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INTRODUCTION

Various forms of abstract differentiation have been developed as a general-
ization of differential calculus. They use such algebraic structures as rings of
polynomials or differential groupoids (see [RS1]). The structures used in this
paper are modes and modals, which are relatively new. These are convenient
media for study because Euclidean spaces naturally possess a mode structure,

and the various extensions of the reals form modals.

The well-developed theory of real subgradients is the groundwork for our
study. We interpret supporting hyperplanes as mode homomorphisms and

formulate results from convex analysis in this algebraic setting.

The first two chapters are a review of classical convexity and universal al-
gebra. Most proofs are omitted, but can be found in the supporting texts.
The equivalence of lower-semicontinuity and closedness for convex functions is
particularly noteworthy. In Chapter 3 we exhibit a Galois connection between
convex subsets and the functions that choose a hyperplane for each normal
vector. The fourth chapter puts the results of Chapter 3 into modal-theoretic
terms. Semilattices and distributive lattices are examined in Chapter 5 as an
example to determine a course of action and deal with possible complications
in defining subgradients for algebraically convex functions. In Chapter 6 we
present the major result of defining a subgradient for convex functions from
modes into completely distributive modals. The final chapter describes the

present situation in research.
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CHAPTER 1: TRADITIONAL CONVEXITY

This chapter reviews the theory of subgradients for convex functions of

Euclidean spaces and clarifies the definitions to be used in the rest of the

paper.

Notation 1.1. Let N= {0,1,2,...}, Nt = {1,2,3,...},I1=0,1], I° = (0, 1),
R = (—00, +00), R** = (—00,400], R_,, = [-00, +00), R = [~00, +0], Q be
the set of rational numbers, and for n € N, let R" be the Euclidean space of

dimension n with the standard inner product and topology.

Definition 1.1. For sets A and B, let B* be the set of functions from A to
B. The graph of f € B* is the set
grf ={(z,2f) |z € A},
and when (B, <) is a poset, the epigraph of f is
epif = {(z,y) [z €A, zf <yeB}.

Definition 1.2. Let A be a set and (B, <) a partially ordered set. The
pointwise order on B# is the partial order defined by:
fi<finB* <= Vz €A, zfy < zfo.
We can partially order the product A x B also, by:
(a,0) <, gla"sV') <= a=d and b < V.

Fact 1.1. Let fi, fo€BA where B is a poset. Then
f1 £ f2 < epifi 2epifs.
Proof: Let f,, f€B*. Then
Hffo<=VzeA zfilzf <
VzeA, [y<azfi = y<zf,] < epifi 2epife. O

Definition 1.3. Given a set X, for a function f : X — R, the finitary graph
and finitary epigraph of f are defined to be

grpf ={(z,zf) |z € X,zf € R} and

epipf = {(z,y) | z € X, zf <y € R}, respectively.
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Thus grp f = grf N (R™ x R) and epigf = epif N (R" x R). If imf C R, then
grf = grmf'

Definition 1.4. For a convex set X C R", a function f : X — R is convez
(called “real-convex” when needed for clarity) iff it satisfies the property
(CXgp) Vz,y e X,VA€TI’ [c(1=A)+yAf <zf(l=A)+yfA
A function f : X — R*® is convex iff it satisfies the same inequality, where any
expression involving infinity equals infinity. (See Example 2.10 for a precise
definition.) We can write A € I° as a function of two variables by

A: (RY*)?2 S RY; (z,y) = (1 - Nz + Ay
If X is not the whole space R", then f can be extended to a new function
{ zf, z€X

.t R" = R,
/ - e +o00, ¢ X.

Fact 1.2. If f is convex, then f, is convex:
z,y €domf = zfeyfed = afyfA 2 zydf = zyAf,, and
{x’y} ,¢- domf = {+°°} € {‘L'fe,yfe} = zfeyfed = +00 2 zyAfe.

Thus we can consider convex functions to be defined everywhere. Note that

grmfe = grmfa and epigf. = epigf.
Example 1.1. Both |z| and e* are finite convex functions.

The extensions of two convex functions are shown in the following examples.
These functions, along with those in Example 1.6, are continuous, but each is
different in an important way. In Example 1.2, the epigraph is closed, but not
in Example 1.3. See Example 1.7 for more on this.

-z, z2>0
{ +oo, z<0.

Example 1.3. Define f : (0,4+00) — R by zf := —\/z. Then its extension is

vz, >0
given by z f, = Ve, @ See Figure 1.1.

400, x<0.

Example 1.2. For zf = —\/z, 2 f. = See Figure 1.1.
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Figure 1.1. Graphs of functions in Examples 1.2 and 1.3.

Fact 1.3. Convexity of a function is equivalent to convexity (as a set) of its
finitary epigraph. ([BP], Prop. 1.2, p.85.) First we would like to restrict our

attention to “proper” convex functions.

Definition 1.5. A function f : X — Y is proper iff f(X) C R**® and f # +oo.
(cf. [BP], p.84.)

Definition 1.6. For a set C C X x Y and a point z € X, define the set
Cr:={y € Y| (z,y) € C}, the cylinder of C at z.

Fact 1.4. A nonempty convex set C C R™! is the finitary epigraph of a
proper convex function if and only if |

.. Cisan upset ((x,y) €C,y<y' e R = (x,y') € C),

ii. Cis cylindrically bounded below (for x € R", Cy is bounded below in R),
and

iii. Cis cylindrically closed (for x € R™, Cy is closed in the standard topology
on R).

Proof: Note that the finitary epigraph of every proper convex function satisfies
all three conditions. For a set C satisfying conditions (i), (ii), and (iii), define
a function f : R® — R™; xf := inf Cx. By properties (ii) and (iii), f

is well-defined and the infimum is actually a minimum. If Cy is nonempty,

(x,xf) € C. So C = epigf by the upset property. By Fact 1.3, f is convex. O
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Definition 1.7. Given a topological space (X,7), a function f : X — R*>° is
lower-semicontinuous iff for every t € R, the set {z € X | zf > t} is open in
X. ([BP], Prop. 1.3 i. and ii., p.87.)

Fact 1.5. Let S be the standard topology on R, and &' be the topology on R
with basis consisting of the set of intervals {(t,+o00) | t € R}. Let (X,T) be a
topological space and f: X — R. Then f: (X,7T) — (R, S) is lower-semicon-
tinuous if and only if f: (X,7) — (R, §’) is continuous.

Fact 1.6. For a topological space X, a function f : X — R*° is lower-semi-
continuous if and only if

Vzo € X, zof = lizrriiznf:z:f.
This is often used as the definition of lower-seomicontinuity. ([BP], Def. 1.2,
p.86.)

Example 1.4. We could define the characteristic function of a subset A of a

set X as
1, z€A

fA:X-»R;wa={O’ N

For such a definition, characteristic functions of open sets in a subspace X of

R"™ are lower-semicontinuous, although they are not convex.

Example 1.5. Let us, however, define the characteristic function of A C X

by
0, T €A

Xa: X = RY*; 2xa =
A - XA {-i—oo, T ¢ A.

Then for X = R" characteristic functions of convex sets are convex, and
characteristic functions of closed sets are lower-semicontinuous. Therefore the

characteristic function of a closed convex set is “closed” by Fact 1.7 below.

Definition 1.8. For a convex function f : R" — R*°, the closure of f is the

function
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clf : R" = R*; x = liminfy f ([BP] p. 89, eq. 1.8).
y—x
A convex function f is closed iff clf = f.

Example 1.6. The extensions of the functions —/z and —logz are closed.
In spite of this, —4/z is not subdifferentiable at 0, and the domain of — logz is
not a closed interval. See Figures 4.1 and 1.2. Note how the supporting lines

of —log = approach the asymptote z = 0.

1

LN\

Figure 1.2. Graph and some tangent lines of —logz.

Example 1.7. The function f defined in Example 1.3 is convex and continu-

ous, but its extension is not lower-semicontinuous (or closed), since

liminfzfo =0 # 400 = 0fe.
z—0+

Example 1.8. The function g : R x [0, +00) — R defined by

1‘2+.92, 5> 0
(r,s)g = 8
0, (r,s) = (0,0)

is lower-semicontinuous since
1. g is continuous when s > 0, and
2. for s approaching 0, we have
Vr # 0, :];ILI%) 3-2—‘?3 = 400 = (r,0)g., and

liminf Z£2 = 0 = (0,0)g.
(r8)—(0,0) ° (0,0)g



Figure 1.3. Two views of the function g in Example 1.8.

The behavior of g near the origin can be seen in Figure 1.3. Note how the
graph itself becomes closed if we add the ray above (0,0,0). The epigraph is
closed and thus g, is also closed, by Fact 1.7 below.

Fact 1.7. A proper convex function f : R" — R*™ is closed <= f is lower-
semicontinuous <=> epigf is closed. ([BP], Prop 1.3, p.87 & §1.3, p.88.) Thus

for a proper convex function f, clf is lower-semicontinuous.

Example 1.9. Although the convex function g in Example 1.8 is not contin-
uous at (0,0), it is lower-semicontinuous there, as is its extension g.. Thus, g.

is closed.

Fact 1.8. A proper function is convex and lower-semicontinuous if and only if
it is the supremum of a family of affine continuous functions. ([BP], Cor. 1.6,
p.99.)

Definition 1.9. A hyperplane of R"*! is an affine subspace p of codimension
one. We call p vertical iff it satisfies:
Ix € R« {x} xR C p,

and nonvertical iff it contains exactly one point (x,y) for each x € R".
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Definition 1.10. A normal vector to a hyperplane p of R"t! is a vector
u € R**! lying in £ = p*, the line in R"*! which is perpendicular to every line
in p. (This line pt is known in linear algebra as the orthogonal complement
to pin R"*1.) A unit normal vector u has norm 1. The regular normal vector
to a nonvertical hyperplane y = a-x + b in R"*! is (a,—1). The n-vector a

will be called the projected normal vector of the hyperplane y =a.x 4 b.

Example 1.10. The hyperplane 2z, + 3z, — 6y = 12 in R® has unit normal

vectors £ %, %, —?,-), regular normal vector (%, —;-, —1), and projected normal

vector (%, %) Note the uniqueness of the regular and projected normal vectors.
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CHAPTER 2: CONVEXITY IN UNIVERSAL ALGEBRA:
MODES AND MODALS

In this chapter we introduce the terms from universal algebra needed to
generalize from classical convexity to modal theory and show how the Euclidean

spaces and their extensions fit into the theory of modes and modals.

Definition 2.1. An operation on a set A is a function
w:A" = A; (a1,...,a0) 2 a1 ... QW
for some nonnegative integer n = wr, called the arity of w. An algebra
A = (A,Q) is a set A along with a set Q of basic operations on A. Those
operations that can be built up from the basic operations are called derived
operations. The map 7 : § — N is the type of A. An algebra of the form
(A, Q) is also called an Q-algebra. An algebra (A, Q') is a reduct of (A, Q) iff
Q' C Q, and a subset A’ of A is a subalgebra of A (written (A',Q) < (A,Q), or
briefly, A' < A) iff
YweQ,Vay,...,aur €A, ay...auw e A
Definition 2.2. For an algebra (A,Q), let AS denote the set of nonempty

subalgebras of A, and ASy denote the set of all subalgebras of A. For algebras
(A, Q) and (B, Q) of the same type, define

Hom@A,B):={h:A—-B |YweQ,Va;,...,2ur €A, 21...2prwh=a1h... Ty hw},

the set of Q-homomorphisms (or just homomorphisms) from A to B.

Definition 2.3. For a given type 7 :  — N, define () to be the category
whose objects are all of the Q-algebras of type 7 and whose morphisms are all
Q-homomorphisms between these algebras. That this forms a category is easy
to check.

Definition 2.4. A category of Q-algebras is called plural iff
Qr C{neN|n>1} (cf.[RS2], Prop. 235.)
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Definition 2.5. An operation w € Q is idempotent iff Vo € A,

(I z...2w=u=z,

commutative iff Vzi1,...,z2,r € A, V1 <i<j<wr,

(C) 1.0 Zi o B TprW = T1 oo Ti1 BT i1 oo Tjm1 TiTjp1 -+ +  Teorly
and assoctative iff wr = 2 and Vz,y,2 € A,

(A) (zyw)zw = z(yzw)w.

The equations (I), (C), and (A) are identities because they hold for all
possible choices of arguments. (cf.[RS2], p.13.) An identity is regular iff the

sets of arguments on both sides of the equality are identical.

Example 2.1. In the ring (Z; x Z,, +, +), both operations + and - are commu-

tative and associative, and - is idempotent, since in Z,,1-1=1and 0-0 = 0.

Definition 2.6. An algebra (A,Q) is tdempotent or commutative iff every
w € Q is, and entropic iff Yw,w' € Q, VI <i<wr, V1 <j <w'r, Vz;; € A,

(E) 211 ... Tor1iW. o . Tltr + + - Tegrawt rWw' = T11 .0 Trtew’ oo Tgrl + o - Toorwt rw'w.
Definition 2.7. A mode is an idempotent, entropic algebra. (cf. [RS2], p.14.)

Example 2.2. The group (Z; x Z,,-) is a mode, since (zy)(zw) = (z2)(yw)

holds by commutativity and associativity.

Example 2.3. Differential groupoids are defined to be modes (G, *) of type
{(*,2)} satisfying the additional identity z * (y *z) = z xy. (cf. [RS1], p.284.)

Example 2.4. Notice that the functions ), defined in Definition 1.4, are op-
erations on R. Thus (R, I°) is an algebra, one of our most important examples
of modes.
Proof: Clearly, Vp,q € I°, Vw, 2, y, z € R,
zzp = x and
zypwzpg = [z(1 —p) + pyl(1 - ¢) + [w(1 — p) + p2lg
= [2(1-q) + qu](1-p)+[y(1 - ¢) + ¢2]p
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= Twqyzq p.
So (R,I°) is a mode. O

Actually, we have by extension, applying p componentwise in the product,
Lemma 2.1. For every n € N, (R",I°) is a mode.
Definition 2.8. A subalgebra (S,Q) of a mode (M, Q) is called a submode.

Note 2.1. The idempotence condition gives us that one-element subsets of

modes are submodes. See Example 2.5.

Example 2.5. Let ) be a set of basic operations for some mode M. Let
X = {z} be any one-element set. If we define for each w € Q,
w: X" =X (2y...,2) P oa,

then (X, ) is a mode.

Example 2.6. The submodes of (R",I°) are exactly the convex subsets of

R". ([RS5], Ex. 5.1.)

Proposition 2.1. The set MS of nonempty submodes of a mode (M, Q) itself
forms a mode (MS, 2) where the operation w € Q acts on MS by:
VS1,...,Swr € MS, S;...Surw := {s1...50rw | 5i € S;}. ([RS2], pp.13-14.)
Proof: We must show that  is a set of operations on MS, and that (MS, Q2)
is idempotent and entropic.
1l. Let w € Q and Sy,...,Sur € MS. Then
Vw' € Q,V1 <j<w'r, Vs1j...8urjw € S1...Surw, with s;; € S;,
S11 ¢+ SwrlW + s S1wlr »+ « Swrw! rWW' = 811 ... 810+’ .. Swrl + . - Swrwrw' W,

which is back in S;...Syrw. Thus S;...S,rw € MS, and w : (MS)*™ — MS.

2. Let S € MS and w € Q2. Then
Vs€S,s=s...5w = SCS...Sw, and
S<M = S...SwCS.

So S...Sw =S, and idempotence is shown.
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3. Finally, let w,w' € Q, S11,...,Swr1ye -y Swirly: - s Swrw'r € MS. Then
$E€S11...Swuriw...S1wtr - Swrwtrww’ = V1<i<wr, V1<) <uw'r,
38,']' € S,‘j © ST=S11 ... SwrlW s+ S1wir « -+« Swrw! rWw',

which by entropicity of M is
S=811... 810w ... Swrl+ . Swrwrw'w € Sy1... Slw’rw, ceeSwrl s Swru’rw'wa
50 S11+..SwriW ... S1w'r -+ . Swrwrww' € Si1...S1w+w' ... Swrt ... Swrwrw'w,

and similarly for the reverse containment. So MS is entropic. O

Definition 2.9. A wvariety is a class of algebras that contains all subalgebras,

products, and homomorphic images of its members.

Lemma 2.2. (Birkhoff’s Theorem) A class K of algebras is a variety <=
there is a set of identities such that K is the class of all algebras satisfying
those identities. ([BS], Def. 11.7, Thm. 11.9, p.75.)

Lemma 2.3. A product of modes with the same type is again a mode of the
same type.
Proof: Modes are characterized as satisfying the identities (I) and (E), so

they form a variety. Therefore, products of modes are modes.

Note 2.2. For modes (A, 2) and (B, ), an operation w € (2 acts on A x B by
w:(AxB)“ = AxB;(a1,b)...(awr, bur) = (a1...aurw, by ... byrw).
(RS2}, p6) O

Example 2.7. We get the mode (R" xR, I°) as a product of the modes (R",1°)
and (R,I°) by Lemma 2.3.

Definition 2.10. Recall that a semilattice is an algebra (S, *) with a single
binary operation that is idempotent, commutative, and associative.
A join semilattice has the order defined by = < y <= z*y =y, and
a meet semilattice has the order + < y <= =z *y = z. An algebra (S,V,A)
is a lattice iff (S, V) and (S, A) are semilattices and the partial orders < and

<a coincide.
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Definition 2.11. A chain in a semilattice (S, *) is a set W C S such that for

any two elements z,y € W, either 2 < y or y < z.
Fact 2.1. Chains are lattices, where for z < y,zAy:=z and zVy:=y.

Example 2.8. Semilattices, and in particular chains, such as (R, max), are
modes.

Proof: A semilattice (S, %) is clearly idempotent, and entropicity follows from
the identity (z * y) * (2% w) = (@ * 2) * (y * w), which uses commutativity and

associativity. [

Definition 2.12. Let X be a subset of a poset (5,<). A lower bound (resp.
upper bound) of X is an element y € S satisfying z € X = y < z (resp.
y > z). Let Y be the set of lower bounds (resp. upper bounds) of X. The
greatest lower bound (resp. least upper bound) of X, if it exists, is that y' € Y
satisfying

yEY = y <y (resp. y 2 y').

Example 2.9. In a meet semilattice (S,A), the set X = {z;,z,} has greatest
lower bound z; A =3, and the set X = {x1,...,z,} has greatest lower bound
y=((...((z1 Az2) Ax3)A...) Ap). Since the meet operation is associative,
we can leave off the parentheses, and write y = A X. Similarly, the least upper

bound of a finite subset X of a join semilattice S is written \/X.

Definition 2.13. Given an ordered set S, if for every X C S, the greatest
lower bound (resp. least upper bound) of X exists, we again write A X (resp.

V X), and call S a complete meet (resp. join) semilattice.

Definition 2.14. For sets A and B, and an operation w on B, we can define
w: (B = B (fi,.. ., fur) o (2 — 2 fy o T furw).

Proposition 2.2. For modes (A, ) and (B, ) of the same type, the set of
homomorphisms H = (Hom(A, B), ) is a mode.
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Proof: Idempotence and entropicity are inherited from the codomain:
Vw,w' e, V1 <i<wr, V1< j<w'r,Vhhij € H,Vz €A,
z(hhw) = thzhw = zh, and
z(hi1.. horw ... hiwir o Rgrerww')
=zhi1...2horiw ... Thiwr ... Thyro rww'
=zhyy...zhiwrw' .. Theur .. Thyrurw'w
=z(hyy ... hiwrw' .o hurr oo Bt rw'w).

So all we need to show is that every w € Q is an operation on H. We have
Yw,w'e Q, Vzy1,...,20r € A, Vhy,..., by, € H,
(1. . 2prw)(hy ... B pw’)
=(z1...Torw)hy ... (T1.. . Trw)hy oo’
= (z1hy ... Turhiw). .. (T1hyrr .. by rw)w’ [2-homomorphisms]
= (z1h1...T1hyw') . (Twrhy - TR rw w [entropicity in B]
=z1(hy.. hyrw') o T (R Ay rw .
Thus hy ... hyr' € H. O

There is a particular construction, that of Plonka sums, that conveniently
gives us the modes (R*°,1°) and (R_,,,I°), and a new mode (R, I°).

Definition 2.15. We can think of a meet semilattice (S,A) as a category
(S) where the objects are the elements of S and the set of morphisms is
{# = s) | t < s}. If (Q) is plural, S can be made into an Q-algebra by
defining, for each w € €,

w:SYT = S; (81,0004 Swr) ST A A S,
A similar construction works for a join semilattice. Let G : (S) — () be a

contravariant functor. Define SG := [[sG (which is the disjoint union U sG)
9€S 3€S
and make it into an 2-algebra by defining:

Yw e D, Vsy,...,80r €ES,and t =8, A... Asur €85,

wW:is1G X ot X 8urG = G (21,0 Zwr) — 21(E — 51)G . 2wr(t = Swr)Gw.
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Then (SG, Q) is the Plonka sum of the Q-algebras sG over the semilattice (S, A)
by the functor G. The algebras sG for s € S are called the fibers of SG.

Lemma 2.4. A Plonka sum satifies the regular identities satisfied by each of
its fibers. ([RS2], Prop. 238, p.34.)

Example 2.10. Let S={0,1} and (S, A) be the meet semilattice with 0A1 = 0.
Consider R, {—oo} € (I°). (Each A € I° is the identity on {—oco}. See Example
2.5.) Define the functor

G:(S)—=(I°);0= R, 1+ {—00}, (0 = 1) = (R — {—o0}).
Then the resulting Plonka sum R_., = RU{—o0} is again a mode. Similarly, we
get the mode R*™ = RU{+oo}, where (+00)xA =+co for any X € I°, x € R*™.

Example 2.11. Now take S = {0 <1< 2}. For the modes R, {~}, {+x} €
(I°), define a functor G : (S) — (I°) by

0 — 1 R —— {—o0}
Il - l
0 — 2 R —— {400}.

Then (R,I°) = R__, [[{+co} is a mode. Anytime +co is an argument of ), the

image is +co0, and whenever — is an argument and +co is not, the image is —co.

Example 2.12. For a plural mode (M,), MSy = MSU{@}. Note that

@ is an Q-algebra (and a mode) where any w € Q is the empty function

w:@¥" — @. Let S = {0 < 1} as above. The functor
G:(S)—=(Q);0~MS, 1~ {2}, (0> 1)~ (MS - {@})

gives us the mode (MSg, ) by the Plonka sum construction.

Definition 2.16. In an algebra (A, V, ) with join-semilattice reduct (A, V),
an operation w € Q distributes over the operation V iff
V1 S] SUJT, V.’l?l,...,.’ltw-,-,:l.'.lj € Aa

D)z .. (zg;Val). gwrw=(21... 2. Tprw) V (T ... T} Torw).
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In the case that (A,\/) is a complete semilattice, we say w € Q distributes
completely over \/ iff V1 < j S wr, Vzi1,...,20r € A, VX C A,
(CD) zy...2j_1(VX)zj41 ... 2wrw = V{z1...Tju12T 541 ... Twrw | z € X}

Definition 2.17. A modal is an algebra (D,V,Q) with join-semilattice
reduct (D, V) and mode reduct (D, 2) such that the operations in Q distribute

over V.

Definition 2.18. A modal (D,V,Q) is completely distributive iff (D, V) is
complete and every operation w in Q satisfies property (CD).

Example 2.13. A distributive lattice (D, V,A) = (D, V, {A}) is a modal, with

Q = {A}, since meet distributes over join.

Proposition 2.4. The algebra (R, max,I°) is a modal and (R,sup,I°) is a
completely distributive modal.
Proof: First note that (R, max) and (R sup) are join semilattices, and R is
complete. Next, we have
Ve R,VYCRe 1<|Y|< 400, Vpel°,
z(maxY)p =z(1 — p) + (max Y)p

=max{z(l-p)+yp|y € Y}

=max{zyp | y € Y},
and similarly for (max Y)zp, so p distributes over max. Also, supremum is the
same for |Y| < 400, even if Y contains an infinite element. Finally, consider
z € R, |Y| = 400, sup in place of max above.
1. If z = +4oo then both sides are +oo.
2. If z < 400 and one side is +oo, there must be a sequence {y,} C Y with
nl_lg_loo Yn = to00. Continuity of y — zyp has both sides being +oo.
3. If z < 400 and supY < +oo, then both sides are finite when both z and

sup Y are finite, and —oo when either 2 or supY is —co. O

Definition 2.19. A map between partially ordered sets (S, <) and (D, SD)
is monotone iff Ve,y € 5, z <y = af <yf.
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Lemma 2.5. (Monotonicity Lemma) For a modal (D, V, ), every w € Q is
monotone as a map, w : (D“7, <) = (D, <). This means
Vi, .. Twry Y1, Ywr €D, (Vi€ {l,...,wr}, z; S yi) =
T1... Turw < Y1 ... Yurw. ([RS2], Prop. 315, p.58.) O

Recall how in the Euclidean space case a function f:(R",1°)— (R**, sup, I°)
is convex iff it satisfies property (CXg). (See p.2.) Note that the domain is a
mode and the codomain is a modal. The generalization of this property is the

following;:

Definition 2.20. A mode (M, ?) and a modal (D, V, Q) are called compatible
iff the modes (M, Q) and (D, ) have the same type. Let (M, Q) be a mode
and (D, V, ) be a compatible modal. Let f : M — D. We say f is Q-convez,
or just convez, iff for every w € (Q, and every z;,...,z, € M, we have
(CX) zy...2,0Mf <Jefe. Tnfwb.

We call f concave iff it satisfies the reverse inequality. Let Conv(M, D) be the

set of all convex functions from M to D.

Example 2.14. A function whose logarithm is real-convex is called “log-
convex” in the literature ([RV], p.18). Precisely, a function f : R — R¥ is
log-convez iff it satisfies

VpeI°, (x(1—p) +yp)f < af' Py fr.
If we define, for p € I°, the maps p : (R*)*> —» R*; (z,y) — z!~PyP, then
(R*, max, P)pere is a modal, and the log-convex functions are exactly the ele-

ments of Conv((R, p)pete, (R™, V, p)pere ). The test functions (i.e., mode-reduct

homomorphisms) are the exponential functions ke*.

Example 2.15. Call a function f : Rt — R ezponentially-convez iff it satisfies
VpeT’, (¢'7Py")f < af(1—p)+yfp.

This is equivalent to tg = e’ f being real-convex. (Use z = e*, y = e°.) Now f is

exponentially-convex iff f € Conv((R¥, p)yere, (R, V, p)pere ). The mode-reduct

homomorphisms here are the log functions clogz + d.
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Proof: A typical homomorphism h must satisfy (z!=Py?)h = zh(1l — p) +
yhp for every p € I°. Let z = 1. We then have: y?h = 1h(1 — p) + yhp.
Differentiating, this becomes: (y?)h'pyP~! = yh'p, i.e., (yP)h'y?~! = yh'. This
is (y?h')y? = (yh')y. This is solved by 2h =clogz+d,d =1lh,c=1h'. O

Example 2.16. Yet another kind of convexity is sometimes called “quasi-
convexity” ([BP), p.84). Let X C R" be convex. A function f : X — R is
quasi-convez iff for every o € R, the set Cy := {z € X | zf < a} is convex. By
[RV], p.230, this condition is equivalent to the condition:

Ve,y € X, Yp € I°, (2(1 —p) +yp)f < zf Vyf.
So quasiconvex functions are the elements of Conv((R, p)sere, (R, V, Vp)pere ).
The codomain has the I°—join semilattice structure analogous to Definition

2.15 (z Vpy = ¢ Vy = max{z,y}).

Proposition 2.5. For a mode (M, Q) and a compatible modal (D,V, Q),
(Conv((M, Q), (D, V,Q)),V, ) is a modal.
Proof: Again we only need C = Conv(M, D) to be closed under the operations.
We have
Yw,w' € Q,Vz,,...,20- €A, Vfi,..., fur €C,
(1. Tur)( V )
=(21...00w)fi V(21... . Twrw)fa
S(z1f1-- Twrfrw)V(z1f2 ... Turfow) [fi convex]
=(z1fivVaife)...(Burfi Vaurfo)w (D) in D]
=z1(fiV f2) .. 2ur(fi V fo)w,
so fi V f, € C, and
(1. wrw)(f1 ... furrw')
=(21...¢wrw)fi... (1., . Tprw) furrw’
<(zifie o Twrfiw) .. (@1 furr .o Bor furrw)w! [f: convex]
=(a1f1.. 1 fwrrw) . (Twrfi oo Tor furrw w [(E) in D]
=a1(f1.. furrw) o @ur(fi . furrww,

sO0 fi...fwrw' € Calso. [
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Corollary 2.1. The algebra (Conv((R",I°), (R, max, I°)), max, I°) is a modal.

There is a more general algebraic structure that will be useful in the next

chapter.

Definition 2.21. An algebra (A, <, Q) is an ordered mode iff (A, Q) is a mode,

(A, <) is a poset, and every w €  is monotone.

Example 2.16. All modals are ordered modes, with the join semilattice
order, and all modes can be considered as ordered modes with the trivial order

2y = z=4y.

Example 2.17. For a compatible mode M and modal D, since the mode
Hom((M, 2), (D, )) is a subset of the ordered mode Conv(M, D) it is also a

(non-trivial) ordered mode.



20

CHAPTER 3: A GALOIS CORRESPONDENCE
IN EUCLIDEAN SPACES

In this chapter an order-theoretic approach to the concept of subgradient
lines of convex functions is presented. We will exhibit a Galois correspondence
between the finitary epigraphs of convex functions and those sections of an

order-theoretic “bundle” that (conveniently) give subgradient hyperplanes.

The functions considered here have a Euclidean space for a domain and some
extension of the reals as codomain. We are concentrating on the mode and
poset structures of the Euclidean spaces, to be able to generalize the present

results to arbitrary modes and modals.

Notation 3.1. For discussion purposes, let n € N. The algebras (R, max, I°),
(R,sup,I°), (R**,sup,I°), and (R™,I°) were introduced in Chapter 2. Here
we define some more modes and ordered modes. Let
L:=R"xR and L:=R" xR
These can be ordered in the last component as in Definition 1.2, and form
I°-modes as products of [°-modes. The function
7:L — R" (a,b) — a
makes L into a “bundle” of the fibers L, := 7~!{a}. Define
I:={c:R*"—=L|or=idge}
to be the set of “sections” of 7, ordered pointwise as a subset of (L)®". Let
H := Hom((R",I°), (R, I%)),
the set of I°-homomorphisms (or affine functions) from R™ to R and
H := HU(R x {—00})U(R x {+00}) = Hom((R",1°), (R, I°)).
Both H and H have the ordered mode structure inherited from the modal
(Conv((R™,1°), (R, V,I°)), V,I°). The sets
P:= {{(x,y) |]y=ax+b}|aeR",beR]}

11 and

= {non-vertical hyperplanes in R"

P := PU{{(x,—00) | x € R"}}JU{{(x,+00) | x € R"}}
form ordered modes, as follows. Identify an element of P by its equation. Order
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P and P by ¢; < £; iff no point in £, lies above any point in £, (in R" xﬁ), o)
for every £ € P, (y = —o0) < £ < (y = 400); and for A € I° define
2:(BP o T (y=a-x+b),(y=a’ x+¥)) o (y=aa'dx+bYA).

We will first show that (L, <,I°), (H, £,I°), and (P, <,I°) are isomorphic.
This is not coincidental. We can think of an element (a, b) € L as the projected
normal vector a and intercept b of the hyperplane (y = a - x + b) € P, which
is the graph of the I°-homomorphism (x — a-x + b) € H.

Lemma 3.1. For £,¢' € P, £ < ¢' if and only if £ and £' are parallel and £ has
smaller intercept. In other words,
(y=ax+b)<(y=a"x+?b) < a=a'andb< V.
Proof: Note that for ¢ # 0, c-x takes on every real value. Thus if (a' — a)-x
is bounded from below, a’ — a must be 0. Now
(y=ax+b)<(y=a"x+0V) < ax+b<a x+1¥
< b-b <(a'—a)x
~— a'=aand b >b O

Definition 3.1. For ¢ € N*, a convez combination in R? is a vector (c;,. .., ¢4)

q
satisfying Y- c;=1land V1 <i<¢q, ¢ > 0.

i=1
The following lemma shows that all convex combinations are derivable from

the basic operations (I°), and thus are also preserved by I°-homomorphisms.

Lemma 3.2. Let A € H and g € Nt. Then
q . q . q .
Vey,...,cq ERT o 3¢ =1, vx() e R", (Zcix(’))h = S ci(xh).
i=1

i=1 =1
If we let c=(c1,...,¢q), this can be written

x| x@Wch =xWp . x(Dhe.

Proof: Let ¢ € N*. For ¢ = 1, the lemma is trivial. So assume ¢ > 2. Let

¢ = (c1,...,¢q) be a convex combination in RY. Define ¢’ = (:&-,..., %),
q q
which is again a convex combination, but in RY™!. For ¢ = 2, defining

A = ¢; € I° gives the operation ¢ = A. For ¢ > 2, we can define ¢ : (R")? — R"
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recursively by
e ... z@¢ .= cq:z:(q) +(1- cq)(:z:(l) It e N

Proposition 3.1. The functions
p: (L, £,I°) - (H,L,I°); (a,b) = (x — a-x+b) and
p:(L,S,I°) = (P, 5, I°); (a,0) = {(x,y) | y = a-x + b}
are isomorphisms of ordered modes. Thus (L, <,I°) & (P, <,1°) = (H, <, 1°),
and also (P, <,I°) 2 (H, £, I°).
Proof: Clearly p and p are 1-1, and p is onto. What must be shown is that u
maps into H and is onto. Preservation of the order and the mode operations
will then follow. For (a,b) € L, let k = (a,b)#, and let A € I°. Then

xkzk) = (a-x+0)(1 = A) + (a-z+ b)A
=ax(1-X)+5b1—-2A)+az)+bA
=a (x(1=A)+2zA)+b1-A+1)
=a-(xz))+ b
= xz)k,

so k € H. Therefore i : L — H.
We show p is onto in three steps. Let &k € H.

Case 1. When n = 0, the proposition reduces to the obvious statement
{0} xR, I)=2({(0—d)|beR}LSI)=2({(y=0b)|beR} S I°). O

Case 2. Consider the case n = 1. Let a + b = 1k and —a + b = (—1)k. Then
0k = (lk(—l)k)% = b, the y-intercept, and a is the slope, i.e.,
B Vz € R, ak = az + b.

Proof: For 2 € (0,1), 2k = Olzk = Oklkz = b(1 — 2) + (a + b)z = az + b.
For t>1, a4 b=1k = 0z2k = Okzk = b(1 — 1) + zk(3) = b+ (zk - b)(2).
Solving for a gives a = (_a:k - b)(%s-, ie, azx = xk — b, or xk = az + b.
For z < 0, we can use A\ = —=z or —%, and —1 in place of 1 above, to get
zk =azx + b for all x. O,
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Case 3. Let n € N* be arbitrary. For 1 < i < n, let e(!) be the standard
basis vector (0,...,0,1,0,...,0) € R" where the “1” is in the ¢’th position.
Let a; + b = e()k, with b = Ok, the y-intercept. Then xk = a-x + b.

Proof: Now

b= 0k = e (—e) 2k = e k(—eD)k

= % [a; + b0+ (—e(i))k],

which upon solving yields (—e(i))k = —a; + b. Thus by the one-dimensional

| =

[e(f) k+ (-e“))k]

ol =

case, we have:
VeeR,V1<i<n, (ce(‘))k = ca; + b.

n .
Let a = (ai,...,as) and x = (z1,...,20) = Ea:,-e('). Then
1=1

n n
xk = (Z :L‘,-e(i)) k = <Z %(nw;é“)) k

i=1 i=1

1 n . 1 n
== N = = @
m iil(nm,e )k ~ E (nzia; + b)

i=1

n
= Z(m;a;) +b=ax+0b,
i=1
where we use ¢ = n, and for each ¢, ¢; = -11;, in Lemma 3.2. [O3
Note that a is the projected normal vector to the hyperplane y = xk. Thus
(a,b)* = k so p is onto. Since the sets
La \ ({(a, 00)} U {(a, +00)}) = {(a,8) | b € R},
P.={(y=a-x+0b)|beR}, and
Ho={x—ax+b|beR}
are the .5order components of L, P, and H respectively, x and p clearly preserve
the order. For A € I° and h,, h, € H with xh; = a;x+b; and xhy = as-x+bs,
xhihod = xh1xho A = (a1 - x + b1 )(az - X + b2)A = (ajazd) - x + b1 b A.
Thus A acts on H as it acts on L, and clearly A acts the same on L and P.
Therefore p1 and p are mode isomorphisms also. Thus,
p~lp:P—=H; (y=ax+0b) — (xk=ax+1D)

is an ordered mode isomorphism and can be extended to the isomorphism
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p~ip : P — H by mapping y = —0o0 to k = —oo0 and y = +oo to k = +oo.
Also, i and p can be extended to the surjections Z: L - Hand5:L — P by
mapping any infinite element in L to the corresponding infinite element in the

codomain. O

Definition 3.2. For k = (a,b) € L, let
grpk == {(x,y) e R" xR |y = a-x + b} and
epigk := {(x,y) ER" xR |y > a-x + b}.

Note 3.1. We have grgk = grg(k*). Also for any a € R", if k = (a,~00) € L
then epigk = R"*! and grgk = @, and if k = (a, +00) € L then epigk = & and
grlmk = a.

Lemma 3.3. Let a € R®. For S C Ly, let B = {b € R | (a,b) € S}. Let
b' = sup B, and k' = (a,b’). Then
E
(a) k' = sup S, and
L

(b) epigh' = ({epinh | & € S}.
Proof: For (a), clearly, Vk € S, k' > k. Let k" = (a,b"). Then
VkeS, k">k = VbeB, V' >b = b'>b0 = k" >k.
Thus &' = sup S. For (b)
(x,y) € epighk’ <= y > xk'* <= Vk €S,y > xkF
< Vk €S, (x,y) € epigh <> (x,y) € [|{epigk |k €S}. O

Note 3.2. The suprema of the empty subsets of various ordered sets are
sup @ = —oo, sup @ = (a, —o0), sup @ = (y = —o00), and sup @ = (x — —00).
E La P H
Definition 3.3. Let (C,C) be the set of all convex subsets of R"*! ordered
by inclusion, and define the function
a@:C—=PLP;Co (ac:am {ken{a} | C C epigk}).

The image (aac)? contains all hyperplanes lying below the set C having

projected normal vector a. We want to identify the largest such hyperplane (if

it exists), via the corresponding element of L.
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Lemma 3.4. For every C € C, for each a € R", sup aac exists.

Proof: Since aac C L,, Lemma 3.3 applies. [

Example 3.1. For the convex set B = {(z,y) € R? | 2% 4+ y* < 1}, the
closed unit ball, we get the line with slope m € R tangent to the function
y = —v/1 — 2% as sup(mag). Figure 3.1 shows some of these lines.

Figure 3.1. Some supporting lines of the unit ball in Example 3.1.

Definition 3.4. Define the functions
6:C—TC (6¢c : a— suplaac]), and
E:T'—C; 0w ({epig(ac) |a € R"}.

Note 3.3. We can also write o E = epig[\/{(ac)” | a € R"}].

Example 3.2. Let n=1. Define the set C = {(z,y) € R* | y > |z],y > 0},

and the function

(-1,0), m=-1
— o, m=1
h (ma _l)a m € (_11 1)

(m, —00), otherwise.

Then oF is the epigraph of the function z f = |2], which is the closure of the




26

set C, and é¢ is the function
{ (m,O), m € ['—11 1]
m6c =

(m, —o00), otherwise.

We thus get 6,5 = 0c and & E = oE. See Figure 3.2.

1 2 3 -3 -2 -1 3

part of imc part of imd¢

Figure 3.2. The set C, and some values of ¢ and é¢c from Ex. 3.2.

Lemma 3.6. For C € C, for every a € R", C C epig(aéc). Thus if for some a,
adc = (a, +00), then C = @, so that (R")éc = R" x {+o0}.
Proof: Let a € R", C € C. Lemma 3.3(b) gives

Cc ﬂ{epimk | k € acc} = epig(supaac) = epig(aéc). O
Now for the main result of this chapter.

Theorem 3.1. The pair (4, E) is a Galois connection from (C, C) to (T, <).
Proof: We need to prove the extensivity of §E and Eé and that F and 6 are
antitone.

1. To prove E is antitone, use Lemma 3.3 with S = {o1,02} C . Then
o1 < oa=> Va € R", ao; < acy = Va, epig(acs) C epig(ao;) =02 E C 01 E.

2. To prove ¢ is antitone, let a € R", C;,Cs € C with C; C Cy. Then
k€ aac, => C; Cepigh = C; Cepigk => k € aac,.
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So aac, € aac,, and thus adc, = sup(aac,) < sup(aac,) = adc,. Therefore,
502 < éc,.

3. The functions 6F : C —» C and Eé : ' — T are extensive:
a. Let C € C. By Lemma 3.6, for each a € R", C C epig(adc). Therefore
C C ({epig(adc) |a € R"} = 6cE.
b. Let o € I'. For a € R",
oF C epig(ac) = ao € aa,g = aoc < sup(aa,g) = adyg.
Thus 6, > o, as required. O

The resulting Galois correspondence is between maximal sections of the
projection 7 and maximal convex sets. These will be subgradient sets and

finitary epigraphs of closed convex functions.
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CHAPTER 4: SUBGRADIENTS IN EUCLIDEAN SPACES

At this point we present traditional subgradients in an algebraic context

and relate them to the functions E and 6 from the last chapter.

Definition 4.1. Let f : R® — R be real-convex. The effective domain of f
is the set f~!(R). Recall epigf € C, and (R")8epips C L. Define the functions
f:R">H,ar— (a6epinf)7“, and

Of : R™ — P(H); x — (imf2) N {k € H| xk = x(clf)}.

Claim 4.1. For a convex function f : R® — R, an image 8f(x) is an element
of (H,I°)Sgz, the set of (possibly empty) submodes of the mode (H,I°).

Proof: Let xo € R". If 5f(x0) is empty, it is vacuously a submode. So
assume it is nonempty. Let p € I° and h,k € 8f (x0), not necessarily different.

Now
Xoh = xo(clf) = xok = xo(hkg) = XohXokp = xo(clf)xo(clf)g = xo(clf),
and

h k< f = Vxe f~(R), x(hkp)=xhxkp <xfxfp=xf => hkpedf(xo).
Therefore, 3f(xo) € (H,I°)Sgz. O

Definition 4.2. For a convex function f : R® — R, define the subgradient of
f to be the function

df : R" — (H,I°)Sg; x — df(x).
We call 9f(x) the subgradient of f atx. We will also refer to fepi,s as the sub-
gradient of f (when speaking of the Galois connection from the last chapter).
Note that the arguments of depipy and f % are projected normal vectors, while
the arguments of Jf are the same vectors as the arguments of f. See Example

4.1.

Example 4.1. Let f = X(g,1) : R = R*°. Then
0f(0) = {(z — ma) | m € (—00,0]}, 8f(-1) = @, and
Vzo € (0,1), df(zo) = {z — 0}, while
0f8 =(2—0),1f° = (z—2a—1),and YVa < 0, af? = (2 — az).
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Lemma 4.1. Let f : R® — R* be a proper convex function. For every Xxg in
the interior of f~!(R), 8f(xe)# @. ([BP], Cor. 2.1, p.105.)

Note 4.1. For any convex function f : R® — R™, if x¢ is not in the closure
of f~!(R), then 8f(x0) = @, since xo(clf) = +oo0 and no elements of H take

on this value.

Fact 4.1. A proper convex function f : R® — R** has minimum at x if
and only if there exists a constant function ¥ = ¢ such that £ € 9f(x) and
zk = zf. A constant function is an affine function with projected normal
vector a = 0. Thus the existence of a constant function k£ € 0f(x) corresponds

to Rockafellar’s notation “0 € 9f(x).” (See [R2], Prop. 5A.)

Example 4.2. For zf = —\/z, 2 > 0, f(0) = @, since the supporting line
at (0,0) is vertical. (See Figure 4.1.) In spite of this, fo : R — R™ is closed.
See Example 1.2.

Figure 4.1. The function —/z with vertical supporting line.

Lemma 4.2. If a convex function f : R® — R is proper and closed, then

f= VIR
Proof: By Facts 1.6 and 1.8, f is the supremum of a set K' C H of affine
functions. Now, let k£ € K’, and a = (k"—l)n'. Then adepips € L and

f2(@bepigr)t 2k = f2VPR)2VK =f = f=\fR"). O

Theorem 4.1. The closed elements of the Galois connection § : (. 2T : F

are exactly the finitary epigraphs and subgradients of closed convex functions
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f :R™ — R. In other words,

8oE = 0 <=> there is a closed convex f:R"” — R with ¢ = bepinfs &

6cE = C <= there is a closed convex f : R" — R with C = epigf.
Proof: Let 0 € I, and C € C. Now, if 0 = —oo, then f, = —oco gives
oE = R"*! = epig(f,). If o = 400, then f, = +oo gives o E = @ = epig(f,).
So assume there is some a € R" with ac € R. Then ¢F is an intersection of
at least one closed, cylindrically-closed, cylindrically-bounded-below, convex
upset, so by Facts 1.4 and 1.7, it is the finitary epigraph of a closed convex
function, f = f,. Thus we always have 0 E = epigf,, and since 6c € I" and
cE €C,

6cE =C = C = epigfs;, and
boE =0 = 0 = bepipf, -

For the converse, we must show &ep;r £ C epigf and 55CPWE < depipf, the

reverse inclusion and inequality holding by Theorem 3.1. Lemma 4.2 gives
epigf = ePim(\/ FP(R™) = ﬂ{epimk | k€ f2(R™)} = bepins s
and for a € R",
a5, B =sup{k € 7~'{a} | epigk 2 bepigsfE}
=sup{k € 77'{a} | epigk 2 (N{epig(clepips) | ¢ € R™)}}
=sup{k € 7' {a} | epigh 2 epig(abepips) }
=abepips- O

It seems that the identification of “closed” convex functions is the key to

getting subgradients defined at “almost every” point in the domain.
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CHAPTER 5: SUBGRADIENTS IN SEMILATTICE THEORY

In this chapter we present a basic example to motivate and clarify the def-
initions to be used in Chapter 6. Since semilattices and distributive lattices
are about the simplest nontrivial examples of modes and modals, with only
one mode operation, we consider functions from A-semilattices into distribu-
tive lattices. What makes this example especially simple is that there is an
additional order <, on both the domain and codomain, and the two orders

<A, and <y in the codomain coincide.

Lemma 5.1. In a meet semilattice (S,A), if W C S is a chain and a,b € S,
then the sets {t e W |t =tAaAb} and {zAy |z =aAa € W,y=yAbe W}
are equal.
Proof: f t=tAaAb& Wthent=tAa=tAb, and we know t =t A ¢, so
letz=y=t€W. Thentisof theformz Ay withz =z Aaandy=yAb
both in W. Conversely,

z=zNae€W,y=yAbeW =

cAy=((xAa)A(yAb)=(Ay)A(aAb) €W,

solett=xAy. Thent =tAaAbandisin W. O

Lemma 5.2. A function from a meet semilattice to a distributive lattice is
convex if and only if it is monotone.
Proof: First recall that the orders <. and < coincide in a distributive lat-
tice. Let S be a meet semilattice and D a distributive lattice. Let ¢ : S — D
be A-convex, and z,y € S. Then we have

sy <= v=zAy = zg=(xAy)g <zgAyg<yg,
so g is monotone. Conversely, let ¢ be monotone, and z,y € S. Since
tAy <zand c Ay <y, we have (z A y)g < g and (¢ A y)g < yg.
Thus (z Ay)g <zgAyg. O

Now fix a semilattice (S,A) and a completely distributive lattice (D, V, A).
Let f : S — D be a fixed convex function. We want to define subgradients

of f as sets of homomorphisms from S to D. We first define a function & as a
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candidate for a subgradient homomorphism of f. For a fixed ¢ € S, let W be
a maximal chain in S containing c¢. For b€ S, let Wy = {z |z Ab=z € W}
and define

h:S—D;b— \{af |z € W}

Definition 5.1. Suppose S has no infinite chains. Let V be a chain in S.
Define max V to be the element z € V such that for every y € V, y < . (Since

V is finite, max V exists.)

Fact 5.1. If S has no infinite chains, we can define a function g to agree with
f on the maximal chain W, and then for every b ¢ W, find the largest element
x of W less than b. Defining bg = xg will give a A-homomorphism
g:S—D; b (max{z |z € W,z < b})f.
Actually, g is the function 2 defined above, since
bg = (max{z |z € W,z < b})f
= max{zf |z € W,z < b} [f monotone]
=max{zf|z=2Abe W}
=V{zf |z € W)}
= bh.

Lemma 5.3. The function i defined above is a semilattice homomorphism.
Proof: Let a,b € S. Then

ah Abh=(\{zflz=2rae WHAN{yfly=yAbe W})

=(V{zfAyfla=zAa, y=yAbeW}) [(CD) in D]
=(V{zAy)fle=2Aa, y=yAbe W}) [f monotone]
=(V{tf|thanb=t e W}) [Lemma 5.1]
=(aAb)h. O

Lemma 5.4. The functions h and f and the element ¢ € S above satisfy the
conditions h < f and ch = cf.
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Proof: Let b€ S. Now
te€Wy, = zsAb=a = z<b=> zf <bf.
So bh < bf. Also,
beW = bAb=be W, = bh > bf.
So, for b € W, bh = bf. In particular, since c€ W, ch =cf. O

Definition 5.2. Define the set fH, := {k € Hom(S,D) | k¥ < f, ck = cf}.

Proposition 5.1. For every c € S, jH. has a maximal element.
Proof: We want to use Zorn’s Lemma to conclude (H, has a maximal element.
By the above construction, fH. is nonempty. Now suppose we have a chain
O = {hqo | @ € A} of homomorphisms in fH.. Then
o, €A = (ha Vhg=hqor hqVhg="hg) => hoaVhg€O.

Let h = \/{ho | @« € A}. We need h to be a homomorphism. Then we will
have h € (H,, since

(Vk€O,ck=cfand k< f) => (ch=cf,and h < f) =2 h € (H..
Let z,y € S. Note first that since every k € © is convex, h is convex (Prop.
2.5). So (z Ay)h < zh Ayh, and also,

zh Ayh = (V{zha | a € A}) A (V{vhg | B € A})

= \{zha Ayhg | @, B € A} [(CD) in D]
SVi{zkAyk|k=haVhga, B e A} [A monotone]
=\{zkAyk |k €O}

=V{zAy)k| ke 0O} [homomorphism]
= (z Ay)h.

Therefore h € ©, showing chains in ¢H, have upper bounds in (H.. Thus by

Zorn’s Lemma, ¢H. has maximal elements. O

Note 5.3. If we let (H; be the set of all maximal elements of sH., we could
define (H} to be the subgradient of f at c, but this does not always give
a submode of Hom(S,D), as we have in the Euclidean case. So, we use a

different notion of maximal, that at only one point.
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Definition 5.3. Define 0f(c) := sH,, the set of those homomorphisms A < f
which take the maximal value ch = cf at ¢, to be the subgradient of f at c.

Proposition 5.2. The set ;H.C Hom(S,D) is convex, so 8f:S — (Hom(S,D))S.
Proof: Let h,k € sH.. Now,

h<f = hAkE<Lf,and
ch=ck=cf = c(hAk)=chAck=cfAcf =cf = c(hAk)=cf.
So h Ak € jH.. Therefore (H, = 0f(c) is a submode of Hom(S,D). O

Theorem 5.1. A convex function from a meet semilattice to a completely
distributive lattice is a join of semilattice homomorphisms.
Proof: Let f:(S,A) — (D,V,A) be convex. We have shown

Vee S, Jh € 9f(c) » ch =cf.
Thus \/ 8f(S) > f, and since \/ 9f(S) < f, the theorem is proved. O

Example 5.1. A meet semilattice S and a completely distributive lattice D

are shown by their Hasse diagrams in Figure 5.1. Also shown is the position

a b ¢ d a
u b
e 8 v de
1 w X g
S D im f 1

Figure 5.1. Hasse diagrams of (S,A), (D,V,A), and imf.

in D of the images of the elements of S under the function f : S — D defined
in Table 5.1 below. Note that f is convex and that there is one subsemilattice
that is not a chain, the one consisting of {b,c,e,7}, on which f is a homo-
morphism. We will find that there is a maximal homomorphism that agrees
with f only on a proper subset of this set. (Compare zf = |z| in the reals.)
The process of finding the subgradient at a point is shown is the steps below.

There are surprisingly many homomorphisms that are equal to f at at least one
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point. In fact, in this example, all homomorphisms below f satisfy th = if,
so we get that all homomorphisms below f are subgradients. Now because
every homomorphism listed is a subgradient of f at ¢, the set H; of all these
homomorphisms forms a semilattice. In Table 5.1, some homomorphisms have
been partially defined on choice subsets of S. The subscripts identify where
we originally decide to make them agree with f. Tables 5.2 and 5.3 show the

Table 5.1. Some homomorphisms partially defined to agree with f.

Nfen f he hy hye he hey ha

0+ N
a ! s s

b i w uou

c t t

d v v
e v v v v v

g T oz
i Ly y y vy ¥y y y

progression from Table 5.1 of finding maximal values for each homomorphism.
Note that every homomorphism started in Table 5.1 is to be a subgradient of
f at either e or g. The images of the elements in S lying above e or g are
then listed in Table 5.2. Table 5.3 is the completion of this process, and also
includes an additional homomorphism h; which agrees with f only at ¢ but
is a maximal element of the set of all subgradients in Hom(S,D). Figure 5.2
shows the images of each homomorphism in Table 5.3 while Figure 5.3 shows
the other generators of the semilattice of subgradients of f at ¢. The simplest
subgradients are shown in Figure 5.4. Their proper place in the semilattice

order is easy to see.
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Table 5.2. Homomorphisms from Table 5.1 defined above € or g.

7
a s s t v wu
b ¥ v ou u v
c v v t T
d v r v
e v v v v v
g I =z T
iy Yy Yy ¥y Yy y oy

Table 5.3. Completion of Table 5.1, and one more homomorphism.

\ fen f ha hy hoe he hcg ha h;

ATG N eevvenet ittt eeaneene,
a s s t v U w y I
b ¥ v u u v w Yy
c t v v t t t T
d v oy Yy Yy y xr v w
e v v v v v w Yy T
g Ty Yy y y T T Yy
i Ly oy oy ¥y ¥y ¥y oy y
g g % 8 8dg cg d abce
abei gl
im h, im hb im h,, im h heg im hy im hy

Figure 5.2. Images of the maximal homomorphisms.
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b b
abce, dg ace ace abe
abei dgi dgi dgi
8 b
g % gc acegi

egi

Figure 5.3. The other generating homomorphisms.

IR R AR IR AR

degi bedegi  abcegi abcegi abcegi acdegi acdegi

38T 8L

acdegi acdegi abdegi abdegi abdegi abdegi abcdegi

Figure 5.4. The simple homomorphisms.

There are sixteen homomorphisms that together form a subsemilattice iso-
morphic to the semilattice reduct of the lattice My x M,. These satisfy the
conditions ah € {s,t,u,v}, bh = ch = eh € {v,w,z,y}, and dh = gh = ih = y.
This subsemilattice is shown in Figure 5.5. Figure 5.6 is the full semilattice
7H; of subgradients at 7 except that, to avoid confusion, the homomorphisms
in Figures 5.4 and 5.5 are eliminated. Their position relative to any given

homomorphism in the figure is included when deemed enlightening.



Figure 5.5. The AM; x M, semilattice.



Figure 5.6. The subgradient semilattice (H;).
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abei

Figure 5.6. (Continued.)
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CHAPTER 6: SUBGRADIENTS IN MODAL THEORY

We finally have the foundations set to define subgradients of modal-theoret-

ically convex functions.

Proposition 6.1. Let (M, ) be a mode and (D, V, Q) a compatible completely
distributive modal. Then the modal (Conv(M, D), V, Q) of convex functions is
completely distributive also.

Proof: Let C = Conv(M,D) and F C C. First we show that (C,V) is a
complete semilattice. Let f = \/F. This exists as a function since D is
complete. We need f € C. Let w € Q, z1,...,24ur € M be arbitrary. Then

(z1...2wrw)f = V{(z1.. . z0rw)f' | f' € F}
<V{(zif' ... zwurf )w} [ monotone]
= [V(@1f).. . V(orfw [(CD) in D]
=[z:(Vf) .o 2w (VI w
=a1f...zurfw.
So, f € C. To prove complete distributivity, let w € Q, fi,..., fur € C,
FCC,1< ) Lwr,and 2 € M be arbitrary. Then
z(fi. fi=1t(VE) fi41. .. furw)
=(zfi...[z(VF)]...2fur)w
=(zfi...V{zfj | f; €F}...afor)w
=V{zfi...afj...afur)w | f; €F}
= V{z(fl oo i o furw) l fj € F}a
o fio. ficilVNE)fivr o forw=V{fi... fj... furw | f; €F}. O

Definition 6.1. Let f: (M, Q) — (D, V, Q) be a convex function from a mode
to a compatible completely distributive modal. The closure of f is the function
cf = \/{h € Hom(M,D) | h < f}.

Note 6.1. By the above proposition, since Hom(M, D) C Conv(M,D), clf is
convex. Also, clf < f clearly.
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Definition 6.2. A convex function f from a mode to a compatible completely
distributive modal is closed iff f = clf.

Thus the closed convex functions are precisely the functions that are joins
of some set of homomorphisms. In particular, all convex functions from
A-semilattices to completely distributive lattices are closed, by Theorem 5.1.

Closed functions will be useful in the study of possible duality results.

Definition 6.3. Let (M, Q) be a mode and (D, V, Q) a compatible completely

distributive modal. For a convex function f: M — D, define for each ¢ € M,
fHe := {h € Hom(M,D) | A < £, ch = c¢(clf)}.

The set H. has the pointwise order inherited from (Conv(M, D), <y).

As in the last chapter, H. will have maximal elements when it is nonempty.

Theorem 6.1. Let f: (M,Q) — (D, V,Q) be a convex function from a mode
to a compatible completely distributive modal. Let ¢ € M. If the set (H, is

nonempty, then it has maximal elements.
Proof: Assume ;H. is nonempty. Let © = {h, | @ € A} be a chain of homo-

morphisms in ¢H.. Let
h=\{hy|a € A}.
Clearly, h < f. We need h to be a homomorphism. Then we will have h € (H,,
since
[Vk € O, ck = ¢(clf) and k £ f] => [ch = ¢(clf) and h < f],
and sH. will have maximal elements by Zorn’s Lemma. Take arbitrary w €
and z,...,z, € M. Then

z1h...2phw

= (V{1 | s € ©})... (V{znhn | hn € O})uw

= \/{.’Blhl v Tphpw I (hl, ceey hn) € @"} [complete distributivity]
<V{z1ha...znhow | hq = max{hy,...,hn},(h1,...,~Ap) EO"}  [w monotone]
= \/{:L'l . :L'nwha l (hl, N hn) € @", ha = rnax{hl, ey hn}} [homomorphism]

= V{:L'l . .anha I ha € 6}
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=I)...cowh.
So h is concave. Since h is a join of homomorphisms, which are always convex,

h is also convex. Thus h is a homomorphism, proving the theorem. 0O

Definition 6.4. Let f : (M, ) — (D, V, §2) be a convex function from a mode
to a compatible completely distributive modal. The subgradient of f is the
function

0f : M — [Hom(M, D)]Sg; ¢ — sH.,.
For c € M, 0f(c) = sH. is the subgradient of f at c. If sH. is nonempty,
then f is said to be subdifferentiable at c. The elements of Jf(c) are called
subgradient homomorphisms. A function is subdifferentiable iff it is subdiffer-

entiable at every point in its domain.

Example 6.1. Let S be any set. Define the projection operators

p1,p2:S% =S (s,t)pr = s, (s,8)p2 = ¢,
and let Q = {p;,p2}. Then every function f : S — S is an Q-homomorphism.
(For i = 1,2, zyx2pif = xif = z1fz2fpi.) Take the order 0 < 1 on Z,. For
n € Nt define the product order < on (Z3,V). Then (0,...,0) is the smallest
element, and (1,...,1) is the largest. It is easy to show (Z3,-,Q) is a modal.
For the algebras (R, Q) and (Z,, ), define the function

0, z€R\Q

‘R — Zy; 2
f — 21,»—>{1’ z€Q.

Then
1. Vz eR, f €df(z),
2. vt e R\Q, h=0¢€ Jf(t), and
3. Vg:R—Zyeh<g<f,VteQ,gedf(t).

Actually, if ¢ < f, then for any « € R where zg = af, g € 9f(z). So f is
subdifferentiable everywhere, f is a subgradient homomorphism, and yet there

are many subgradient homomorphisms.

Now we take another look at Euclidean spaces for examples of algebraically

convex functions.
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Note 6.2. For a convex function f : R" — R*™, the above definition of 9f

agrees with that given in Definition 4.2.

Recall: For convex f : X — R, we have

X
fe:Rn_)R.*.oo;XH{xf) XG

+o00, x ¢ X.
Proposition 6.3. For X € (R",I°)S, if f: X — R is convex, then
Vx € X, 0f(x) ={k [ X | k € 0f.(x)}.
Also, if the absolute closure of epigf. in R™ X R and the relative closure of epif,
in X x R are the same, then
{1 X|kedfe(R")} ={k]|kedf(X)}
Proof: First note that Hom(X,R) = {k [ X | ¥ € H = Hom(R",R)}, and
epigf = epigfe is contained in R" x R. Now the relative closure of epigf in
X xR is the intersection of the absolute closure of epig fe with X xR. Therefore,
clf = (clfe) [ X. This implies
Vx € X, Vk € H, xk = x(clf) <= xk = x(clfe).
Therefore, for x in X,
k € 0fe(x) < [xk=xf, and k < f]
<> [xk=xfand (k[X) L f] & (k[X)e€df(x).
Let F, be the closure of epigfe and F be the relative closure of epigf in X x R.
IfF. =F, then
epigclfe = Fe = F = epigclf = gryclfe = gryclf.
Thus
VxeR", xk=xclf. <= xk=x(clf)e,

so

Eedf.(R") < (k[X)€df(x). O

Thus the modal-theoretic Definition 6.4 of 0f is a sensible generalization of

the Euclidean Definition 4.2.
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Example 6.2. Let f: [0,1] = R; 2 —» 0. Then f is real-convex. Notice
that £ : [0,1] = R; 2 — —z and h : [0,1] — R; = ~— 0 are both in 8f(0)
even though ¥ < h. Considering the fact that for proper convex functions of
R", all subgradient elements were maximal homomorphisms, it seemed, at the
point of Chapter 4, that k£ should not be included in 3f(0). At the same time,
though, for the extension of f, fe = X[o,1], we had that the function E:R— R;
z — —z was in 0fe(0). This caused a dilemma that was solved by modal
theory, which told us that §f(0) should include k (because 0k = 0(clf)) even

though k is not maximal in the absolute sense.

Example 6.3. Recall, for p € I°, p : (R*)? - R*; (z,y) — z!7Py?. In Ex-
ample 2.15 the homomorphisms are the log-linear functions. Thus subdifferen-
tiating exponentially-convex functions is approximation by the test functions
clogz + d. Consider the function zf = (logz)2. The subgradient homomor-
phisms may be found by differentiating f and finding which log-linear function
has the same value and slope as f at any particular point. Let zh.y = clog z+d.
c

Now, zof' = 21%8%0 and zof = (logzo)? = logzglogzo while zoh'sy = =

2o zo "

Therefore heq € 0f(z9) <= ¢ =2logzp and d = — log z.

Review and Extension
Let C be any nonempty convex subset of R”, and f : C — R be convex. We
have shown the following:
1. Vz € C, 0f(z) € (Hom(C,R),I°)Sg,
2. k€ 0f(z) & ak=uaclf and k < f, and
3. f=cf & f=Vof(C).
Note that
(Hom(C,R))S & (Hom(C,R__,))S \ {{k = —oo}}.

Thus, by sending the empty subalgebra of Hom(C, R) to the singleton subal-
gebra {k = —oco} of Hom(C,R_.,), we get an isomorphism

(Hom(C,R))Sy = (Hom(C,R._..))S,

and thus
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0fe € Hom(R",R)Sy 2 Hom(R",R_.,)S.
This is natural, in that k = —co < f, always. We would like to generalize this

last statement to modal theory. That will require a study of duality.
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CHAPTER 7: SUMMARY AND TOPICS FOR
FURTHER STUDY

Summary
The Galois connection § :C 2 I': E of Theorem 3.1, connecting epigraphs of
convex functions and subgradient functions of convex functions, gave an alge-
braic interpretation of the duality realized in traditional convex analysis. By
the resulting Galois correspondence we obtained: “A proper convex function
is closed if and only if its epigraph is maximal (or ‘closed’) with respect to the
Galois connection.”

By way of example we found that a A-convex function from a semilattice into
a completely distributive lattice is always closed and subdifferentiable. Then
for compatible modes and modals, we defined Jf : M — [Hom(M,D)|Sy
in terms of the closure clf of a convex function f : M — D, which turned
out to be the proper generalization of the subgradients in Euclidean spaces,
enabling us to define subgradients for functions of proper convex subsets of a
Euclidean space. Thus, the closed (2-convex functions of modes and modals

are an appropriate generalization of closed real-convex functions of real spaces.

Future study topics
1. The results of Chapter 6 (Prop. 6.3 ff.) suggest that we study, for a mode
(M, Q) and a modal (D, V, ), the possibility of finding a mode M, containing
M to extend a convex function f: M — D to some convex function

fe:Me — Dt
so that the subgradients of f are always maximal homomorphisms

k:M, — D_.
2. The question of whether a Galois connection exists in the more general
setting of modes and modals also deserves further study. The dualities of R**
with R_.,, and of R™ with itself seem a good place to start. These have already
been studied in convex analysis ([R1], p.79ff). Rockafellar has, for a proper,
closed, convex function f : R® — R*®, a function f* : R® — R*°, which is
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convex, and actually, (z,zf*) = —z8epigf. As f* is convex, fepips is concave.
The duality result is that f** = f.

The definition of subgradient might be extended to non-convex functions,
such as convex-concave functions. Also submode reducts such as (Q,Q NI°)

could use some more investigation.
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APPENDIX: INDEX OF CONCEPTS

page
algebra 9
arity 9
associative—algebra 10
associative—operation 10
basic (operation) 9
chain 13
closed (function)-in Euclidean spaces 6
-in modal theory 42
closure (of a function) 5-6, 41
commutative—algebra 10
—operation 10
compatible 17
complete (lattice) 13
completely distributive-algebra 16
—-modal 16
-operation 16
concave 17
convex (function) 3,17
convex combination 21
cylinder 4
cylindrically bounded below 4
cylindrically closed
derived (operation) 9
differential groupoid 10
distributive-algebra 16
—operation 15
effective domain 28
epigraph 2

~finitary 2
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extension (of a function f : X = R)
exponentially convex
fiber (Plonka )
finitary epigraph
finitary graph
Galois connection
graph
—finitary
greatest lower bound
homomorphisms
hyperplane
—vertical
—nonvertical
idempotent-algebra
—operation
identities
~regular
join (semilattice)
lattice
—complete

—distributive (see distributive algebra)

least uppper bound
log-convexity
lower bound
meet (semilattice)
modal

—completely distributive
mode

~ordered

monotone

10
10
10
10
12
12
13
16
13
17
13
12
16
16
10
19
17



normal vector

— projected
- regular
- unit
(Q-algebra
{2-convex

2-homomorphisms
operation
—basic
—derived
ordered mode

Plonka sum
—fiber

pointwise order on B#
projected (normal vector)
proper (function)
quasi-convexity
real-convexity
regular (normal vector)
reduct
semilattice

—complete

—join

—meet
subalgebra
subdifferentiable
subdifferentiable at
subdifferentiable function
subgradient

subgradient at
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17
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19
14-15
15

18

12
13
12
12

43
43
43
28,43
98,43



submode

type

unit (normal vector)
upset

variety
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