The moments are given by (9.88)

as
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n rj - . - _ r
. —— . o - o o o« o = - .o 2 —
ji 2 (vn-l-(uj XJ) 4u1v11 4x1V11 +1{2n o2
j#i € e
. ~ = 1. -1 1\?
- 2"11“1 + 2Xivii + zvz l: (;—2-)
B

2 % ~ ~3 2 &2
- . o .+ o o .+ o o -« - . .« s - ° 'Y . o
3v11ul 15vnul 4V11u1 12u Vii 12u ulvll

2 - A3 i.
+ 12u.uivii 4u.vii) + ( 2)
SB

n 1 ~ 2 ~
M — .-+ M * 9 .. s s . . e
jil S (vJJ (uJ u.)?) 4u,v,. -du.v,,
B

i#i

2n ~
S

] +0(1) +o0(1) . (4.11)

To find the variance of uilz we need to find the
second raw moment from which we may calculate the variance

using the fact that

var(uilz) = E(uf|2) - E?(u;]z) .

Therefore as given in the Appendix by (9.89), the
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r.\ 2 .~ .
E(u}|z) = (vy, +82) +3v] [—z (—-l-) (V2 +2vy; (8K, )0?) (v +8)

. 2 ~2 ~4 g = a2y .72 ~2
( 3Vi' + 6usv. . +u:.L 2xiui(3vi1+ui) +xi(vii+ui)

)\ o3 4 ~6
l 2 ~2 Ar ~ - —
+ (-;;) ( 15vii + 45viiui + 15Viiui + u; 4)(i
e
. A~ A3 ~5 -2 2 ~o ~4
(lSviiui + 10viiui + ui) + sxi (3vii + Guivii + ui)
aF3 ~ ~3 <4 ~o
4Xi (3Viiui + ui) + Xi (Vii + ui) )]
+ Lyl [coefficient] + o(1) + (1) (4.12)

where the coefficient of vzl is easily obtained. From the

above two expressions we may find the variance of (uilz) .
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Similarly we may obtain the higher moments of (uilz) .
It is informative to note that Lindley (1971a) using the same
hierarchial form of prior structure derived a Bayes estimate
of (uilz) . In our notation he found the mode for the
posterior distribution given by (4.5). Consider Equation

(4.5) ’

~-1/2 (n+f)

n 1
2 T )2
p(p_lz)oc[fse-i- Ioorg(u =X )¢

i=1

2

. =1/2 (n-l+q2)
[qszz + ;':- (ui-u.) }
Let q,=q and s§2=s§ . To find the mode of this

distribution let us differentiate it with respect to u, or
let us differentiate its logarithm and set the result to zero.

Then for

rg (fi-ui){l /(n+f) (4.13)

(s TN

g2+ 2
fs“+ I
e i=1

n
and sé* [qsé+ ii (ui—u.)z] /(n—1+q) (4.13)

1

which are the modal estimates of cé and cé respectively,

we obtain
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r.X r -1
u} = (“2 + = )(—:-+ -i-—) (4.15)
Spx s Sp  Sga
where u., = Ewixi/zwl (4.16)
: - 2 2
with w, = r./(r;sp, + sg) -

If we consider the first term in (4.11) as an estimate

of u, we find

r.X 'r -1 '
g, = (9-2-+ 121) (—i-+ —12-) (4.17)
sB se se sB
- 3 — 2 2

It is interesting to note that by considering the first
term of (4.11) as an estimate of u; we find that u; and
Lindley's estimate differ in their definitions of the
estimates of cé and c; . The estimates have the same
structure, i.e., a weighted average of ii and the overall
mean, but the weights are different.

The reader must note that Lindley's estimates of cé ,
o; , and u; are functions of the u., so that it is
extremely difficult to obtain estimates of u; but ﬁi
depends on the data and the prior information of the

experime&ter and is very easy to calculate,
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Since Lindley's estimates have the same structure as
the first term of our estimate (4.11) in this sense, we may
consider Lindley's estimate as a special case of ours. If
we apply our method of analysis to Lindley and Smith (1972)
and Smith (1973a, 1973b), we may obtain general estimates
of the parameters of interest and show that the estimates
of Lindley and Smith are only special cases. Our estimate,
though not simpler than Lindley's gives more information for
the estimation of u,. In the age of computers these
estimates are easy to compute and as mentioned by Lindley
(1971a) are more accurate than the modal estimates. Lindley's
estimates are only likely to be good if the samples are
fairly large and the resulting posterior distributions are
approximately normal, whereas our estimate can be used for

small samples also.

D. A Bayes Rule

As was shown before to find the Bayes rule for the
multiple comparison problem, it is required to reduce (4.2).
Integrating the numerator and denominator of (4.2) with respect

to uo,cé,a; and u, , where 2=1,...,n and %#iand j,

we obtain
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. .p(u.,u.|z)ds. .
{a. : >o}613p(u1'u3|2) %13 k
1) > El =k (4.18)
5. . UL 8. .
{<s..<o}I ShA e
13 —
where 6ij = (ui-uj) for i#j .
Let I _(z) =/ Gijp(ui,ujlz)ddij (4.19)
{6..>0}
ij
and I_(2) ='{6.. <o}léijlp(ui,uj|z)d6ij . (4.20)
1) —

Then we will make decision

+ . I,(z)
dij:ui>uj if Tj?r >k

I, (2)
0 . . . +
or dij : u, 1is unranked relative to ug if T (z) <k .

We will reduce (4.18) by first reducing (4.19) which will
also reduce (4.20) after a few manipulations

From the symmetry of the loss function and the prior
distributions, it is evident that once a Bayes solution is
obtained for the P(1,2) problem we will be able to give a
Bayes solution for the P(i,j) problem with i#j,
i,j=1,...,n. In other words, from the symmetry in the multiple
comparison problem, it is only necessary to consider in detail
the P(1,2) problem.

Defore we attempt +o intearate (4.19), it will be

informative to find the distribution of p(§|z) £from
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p(ul.uzlz) where & = u; -u, .

From (4.8) with #%=2, we may write the distribution of

p(ul,uzlz) which is given by

pluy,u,lz) = £(u;,uyiu,,v,,)

1+1¢71 -2 % (w? +2w.E.)
' A R e ]

2 2 _ ri
- (E (wi+£i) - I (u.-x.)z-——)
i=1 i=1l sé

2 n 2 = L, F
'(121 (mi + F;i) +2 123 (wi + Ei) + iil (ui - xi) - Zn)J

2
L (y: +p:)
i=2 *

+ 271 2 %(%2 ) -
372 sop YT PLYy

2
- iil(ui -u.)? /sé)

2 n
.(121 (Yi + oi) +2 12301i +0,)

2
+ I (ui—u.)z /sg-zm-l))”

i=1
+ o(1l) + o(1) . (4.21)

Let us make the transformation from (ul,uz) to (é,uz) wnere

§ = u; -y, . The Jacobian of this transformation is 1 . The
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distribution of p(6|z) is obtained by making the required
transformation and integrating the distribution with respect
to u, . The computations are given in the Appendix leading
to Equation (9.110).
This posterior distribution may be written as
2

p(s)z) = [/(Zw)/(lflvll)] exp[— § - (u -uz))2 /(2 1Elvll)]

Ji.1.-1 , 3 4
[“4"1 (919 +89y7 +879;5+ 87975+ 67°gy,)

1. -1 2 3 4
+3V2 (9pg+089y) +87gyy +87gy3 + 8 g:e4’:l

+ o(l) + o(1) , (4.22)
r.X.
where u. = v.. ( S EL) (4.23)
1 11 sz sz
e B
r.
with g S I S ,
ii 52 g2
e B
2 2 ( 2 n
g = - Z(m.+2£m)- L v! LI ¥!'4+42 T VY¥!-2n
10 i=1 j=1 ili=1 ¥ T 4a3 1

+ (1;:l ¥i- ) (2 f.l.}.(iiwz—avll-zbil) (2 25:-)

= 2
i=3 83 Sa

7 -2\ T1%2 2.2 2
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+

b 5T e %) (b3 T2 4 A% % +%2) (b2-
b -2(X1+X2) (b -3abv11)+(xl+4X2X1+X2) (b avll)

2
r
T %2 4 X2F% F252 2 2,2 _ gh2 4
2b(X1X2 +x1x2) +x2xl] + (sz) [3a Vi1 6b av11+b
e

T (b2 - F2h2 _ 72 — a%3n 4 72
4X2 (b 3a.bvll) + zeb 6X2aV11 4X2b + X2 ]

r
1 2,2 _ gl 4 _ ,7 12 7 T2 2
+ -;—2-) [3a Vi1 6b avyq +b 4X1b +12X1abv11+ 6xlb
e
_ 72 - anES =3 .,

2l

s? 1 s

n r
- - -1 0% - 2aX -2 - 2a%
g9, = (‘23 ‘l’i n)(Z (-2X, + 2ab+ 2b 2axl) +2 : (2ab 2ax2))
e e

K} 3 5 .S
+ 2b~ - 6abv —2(xl+x2)

2 2220 1on2p0 - 4gab
T 11 11
e

(= 2 2y o 9% 2 _ 2 Y v T2
(-3a Vit 3ab®) - 2X, (b avll) + 2ab (X; +4X,X,; + X3)

4X2 (b avll) 2aX1X2 2aX1X2 + 2b)(2 + 4leX2 2X2X1]
1, 3
£ - 2 - A% -1=2 2
+ (sz) [ 12a bvll+4ab 4)12 (-3a vll+3ab )
e

=2 _ a3
+ 12X2ab 4 22 ]

2
-—L) [ -12a’bv,, +4ab

2
e

3

+ + 4b° - 12abv

= 2 - 2
11 +4xl(3a Vi1 3ab*)

0

———
2]
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“19F (h2 - T2.1 _ AaFS =2 _ A%
12%, (b? - avy,) + 12K3ab - 4a¥, + 12bX 4xi ], (4.25)
n r o xYr.x
912=( Z‘Pi-n) [ -1 (1+a?+2a) +2a? —3]+2 142
\i=3 sé sé Se

—Gal ca2h2 o fa2 2 _9(% 4% 2 2
-[6avn+6ab 6avll+6ab 2(xl+x2)(2ab+ba)

2 _ - A% 2 (72 T T2y o 3 T2
+b avyy 4Xlab +a (Xl + 4)(2}(1 + x2) 8abx2 + 2ax2

4 o\ 2

T T L owF 4 T2 2 .3 242

+4aX1x2 2bx2+x2] + (—sz) [ 6a v11+6a b
e

r 2
-422 (2ab + ba?) + 6a23<‘§;|+ (—l) [ -5a3v11 + 6a%b?
Sz
e

+4 (-3a2v,, + 3ab?) - 4)—('1(2a2b +ba?)+ 6b2 - 6av,,

11
- v 2.2 ve o 3 v 2 ‘
24X1ab + 6X1a + 1gax1 leXl + GXl ] ' {(4.26)
T 3 2 2 T LF 1.3 T .2 T .2
gy3 = 2 —ST (4ab + 4a“b + 2ba -2(X1+X2)a +2ab-2xla -4x2a
e
r,\ 2 r,\?2
~2a%,) + (—3) . (4ab - 4%,a%) + | (4a°b + 8a%b
S s

- . — 1 - - a - AT —
+4ba“ - axla‘ + 1zap - .ualaz - 123X, +4b-4%.) (4.27)
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]

3 i 3 2\ 4
914 = 2 =3 (a* +2a> +a?) + =] a
Se Se
ro\ 2
+(—1-) (a?+4a3+6a2+4a+1) , (4.28)
32
e
2 2 2 n
gon = =2 L (Y2+20.v:) - L ¥*| T ¥"+2 I ¥'-2(n-1)
20 i=1 i i'y j=1 1| ji=1 i i=3 i
2 n " 2 2 2
+ = I ¥" - (n-1l) 2ué + 2b“ - 2av11 ~4u.b| + 'y
sp \ i=3 1 Sp

3

'[3a‘°'vi1 - szavu +bY-su.pd+ 12u.abv,, + 6uzb?

- 6u3av11 - 4udp+ u? ] + —J—'4— [3a2v]2_1 - szavl1 +bt
s _
B

3

3 202 _ g2 - 4 2,2
+12u.abvll+6u.b 6u.avll 4u’b +u. + 3a Vi1

- 4u.b

- Eh2 4 _ 2 202 _ @2
6b avll-!-b 4u.b” + 12u.abv,, +6ulb 6u.avll

11

-4bu3 +u3 J , (4.29)

_ 2 n RPIET P - 21 _ 2
9yy = s—2 (iEB \Pi (n 1%( 2u. + 4ab + 2b - 4u.a) +s4[ 12a bv11
B B

3. 3 - 2 - <o he &5
+ 4ab” +2b 6abv11+12u.a Vi1 l2u.ab 2u.b +2u.avyy
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3

+ 12abu? - 4u.b? + 4u.av,, - 4aul + 2bu? + 4bu? - 2u§]

1 | _q159a2 3 2 - 2 2
+ :4- [ 12a bvll + 4ab™ + 12u.a Vi1 12u.ab“ + 12u<ab
B

3 3

4ua - 12a?bv. . + 4ab° + 4b

- 2
11 12abv11 +12u.a Vi1

- 12u.ab? - 12u.b? +12u.av,, + 12ulab - 4au> + 12bu?

- 12u?:| , (4.30)
2 n 2 3
ooy = —— I ¥"- (n-1){ (1 +2a?+2a)+ = [|-6a’v,, +6a2b?
22 2 . i 4 11
Sg i=3 Sg

- 6a2vll + 6ab? - 8u.a?b - 4u.ba? + b? - av,, - 4u.ab + 6uza?

3

8u.ab + 2au? + 4au? - 2bu. + u?] + —l; [-6a Vit 6a?b?
s
B

3

4u. (2a’b +ba?) +6u2a? -6av,, + 6a?b? -12a?v,, + 12ab?

11 11

- Bu.a?b - 4u.ba? +6b? ~ 6av,, - 24u.ab + 6ula? + 12au?

12bu. + 6u3J , (4.31)
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gog = —%4- (4a3b + 4a?b + 2ba? - 4u.a’ + 2ab - 2u.a? - 4u.a? - 2au.)
Sp
+ 'l:;‘ (423D - 4u.a> + 4a3b + 8a2b + 4ba? - 4u.a> + 12ab - 12u.a?
Sp
- 12au. + 4b - 4u.) , (4.32)
and
9y4 = —13 (4a? + 8a> + 8a2 + 4a+1) (4.33)
s
B

R § -1 -1,~-1

where a = v11 (v11-+v22) (4.34)
o~ =1~ =1 -1 -1,-1

and b = (u2v22-+u1v11)(v11-+v22) . (4.35)

We have now found an asymptotic expression for p(§|z)
which is given in (4.22). As mentioned before it is required

to find

I,.(2) = J sp(8|z)das . (4.36)
{6 >0}

Before computing (4.36) we note from Lemma 9.1 in the Appendix

*2 2
and o = I v..

2
) ii

~N »n
where u* = u, -u

*
that for &6~N(u*,c 1 2

.
bl
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that

. k+i-1
" . u*? lur/o*)” 72
by o~ 5] 3,
k+i
(51‘-;—’1)1 (o*2) 2 . (4.37)

Using (4.37) we see that (4.36) is given by
I,(z) = A +!'-v-1[_A +2 +A +A +A.g
+ 177V 81910 T 82911 T 839127849137 5 14 ]
+l€4[A +A +A +A +A ] (4.38)
V2 181920 T 82931 T A3922 T R4923 T R4 - 1%

It is also required to find

0 0
S |é8|p(8]z)as = - 5 & p(8|z)as . . (4.39)

-c0

I_(2)

Let 1T = -§. Then

-]

S T pl(-t|z)dar .
0

I_(z) = -f (-t)p(-t]z)ar

Now substitute 6§ = -1t in (4.22). Then



[ ¥165q + €16¥g - 2Tofq 4+ TT6%a - 0pTa) Tal s+ Ta

0
ip(z|i=)d 2

o=

(z2) 1

os

T+%
2 (1g) 4
_g CTGeo/am) _H Au*owv\~«5|u~ dxa = =

0
»0(ug)p _ A
Nmm Fstv dxo g J T g

©o

39T MON

i vz €25 , _ 2T 12 -owmv 2. B
(0%° %) —Hﬁ mep... mmp 6,1+ "“Ba AT+

€1 (A 1T 0T I, %
A¢Hm¢9+ mmu.l 65,14 *"h1 - mv ._”l>.|H.+.nH_ .

=T

[(F >w 2)/ Co-Tmy-2) Jaxe [[FFa w?:i (z]2-)d

.HI.

L8



88

From the decision theoretic formulation we see for the

component problem P(i,j) that the Bayes rule

- _ I _(2)
X. is significantly greater than X, if = >k (4.42)
i ;| I_(z)
for 1i,j=1,2. Now let
I,.(2)
¢12 = T:TET where (4.43)
_ 2 2% T
@12 = le (ri’rj’se’sB’Xi'xj'vl'vz) . (4.44)

Once we obtain from the experiment the value of 012 we can

compare it with our error-weight ratio k and make a decision

on X.,X. for i=1,2. Waller and Duncan (1969) defined for

i’%5
for r;=r
(X.-X.) 82 +rs?
| __e ~°B
tes e . T 2
Se
and found
¢12 = le(t,F,vl,vz) (4.45)

so that they found a critical value t* which is the solution

of (4.43) and gave the following rule:
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ii is significantly greater than 25 if tij >t*

or fi is not significantly greater than fﬁ if tijjgt* .

A further discussion of their results is given in Chapter
II.
We have found the Bayes solution for the component

problem P(1,2) which is given by

ﬁi is significantly greater than fs if 6,,%k

or ii is not significantly greater than X. if & k

3 12-§

where 1i,j=1,2. Since we picked a symmetric loss function
and symmetric prior distributions, we are able to give the
Bayes solution for the component problem P (i,j) Vi /J=1,...,n.
The symmetry in the multiple comparison problem permits us to
generalize some of the expressions given before which are
essential ingredients for the general solution of the multiple
comparison problem.

In general the posterior distribution of 6|z where now

§ = ui-uj is given by

- 1 1 ~ A2
p(8|z) = 777;;3;; exp[ - pury (6-(ui-uj» ]
ij

- 4 .
. , & =1 . . 2 2 4 \
| 1+3v1 (g0 8v1y #8%v 5+ 67y 3+ 8 vy, )
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1 -1 2 3 4
tIv2 ("20"““’21+6 Yap + 8 Y30 724)]

4+ o(l) + o(l) . . (4.46)

where

ij ii 33

(=4
1]
=14
|
(=14

ij i j

N={i'j} ?
2 n
Yia == I (wZ+2Ew) - I g T Y'+2 I ¥'-2n
107" .y kK KK ken k(keN k™% g1 K )
k#i,]
n Y. r
+{ T ‘x“-n) . 2-l('i?+b2-av..-2h'i.)+2—i
=1 k 2 i ii i 2
Tt Se 55
k#i,]

.r.r.
. 2 - 9% F T2 1 2,2 g2 ey 4
(b av, 5 2ij+xj)] + 2 _;4.1 [3a vii 6b avii+b
e

- T 4% 2 _ 72 ¥ X 72 2 _
2(xi+xj) (b 3abvii) + (x:.L + 4xjxi +xj) (b avii)

- ¥ Y2 -_2—' 2y2
2b (X, X2 + X{X,) + xjxi:|

- A% 2 _ G212 _ £R%2 _ A%
4}{_'.| (b 3abvii) +6ij GXjav.i 4x.b+x.]
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3 S % i
I ¥!'=n 2—(-2X.+2ab+2b-2ax.) + 2
k=1 T s? 1 1 s?
k#i, 3 € ©

r.r.
. -2aX N 1 2 3 3_ .
(2ab 2axj)) + 2 ) [ 12a bvii 4+4ab” +2b 6abvll

S
e

2(xi+xj) (-3afvy; + 3ab®) - 2X; (b* -av;;) + 2ab

«(X? + 4%, X, +%2) - 4%, (b? - - 2a%.X? - 2aX’X,
(xi+4xjxi+xj) 4Xj (b avii) 2aXlX:J ZaXIXJ

J J1 2 i

. .
+ 2b§§ + 4b5<‘i'i. - 2}‘:%2.] + (—l)z[ -12a2bvi. + 4ab3
S
e

e

2
r
- 4X.(=3a2 2 =2 1 _ a%3
4Xj( 3a vii+3ab ) +12Xjab 4Xja] + (s )

[ LY

o 2 3 3 _ T 2 - 2
[ 12a bvii + 4ab” + 4b 12abvii+4xi(3a Vig 3ab“)

C19F (k2 - F2_1 _ AaTS T2 _ A3
\112Xi(b aVii)-l' 12Xiab 4aXi+12in 4Xi] ’

(4.47)

(4.48)



Y12

92

n r. Y. r.xr.
=[ T v'-nl|l2-L (1+a?2+2a)+2a% |+ 2—"-4l

._l k 2 2

= Se Se Se

k#i,j

- €23 212 _ a2 | 2 0 (F 4T 2 2
[ 6a vii+6a b 6a vii+6ab 2(xi+xj)(2a b+ba“)

2 _ A% 2 (372 TV 4¥2y o . X2
+'b av,; 4xiab+a (xi+4xjxi+xj) 8abxj+2ax:l

—6a3vi- + 6a2b? - 4X.

3 - 7 72
+ 4aXiX. 2bX. + X: i j

()
u

)
b

+

A
mL‘H
&-;5
[ |

-2a2 2y _ 4% 2 2 2 .
+ 4(-3a vii+3ab ) 4Xi(2a b+ba®) +6b GaVii

- T F2.2 F2 _ z 52
24xiab + GXia + l2axi 12bx:.L + sxi] ’ (4.49)

r.r. . ’
_ i 3 2 2 C 9(F 4% Va3 C2F 22 _ AT a2
2 ';Tl (4a”b + 4a?b + 2ba 2(xi+xj)a +2ab - 2X;a® - 4X;a
e
2 , 2
r' . rl
- 2a%.) + |-1| (4adp-4%.a3) + |-£] (4ab+8a
j g? J s?
e
+ dba® - 4%.a> +12ab - 12%.52 = 12a%, + 4 — AT} | (4.50)

1 1 1 i
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r.r. r. X.
- i 4 3 2 3 4 Ci
Yl4 = 2 —;J- (a” +2a” +a )+(sz) a + (32)
e e e
-(a4 +4a> +6a%+4a+ 1) |, (4.51)
. n
Y ==2 T (YL +2p,.Y7,) - r yr T ¥Y'"+2 I ¥"-2(n-1)
20 keN k k'k keN k keN k k=1 k
k#i,j

n
+ 2 pX ‘P]'; - (n-1) [2113 +2b% - 2av,. - 4u.b]
Sz 1 . 11

k=
k#i,J
+ 2 |3a%2v2, - 6b%av.. +b? - 4u.b> + 12u.abv. . + 6ulb?
84 ii ii ¢ ¢ ii *
B

- 6u?a.vii - audb+ u4:| + —h—[ 3a2v]?_i - 6b2avii +b? - 4u.p3
s
B

3 4

- 212 _ £.2 2.2 _ 2
+12u.abv:.Li 4u.b +u. + 6uthb 6u.avii+3a vii 6b av,,
4 2 2.2 2 3 3
+b” -4u.b +12u.abvii+6u.b -6u.avii-—4bu.+u. , (4.52)

- 2 n [ 2 - 2
Yo1 = = E ‘l’k -(n-1)|(-2u. + 4ab + 2b - 4u.a) + -z [12a bVii
sg k=1 Sp _
k#i,]
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3 3

- 2 - 2 _ 2
+ 4ab” +2b Gabvii+12u.a Vii 12u.ab 2u.b

+ 2u.av, . + 12abu? - 4u.b? + 4u.av,, - 4au’ + 2bu? + 4bu?

- 2u?] + L [-12a2bvii +4ab>

2 - 2
3 +12u.a%v, 12u.ab
B

2 1 A3 2 3 3_ 2
+ l2ufab - 4uia-1l2a bvii+4ab + 4b 12abvii+12u.a Vii

- 12u.ab? - 12u.b? +12u.av, , +12ulab - dau> + 12bu?

- 1zu?] , (4.53)
2 n " 2 2 3 23.2
—_ T Y -(n-1)j(1L+2a“+2a) + — |-6a"v,. +6a‘b
2 - k 4 ii
SB k-l. sB
k#1,3

- 6a®v.. + 6ab? - 8u.a®b -4u.ba?+b2~av.. -4u.ab
ii ii

+ 6uZa? - 8u.ab + 2au? + 4au? - 2bu. + u'f’] + = I:-6a3vii
s

+ 6a?b? - 4u. (2ab+ba?) + 6uZa? - 6a3vii +6a2b? - 12a%v,

+ 12ab? - 8u.a’b - 4u.ba? + 6b? - 6av,,; - 24u.ab + 6u?a?
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+ 12au? - 12bu. +6u?:' ' (4.54)
Yo3 = —g; (4a3b + 4a2b 4+ 2ba? - 4u.a3 + 2ab - 2u.a? - 4u.a? - 2au.)
Sp
+ -lz (4a3b - 4u.a> + 4a3b + 8a?b + 4ba? - 4u.a> + 12ab - 12u.a?
Sg
- 12au. + 4b - 4u.), (4.55)
and
1 4 3 »
Yoq = I (4a” +8a° +8a2+4a+1) (4.56)
B

where a and b are now defined by

-1
TS N S R |
and b= |tvl+dvilllvilse il - (4.58)
3 33 iii ii jj * °

Therefore I _(z) and I_(z2) are given by
I,(z) = A +lv-l[A # A Yqq FAnYo + ALY o +ARY ]
+ 1Y 3V [B1Y10 T R2Y11 ¥ A3Y12 T B4Y13 T A5Y14

1 -1
+ IV, [Aleo tRyYpy A3y tALY3 HAGYyy ] (4.59)
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and
_ 1 -1 - -
I_(z) = By +3V; [BlYlo ByYy1 ¥ B3Yy2 ~ByYy3 +B5"14]

1 -1
IV [Bleo =ByYy1 +B3Ypy —ByYo3 B5\'24] (4.60)

where
(u /0?.)s
= 1 2 5 e 5 M
Ak = 7020 exp[. u /(20 )] Z
k+s-1 k+s
. 2 (k+s-1) ( 2 ) 2
2 - ! Uij (4.61)
and
~ s
(-, ./0%.)
2 1) 1]
By 7(2m) SXP [ ulj/(zcij)]sio st
k+s-1 k+s
L, 2 k+s-1) 2 \"Z
The Bayes rule for the component problem P(i,j) is
X, is significantly greater than 25 if
¢(ri,rj,s;,sé,§i,§j,vl,vz) > k
or

ii is not significantly greater than fﬁ if

2 2 =
'SeISBIXiIX'

Q(rilr 3

3 lvilvz) <k

¥
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where 1i,j=1,...,n and

. I,(2)

2 ¥y v -
Q(ri:rjpse,SB,Xi,Xj,vl,vz) = -f_—(-z—r . (4.63)

This Bayes rule says that given a multiple comparison
problem and the beliefs or experience of the experimenter, we

can make a decision on the treatment means u, and uj for

all i,j=1,...,n by an application of the above rule.

This multiple comparison procedure, unlike those
mentioned earlier uses the prior information which the
experimenter has in the form of past experiments and the
results of other workers.

This procedure may not seem easy for someone to use with
a desk calculator. But with the use of high speed computers
it is not difficult to program this procedure, so that when
an'experimenter walks into the consulting statisticians room
with his data and his experience, we calculate (4.63) and tell

him the various decision on his means.
E. Normal Approximation

In this section we will examine the main results obtained
in the earlier sections of this chapter and determine their
behaviour as we consider a normal approximatioh to the
posterior distribution. We saw that the posterior

distribution of ujz is product of a normal distribution and
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-1

a double power series in vy 1

and v, .
In (4.7) we found the posterior distribution of ufz
which is given by

PPN -1 -1
plulz) = £(u;U,,v; ;) (1 +vy" &5 +V," dg;y)

+ o(l) + 6(1) . (4.64)

where d10 and 4 are given in (4.7). If we consider the

01
first term in the double power series, the posterior

distribution of (ul2) is
plulz) = £(u;u,,v..) . (4.65)

1 11

From (4.7) the marginal distribution is given by
pluyfz) = £(u;8;,v,,) - (4.66)

Therefore uilz is distributed N(ﬁi,vii) where

-1 =
r. r.X.
ﬁi = (—% + 3;) ( 121 + Ei) (4.67)
Se Sp Se Sp
-1 Ty 1
and V. = | — + — for all i . (4.68)
ii 2 2
Se Sp

As was gointed out in Section IVC Lindley (1971a) obtained

posterior estimate of u; using a hierarchical prior

>
.
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structure. As mentioned before Lindley's modal estimates now
have the same structure as our estimates of the mean of the

distribution of uilz which are given in (4.67).

Let us also derive the Bayes decision rule for the

multiple comparison problem by considering only the first term

of the double power series in vIl and vzl. From (4.46),
using the first term of the double power series in vil and
v;l we have for
- 1 _ 1 &2
p(ﬁijIZ) 7-(5?)—071—:‘- exp [ 20? . (aij uij) ] (4.69)
1j
2 .
where cij =v;; + VJJ
and uij =u; - uj .
Therefore by (4.59)
I.(z) = [ §.. p(8..]2)dé.. = A
* {5,.50} "7 13 3 1
1)
where A, is given in (4.61) and
I = -5, . S. . dé.. = B
_(2) ,f6'.<°}( §;5) P(8;412)ds,, 1
i]

where Bl is given in (4.62).
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So the full Bayes rule is

dij 2 Xi is significantly larger than xj r Or u, > uj
A
if 55>k
1

a. : ﬁi is not significantly larger than X. or u, is

ij j i
A
unranked relative to uy if g=<k.
1
Ay
Let ¢ = e - Then from the decision theoretic
1

formulation we see for the component problem P(i,j) that the

Bayes rule is ‘

ii is significantly greater than ij if o>k

or 5(']._ is not significantly greater than 'ij if o<k . (4.70)

Then in an experiment, we compute the ri,s;,s;, and k, and

we get our Bayes rule

u; > uj if ¢ > k . (4.71)

From our decision theoretic set-up it seems that this is
as far as one can go in the solution of the multiple
comparison problem. But here we will go a little further and

try to f£olliow the mcthcd of Waller and Duncan (1969).
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F. The Equal Replication Case

X. -X. st + rsz
Let ri r , tij t 5;7-(27%7' and F 2 .
e
, -1 (=X,

Then u, = (_r_; + —];2-) (—23'- + 2-2-)

se sB se sB
and vzi = (3%»+-l;) .

s, Sp

S
1 B
= t /r —_—
F172 se
N ~N
u.~-u. -1 -1
also . (L+i) L (X,-X.)/2 (_r_»,_l_)
V..+V.. 2 2 2 1 ] 2 2
. i "33 Se Sp Sq Se Sp
_ (xi'x
2 2
se

/(r/2) (t/se) | v
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so expanding (4.69) we obtain

-1/2 2 _ .o ~ N2
ij . (2ﬁ)l/2 2 (vii + ij)
2 - 2
Let Gij = vii + vjj = 0° ,
62 2 52
1 1 i3 r t 1¢t B
SO Pwnh)=————exP —d+§.. Jr —=x = r —
2 2
2 s 65
=—1 exp [—%— % r —E] exp[—%— =1 ]
/(211'0'2) S; 0.2

-4

i
" (6,5 J5 trs T i .

As before to obtain the Bayes rule it is required to solve

(4.18). Let Gij = §. Then by Lemma (9.1)

©o

/& p(s|t)as
0

I, (t)

. T *i) @2) 2 /2 (4.72)
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Similarly
I_(t) = f{d._ <O}(-aij) p(8;5lt)as;,
ij
= 4 exp[--]: t? r -s—é] ; [ - 1/5- t/s]i/i'
7 (2™m) 2 F 5; i=0 2 e
1+i
Lp f2+1) A 2 i/2
r(—z—) @) 2 . (4.73)

Therefore from the decision theoretic pcint of view we

see for the component problem P(i,j) that the Bayes rule is

ii is significantly larger than _§5 if tij > t*

or ii is not significantly larger than ij if tij < t*,

where t* is the solution of the equation

I, (t)
T:ET = k - (4.74)

Here we note that to obtain t* one must specify the

following values r, s;, sé, and k. We will give a further

discussion on the solution of (4.74).
On a simultaneous application of the above rule to the
P(i,j) and the P(j,i) problems we can derive the three-

decision rule for Q(i,j) problem which is given as follows
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Yi is significantly greater than is if tij > t*
X; is not significantly different from ij if 'tijl;it*

ii is significantly smaller than i5 if tij < —t*

where t* = t(k,sé,sé,r) .

By the simultaneous application of this three-decision
n

rule to all the ) pairs of treatments we obtain the Bayes
2

rule for the symmetric multiple comparison problem, which is

given as follows

X, is significantly larger than X,

4 j if Xi-Xj > BLSD

ii is not significantly different from is if
I“}Ei-ijl < BLSD
ii is significantly smaller than §5 if ii-iﬁ < - BLSD
where the Bayes Least Significant Difference
(BLSD) = se,E- t(k,sl,s5,x) .
For the case of comparing two out of n means we saw the

critical value depends on k,sé,sé, and r.

We now present a step by step outline of an iterative

solution of equation (4.74) which is

I, (t)
= k
I_(t)
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4)
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specify {k, sé, sé, and r} and note that

Choose an initial value of t. A first choice may be

t=t0=/F.

Calculate I_(t), I_(t) , K*(t) = I, (£)/I_(t)

and K'(t) = é% (R*(t)) .

Compare K*(t) and k

(i) If |R*(t)-k] < B, B some specified precision level

then t*=t is the Bayes significant t value and

is the solution of (4.74) for given values of k,

2

Se,

sg, and r, and we are done.

(ii) If |R*(t)-k| > B8 , then a better approximation for

t using Newton's method is given by
t; = t + (k-K*(t)/K' (t)

and we return to step 3.

The above steps calculates the Bayes critical values.
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V. EXTENSIONS
A. Introduction

The derivation of the Bayes rule in Chapter IV may be
extended for other designs and for different losé or prior
structures. Here we sketch some of the main arguments that
may be used in such extensions. First, we consider the one-
way classification model with response surface priors and no
control treatments. Then we include a control treatment. We
also investigate the effect of exchangeable and response
surface priors on data which arose from a randomized block
experiment. In the cases investigated we derive the posterior
distﬁibutions. With these distributions, we may find the
moments, estimates of variance components, and a Bayes rule

for the pairwise comparisons of the means.
B. The One-way Classification

1. Response surface priors and no control treatments

As before the model is

xij = ui+eij [ i=1’¢--'n' j=l,...,ri (5.1)

where Xij are the observations, u, are the unknown constants
or parameters and eij are the errors which are normally and
independently distributed with zero mean and a Coiistant unkiown

variance o2. We assume also that the treatment effects
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gé(ul,...,un) correspond to the levels y1<~--<yn of a single

factor and that the effects lie approximately on some
polynomial response curve of dégree s when s<n-l. For
example, if y; represents the levels of a certain fertilizer
with u the corresponding treatment effect, we may say that
the response of the treatment to different levels of the
fertilizer is linear or quadratic. A Bayesian formulation for
the situation where o2 is known has been advanced by Smith
(1973a). It is assumed that, conditional on T*'=(T5,...,T;)

2

n
and Oy 7

the u; are independent and

S .
J .2
g~ N (jzo rgyi,ou) 3 (5.2)

Now (5.2) gives a probability density proportional to

(cﬁ)-n/zexp [-(E-PT*)'(E"PT*)/(Zoaﬂ (5.3)

where Eu = Pt* and the i-th row of P is (l,yi,...,yz).

Smith (1973a) éalled (5.2) a response surface prior. The idea
is to allow for lack of fit, by the presence of the variance

term oﬁ. Therefore though the relationship between the ui's
is approximately a polynomial of degree s, we are not certain
ahout its actual numerical specification. As a prior for each

13,...,T; , we shall use the improper uniform distribution over
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(-»,»). It is commonly thought that this will have little
effect in that one could use a proper prior with a very large
variance, but there may be difficulties in this pointiof view,
with regard to the existence of modes and means. Novick (1972)
raises the possibility of biomodality of posterior distributions
with particular choices of prior distributions.

For the unknown o2 and a& we follow the usual path of
using the conjugate inverse x2-family as the prior distri- .
butions; that is for given v,l,vu,lu, we assume independently
that

(VA/02) ~ xs and (v. ) _/c?) ~ 2 . (5.4)

u
u u \)u

We may rewrite (5.3) as

Pl 0d) ¢ (05) " Zexp [- (u- o)t (w-Pr)/ (200) |
-(G;)-s/zexp [‘(’l‘* -'t)‘P‘P('t*-'r)/(zq;)J (5.5)

where 1t is given such that P'Pt=P'u .
We rewrite (5.1) in general matrix notation to cover this

and other cases, as
X=Au +e .

Then, as given by Smith (1973a)

P(X|u,02) o (62)-R/2exp[- (52+ (u-u) 'A'A(g-ﬁ))/(zoz)] (5.6)
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where R= I r, , S2 = (X-2au)'(X-Au), where u is given
i=1

by A'Au = A'X.

Combining (5.4), (5.5), and (5.6) and integrating with
respect to 1t*, we obtain the posterior distribution of u,
g%, and cl‘; which is given by

2 2 2,-(n-s8)/2 (1 = ' = 252
p(u,o ,UuIX) oC (ay) exp| =(u-P1)'(u-P1)/(20))
. —(\’u+2)/2 )
+(92) exp [-vulu/ (20‘1)]
(o2)~ Y +2)/2 exp [-vk/(Zoz) ]

(o2)"R/2 exp[ - (82 + (u-u) 'A'A(g—a)) /(202)J

which is

z)-(R'i'\H'Z)/Z

oc (o exp [- (S2 + (9_-1;) 'A'A(p_-a)

+v2) /(202)]

. ~ (v, +2+n-8) /2 '
« (a) exp[ - ((1_1_- pT) ' (u-~P1)
+ vuxu)/(zafl)] - (5.7

Integrating with respect to 0121 and o2 , we obtain the

marginal distribution of u|X which is

p(ulx) cfc[s2 + (a-a) 'A'A(u-0) +\,,] - (R+v) /2

~{v 4n-c) /2

. [(g-?r)'(g-P'r) +vu7\u]
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- g2 (g—G)'A'A(g-G)] - (R+v) /2
cC ;1+ DY + i
[, oY (R e (5.8)
+ .
- vuAu -

where V" = vu-kn-s .

This posterior distribution (5.8) is similar to (4.5)
which was obtained by using exchangeable priors. It can be
shown that the above density is the product of two multivariate
t densities. If in this expression (5.8) P 1is the matrix

with all elements zero, we obtain

~ ~ =(R+v)/2
2 (u-u) 'A'A (u-u)
p(u]x) °n:‘l:1+%x+ —— ]

-(vu+n)/2
-[1 + (g'g)/(vuxu)]
which is of the form of (4.5) obtained earlier.
As shown in Chapter IV we can expand this distribution
as the product of a normal distribution and a double inverse
power series in the degrees of freedom. Then we can find the
moments of this distribution and a Bayes rule for the pairwise

3

comparisons of the treatment means, as in Chapter 1IV.
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2. A control treatment

Consider the model (5.1). Suppose we have one control
variety and i=2,...,n are the experimental varieties. We
want to compare each experimental variety with the control to
determine whether any of the experimental varieties differ
from the control. Dunnett (1955, 1964) considered this
problem and a good account of his solution is also given in
Miller (1966). Here we will consider this problem from a
Bayesian viewpoint.

Here for the unknown u; . the exchangeability of the u
for all i is inappropriate because the first variety is a
control and the remaining (n-~l) are experimental varieties.
But we will modify the assumption to one of exchangeability
within the experimental varieties. It might be reasonable to
say that our prior knowledge of the experimental varieties

u i=2,...,n 1is exchangeable, and that this group of

il
"treatments is independent of the control treatment.

Suppose

uy A'N(O,c;) , i=2,...,n

2

and these distributions are independent. Since o and cé

Q

are unknown, we will specify priors for cé and cé . We

will use the conjugate iamily Sf pricre which in this situation

is the inverse x?2; that is given v,l,vc,lc,ve, and Ae , we
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assume that (vA/az)vvx\’, ,(vclc)/aé.-.x\z, and
c

(v e)‘ e)/G;N x\z’ , and that these varibles are independent.
e

Combining the likelihood and the priors by Bayes theorem we

obtain the posterior distribution which is proportional to

[n . ri/2 -1 .

I (270°) ] exp[— T (X..-u.) }

i=1 (2¢2) i 9

( A"/ 1 (=vA/(20%)) [2“0 ex [ 1 uz}
a? o? PZL) 2V/2 (202) 1

v_ /2 _ . : v./2
(whg /02) & (a2) 1exp(-vc)\c/(20;» [I‘(\) /2)2 _]

(= Vo/2 -
(2702) (n ])/z)exp[ T uz/(ZGJ (vele/oe) (02) 1

i=2 e

v /2 -1
exp (‘\’ele/(ZG;) F(ve/Z)Z e ]

C (02)-(R+v+2)/2exp[ (2 (X. j-ui)2 + vk)/(Zoz) ]
1]

-[c ]( v +3)/2exp[— (ui+vc)\c)/(20;)]

-(n+\)e+l)/2 n '
.[o;] exp[— (i£2u21+veke) /(20;) ] (5.9)

where R = Zri .

We find by integrating {5.9) with respect tc o2, cé, and ¢?

that the posterior distribution is
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. Rv)/2 = (14ve) /2
oC [izj (xij -u,)* + VA ] [ul +V A,
) -(n-1+ve)/2
2
. [iizui + vexe
-(R+Vv) /2
[ (Xi' - ui)
so p(ulx..) oCcl|l + & S
et % | ij VA
i -(1+v_)/2
c
. E + ui/( chc)}
n -(n-1+ve)/2 |
I Yy
o |1+ 122 . (5.10)
bS5

This density is the product of three multivariate t densities
densities. From this distribution with an appropriate loss
function, we may find estimates of u ., i=l,...,n and a Bayes
rule for the (n-1l) component problems, where a component
problem is a P(l1,i) problem which involves a comparison

between a u; and u, for i=2,...,n. We can use the methods

of Chapter IV to obtain the Bayes rule.
C. Randomized Blocks

Sunpbnse the observations in a randomized block experiment

arose from the model
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X.. = u+ui+8j+ei i=l,...,a, j=1,...,b (5.11)

ij i’

where yu, u; . and Bj are unknown constants such that

- - ~ 2
Eui = ZBj = 0 and eij NID(0,0°).

To find a Bayes rule for the pairwise comparisons of the
treatment means we will first assign priors to thg unknown
parameters or constants and use some appropriate loss function.
But before we find a Bayes rule, it is instructive to find the
posterior distribution of & = (u,u',B').

For convenience we will assume that the block effects are
exchangeable and independently that a response surface prior
is suitable for the treatment effects.. As discussed before
a response surface prior reduces to an exchangeable prior if
we consider the polynomial to be of zero degree.

We may write the above model in general matrix notation

as
X=28+e . (5.12)
Then, as given by Smith (1973a),

p(X]8,02) o¢ (o2) 1/ (2m) gy [— L (sz+ (8-8) 'A'A (6-0) )] (5.13)

(202)

where n = total number of observations, S2%= (X-A8)'(X-A6)

and 6 1is the solution of the equations
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A'A0 = A'X
0 0
H8 = 0 where H®' = law 0
0 1b .

The priors for B and u are given by

p(Blog) oC (cg)'l/z‘b'l)exp [— 1 B'B]
(ZGE)

1
(203)

-1/2(a-1)

p(ult’,02) oc (a2) exp[ - (u-p1") * (u-PT") ]

~Mn

where Eu = rfg. Pr+ with P =[£1,...,£ ] where the
= §=0 1] S

Ej's are normalized orthogonal polynomials over the set of
numbers {yl,...,xa} . Here it is assumed, as in Section B,
that the treatment effect u = (u;,...,u,) correspond to the

levels yl'<.-¥< Y of a single factor. Now we take the

priors for u and r+ as uniform over (-»,«). The prior on
Tl depends on Y; which may reﬁder the results rather
suspect.

As before we use for o?, GE' oé the conjugate inverse

Xz-familY' i.e.' fOI’ given \)'A,vullu’\)B’AB we asauﬁi&,

independently, that
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Combining the likelihood and the priors by Bayes' theorem and

integrating out t+,u,02,o§, and oé from the posterior

distribution we obtain the marginal posterior for @ which is

given by

p(8]X) oc [vA+5%+ (8-0) 'ata(e-g)] ~/2 (V)

: vuku-r(gfpt)'(grPr)]-l/z(a+“u-s-l)

=1/2(b#ve-1)

Perg+ee] (5.14)

where H8 = 0 and n ab. So the posterior density of 6 is
a product of three multivariate t dénsities. This
distribution was obtained by Lindley and Smith (1972) and
Smith (1973a). |

We have already discussed in the one-way classification
model how to obtain a Bayes rule for the pairwise comparisons
of means when the posterior distribution of 6 1is a product
of multivariate t distributions. These same ideas may be
extended.

From expression (5.14) we may examine what are the
consegueinces if our prior knowledge of the B8, is diffuse. If

vg = 0 then p(B) «dB and it seems that the third factor of
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(5.14) should be replaced by unity. The posterior distribution
of @ will be given then as the product of two multivariate t
distributions which was discussed before.

From (5.14) we may find the mean and the variance of the
posterior distribution of 6 = (#,u',8'). In a randomized
block design the experimenter is usually interested in treat-
ment differences rather than block differences. So we can
express the posterior distribution of 6 = (u,u',8') in terms

of a triple inverse power series in v,v and Vg which are

u’
the degrees of freedom. Though the details of this expression
have not been given before, it seems that it is a natural
extension of the idea of expressing a product of two multi-
variate t distributions as a double inverse power series in
the degrees of freedom.

We can then find, by integrating out the unwanted
parameters, the marginal posterior distribution of ulx ,
i.e., pl(ulx). This distribution can be used to find a Bayes

rule for the pairwise comparisons of the treatment means using

the methods of Chapter IV.
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VI. SUMMARY

In this dissertation we considered the multiple comparison
problem. The model investigated is the one-way classification
with errors that are normally and independently distributed
with zero mean and common unknown variance o2. The

e
observations are denoted by xij and the model is

xij = ui + Eij l=l,---,n

j=1,...,ri

where the u;, are unknown true means or parameters and eij

are the errors. From the sample mean (ii,...,ﬁh) and the
~ sample variance s?, we want to give some substance to the
notion of evidence with respect to Ugreeerly and o; .

A critical review of the existing multiple comparison
procedures which have been suggested in the literature is given.
These procedures differ considerably in the mode of approach.
It is our belief that the choice of a procedure must be based
in some way on prior opinions or guesses about the true means.
These opinions may be used to develop a procedure for making
assertions about the true means and differences between them.

The currently available non-Bayesian procedures use a
concept of error rate, a, of assertions derived from the data

with regard to parameter values. It was hoped to develop some

partial logic for the choice of error rates by the incorporation
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of prior opinions, represented by prior distributions on
pafameter values. This led to the development of Bayes rules
for the making of assertions on differences among the true
means.

In Chapter I a review of the multiple comparison procedures
in current use is given. An extension of the Duncan and the
Student~Newman-Keuls procedure is proposed; The Duncan method
would use (1.8) and (1.9) with o = 1- (1-0)P"!  ana
P=2,...,n, while the Student-Newman-Keuls method would use
ap =g and p = 2,...,n. This extension is based on the upper
percentage points of the studentized augmented range
distribution.

We also gave the exact distribution of the studentized
maximum gap statistic. Let xi, i=1,...,n be distributed
with cdf F and pdf £ with 'x(l)""'x(n)' the order

statistics. Consider

Rz,v = Gz/s

where G, = max g, with g. =X ., =X, 1y «
£ 2<i<n i (1) (i-1)

2

£ = n-1 and 82 an unbiased estimate of o; with v d.f.

and independent of the order statistics. We may assume

X; ~N(u;,02). Then
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f“ v=1

v/2
P(R <r) = 2 (v/2) s exp(-vsz/Z)P(Gz <sr)ds
0

Lyv— T (v/2)

where P(G, <sr) is given in (1.14). The studentized maximum
gap statistic may be used to develop a grouping procedure.

In Chapter II we gave a general framework for a Bayes'
approach to the multiple comparison problem. The decision
theoretic formulation of the multiple comparison problem for
the one-way classification is given.

In Chapter III we reviewed in detail some of the major
contributions on the choice of a, the probability of a Type
I error. We considered the two-decision problem and gave the
Lindley~Savage argument for the choice of o in the simple
hypothesis versus the simple alternative. Under certain
assumptions of a "rational" decision maker they showed that
his indifference curves are straight parallel lines whose
slopes are the prior-odds with a zero-one loss function. Using
this system of indifference curves and our admissible tests we
can select an o which is a function of our prior information
and our losses. In the composite hypothesis versus the
composite alternative, we reviewed the Lindley (1961) argument
which shows that o is a function of our priors and losses.
In particular o decreases as the sample size increases. This
idea was extended for the multinle comparison problem using a

comparisonwise approach. We found that o depends on the
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utility function, the prior distributions, the sample sizes
and the number of samples.

A critical review of the Waller and Duncan (1969) argument
is also given. Their work uses priors which are functions of
the data. These priors, even though they are convenient
analytically do not extend obviously to the case of unequal
sample sizes. The authors found a Bayes rule for the multiple
comparison problem and claimed to have a logic for the choice
of «, but the cut-off points for their rule depend on the data.
In the context of a theory of testing hypothesis, it seems that
the error rate should be determined a priori by one's prior
opinions and loss function as in the case of a simple hypothesis
versus a simple alternative. Bayesian arguments do not lead to
a logic for choosing this error rate.

In Chapter IV we tried to extend the Lindley-Savage
argument, using a Waller-Duncan type decision theoretic
formulation of the multiple comparison problem. Characterizing
our beliefs or prognosis and using an additive linear loss
function we attempted a logic for the choice of error rates.

But we were only able to give an improved Bayes rule for the
multiple comparison problem in the one-way classification model,
with a common unknown variance and no control treatments. We
first derived the posterior distribution of u|z, (4.7); then
we partitioned u = (u,:u_ ) and found the distribution of

= —_—
A e

u, |z, (4.8). The moments of pl(u;|2z) were given by (4.11)
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and (4.12). If we consider only the first term of our estimate
of 'ui we obtain as estimate which has a structure similar to
those of Stein (1962) and Lindley (1971la), though with
 different weights. In effect we have derived a general estimate
of u. based on posterior means. In our derivation of the
posterior distribution of u|z we expanded the distribution of

u|z as a double power series in vIl and vgl

which are the
degrees of freedom for the distribution. A detailed account of
these expansions is given in the Appendix. We also obtained
the distribution of §|z where & = u; -uy and derived the
following Bayes rule for the symmetric multiple comparison
problem. Using the definition of I+(z) given by (4.59) and
I_(2) given by (4.60) we proposed the following Bayes rule for

the component problem P(i,j), i,j=1,...,n;

ii is significantly greater than fs if

2 L2 3 ¥
¢(ri,rj,se,sB,xi,xj,vl,vz)>lz

X. is not significantly greater than 25 if

2 o2 ¥X. ¥
<I’(ri,rj ,se,sB,xi,xj,vl,vz) <k

where

2 2 ¥V v —
@(ri,rjlselsBIXi'xjIvlrvz) = I_'_(Z)/I_(Z) .
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Therefore when an experimenter enters the consulting
statisticians room with his data and his prognosis, we can
calculate &(-) by a computer program and tell him the

appropriate decisions on his means.

We then examined the consequences of the main results
which were derived earlier in this chapter as the degrees of
freedom get large. We obtained the posterior distribution of
ulz and found estimates of u; which have the same form as
the Lindley estimates but with different weights. We also gave
a Bayes rule for the comparison of u, and uj i#j. For the

case where

(i) r; =r

and (ii) vl-wo and Vy T,

we were able to obtain a Bayes rule which depends on

t = (?i-fjb«se/(Z/r)). which is like the standard t

statistic. The Bayes rule for the symmetric multiple comparison

problem then takes the following form:

X, is significantly larger than -f5 if

X; is not significantly different from 25 if

lki—i'jl <= BLSD ,

Y7 TP R
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ii is significantly smaller than iﬁ if

xi-xj < - BLSD ,
where the Bayes Least Significant Difference
BLSD = 8,/(2/r)t(k,sl,sg,T)

This rule for this special case appears to be similar to the
Waller-Duncan rule. .It would be interesting to compare the

two rules. We also gave an algorithm for the computation of
the critical values for the Bayes rule which is derived in this
chapter.

In Chapter V we extended the results of Chapter'IV to
other cases and for different prior structures. First we
considered the one~way classification with a common unknown
variance, no control treatments and response surface priors.
Then we looked at the one-way classification model with a
control treatment. Finally we investigated the case where
data arise from a complete balanced block design.

Approaches to the multiple comparison problem that are
commonly used involve the choice of a pivotal function and a
choice of an error rate. This study started with the idea that
it should be possible to obtain a logic for this process, both
with regard to the pivotal function and the choice of o .

The underlying idea is that prior opinions of the nature of a
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guess expressed in probability terms of the true situation with
a specification of a loss function would enable the development
of a procedure for deciding the existence of differences
between the treatment means.

Bayesian arguments can be used to develop a decision
procedure as shown in this dissertation.

The whole process may be questioned from the standpoint
that the necessary ingredients in terms of prior distributions
and loss functions will not be available in many situations.

If an experiment is the first of its kind, a Bayesian proposal
is to use what is called a vague prior, but there may be
difficulties associated with this process. If experiments

like the previous one have been performed beforé, the results of
the previous experiments may be useful in suggesting appropriate
priors for the various parameters in the present problem. It

is not altogether easy to specify an appropriate loss function
because one does not know the consequences of terminal
decisions which extend into the indefinite future. The use of
an additive loss structure is a strong defect of the develop-
ment.

The classical procedures have known or developable
operating characteristics. For some workers in statistics,
knowledge of the operating characteristics of a statistical
procedure is considered important. We have no knowledge of

the operating characteristics of the procedures developed
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herein and whether thése procedures havelreasonahle operating
characteristics is unknown. Whether they lead to error rates
which are nearly constant and independent of nuisance parameters
is unknown. Carmer and Swanson (1973) in an evaluation of ten
pairwise multiple comparison procedures by Monte Carlo methods
recommended the use of the Waller and Duncan (1969) proéedure
and the use of a preliminary F test with the LSD since these
procedures are more sensifive in detecting real differences.
But the procedures suggestéd in this dissertation are
improvements over the Waller and Duncan (1969) procedure, so
it is surmised that the procedures contained herein would have
reasonable operating characteristics.

In this dissertation we attempted a logic for the choice
of a by extending the Lindley~Savage argument which was
given for the simple hypothesis versus the simple alternative,
to the multiple comparison problem. We found that even though
we used priors which do not depend on the data, our critical
values for the Bayes rule depend on the data. This shows that
an extension of the Lindley-Savage argument does not give us

a logic for the choice of «a.
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Let
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IX. APPENDIX
Asymptotic Expansion of the Posterior Distribution

In (4.5) we found the distribution of ulz,

n r (u,-X)2] " 1/2(n+f)
o< [ ]

14+ I _i__i_zi_
i=l fse
-1/2(n-1+q.,)
(ui-u.)2 2
o |1 +Z — e (9.1)
1 935g2
n r,(u.-X.)? r.
0. = I = 1 r VvV, =¢£f, M, = diag = '
1 s 2 1 1 2
i= Sq Sg

- as 1l . A —_ -
Mp = dlag [S) s e=u,k=n, Kk =n-1,0]= (X}, ..., K"
B
8' = [u u.l'’ = X i = Ti
> creeerlty uo = Iw X, /Tw, with Wy s ————
r; Sg + sq
for k = k' we may write p(ul|z) as
_ .~1
p(elz) =c g(QllQZ)l - ©w<f<»

-0 < @ <
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2 Q. -1/2(vi+k)
L,

and g(Q,9,) = I |1+ =
17720 i Vi

Box and Tiao (1973) in another context gave an asymptotic
expahsion of the multivariate "double t" probabilitj density.
This expansion which is an extension of Fisher (1926) also
appéared in Tiao and Zellner (1964). Here the main ideas are
given.

-1

Expanding (9.3) as a double power series in vy and

vzz 'which are the degrees of freedom for the distribution we
have
<0 -] s _a
g(Q,,9,) = exp(-l/(zol))exp(-l/(ZQz)).Z0 'zo piqjvllvzJ (9.4)
1= J=
where
po =1, =
=1 (A2
P, =3 (Ql - 2k01) ’ >
. 1 4 3 ‘ 2
Py = 9g 3Q1 - 4(3k+4)Q1 + 12k(k+2)Q1 ’ (9.5)
qO =1, )
= 1 (n2
q, = 7 (03 - 2k0,) }
d, = az| 3Q, - 4(3k+4)Q; + 12k(k+2)Q; . (9.6)
- - oy -— 4 7
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For vectors x, a, b, and c¢ of length n and matrices

A and B of dimension nxn it is evident that
(x~aj} 'A(x-a) + (x~b) 'B(x~-b) = (x-c)' (A+B) (x-c)
+ (a-b) *A(a+B) 1B (a-b) (9.7)

where c = (a+B) l(aa + Bb) .

Substituting (9.7) into (9.4) we obtain

p8lz) = ¢! g(0;,0,) = w th(e) (9.8)
1/2 © ..
M| 1 -i -j
where h(8) =—-l—7-—~ exp (——Q) z I p.qg:v, V
(2m) k/2 2% =0 gm0 Lt1'1 72
for Q= (6-8)'M(0-8), M =M4M, ,
~ _ _1 A ~
=M (M191+M292) and
w = / h(e)as . (9.9)
0 < § <@

To evaluate (9.9), first, we find the joint cumulant

generating function of Q, and Q, which is defined as

| 1/2 1
K(tl,tz) = log i) —L_LTc7§ exp(tlol+t202-zQ)d9 . (9.10)

-0 < Q<o (27)

It can be shown that the cumulants are given by
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where

and

rs _ -1 r -1
G = M(M Ml) (M M2
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_ -1
Kyg = tr M TM; +niMiny

_ -1
Kop = tr M "M, +n3jMyn, (9.11)
Kpg = 25 5 M r+s-2) 1 [(r+s-.l) tr 168 + (rny +sn,)'6"°

*(rny +sn,) - rniGrsnl - snéGrsnz] r+s>2 (9.12)
js

n., = (5—91) for i=1,2 . (9.13)

Cook (1951) derived formulae giving bivariate

pbpulation moment-coefficients in terms of cumulants and

cumulants in terms of moment coefficients up to the sixth

order.

where

Using Cook's inversion formulae we may write (9.9) as

(-] (-]

w= I I b..viyld (9.14)
i=0 §=0 31 72
bgo =1
bon =1 [con+K2, - 2ki (9.15)
10 = T [%20 * <10 0] .
=1 2
bor = 7 [Koz2**%o1 ™ 2kkgy] - (9.16)
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byy = 1% [“22 + 26,1 K09 + K001 +K20K02 + 2K12K19 ¥ 2KT3
+ 4Ky1€1 K01 * 1001 * ¥10X02
= 2k(k) 5+ Kgy + KooKy g+ KpgKgy + 2K 7Kgy + 2K
+ K;lKloAFKiOKOIyL4kﬁKll-+KloK01) ] | (9.17)
Byg = 3% [3 (kyg * 4K30K g + 3k30 + 6Ky0K g * €10)
-4 (3k+4) (kg +3ky9K 9 + Kio)
+12k (k+2) (.<20+.<i0)] ' (9.18)

and
b.. = & 3(Kns + 3k2, + 4K pnknq + 6K K2 +|<4)
02 -~ 96 04 02 03701 02701 " "0l
3
-4 (3k+4) (|<03 + 3|<02|<01 + KOl)

| 2
+12k (k+2) (kgy + K§1) } .

We can now substitute (9.14) into (9.8) to obtain an
asymptotic expression for the posterior distribution of 6

which is given by

[ e

1/2 - s
- M -1 -4-' ' _ -i_ =3
p(e|z) = —I—-L7—-(2“)k 5— exp [7 (6 ~0)'M(0 0)] i-E-O jio d;4V1 V2

-0 < § <® {¢.19)
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where doo
djg =Py - bjp
dop =9 = boy ¢
d

d
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11 = (Py = Byl (q; = Bgy) # b

- - 2 -
20 = P2 =~ byg + bjg = P1byy

1001

- - 2 -
and  dg, = gy = bgy + by - qyby; .

= by

’

(9.20)
(9.21)
(9.22)
(9.23)
(9.24)

(9.25)

We have now expressed the posterior distribution as the

product of a multivariate normal distribution and a power

: . -1 -1
series in v, and vy e

When vy and v, get very large,

all terms of the power series except the leading one vanishes

so that the posterior distribution is asymptotically

distributed N(a,M-l

interpreted for finite values of v, and v, as the

). The terms in the power series can be

corrections in the normal approximation to the distribution

p(8|z).

From our posterior distribution, we will now calculate

the marginal distribution.

Let
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| : Moo Mor
v = v ' =
o' = (62 Gr) and M u "
o 2 rr
o | Vee Var
with M = .
Vrﬂ. vrr

After integrating the unwanted parameters er

posterior

p(8,[z)

where

f£(o

and Gr

As before

density is given by

-1,1/2
Vg [—1 (8, -8,) Vyi(8, - & )]f(e )
272 SXP |77 9 T U Ve 1B T % 2

with - <8<

I |2 . .
(217):72 oo < é <o exp Ef (0, -0.) M, (8~ er)]
r

© [+ <] . »
e T ¢ d..v,v.Jlae
i=0 =0 ij'l "2 r

~ -1 ~
6_.-M _ M (92-9

r rr rf R,)‘

let us partition the following matrices

\

the marginal

(9.26)

(9.27)
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Al - Al Al Ac = A,t a
8; = (8;, €3;) 8y = (83, 85.)
: E
Bzz Bzr 1 22 Lr
Ml = Ml - '4
Brz Brr Erz Err
Cor Car _y |Far Far
MZ = and M2 = .
crz cr Frz Frr

The mixed cumulants of Ql' and Q, are given by

- -1 .a -1 -
1o = tr Mo B +Y{B. Y+ (8, -08),)'E0(8)-8,,) »  (9.28)
bae = tr ML C L 4y2C. Y.+ (8, =0_,) 'F (6, -8.,,) (9.29)
01 rr rr 27°rr'2 L ri 2278 22 *
and
w = 2r+s-1(r+s-2)' [(r+s-1) tr M-l Hrs-+(r +s )'Hrs
rs - Y Y1 Y2
. (r:w/1 + syz) - ryiHrsyl - syéHrsYZJ yr+s>2 , (9.30)
where
rs _ -1 b P § s
_ g h -1 -1 -
Yy = (8. - 81p) ¥ (B By - Mrerz) (8, - 912) (9.32)
and Yy = (ar-ozr)-+(c;icrz-n;;mrz>(ez==ezz) (9.33)
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Now from the above results the distribution of 92|z is

-1/2
_ Vgl wilie,
p(Oy2) =~ e (5 (6, -8)'V] 100, -8))]
e I 5,.vity ] <@, < (9.34)
i,3=0 ij 1 V2 'A
where as before we may show that the quantities 6.. are

1]
similar to the quantities dij which are given by

8g0=1 (9.35)
610 = glo-blo ’ (9.36)
§o1 = 901 -Poy (9.37)
§11 = 911 ~ P11 ~910%01 ~J01P10 * ZP01P10 ¢ (9.38)
820 = 920~ P20~ 910P10*Plo - (9.39)
802 = 902 ~Po2 ~901P01 *Po1 - (9-40)
Sg0 =1 - (9.41)
910 = % (mzo-kmio-kalo) and (9.42)
doy = % (woz-bmsl-2kw01) . (9.43)

s
A
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It is interesting to note that for i=0, 3j=0 in (9.34)
- that p(92|z) is a multivariate normal distribution with

-t
mean Oz , and variance-covariance matrix sz .

B. Some Useful Results in Integration

In this section we give some lemmas which will be applied

later in this Appendix. The simple proofs will be omitted.

Lemma 9.1

Let X~N(p,0%) then

_ 1 ® .k 1 [x-u)?2
B, = ——uf x exp[- ( ) ] dx
k"~ /(2n0?) 0 2 \o0
. w‘( i Kol
= expl-n#202)] ¢ B{9)_,

v (27) i=0 1!

. (k+i-=1 2

(ki) (=) :
Proof: Consider

B;1 = {o x exp[’-!z'- ("T}E)Z:ldx

exp -[12/(202)1 f° x™ expl-x2/(202)]expxu/o21dx
0

5



143

© i .
expl-u?/(202)1 & {ufo?) (=  nti
= 0

i=o 1!

-exp[~-x2/(202%)]1dx

i
. iBé%il- %-r(n+i+l)/2)

expl[~u?/(20%)1 =
i=

0
(252) (AFi+1) /2

' .
From Bn , we may find Bk .

Lemma 9.2

Let X ~ N(a,02?) then

=
[

]

)

a(302 + a?)

-
W=
]

4 4

36" + 6a2g? + a (9.44)

=
-
i

where ué is the r-th moment of X .



Lemma 9.3
Let ui~N(ui,vii) then
: ! fi 7.2
e
and
r.\? 4
2 2 = | X -
b) 3wi+gi+651wi 2 E(ul X.)
e
v r, r. -1 r.
where w, = = —i+l- = v,
1 s?2 |sg?2 s2 g2
e e B e
r. r. -1 [r.X.
and £ = —J: —E—-l-—l-; 121+u; =X,
s"e s¢-= sB se SB
r.
. [u:.L Xi] .
e
. _ 2 - - v2
Proof: a) E(u__.L xl) y 2u1x1+xi
— Nz - A o
= ~ 2
= vyt (U -Xy)
sz
= == (w; + &)

144
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_wv4 v AT 5 _ag3 4
- 2 ~2 ~4 - AT ~ ~2
<2 P Jop
+ 6X: (vii + ui) 4X;u; + X,

ii 17ii i7iii
- 4.3 + 6%2v, , + 6%X26?2
ii iii ii
3~ <4
4Xiui + xi

2 2
3mi + Ei + GE,'imi .

Lemma 9.4

Let x"Nn(u,W) then for any vector g and any positive

definite symmetric matrix W

1

exp( ig'Wg) = fexp(-%x'w-l

(21r)’“/2|w|1/2 x+g'x)dx .

where g' = ww o,

C. Moments of the Posterior Distribution

In Chapter IV we gave the first and second moments of the
posterior distribution. We also gave a Bayes rule for the
compariscn ¢f the treoatment means in a one-wav classification

where there are no control treatments. In this section we
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derive the particular series expansion of the posterior
distribution and the moments of the distribution.

In Equation (4.5) we derived the posterior distribution,

n r.(X.-u.)

2} -1/2 (n+f£)
2 2
i=1l fse

1+% (9.45)

(ui-u.)z]-l/z(n-l+q2)
i qpsp,

Using the results of Section A and B we will now expand (9.45)

as a double inverse power series in the degrees of freedom £ and

9, - In (9.45) let q =gq, , s2 = sg ,

T - 2
n ri(xi ui)

'El " = Q1 with vy = £, (9.46)
e
z —_— = Q2 with Vy =4, (9.47)
i=1 s;
and s = n-1 . Then
L -1/2(n+v1) Qz -1/2(s+v2)
p(ulz) oc 1+;I 1+-‘-’-2- .
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and

With M =M, +M, , 8! = ['il,...,i'n]' and Gé = [Qejeee,u.l’

1 1

we have by using

8 = (ﬁl,...,a'n) (9.48)
" r =1 yr.X.
where U, = -—2+L2 121+“; . (9.49)
Se S Se S

-1 _[%i, 1
where Vii = ——+——) R

Let

n _.q 1/2 - n - -
£(u;ds,v,.) = [n vi] (27) n/zexp[-!z'-(.z (@, -0,)% v I)J :

i i ii
i=1 1

(9.50)

From (9.19) we may write the posterior distribution of ujz

with u =86 as
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(- -] -]

- o~ -i -j
plalz) = £(u:d,,v,,) 'io jio ds 5V V5 (9.51)

where -w<u<e« and the quantities dij are given in (9.20)
to (9.25).
Let us f£find the first three terms of the double power

1 1

series in vI and v; . From (9.21)

10 - P17 P10 -
From (9.5) and (9.15)
d.. = 1002 -2k0.) - L(k..+x2, -2k, )
10 - 3'%1 1 2'%20 " 10 10’ °
From (9.11), (9.13),(9.48), and (9.49)

_ -1
Kig = tr M Ml+niMlnl

0

Ll
<

H

e ————
+

From (9.12)

n e N2 M r\* . _ 2
2 z VIQ i + z V-- — (uo-x-) .
[i=1( o ;‘2') i=1{ 't s2 v

2l

Let w, ii

i
ml
[ S
<
-~
O
[ ]
(%]
N
—r
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Ty om
e
Then K., = I (w.+E.)
10 i=1 i i

n
= 2
and Kag = 2 [;zl(wi-&ZwiEiﬂ .

Similarly if we let

1

Y: = —V..
1 2 11
Sp
. I TR .
and P = " (ui u.) ’
Sp

we have from (9.11) and (9.12)

n
K = I (y, +p:)
01 i=1 i i

n
= 2
and Koo = 2 [iil(yii-Zpiyiﬂ .

Therefore with n=k

- l/na2 o - o2
d1g = 7F(Q] —2nQ; ~ Ky = Kjg *+ 20Ky g)

(9.53)

(9.54)

(9.55)

(9.56)

(9.58)

(9.59)

n : n 2
- %[Qi - 2nQ; - 2 [iﬁl(m; + 20,8, - [iﬁl(wi + )]

n
b (mi+Ei))] :

+ 2n (
i=1l

(9.60)
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Also with s=k

=1 ,~2_ - vz
dgy = 7 (Q3 -280, - Koy = K§y + 285K, )

2

I
%[05-2302—2 (151(Y§+205-Yi)) - ( z (Y +0. ))

i=1

n . '
+ 28 ( z (Yi+pi))] . (9.61)

i=1

We may rewrite (9.51) as

plulz) = £(uil,,v,,) (L+vila g +v31d);) +o(l) +o(1).  (9.62)

From the posterior distribution given in (9.51) we may
derive the marginal distribution of u, where u'=(uj;u) .

By (9.34) with u=6 and =8

plaglz) = vy, |2 em P exp -3 - B Vgt - 8y |

] .
e I §..vitw,d for ~w<u, <o , (9.63)
where the quantities Gij are given in (9.35) to (9.43).

Let us find the first three terms of the power series in

-1

vi" and’ v'z'l. From (9.36)

60 = 910 ~ P10
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Using (9.15) and (9.42) with n=k, we have
8.0 = L (0, + w2, - 2nw, = Ky - K2, + 20K )
10 4 20 10 10 "20 10 10 °
From (9.28)

- -1 v - - =l - -
©10 T tr MrrBJ':r‘l'YlBrryl + (22 ElR,) EM. (9-2. El!l,)

. . . .
where Mrr'Brr'Yl' EM. and u,, are defined in Section IXA .

Making the necessary substitutions, we find

n r; n r; -
Wep= I [|v.; —|+ I — (u,-~-X:)
10 o1l 11 s2]  qmps1s2 Pt
e e
L r,
+ I (u;-X,)? —i .
i=1 Se
Using (9.52) and (9.53) we have
n 2 = w ry
Wan = I (w;,+E.)+ I (u.-X.)2 — . (9.64)
0 jeger 107H 0 g T g2

Also from (9.30)

‘l 2 [] -l 2
“20 2 [tr (MrrBrr) + 2Y1Mrr (MrrBrr) Yl]

n r, 2 n r; 2 v oo
= 2 z V.. —— + 2 T wv..f— (u, - X.)
i=g+1| 1% sé) i=0+1 1‘( s2 11

Using (9.52) and (9.53) we have
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n
w =2[ E (m?+2w.§.)] . (9.65)
20 i=2+1 i iz i

Similarly with (9.29), (9.30), (9.56), and (9.57) we may show

n 2
Was = I (y: +p:) + I (u, -u.)¥s? (9.66)
01 jeger ¥ 7Y o b B
n 2
and Wheg = 2 [ T (ys: +Zy.p.):] . (9.67)
02 i=9+1 i tivi
Therefore
§.. =+ rm + w2, = 2NW, = Kan = K2, + 20k
10 4 i 20 10 10 20 10 10
N "
== |2 T (w?+2w.8.)+ 2 (w; +&;)
4 i=g4r + TR (i=2+1 o
L r? \2
+ I (u.-X.)? -1-)
. 1 1 2
i= Sg

n
+2n I (w, +£i)} (9.68)
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1 2 ) n
== 1=2 I (wf+22w.Ek.,)+ I (w. +E.)
o T (i=2.+1 1o
[ o Ti 2 n 2
+ I (u,-X;) —| - {2 (w; +&;)
j=1 i 2 ('=1 i .!.)
e
n n 2 - Ti '
+2n 2 (w,+&.)- I (w;+E&.)- I (u,-X.) —
e O T £ T
1 2 . 2 2 _ zr:.L
==|=2 I (wi+2w.E.)+|- I (w, +&.)+ I (u, ~X.)—
4 i=1 i izi i=1 i i 40 i i s;
L n 2 _ zr:.L
ol Z (w, +E&.) +2 2 (w:+E&.)+ I (u,-X.)y—
(i=l ot i=¢#1 * Y im0 7 sé)
') 2 - = ri
+2n T (w; +§.) - E (u, =-X.) —
j=p t 1 j=3 * 1 s

1 £ £ 2 _ ri
=7 (-2 = (w§+2migi)- I (g +E) - 2 (u. -X.)2—

i=1 i=1 jop 10 7i sé
2 n % , Ti
. (iil(wi + Ei) +2 i=§.+1(mi + gi) + iil (ul - xi) ;E - Zn) .
(9.69)
Also
%01 = 901~ Po1

2 _ - o2
[m02+w01 Zsmol K2 K01+ZSK0]J

S
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N

n n
2 T (y2+2y.p;) + L (v, +0:)
[ i=g41 ¢ PP li=ge1 7

L 2
+ I (u;- u.)? /slz3
i=1

i=0+1 i=1l

n L 2
-25( I (y;+py)+ I (ui-u.)"/sé)
i

n
-2 'z]_(Y; +2piYi)

n 2 n
- T (y: +p;) + 2s T (y: +p:)
i=1 't 1) i=2 * Ot

B

i=1l i=1 i=1

') 2 L
["'2 .Z (Y]?_"'zpiYi)- (.Z (Yi+pi)-.z (ui-u.)z/sé)

L n L
I (y:+p:)+2 & (y:;+ps)+ I (u,-u.)?/s?- 2si|.
(i=1 SR T R 1 T .

(9.70)
Now substituting (9.69) and (9.70) into (9.63) we may
write (9.63) using only the first three terms of the power

series in vIl and vgl as

_ o~ -1 -1
Pluglz) = £(ugsu;,vy;) [_1+"1 $10* V2 601]

+ o(l) + o(1) , (9.71)

where 6f0 and § are given by (9.69) and (9.70)

0l
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respectively. Note that (9.71) is a polynomial in ui'.

From Equation (9.71), with £=3 we have the joint

distribution of u;. U, and u, given 2z which is
~ -1 -1
p(ul,uz,u3|z) = f(ul,uz,u3;ui,vii)[}-+vl Glo-fvz Goﬂ
+ o(l) + o(l) . (9.72)

For 2=3, we find the values of 610 and 601 . From (9.68)

we have for 2=3

(]
"
L

o .
2 I (w?+2uw.8,)+
10 [ i=4 i izi

i=4 i=1 s

on»N

n 3 R P
T o(w; +E;)+ I (ui—xi)z—-)

n
2
I by ¥ 20:8)

i=1

n 3 _ 2ri
-2n L (w, +&;)+ Z (u;, -X,)*—| -2
(i=4 Y oi= Yt s )

[ ]

n 2 n
- (iil(mi+gi)) + 2n iﬁl(mi+gi) )

Let Wi = mii-gi . Then we may rewrite

8 L |y 5 (0 420.E.) =202 -4 T g( %.)? i

= = L (w; +2w.E.) ~2wi ~4w,E,+| I V! + u,-X.) —

10 4 i=1 i i=i 2 272 i=1 i i i i sé
i#1,3 i#1,3 i#2

2 (
r r n 3 r.
_ _F \2 2 - _F )2 i
\yé + (uz xz) _""2] &21’1{ .Z ‘1’1!- + .Z (ui Xi) 2’]

© i#1,3  if2 e
+2nr- ‘i’; + .u —3{ -22]\ - E ¢ 2 A, r A\
2 ¥ \u7%; 2 J R Bt Bl K
Sa i=1



156

[n Jz :
-z +2n zo¥if. (9.73)
i=1 1 i=1 *

From (9.73) consider

n 3 r. _ T 2
D R R 3 L e L A 3
i=1 i=1 _ s; sé
i#1,3 i#2
[ n 3 , T 2 a[f 2 - L2
= TY!'+ I (u.-X.)?— -V! + (u,-X,) + 2 (u,-X,)—=
j=1 1 i=1 i“i s; 2 2 T2 Se 2 72 se
“i#1,3 i#2
[ n 3 r. n 3 ry 2
2 .1 2
z ?' z (u -X. ) ——A-Wé = z wi-k X (ul-x ) —
y i=1 1-1 sé i=1 i=1 s;
i#1,3 i#2 ' i#1,3 i#2
. n 3 2r s [F2 2
12 ' ' - - —
+ ¥ 2\112 E ¥+ _2_ (ul X ) " + (u, Xz) >
i=1 i=1 Se Se
i#1,3 i#2
s X2 n 3 , Ti
+ 2(u,=-X,)¢— . E‘P'-l-z(u-X)—-‘l"J

e i#l,3 ig2 e

We insert (9.74) in (9.73) and using Lemma 9.3 from Section

IXB where
r, -
- - .
Wi == E(ui xi) for all i and (9.75)
S
e
r.\2 4 .
2 2 = |1 -
(Smi-fgi-+sgimi) = (sz) E(ui xi) ' (9.76)
e
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we combine (9.73)‘with the density f(ul,uz,u3;ui,vii) and

integrate with respect to u, to obtain

n n

1 2 2
8. =2 12 I (wsi+2w.8.)-2w5~-4w,5,+ I vy!
10 4 j=1 1 171 2 2°2 j=1 %
i#1,3 i#1,3

3 - o Ti 2 \ n 3 , Ti
+ I (u,-X.)— + ¥l -2y} T ¥!+ I (u, -X ) —

i=1 * s ) 2 ] S R sé

i#2 i#1,3  i#2

n 3 ry

2 2 ] - 2
+3w2+§2+6£2m2+2‘{’2l Z‘Yi+ E (ulX) >
i=1 i=1 s

i#l1,3 i#2 €
n 3 ry
-2?52- 2nf T ¥i+ z(u-X)2 +2n(-¥5+Y5)
i=1 i=1 sé J
i#1,3 i#2
2 n
-22(w+2m£)— Z‘l’é + 2n 2‘1’5_
i=1 i=1 i=1
1 n \ n 3 , i 2
=212 I (wf+2w;E&:.)+ T O¥'+ T (u.-X. ) —
4 i=1 11 i=1 j=1 1 s;
i#1,3 i#1,3 i#2

n 3 r. n
-2 I ¥y!+ z(u-X)2 -2 I m?+2%ﬁﬁ
i=1 i=1 s? i=1 *
i#1,3  i#2 €
n 2 n
-\ £ ¥l +2n % ¥!
i=1 * j=1

- 2 < 3
l_ 2(w1+2w1€l+w3+2w3€.3) \1*73

1
ST
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n 3 r.
e {¥I+y'+2 ¢ W'+ I (u,-X,)2—=-2n . (9.77)
173 g i P g2
i#1,3 i#2
Similarly, we may find with ?; =vY;+0; o
o= | —2(y2 #2y,p, +¥2 4 2740,) - [ YD 4+ ¥N - g (u,-u.)? /s?
01~ 1 Y17 2YgPy T3 T SY3P3 1737 2 T /8]
i#2
a 3 2 2
] n n [ - - -
ol ¥] + ?3-+2 _E ¥ o+ .E (uy u.) /sB 2{n-1) . (9.78)
i=l i=1
i#1,3. i#2

Therefore using Gio and 561 as given in (9.77) and

(9.78) we see by integrating out (9.72) with respect to u,

that

_ o~ 1.-1 1 -1

+0(l) +o(1) . (9.79)

Comparing p(ul,u3|z) and p(ul,uzlz) which is easily

obtained from (9.70) with =2 , we can see the symmetry in the
distribution so that if we have the joint distribution of uy

and u, we may write the distribution of uy and uy . i#j

for all i,j=1,...,n.

Therefore we may write the joint density of us and uj

given the data as follows
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p(ui,u.lz) = f(ui,u.;ﬁi,vii)

J J

. 1 -1}_ 2 2
1+4vl [Z(mi+2wigi+mj+20jgj)

r. r.
- ' - -¥.2 % _ =X.)2 1L
\Pi+‘l’j (ui Xi) o2 (uj xj) "

e e

n r. r.
.(‘P!+\P'. +2 % ¥4 (u.-X.)2—2+ (u.—i’.)z—l-Zn}
i j 2 J 2

k=1 k 11 se J Se
k#i,J
+1yvsll-2(y2+2 +Y2+2yp)-(‘¥"+‘i’"
V2 Y3t eviPi Ty iP5 ity
2 2 /a2 2
- - 2 - n " "
(ui u.) /sB (uj u.) /sB) (‘l’i+‘¥j+2 kil ‘Pk
k#i,3
o V2 /a2 V2 /a2 - _
+ (ui u.) /sB-l- (uj u.) /s.=.B 2(n 1)) ]
+ o(l) + o(1) . (9.80)

To obtain the posterior density of uilz we integrate out uj,

j#i and using Lemma 9.3 from Section IXB we obtain

p(uilz) = f(u,;u,,v,.)

1 -1 2 oy F g2 i
B [1 +Tvl [—-2 (wi +2wi£i) - (‘l’;_ (ui Xi) " )
e

<%

o
& !
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j=1 s
j#i ©

( n - 2r:i ]
. ' ' - — -
‘i’i+2 z Wj + (ui xi), A Zn)

1. ~11_,/.2 _( n_ -y )2 2)
+ V2 [2(yi+2piyi) ‘l’i (ui u.) /sB

n
.(‘1’;+2 jil ‘P§+ (ui-u.)2 /sé-z(n-l)) :\ :\
j#i

+0(l) + o(l) © (9.81)

Employing the expression for the moments of a Normal variable,
we will now derive an asymptotic expression for the moments of
p(uilz) .

-1

In (9.81) consider the coefficients of %vl and %‘-v;]‘

respectively in the power series in v; and vzl . Therefore

2 = 2vri a = 2 i
[—2(mi +2wi£i) - (‘i’i— (u.-Xi) -—2-) (‘Yi+2 I ‘l’:'] + (ui-Xi) =" 2n)]

1 -
s i=1 s
© i ©
2 2 n 5 2 Ti
=} = - ! ! [} ' - .3
2(w? + 2w, ;) (wi +20 T WL+ (0K )
?'% Se
J#L

< LT - L% D A 2
- ' - —— - v— ! - - t— - 4
‘Pi(ui xi) > 2(ui Xi) > E ye (1:1i Xi).( 2) 2n ‘i’i
Se Se J=1 Se
j#i
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< »Ti
+ 2n(ui-xi) - )

se
2 2 n
3 - - ] - ] ] 1
= Z(mi-+2wi€i) Wi Z?i jile-+2nwi
j#i
- 2 Ti n _ oafry\?
- ——— / . — - - 3 — -
+ (ui Xi) > ( 2 E ‘i’j Zn) + (ul Xl) >
se J-l se
j#L
(9.82)
Similarly the coefficient of %v;]' is
2 | 2 n
= | = _yn2 _ n ] - n
- [ 2(y2+2y;p;) - ¥1% - 297 jﬁl\yj +2(n-1)¥]
j#L
(u.-u.)? n 2
 — (2 T oy -2(n-1)) +(u,-u.)? l—) ] .
3 L g
j#i
(9.83)

If we consider the leading term of the power series in

(9.81) we see that

u, ~ N(ui’vii) . (9.84)

Before we find the moments of (9.81), it will be instructive

_____

to evaluaie the £ollcowing cxpressions with reaspect to u,

which is distributed N(ui'vii)

&
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= M3 - Zuéxl + xzu1
- ~ ~3 - - - 5 > ~2 T2”
(9.85)

The last line follows immediately from Lemma 9.2 which is

given in Section IXB. Also

- 4 — - k4 . > 2 - —3 _4 v
Eluy (u3-X;) ") = lug - 4%;uq + 6X3u3 - 4R;05 + X511
= ~3 &5 _ 2 | ~4
= 15v u + 10v11 i +u uy 4x (3v + 6u1v11 + ul)
+6xiui(3vii+ui) 4Xi (vii+ui) +Xiui . (9.86)

Now using (9.81) to (9.86) we have the mean of the posterior

distribution is given by

n
= 1 =1 502 w2 oyt '
E(uilz) =u, +7vy [2(mi+2mi£i)ui ‘i';!L‘ui ?.‘i‘iui jil‘yj
j#i
ry n ~3
+ 2n¥!iu. + - 2 .2 Y! - 2n 3u1V11+ui'2x1v11
Se 3=1
J#L

[15v u +10v, u3+u5 4X.

2 ~2 ~4 Ty - v-" 2
-(3vii+6uivii+ui) + 6xiui(3vi.-ru ) = 4X (v +u )
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~ 1 -1 .
+ 1ui]—_] + V2 [coefficient]

(DmN Il—'-

5

~ ~ ~3 A

- v 2
iti lzxivii

Y - 283 _ 453

_42?_5; +igﬁ'i)] + %-v'z-l [coefficient] . (9.87)
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~3 ~5 - - “'2 - AT ~4
+ 10v u +u 12x v. 24x1 iVii 4xiui
=2 w203 _ 473 =3~ —-4“‘

+ 18x1u1v11. + Gxiui 4xivi 4Xl xiui)
r. Ay
+ | E ‘l" -24, ivi -2u:.3+4u?x.
g2 i it

e

35‘1

- 2N B2 460V, . +203 - 4F.v -4iﬁ'z+2§2&']
i%i iVii i ivVii i%i iY%

+ 2 i [ +83 - 202%, + %24, - 30 a3
n 22 "11“1 Uy —eugi; P AU, S ou vty
e

+ 2X.v.. +2X.u? - 'ii j+ L v2 [coefficient].

i‘ii ivi
1 -1 [ri) ® w3
u; + iV [ (sz) ( 3V11u1 + 15v u + 4v 193 12xivii
e

3 i % i
- 12X. u Vi +12xiu v.. -4Xv.. |+ —| £ |—=
ivii ivii s2| 3=1 |2

1.

=¥ )2 Y - A%
ﬁrjj + (uj xj)J) (4uivii 4xivii) + i2n

e

o |
e e

- l 1 : 1 2 - 2 ~ ~
{2v u + 2%, v, §|+ zvot [(;-2-) ( 3v2,d, +15v, 8,
B

i=de G2

+ 4v“ﬁ

- 2 . w2 28 - An3
12\:1.vii lZu.uivii+12u.uivii 4u.vii)
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1 N | ~ 2) ~ _
+ ;—é— j:z-l ;—é— (ij + (u:.L u.) i4uivii 4u.vii}
j#i
2 - e '
+ (2n/s2) { 2viiui-r2u.vii{] . (9.88)

To find the variance of uilz it is only required to find the
second raw moment from which we may calculate the variance

using the fact that
= 2 - 2
Var(uilz) = E(ui!z) E (uilz) .

2 - _].._ -1 - 2 - 2 -
E(uilz) = ué+4vl [Z(mi+2wi£i)ué ‘P:!L ué 2‘11'351‘1’] 2

+ 2ny! fl‘- 2 I);}‘I"—Zn -2ulX. + X2
HO N 3 ( 4~ 2u3X; +Xjuy

s_1 J
=1
¢ A
* (
1 -1

+ 772 coefficieniil .

]

Iy,

2
) [1é - 4%y + 6Ku; - 4%ug + g

2

= oay 1 -1, (Ti ~ T )2
= (vii+ui) +7V [ 2 (sz) (v 11+2v (ui Xi))

o
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. 22y 72 + 32 _i 3 2 ~2
(3vy; +2) + X2 vy, ui)) + ( ) 15v3, +45v3, G2
~3

~nd 6

— ~ p ~'
+ 15v11u1 + u - 4Xi (15viiu:.L + 10viiui + ui)

T2 (202 a4, a3
+ 6X¢ (3v11+6u1v1 +ul) 4x (3v u +u )

+§g(vii+'ﬁ§))] -I%v;_l [c_:oefficient] ' (9.89)

1

where the coefficient of v; may be obtained by symmetry.

To find the Bayes rule we need p(é|z). Let us now find

p(8|z). From (9.71) let £=2 then

p(ul,uzlz) = f(ul'uz;Gi'vii)[ 1+ VI16104-v;1601]
+ o(l) + o(l) (9.90)
where
1[ 2 2 2( 2r:.
10~ 4 =1 i=1 T Y i=1 s;
2 2 r.
(Z(w +£)+2 Z(w +£)+ Z(u-x)z—-zn)].
i=1 * i=3 i=1 g2
e
(9.91)
and
10 2 2 \
8q7 = F | =2 2(v+2pv) (zw+p)-z(u-u“
01 4 i=1 i=1 i=1 i 2

B
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2 n 2 2 1
of T (y:+p:)+2 I (y,+p.)+ I (u,-u.) -Z(n-l))] .
(i=1 1 i=3 * ¥ 4= st

(9.92)

Perform the transformation of (u,,u,) to § = u;-u, and
u, in (9.90). Then the leading terﬁ of the power series in
(9.90) which is the joint density of u, and u, such that
ui.”'N(ﬁi'Vii) for all i becomes after integrating with

respect to u,

~ 2 -1 1 .
i=1 2L v,.
i=1 **

(9.93)

Therefore the leading term in the posterior distribution of
§|z is distributed normally with mean (51-52) and variance

(vyy +Vy35) -

| - -
Let Wi = mi-+£i and ¢ = u;-u, then (9.91) becomes

1 2 . 2 ry =
—-— - - Vo -
i=1l i=1 Sq
r, _ 2)( 2 n rl =
- = (u,=X,) L Y!'4+2 T Y!'=2n+— (§+u,~X,)
s2 2 2/t a3t s2 271

r
2 - \2



Hﬁ T (w2 A
=1 =2 I (w¢+2.w;) -
L T R T 1S TP 5 R B

(6 +u,-X,)2+ L V¥
271 i=l s

e =

x - 2
a7 Mwm

Hém

b2 212 (0 R (6 4uy-K 024 (<2) (u,-K,)
Iulu U=y U= A|v Uy=2y

2
e e

r, 2 .
+A|J 2+aw..m~1u_ . (9.94)
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. . " _ _ _
Similarly with ‘i’i =v;te; and 6= u; ~u, (9.92) becomes

1[. n . 2 2 n
§..=% -2 % (y2+2y.p.)- I ¥ ( S Y +2 % ‘P?-z(n-l))
0L 4L = i TS A -
2 n 2 n
+ — (8§ +u2-u.)2 (Z ‘i’;- (n-l))+-— (uz-u.)2 (Z ‘l’;- (n-l))
sg i=3 s; i=3
2 -u, )2 - 2, 1 R A | .
+ ;E (u2 ua)(6-+u2 u. ) + s4 (u2 a.) 4~;E(6+u2 u.) ]-
B B B
(9.95)
Therefore

~ -1 -1
P(8,uy]2) = £(8,uy50,,v, ) [L+V] 850+, 8011+ 0(L) +0(1) (9.96)

where 610 and 601 are given by (9.94) and (9.95)
respectively. Here f(6,u2;§i,vii) is obtained from

f(ul,uz;ﬁi,vii) by performing the transformation of (ul,uz)

to 6= u, -u, and u, .

Before we integrate (9.96) with respect to u, to obtain
p(6[z) it is helpful to compute the following integrals. Let
the leading term of (9.96) be

1 2.-1

(27) Vi1

T V.l
j=1 11

. 2 1-1/2 1 .
J = f(ﬁ,uz;ui,v..) = [ J exp|- -2-(6+u2-ul)

ii
5 (u2 uz) v22] .

Also in (9.93) let I = £(&;u,,v,) .



170

. -7 )2
Then I(6+u2 xl) Jdu2

H(8 =X )+ ul +2u,(8 -X} 3 du,
= (6-')51)‘°'I+fu§ J du2+2(<‘>‘-fl)fu2 J du, .
Now qu J du2

1 ]1/2

(2m) " Lexp [-%'- {(s-4;)? in+ﬁ§v§% ]

1 -1, -1 ~ -1
fu, exp [—7 (u% [Vll +v22] +2 u, [(G-ul)vn

- fizv;% ])J du, .

By Lemma 9.4 in Section IXB the above expression becomes

2 1/2
-1 -1 1 ~ -1, ~y -1 1/2
[iﬁlvii:] (_21:) exp [——2-{ (6-1.11)2 Vi1 + uév22 )] (27)

~-1/2 1

-1, -1 ¢~ ~1 Ao =1\%7, -1, -1 -
(vi1 *Vp3) exp [f(uzvzz - (G-ul)vll} ](Vll +v,y5) TE(u,)

where u, ~ N(ul,uz)

. Tyl _x o =17 -1, -1,-1
with u, = [ka 8)viy - B, vap] (Vi1 +v5))
and  u, = (vii+v;§)-l .

Therefore we may chow .l'uz.l’du2 = IE(uZ) .
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_F )2
So JS(¢& +u2 xl) Jduz

= % )2 -
= (6 xl) I+1 (ué)+21(6 xl)u]'_ . (9.97)
Similarly
- 2 = - 2% 72
.I'(u2 xz) .‘.rdu2 I(ui 2X2u]'_+x2) (9.98)

-7 2 -7 )2
also J[(u,-X,)* (8 +u,-X,)* Jdu,
= [(u} - 2u,%, +E3)[ (6-F})* + u + 2(6-%})u, ] Jau,
= IEJ&+2 [(6-F)) -%,) uy + [(s-%))% - 4%, (6-%;) +X3]uj
-y YIVY2 . X )2 ¥ w2 - )2
+ 2 [(6-%))%3 - (6-%))* X, Juy +XZ(6-X ) (9.99)

f(uz—iz) 4Jdu2 =1 [ua - 4?2;15 + 6?3;15 - 4§gui +'i§ ] (9.100)

‘and /(6 - Xptuy) daau, = 1[ug +4(6-% )y + 6(5-Kp )y + 4(6-%p) 7ug
< .4
+ (6-Xpt]. (9.101)

Using (9.97) to (9.101) we may now write the integral of

(9.96) w.r.t u, as

1 1

p(§lz) = £(8:4,,v,,) [14v]" 859+ vy 65p] +O(1) +0(1)

(9.102)
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where .

o
|
)=

2 . 2 2 n
- - ] ' v
10 = 2 I (mi+2wi€i) z ‘Pi(.Z Y142 T ‘?i 2n)

i=1 i=1 * \i=1 i=3

o]

n .
+( £ ‘P!-n)'(z L ore-%,02 + ul +2(8-%,)ul)
j=3 1 s ' 1 2 1’71

Y

[u - 2Xpu} +X31)

+ 2 -?—- (ua +2 [6"'?1 -i21u5 + [(6-21)2" 422 (6-2-1)

+ 'iglué
—X.)R2=(6-%.)? X %2 (5-X
+ 2 [(8-K))RZ=(6-F) ) Xp1u] + X3 (6 xl)Z)

r 2
_2_ ' - AY Y2yt o 3.1 3 72

+ (sz) - 1y = 4Xyu3 + 6X515 = 4Xjug + X))
e

r.. 2

1 : -X -X.)? =X, )3y

+ (52) (u‘i+4(6 Xl)u5+6(6 Xl) U5 +4(s Xl) ¥y
e

+ (s-%p* )] (9.103)

. 2 2 2 n
Soq = 2|-2 T (y2+42p,y;) - 2 w':( Dyr+2 I '«1"."-2(n-1))
e R e TS R I | =3 1

. i
(z.vg-@-1)) | (6-u)®+ug+2(6-uing
i=3
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+ (ué-2u.ui+u3)] + —24— (ua+2(6—2u.)u5
s
B

+ [(§ =u.)?~ 4u. (8§ ~u.) +u? Tu) +2[(8 - u.)u?-(8-u.)?u.]

uf Fud(§-u.)? + —% (uj - 4u.uj + 6uZuj - 43

Sg

' +u‘.1)

+ ;14- (nj+4(8-u.)py+6(5-u.)’ u5_+4(<s-u.)3ui
B -

It is instructive to note that

E(ug) where u2~N(ui.u2) ’

=
]

My = - [(6'51)"1}. ) 22] ["

and
-1
_ -l -1
My = | vyt 22] .
For u' = 6a+b where a = - vil[vlies 1] ™ (9.105)
‘ 1 11 11 22 °

_ -1

and b = [u2v22 +ulvll] [ 11+v22] we have

Uy =7avy,; -

Froii Lemma 2.2 in Section TXB we have

B
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By = ~avy, + (8a +b)?
= a262 +28ab+b? ~av,; (9.106)
also #y = (sa+b)[3(-avy,) + (sa+ b)?]
= a35% + 52 (2a%b +ba?) + 6 (-3a’v,, + 3ab?) +b°
- 3abvy, (9.107)

Wy = 3(-avy;)*+ 6(8a+b) (-avy;) + (sa+b)?

64a4

+ 4832 + 62 (-6a%v,, + 6a?b?) + §(-12a%bvy,

11

+ 4ab>) + 3a2v?. - 6b2av,. +bY . (3.108)

11 11

Substituting (9.105) to (9.108) in (9.102) we obtain

| 1 -1 2 , 2
p{(d|z) =1I|1+5vV EZ T (ws+28.w.)- T V!
471 i=1 i ivi i=ll
2 n n
-(zwiu Z‘Pi-Zn)-i-(Z‘PJ!.-n)
i=]1 i=3 i=3

r
-(2 L [s2- 26%3 + X} +a?8? + 26ab + b? -avy, +2(8-X;)
s?
: ,

e

(DM‘NH

«(8a + b)]+ 2 (a262 +26ab+b? ~av,, - 23{'2(6a + b)+i§]]

/

11

L4]
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3 + 6a?b?)

11

4

+ 6(-12a2bv1 + 4ab )+3a2v - 6b%av,., +b

11 11

+2(8-%, -X,) (363 + 62 (2a%b + ba?) + & (-3a%v,, +3ab?)

3. 2 _ 26%. + X2 - 4%..6 + 4X.K, + X2
+ b 3abvll)+(6 26x1+x1 4x26+4x2x1+x2)

n282 2 _ ¥2 - % ¥2 - 82F%
(a®8® +28ab +b avll) + 2(6?(2 XX 8 X,

F2F - F282 _ 972
+ 26%;%, - XIX,) (8a +b) +X362 - 2K36%K, + X3X 1]

X .
+(—‘3 . (a%s% + 46%a%p + 82 (-6a’v, + 6a%b?)
S

e

4

2 2
+ §(-12a“bv +4ab ) + 3a? vll-Gb avll+b

11

- 4%, (2383 + 62 (2a2b + ba?) + & (-3a%v,, +3ab?)

3_ F2(.222 2 _
+ b 3abvll) + 6X2(a §“+28ab+Db avll)

2
r
- 4§§(sa+b)+§g) + (—%) (
S
e

a44 3.3

+46%a°b +482

-(-6a3v11 +6a2b?) + §(-12a%bvy; + 4ab3)

353 4 42 (2a2bh + ba?)

N
1
i
tr
>
F
'L
o~
»
1
<l
o~
!

. o =~_ 2 9
+ Ja_vll -

C)

o

M
[
=

14
L]
+~
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+ -3a2 2 3 _ 2 _ t7d 72
6 (-3a v11+3ab ) +b 2abv11) + (68 126x1 + sxl)
(2252 2 3 _352% % -5
(a6“ +28ab+b avll) +4(6 36 X1+36X1 Xl)
4 _, .3z 252 -3 =3
o(Sa+b) +8 -46 X, +68 X1-46xl+x1)
1 -1 -
+3 Vs E:oeffxc:.ent]J +o(1l) +o(l) .
Simplifying we obtain
| 1 -1 2 2 2
= ol - - v

2 n
(z\v;-rz E\F'-Zn) + (z ‘PJ!_-n)
i=1 i=3 i

r
(2 __i [62(1+a2+2a)+ § (~2X, + 2ab + 2b - 2aX,)

Se

—— oo
+ T2 4+Db?-avy, - 2b% |

r
2 2.2 b2 2 2 2 )
2 ——2 IG a 26 (ab aXz) av]] 2 2l

Se

4

2) 4 63 (4ab + 4a2b + 2ba?

_-'—3 9T 22 _ AT a2 = 2a%
2(x1+x2)a + 2ab lea 4x2a 2aX2)
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+ 82 (-6a3v + 6a?b? - 6a?v

: 2 _ 9¢% g 2 2
11 1l+6ab 2(xl+x2) (2a“b + ba“)

2 _ — A% 2 52 T YT o4v2y o o3 z2 i
+ b av,, 4X1ab+a (xl+4x2xl+x2) 8ab 2+2aX2+4a 1X2

3

e ORF 4+ 72 ~19a2 3_ —2(¥ +%
2bX2 + XZ) +6(~-12a bvll +4ab™ + 2b 6abvll 2 (Xl + Xz)

(a2 2y _ 2% (h2 _ T2 4 AT F2
(-3a2vy, +3ab?) - 2K, (b2 - avy,) + 2ab (X} + 4%,%; +X3)
- v 2 o - Y ¥e vy vl YV ¥V - 9%2Yy
4x2 (b avll) 2axlx2 2aX1X2 + 2bx2 + 4leX2 2X2X1)
+ 3a?v2. - 6b2av.. +b* - 2(X, +X%.,) (b> - 3abv. )
11 11 1% 11

T2 v v 3 2 - __ v2 - v T2T2
+ (X2 +4X%,X; +X3) (b® -avy;) +2b(-X, X} -X}{X;) +x2x1]

2
r
+ (-%) [a%e? + 6% (4% - 4%,a%) + 5% (-6

S
e

3 212 A%
v11+6ab 4x2

3

. 2 2 2y2 - 2 AT
(2a*b + ba®) + 6a xz) + §(-12a bv11+4ab 4x2

2.2 2 T2t _ 4TS 2.2 _ cn2
(-3a Vi1 + 3ab“) +12X2ab 4X2a) + 3a Vi1 6b av,q

4 _ 4% (b2 - T2 (b2 - a3 o 7
+b" - 4X, (b® - 3abv, ) +6X; (b® -avy;) - 4X;b+ xz]

2
T
+ (‘]‘Z') [64 (a% + 423 + 6a? + 42+ 1) + 83 (4a’b + 4(2a?b + ba?)

N\ &7
Se



178

4x1a + 12ab 12X1a 12ax1+4b 4Xl)

+ 82 (-6av,. + 6a2b? + 4 (-3a2v, . + 3ab?)

11 11

-24X.ab + G'Xiaz

- AT 2 2 2 _
4xl(2a b+ba“) +6b 6av11 1

3 3

72 4 72 - 2
+ 12aXl - leXl + 6X1) +6(-12a bvll +4ab” +4b

- AT (o3a2 2y _ = 2 _
12abv 4x1( 3a‘v,. + 3ab“) 12x1 (b avll) '

11l 11

72 73 T - A% 2.2 _en?

4

T (3 Z2 (B2 -
+b - 4X1 (b 3abv11) +6x1 (b® ~av,,)

- 4b§i+'ii)]:| + %—vgl [coefficient ] :I

+ o(l) + o(1) . . (9.109)

The coefficient of %—vgl is easily determined from our

previous calculations. By a rearrangement of the terms in

(9.109) we have the posterior distribution of 6|z is given as

p(s|z) = £(8;u,

(. 1.-1 2 3 4
[l + 3V (glo+6gll+6 g12+6 gl3+6 914)

1 4g24)

-1 2 3
+ TVy (g + 89y +8%g,, +87gy3 +8 (9.110)
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where
2 . 2 2 n
- - - ] ] | .
959 = iil(mingimi) iﬁlwi (iilwin i§3\vi Zn)
n rl =2 ) N
' - —————— -— -
+ (,-'E3wi n) (2 pr (xl +b avyy 2bxl)
e .
r r.r
2 .2 T 152
+2 -2 (b2-av), 2x2b+x2)) +2 12
se se

[3a2v?, - 6b2avy; + -2 (X, +%,) (b3 - 3abv

11 11)

Y2 Y v L 2 _ - Y 2 T2y vayg2
+ (X2 +4%,X, +X3) (b2 -av,,) - 2b(X; X3 + KiK,) + X3}

2
r
-2 2,2 _ gh2 4 _ % (n2_
+ (sz) [3a Vi1 6b av,, +b 4)(2 (b 3abv11)
e
3, . -4 T\t
Y2h2 _ W2 - A - 2,2 _ 2
+ 6X3b? - 6X3av,, 4x2b+x2} + (sz) [ 3a®v], - 6b%av,,
e
Wi AT w2 7 T2h2 _ %2
+ b 4x1b +12X1abvll +6x1b 6xlavll
=3 , =3
- 4bX; + %] ] (9.111)
n r, _ _ r,
- $ - — - - m—
9,17 = (E \Pi n) 2 > ( 2Xl+2ab+2b ZaXl) + 2 >
i=3 s s
e e
= riTs 2 3 3
-(2ab - 2aK,) + 2 —% [—12a bu,, +4ab> + 2b> - 6abv,

Se
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= - 1 2 2
915 = (ii3w§' n)(z (1+a?+2a) + 2a —-2,) +2-_3T
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- b g i d - 2 2y _ 9y 2 _
2(X, +X,) (-3a%v, +3ab?) - 2K, (b® - avy;) +2ab

T2 T T 4T2\ - AT (W2 _ e 9% 2 - 2
(Xl + 4X2X1 + Xz) 4x2 (b avll) 2ax1x2 2.'=1X1X2

+ 2b%2 + 4bK. K. - 2X2% e (-2 2[- 12a2bv. . +4ab>
2 172 2 J] o2 abvyi
e

X 4 73 ! :

2 2 2 ,

- 4x2(- Javyq + 3ab®) +12X5ab - 4x2a] + (.s__)
2

—19a2 3 3 _ vd 2 - 2
[ 12a%bv,, + 4ab” + 4b” - 12abv, ; + 4X, (3a’v;, - 3ab?)

- 19% (b2 - %24k - 42%3 F2 _ 273
12X, (b2 - av,,) + 12X2ab - 4aX; + 12bX} 4x1] (9.112)

r rz r1r2

2
se e e

—ea3 2102 _ a2 2 _ (¥ 4 F 2 2
6a v11+6a b 6a v11+6ab 2(x1+x2) (2a“b +ba“)

+b?2 -av,, - 4X

2 (152 T T L v2y o = F2
11 1ab +a (xl + 4x2xl + X2) Babx2 + 2ax2

r\ 2
. % - 2b¥. +%2 2 —€aSw 21,2 _ A%
+4axlx2 2bx2 +x2) + (——2-) ( 6a Vi1 + 6a“b 4X2

S
e

r 2
«(2a%b + ba?) + 6a¢i’§) + (-%) ( -6a3v11 + 6a?b?
S
e

w
0)

2;- . 1+ 22h2) - 4¥X_ (2a%b + ba?) + 6b? - 6av,,
ll L . e e

w
“

Wi,
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- v T2.2 ¥2 _ = 72
24X, ab + 6Xja® + 12aX} 12bx1+6x1) (9.113)
I 3 ) . - .= .3 -
913 = 2 —8:-3— (4a”b + 4a“b + 2ba -2(X1+x2)a +2ab-2xla
e
r.,\ 2 r \2
- 4%,a’ - 2a%,) + (—:Z-) (4a3b-422a3) + (—%)
se se
-(4a3b + 8a2b + 4ba? - 4>‘cla3 +12ab - 12X, a% - 12aX,
o+ 4b-45i1) (9.114)
r.r r, 2 r,y 2
_ 1¥2 4 3., ., T2 4, [F1
9y4 = 2 ?— (a” +2a” +a?) + (sz) a +(sz)
e e e
4 3 )
(a"+4a” " +6a“+4a+1) (9.115)
2 ) 2 2 n
Gon = =2 T (Y24+20:7:) - I ¥ ( T Y42 3T ‘1".'-2(n-1))
20 o I S R ¥ 75 R I B
2 n " 2 2 2
+ — I ¥" -~ (n~1) 2us + 2b“ - 2av,, - 4u.b | +
2 «_~ 1 11 )
sB i=3 Sp

3

'[._Bazvil - 6b2av11 +bd -4u.p’+ 12u.abv,, + 6u2b?

3

- Gu2a¢ | - 417
11

1 4

_____ b+u‘?] + L [3a2v2 - 6b?av,, +b
| & e A -

ool
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- 3 202 _ ci2 — A3 4
4u.b +12u.abv11+6u.b 6u.avl:L 4u’b + u.

2.2 _ gn2 4 _ 2 23.2
+ 3a Vll 6b av11 +b 4u.b® + lZu.abvl:L + 6uchb
~ 6u2 - 4bu> +u> |
6u.av11 4bu; +u’ | (9.116)

2 n 2
—_— ( ¥ oyv -~(n-1)) (-211. 4+ 4ab + 2b - 4u.a) + —
2 P | 4
sB i=3 SB

3

[ 2 3 _ 2 _ 2
[ 12a by, +4ab” + 2b> - 6abv,, +12u.a?v;; - 12u.ab?

- 2 2 _ 2 - 3
2u.b +2u.av11+12abu. 4u.b +4u.av11 4au:

2 2. 5.3 1 {_ 2 3 2,
+ 2bu? +4bu? - 2ul] + 4[ 12a%bv, + 4ab” + 12u.a%v);

Sy

3

- 12u.ab? + 12u?ab - 4u:.”a - 12a2bv11 + 4ab” + 4> - 12abv;

+ l2u.a2v11 -12u.ab? -~ 12u.b? + 12u.av,, + 12u?ab - 4au:.3

+ 12bu? - 12u’ (9.117)

n 2 3
£ ¥" - (n-1)) (1+2a2+2a) + = [-6a V.. + 6a2b2
ol 4 11
i=3 SB

J%IN

- 6a2v11 + 6ab? -~ 8u.a?b - 4u.ba? +b? - av,, - 4u.ab

+ 6u2a? - 8u.ab + 2au? + 4au? - 2bu. + u?] + —lz [--Ga‘?'vll
g
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+ 6a2b? - 4u. (2a’b +ba?) + 6u2a? - 6a3vl:L + 6a2b?

- 2 2 _ 2y o 2 2 _
12a v11+12ab 8u.a“b - 4u.ba“ + 6b 6av11

- 24u.ab + 6uZa? + 12au? - 12bu. + 5u%} | (9.118)

—2; (4a3b + 4a2b + 2ba? - 4u.a> + 2ab - 2u.a? - 4u.a? - 2au.)
s
B

3 3 3

+ —]i- (4a3b - 4u.a

+ 4a”b + 8a?b + 4ba? - 4u.a” +12ab
5B
- 12u.a? - 12au. + 4b - 4u.) (9.119)
-% (a4 +2a3+ a?) + --l;l-(Za4 + 4a3 +6a%2+4a+1l)
Sp Sp
% (4a? + 823 +8a% +4a +1) i (9.120)
S

w

2



