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1 INTRODUCTION

1.1 Motivation

A system is an orderly arrangement of a number of components that performs
a certain function. The performance of a system may depend entirely on the si-
multaneous performance of its components. Each component may have a different
contribution to the functioning of the system, where some play more significant
roles than others. For example, consider a system consisting of two serially con-
nected subsystems S and S9, where S is a series system of £ components, and
S9 is a parallel system of n — k components. Intuitively, each component in Sy is
considered to be more important than components in S because, given that the
other components are functioning, the failure of a component in §; will cause the
system to fail; whereas the failure of a component in So will not necessarily do so.

For a system whose components are arranged in series, or in parallel, one can
consider each component equally important to system performance. However, if
component reliability is available, the importance of all components in the sys-
tem may be uneven. Furthermore, if other characteristics are incorporated into
all components, the importance of one component may change with respect to the
importance of the others.

-Based on these facts, it is, practically, important for system analysts to have



a measure of importance for system components that is based on the particular
characteristics available for each component. Such a measure will permit an analyst
to determine which component merits the most additional research and development
in order to improve overall system performance.

For this purpose, several measures of importance have been suggested. The first
measure of importance in reliability theory was introduced by Birnbaum (1969).
This measure is based on the critical sets and on the reliabilities of all components
in the system. A number of importance measures have been proposed since then.
These measures are based essentially on the combination of system structure and
reliability performance. In terms of system structure, these measures are based
on critical sets, minimal-path sets, and minimal-cut sets of a system. In terms of
‘ reliability performance, they are based on reliability and expected life of a system.

In general, each importance measure gives different weight to a component,
with respect to other components in the system. The importa.gce of a component
depends on the type of measure being used and the type of system to which the
component pertains. It is interesting, in this case, to see how an importance measure
behaves in various types of systems. It is, however, more interesting to investigate
the behavior of various measures in a particular type of system.

So far, there has been no study focused on this issue. On that account, we
propose to examine the behavior of component importance measures on a specific
type of system: the linear consecutive-k-out-of-n system. This system is a restricted
type of k-out-of-n system, where all n components are arranged linearly, and where

the & components insuring system performance must be successive.



1.2 Objectives

One interesting behavior of a component importance measure for linear consecu-
tive-k-out-of-n systems is the monotonicity of this measure for the system having
independently and equally reliable components. An importance measure of a com-
ponent in this type of system is said to be monotone if the value of this measure is
nondecreasing as the component approaches to the center of the system.

The objective of this study is to investigate the monotonicity behavior of a
number of importance measures in linear consecutive-k-out-of-n systems. For the
purpose of this study, we will develop specific formulations of these measures in
corresponding systems. These formulations will be obtained through the study of
structure functions and reliability functions of linear consecutive-k-out-of-n sys-
tems. It is assumed throughout the study that all components in these systems are

statistically independent.

1.3 ‘ Thesis Overview

As mentioned above, the objective of this study is to investigate the monotonic-
ity behavior of a number of component importance measures for linear consecutive-
k-out-of-n systems. During the process of this study, some results insight into this
issue are made. Results on structure and reliability functions for this type of system
are also discussed.

The study begins, in Chapter 2, with a review of some basic concepts of system
structure. It is assumed that a system, as well as each component in the system,

can be in one and only one of two states: functioning and failed. It is also assumed



that the performance of a system is determined completely by the performance of
its components. The state of a system can then be indicated by a function ¢, called
a structure function. The notion of monotone structure and component relevance
forming the definition of coherent structure are presented.

The concepts of minimal-path and minimal-cut vectors of Barlow and Proschan
(1981) as well as the concepts of generating and veto vectors of Park (1985) are con-
sidered to be very useful in formulating the representation of system structure. In
addition, the concepts of pivotal decomposition and Shapley value (Shapley, 1953)
contribute other types of structure representations. The concepts of critical-path
and critical-cut vectors are derived from the notion of component relevance. The
concept of the dual of a structure function is also reviewed. Finally, the extension
of a deterministic aspect to the probabilistic aspect of system structure is discussed
in terms of reliability function.

Using these concepts, in Chapter 3, we study the structure of linear consecu-
tive-k-out-of-n systems. Three types of structure functions for linear consecutive-
k-out-of-n:G systems are derived. The first one is an explicit formula of structure
function as a function of component states x, n, and k. The second is a structure
function of order n, in terms of a recursion relation with a structure of order n — 1.
The last, called a reduced form of structure function, is a recursion relation of the
structure of order n with the structure functions of order n — 1 and n — & — 1. This
function is derived from the second function, by taking into account the fact that
.‘l‘;-n, where m > 1, can be replaced by = Iz
The procedure employed to derive these structure functions is based on minimal-

path representation of a structure. The Shapley representation is also used to derive



a structure function for the special case k < n < 2k. The extension of these results
to the linear consecutive-k-out-of-n:F system is made with the help of the concept
of dual structure function. The structure functions in the reduced form are ready
to be transformed into reliability functions by the replacement of z j with pJ

In Chapter 4, we survey the existing measures of component importance. Ex-
amples, as well as the application of these measures to k-out-of-n systems, are pre-
sented in order to clarify the idea. As mentioned in the previous section, in terms
of system structure, there are three types of measures. First, the importance mea-
sure based on critical-path and critical-cut vectors associated with component c;.
This includes the importance measures of Birnbaum (1969), Barlow and Proschan
(1975), Lambert (1975), Shapley and Shubik (1954), Natvig (1979), and Bergman
(1985). The more general form of importance measures of this type was given by
Xie (1987).

The second type is importance measures based on the minimal-path vector
associated with component ¢;. This measure was suggested by Deegan and Packel
(1978) in the context of an n-person game. Park (1985) reviewed this measure
in the context of both game theory and reliability theory. He also extended this
measure to the probabilistic interpretation. The other type of importance is the
one based on minimal-cut vectors associated with component ¢;. This includes the
importance measure of Vesely (1972) and Fussel (1975).

Chapter 5 is devoted entirely to the main objective of this thesis. Here, we
developed the formulation of several importance measures in linear consecutive-k-
out-of-n systems. We consider the Birnbaum measure, Barlow-Proschan measure,

Deegan-Packel measure, and Vesely-Fussel measure. In particular, we study the



monotonicity behavior of the Birnbaum measure in both the “G” and “F” systems;
the Barlow-Proschan measure in the “G” systems; the Deegan-Packel measure in
the “G” systems; and the Vesely-Fussel in the “F” systems.

In general, the study of the behavior of these measures is divided into study
in the system where k < n < 2t and study in the system where n > 2k. When
k < n < 2k, all importance measures being studied are monotone with respect to
components in the corresponding systems. However, for n > 2k, only the Deegan-
Packel and Vesely-Fussel measures are monotone. The Birnbaum and Barlow-
Proschan measures show their nonmonotonicity in the range 2k +1 < n < 3k + 1.
For n > 3k + 1, the Birnbaum measure is nonmonotone in the “G” systems when
(1- pk)"c > ¢, and nonmonotone in the “p systems when (1 — qk )k > p, where
p is the common reliability of all components and ¢ is the common unreliability

of all components in the systems. The Barlow-Proschan measure also shows its

nonmonotonicity in the “G” systems when n is sufficiently large.



2 PRELIMINARIES ON SYSTEM STRUCTURE

2.1 Yatroduction

Modern system reliability theory is based on the theory of coherent structure.
Birnbaum, Esary, and Saunders (1961), inspired by a paper of Moore and Shannon
(1956) on relay networks, published a paper giving a systematic treatment to this
theory. The main idea of the paper was to show that practically all engineering
systems could be treated in a simple and unified fashion when determining its re-
liability in terms of its components. Esary and Proschan (1963) developed some
general aspects of the reliability of coherent systems having independent compo-
nents, but not necessarily having the same reliability. They also established lower
and upper bounds of system reliability. Esary and Proschan (1962) presented an
expository description of some potential results on the reliability of coherent system
and discussed a generalization of some results given by Moore and Shannon (1956).

There has been considerable works in this area since then. A comprehensive
discussion of reliability theory can be found in Barlow and Proschan (1981) and in
Kaufmann, Grouchko, and Cruon (1977). Recently, Park (19855 studied reliability
theory in connection with game theory and revealed some results applicable to both
areas. A detailed discussion of the applications of reliability ideas in economics and

social sciences is given by Bhattacharjee (1988).



Based on these literature, this chapter will present several terminologies, def-
initions, and results regarding the theory of system structure, in support of our

discussion throughout this study.

2.2 Structure Functions

Consider a system whose performance is completely determined by the perform-
ance of its components. We assume that the system can be in one and only one of.
two states, that it is either functioning or failed. Each component of the system is
also assumed to have two states, either functioning or failed. This is usually known
as a binary system.

Let C' = {¢1,¢9,...,¢cn} be the set of all components, where ¢; is the i-th
component, and n is the number of _compone;lts in the system. Let z; be the state
of component c¢;. The joint performance of all components in the system can be

indicated by vector x = (z1,x9,...,zn), called a state vector, where

1 if component c; is functioning;
0 if component ¢; is failed.
The number of functioning components when the states of all components
are represented by vector x is called the size of x and is denoted by s(x), where

s(x) = £

Y.;—17;- The state of the system can be indicated by a function ¢(x),

where

1 if the system is functioning;
é(x) =
0 if the system is failed.
This function is called the structure function, or the structure of a system.

The structure function &(x) of a system with n components is attributed either



the value 0 or the value 1 by each of the 2" vertices of the n-dimensional unit
cube. In other words, some of the 2" possibilities of component states will insure
the system’s functioning, and others will cause the system to fail. For example,
consider a k-out-of-n success structure. This system is functioning when at least &
of its n components are functioning and is failed otherwise, i.e., the value of ¢(x)
is 1if s(x) > & and 0 if s(x) < k.

The above structure function ¢ and component state z; are defined in the
functioning or success mode. Sometimes, as in fault-tree analysis, failure is more
emphasized, rather than success. Both structure function and component state, in
this case, should be defined in the failure mode. This means that the structure
function ¢ will have the value 1 when the system is failed and 0 when the system
is functioning. Similarly, the component state z; is 1 when the component ¢; has
failed and 0 when it is functioning.

When a system is defined in the failure mode, the structure function of this
system can be obtained by using the structure function of the corresponding system,
which is defined in the success mode. This structure function, denoted by éD , is
called a dual of structure function ¢ and is defined in Barlow and Proschan (1981)

as follows:
Definition 2.1 Given a structure function ¢, its dual ¢>D , is defined by

6P (x) = 1-¢(1 - x), (21)
where (1 —x) = ((1 —21),(1 — z9),...,(1 — zp)).

A system with a set of components C' = {cy,¢9,...,en} and structure function
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¢ from now on will be described by the notation (C,¢), and a structure with n

components will be called a structure of order n.

2.3 Coherent Structures

A physical system would be quite unusual if improving the performance of
a component, that is, replacing a failed component by a functioning component,
caused the system to deteriorate. Likewise, the system is unusual if changing the
state of a certain component doesn’t change the state of the system for all possible
states of all components in the system. The component described in this latter
situation would be called irrelevant and the system noncoherent. The definition of

relevant a component is stated as follows:

Definition 2.2 A component ¢; in system (C', ¢) is called irrelevant to the structure

function ¢ if ¢ is constant in z;, that is
o(1;,x) = ¢(0;,x) for all (e;,x), (2.2)
where
(1;,x) = (z1,.. s ®i_1,1,®5415-44520)

(0;,x) = (2150009 ®;_1,0,25401,.+.,2n)

(0,X) = (215151, 95115+, Zn);
otherwise the component is relevant to the structure function ¢.

When a structure has irrelevant components, it may be possible to simplify

it by omitting those components irrelevant to its performance. This structure is
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called reducible. However, if all components are relevant, the structure is called
irreducible. Coherent structure is an irreducible structure with monotone structure

function. Next, we state the definition of monotone structure.

Definition 2.3 A structure function ¢, is called monotone if ¢(y) > ¢(x) for all

y 2 x, wherey D x & y; > x; for all i.

The system with a monotone structure function is called semi-coherent. A
semi-coherent system having relevant components is then called a coherent system,

which is formally stated as

Definition 2.4 A structure (C, @) is called coherent if
(1) it is semi-coherent, and

(2) each component is relevant.

The first requirement in this definition essentially states that replacing a failed
component with a functioning component will not cause a functioning system to fail;
and the second requirement rules out trivial systems not encountered in engineering
practice. Given the structure function ¢, there are only two semi-coherent structures
that are not coherent. These structures are ¢(x) = 0, which fails for every state of
its components; and the structure ¢(x) = 1, which performs for every state of its
components. In other words, the class of structure functions of coherent systems is
simply the class of nondecreasing binary functions, excluding these two functions.

Examples of typical coherent systems are: (a) A series system of order n with

n

1=

structure function ¢(x) =

function ¢(x) = [I?

=1

1 %i» (b) A parallel system of order » with structure

z;=1- Hgl:l(l —z;), (c) A k-out-of-n system with structure
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function ¢(x) = 1 if s(x) > k and O otherwise, and (d) A parallel-series (series-
parallel) system: the system consisting of a parallel (series) arrangement of series
(parallel) subsystems. Consecutive-k-out-of-n systems, which will be discussed in
this thesis, is a restricted k-out-of-n system.

The structure function of every coherent system is bound below by the structure
function of a series system and bound above by the structure function of a parallel
system formed by its components. Formally, as in Barlow and Proschan (1981), it

is stated as follows:
Theorem 2.1 Let ¢ be a coherent structure of order n. Then
n n
H r; < B(x) < ]_l Tis (2.3)
=1 i=1
where [I?_; &; =1 -7 (1 — ;).

The follo‘wing theorem (Barlow and Proschan, 1981) shows that, in a coherent
structure, parallel redundancy at the component level is better than parallel redun-
dancy at the system level. On the contrary, serial redundancy at the system level

is better than serial redundancy at the component level.

Theorem 2.2 Let ¢ be a structure function of the coherent structure of order
n. Denote x[ly = (11 y1,...»2nlyn), where z; [Ty;=1 — (1 — 2;)(1 — y;), for
i=12,...,n, and x.y=(2191,...,Znyn). Then

(a) d(xLIy) = ¢(x) L #(y), and

(b) é(x.y) < &(x)é(y)

where equality holds in (a) for all x and y if and only if the structure is parallel,

and equality holds in (b) for all x and y if and only if the structure is series.
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A structure function ¢(x) of a system of order n has a property that it can
be expressed in terms of the structure functions of systems of order n — 1, which is

called a pivotal decomposition and is written as
¢(x) = z;4(1;, %) + (1 — z;)8(0;,x) (24)

for all (e;,x) and i = 1,2,...,n. The structure function ¢ of a coherent system can

therefore be written in the form
o(x) = z;[d(1;,%x) — ¢(0;,%)] + ¢(0;, x) = z;8;(x) + p;(x) (2.3)

where é;(x) = ¢(1;,x) — ¢(0;,x) = 0¢(x)/0z; and §;(x) as well as p;(x) do not

depend on the state z; of component c;.

2.4 Representation of System Structure

2.4.1 Path vector and cut vector

Several combinations of component states can insure the functioning of a sys-
tem, several others will insure the failure of the system. The state vector that
insures the functioning of a system is called a path vector and the state vector that
insures the failure of a system is called a cut vector. Before we state the formal
definitions of path and cut vectors, we need to introduce some useful operators for
state vectors.

A state vector x is said to be dominated by another state vector y , denoted
by x Cyory2x,if z; <y; forall i; and it is said to be strictly dominated by y,

denoted by x Cyory D x,if x Cy but x #y.
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Definition 2.5 A state vector x is called a path vector for the structure function

¢ if #(x) =1, and it is called a cut vector for ¢ if #(x) = 0.

Definition 2.6 A path vector x is called a minimal-path vector if for any vector
y such that y C x, then ¢(y) = 0. A cut vector x is called a minimal-cut vector if

for any vector y such that y O x, then ¢(y) = 1.

The set of components associated with path vectors is called a path set and
is denoted by C'j(x) = {i | z; = 1}. The set of components associated with cut
vectors is called a cut set and is denoted by Cg(x) = {i | z; = 0}. In fact, the
cut sets of a coherent system (C',¢) are precisely the path sets of the coherent
system (C, ¢D), where qSD(x) is the dual of ¢(x). Path sets corresponding to the
minimal path vectors are called minimal-path sets, and cuts set corresponding to
minimal-cut vectors are called minimal-cut sets.

A minimal-path set can be interpreted as a minimal set of components whose
functioning insures the functioning of the system. A minimal-cut set is a minimal
set of components whose failure would insure the failure of the system.

A given structure ¢ may have paths and cuts of sizes ranging from 0 to n.
The number of paths for ¢ of size j is called the path number, denoted by Pj, for
J = 0,1,...,n; and the number of cuts for ¢ of size j is called the cut number,
denoted by Kj, for j =0,1,...,n. Let Sj be the set of all vectors of size j, that is,
S; = {x : s(x) = j}, then clearly the path number P; = ExESJ- ¢(x) and the cut
number K; = }:xesj[l — ¢(x)] so that P; + K; = ExESj 1= (?), which is the
number of possible state vectors of size j.

Using the concept of path and cut, the relationship between structure (C,¢)
and its dual (C, ¢>D), as in Barlow and Proschan (1981) and Kaufmann et al. (1977),
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can be expressed as follows:

(1) a path of structure (C,¢) is a cut of structure (C, d)D ), and conversely;

(2) a cut of structure (C, @) is a path of structure (C, ¢>D ), and conversely;

(3) 2 minimal path of structure (C, ¢) is a minimal cut of structure (C, dJD),
and conversely;

(4) a minimal cut of structure (C, ¢) is a minimal path of structure (C, oD )s
and conversely.

From the point of view of components, we now consider the role of a state vector
in insuring the performance of a system. If a state vector causes the performance
of a system to be the same as the performance of component ¢;, we say that this
vector is a critical vector for component c;. A critical vector can be a critical-path

vector, or a critical-cut vector, as given in the following definition:

Definition 2.7 State vectors (1;,x) and (0;,x) are respectively called as critical-

path vector and critical-cut vector for component ¢; if
6;(x) = o(1;,x) — (0;,x) = 1. (2.6)

This means that, given the performance of the other components indicated by
vector x, if component c; is functioning, the system is functioning; and if component
c; has failed, the system has also failed.

The corresponding set C'(1;,x) of critical-path vectors for component ¢; is
called the critical-path set of component ¢;; and the corresponding set Cp(0;,x) of
critical-cut vectors is called the critical-cut set of component ¢;. The number of
critical-path vectors for ¢; is

ng(i)= X &(x)= X [6(1;x) - ¢(0;,x)], (2.7)
{x]z;=1} {x|z;=1}
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which is equal to the number of critical-cut vectors for component c;.

2.4.2 Generating vector and veto vector

One requirement a system must fulfill in order to be coherent is that its struc-
ture function be monotone or nondecreasing. As stated in Definition 2.3, a structure
function ¢ is monotone if ¢(x) > #(y) for any state vector x and y, such that x D y.
Of special interest to the monotone structure is structure function ¢,; constructed
by using generating vector z and structure function iy, constructed by using veto
vector y. This concept was introduced by Park (1985). Before we present the defi-
nitions concerning generating and veto vectors of a structure function, we need to
introduce additional operators for state vectors.

The union of state vectors x and y, denoted by x Uy, is defined by x U
y= (%1,%9,...,n), where z; = z;@y;, for i = 1,2,...,n; and @ is a Boolean
disjunction operator. The intersection of state vectors x and y, denoted by x Ny,
is defined by x Ny= (wy,w9,...,wy), where w; = z; Qy;, for i = 1,2,...,n; and

© is a Boolean conjunction operator.

Definition 2.8 A vector z is called a generating vector of structure function ¢ if

it satisfies

, 1l ifx2Dz
‘Dz(x) = (2.8)
0 otherwise.
Consider a structure function ¢7(x) that equals to 1 if x 2 z1 and 0 otherwise.

Here, ¢ corresponds to zj, and vice versa. Vector z) is the generating vector of

function ¢1. Consider another generating vector z9 and its corresponding function
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¢9(x). From ¢; and ¢9 we can define a function ¢y9 that corresponds to z; and

z9, as follows:

p12(x) = ¢1(x) D da(x)

1 ifx2Dziorx 229 (2.9)

0 otherwise,

where @ is the Boolean disjunction operator for elements of state vectors. In
general, for generating vectors z1,29,...,24, in a basis B, with their corresponding

#1,99, ..., ¢4, respectively, we can define a function

t
¢8(x) = @@ ¢i(x)
i=1

1 fxD2zy,orx2Dz9,...,0rx 2Dz
- b 2o f (2.10)
0 otherwise.

In the system context, generating vectors are equivalent to minimal-path vec-

tors. The basis of structure function ¢g is defined:

Definition 2.9 A set of generating vectors z1,29,...,2¢, denoted by B = {zi}f__:l,
is called a basis for ¢p if none of these vectors dominates any other vectors, i.e., if

there is no z; such that z; 2 z; fori #j.

Next, we consider the definition of a veto vector for a structure function.
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Definition 2.10 A vector y is called a veto vector of structure function ¥y if it

satisfies

1 ifxNy#0
d‘y(x) = (2.11)
0 otherwise.

Now consider a veto vector y and structure function ¥ (x), where ¢ (x) equals
1 when xN y; # 0 and 0 otherwise. Considering another veto vector yo and its

corresponding function 9, structure ¢ 9 is defined as

2
P1a(x) = Qld’i(X)

. I<:lii§2 ¥;(x)

1 ifxn 0and xN 0
_ y1 # y2 # (2.12)
0 otherwise,

where © is the Boolean conjunction operator for the elements of state vectors. In
general, given veto vectors y1,y9,...,yr ina clique Q and given their corresponding

functions ¥q,¥9,...,¥r, the structure y'q is defined as

Pq(x) @1 P;(x)

= 1 1 x
lglz!%r¢l( )

1 ifxNy; #0forall:

= (2.13)
0 otherwise.

In the system context, veto vectors correspond to minimal-cut vectors in the

form of w = 1—y, where w is a minimal-cut vector. The so called clique of structure

q is defined:
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Definition 2.11 The set of veto vectors y{,y9,...,yr, denoted by Q = {Y}§‘=1’
is called the clique of i'q if none of these vectors dominates any other vectors, i.e.,

there is no y; such that y; 2 Y; fori # j.

Having stated the above definitions, we are now in the position to discuss
the representations of structure functions. Four types of structure functions will
be discussed in this section. These are the Barlow-Proschan representation, the
minimal-path vector representation, the minimal-cut vector representation, and the

Shapley representation.

2.4.3 Barlow-Proschan representation

Any structure function @ of system of order n can be written in terms of
structure functions of order n — 1, as given in equation (2.4). Repeated application
of this method will permit us to explicitly express the structure function ¢(x) in

terms of the state of its components. This application can be written as follows

o(x) = x;0(1;,%) + (1 - z;)0(0;,x)
= z196(1,29,23,...,2n) +(1 —21)8(0,29,23,...,2n)
= zr1leedé(1,1,23,...,2n) + (1 — 29)¢(1,0,23,...,2n)] +

(1 - ‘7’1)[32(1)(0, 1, LZgeen ,Cvn) + (1 - 1!2)¢)(0,0, L PR 11'73)]

2 Yi(1 - 2;) ~Yig(y), (2.14)

e

R

1

l

where the summation is taken over some possible values of vector y such that ¢(y)

is 1. Equation (2.14) is called Barlow-Proschan representation of the structures.
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The following example illustrates the procedure for using this formula to obtain the

structure function of a system.

Example 2.1 For the purpose of illustration, we will consider a linear consecutive-
2-out-of-4:G system. The characteristic of this system is that it is functioning if at
least two consecutive components are functioning, otherwise it is failed. The set of

all possible state vectors, which insures the functioning of this system, is

{(1? 1’ 1? 1)’(1? 17 1’0)’(1?1,0’ 1)?(1’1?0’0)’

(1,0,1,1),(0,1,1,1),(0,1,1,0),(0,0,1,1)}.

Using (2.14) we can represent this structure as follows:

¢(x)

4 . 1_ .
S0 =% — =) ~Yig(y)
Y =1
= =z ze3ey + 2 2923(1 - 24) + 2129(1 - 23)74 +
z1z9(l — 23)(1 — z4) + 21 (1 — zg)rgey + (1 — z1)zgzgry +
(1 —zq)xgzg(l —zyg) + (1 — 21 )(1 ~ z9)z3z4

= z1T9 + Toxg + TJTH — TTYTF — THTIT4. (2.15)

The representation of a structure function using this formula seems to be a very
basic way of expressing the structure in terms of the states of system components. It
is useful only for systems without the property of coherence. For coherent systems,
however, this formula gives too many terms that in fact can be cancelled out in the
process of simplication. The next method allows us to express a coherent system

with a much smaller number of terms.
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2.4.4 Minimal-path vector representation

When minimal-path vectors of a system are available, the structure function
of a system can be represented using these vectors. Park (1985) derived this rep-
resentation using the idea of generating vectors, which in fact, is equivalent to
minimal-path vector. Let z; = (z;1,2;9,...,%;,) be a minimal-path vector of ¢.
Then a structure function ¢zi can be defined as

1 ifx 2z

&z;(x) =
0 otherwise

= _ min zj
{J:z5=1}

= H z;. (2.16)

For ¢ minimal-path vectors zy, 29, ..., 24 in the basis B, a structure function

¢ can be defined as

t
#(x) = %‘bzz’(x)

= _max ¢g;(x)

1<i<t
= 1- min (1 - ¢, (x
lglll'%t( ¢’z‘l( )

i

=1—.H(1- M =)

=1 {jiz;=1}

t
H I = (2.17)

t=1 {j::ij=1}

I

which is called a minimal-path vector representation of system structure.

Example 2.2 Consider the linear consecutive-2-out-of-4:G system from the previ-
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ous example. The basis, or the set of minimal-path vectors of this system, is
B = {(1,1,0,0),(0,1,1,0),(0,0,1,1)}.

Using B and equation (2.17) we can write the structure function ¢ as

3
O I =
1=1{j::ij=1}
2
=1-J1a- I =)

=1 {jiz;;=1}
= 1-(1-zyz9)(1 — roz3)(1 — z324)

¢(x)

= r1r9+ z9rg + T3Ty — T1TYTZ — T9TJT4, (2.18)

which is equal to (2.15). In comparison to the Barlow-Proschan representation, this
procedure is much simpler. Next, we will derive the formula for the minimal-cut

vector representation of system structure.

2.4.5 Minimal-cut vector representation

When minimal-cut vectors of a system are available, we are able to represent
the structure function of a system by using these vectors. We will use the notion
of veto vectors to obtain this representation. The result will be expressed in a
minimal-cut vector representation. Let y; be a veto vector of . Then the function
Yy, is defined as
d’”(x) _ 1 ifxnNy; #0

0 otherwise

= . max il'J
{ivij=1}
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= 1—- mn (1-=2;)

{iw5=1} ’
=1- JI (-2 (2.19)
{:y;5=1}

For r veto vectors y1, ¥9, ..., yr in the clique Q, a structure function ¥(x)

can be defined as

P(x) = @1 dy; (%)

= min ¥y.(x
19’31»‘(”’( )

= ]I #y;(x)
i=1

= JIa- I (1-=2)

=1 {juy;;=1}
I o = (2.20)
v=1{j:y;;=1}

Using minimal-cut vectors wy, wg,...,wp, wherew; = 1-y; fori =1,2,...,r,

and replacing notation ¢ by ¢, we can write equation (2.20) as
Cop
s0=T 1 = (2.21)

which is called a minimal-cut vector representation of system structure.

Example 2.3 Again, for the purpose of illustration and comparison, we will con-
sider the previous consecutive-2-out-of-4:G system. The set of minimal-cut vectors
of this system is {(0,1,0,1),(1,0,0,1),(1,0,1,0)}. Using these vectors and employ-
ing equation (2.21), we can express structure function ¢ as follows:

3
ox) = II L =

i=1{jaw;;=0}
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3
= HMa- II (-2

=1 {j:wij'_‘o}
= [1-(1-2)(1 —zg)|[1 - (1 - z)(1 - 23)]

(L= (1 = 22)(1 — =4)]

= TyT9+ 29Tg + T3ryg — T]T9TZ — ToTITY, (2.22)

which agrees with (2.15) and (2.18). In comparison, the minimal-cut vector repre-

sentation is not a better procedure for formulating the “G” system.

2.4.6 Shapley representation

This method originates in game theory. Shapley (1953) has provided a formula
to express a super-additive characteristic function as a linear combination of char-
acteristic functions @y of symmetric games. Park (1985) modified this expression
to represent the structure of coherent systems. His expression turns out to be the
function of minimal-path vectors. The representation can be written as

(x) +...(=1)tH1g

; (x) (223)

t
é(x) = iz=:1 Pz; (x) - Z Pz;Uz Ule 5

1<i<j<t

where {zi}f=1 is the minimal-path vectors of the coherent structure. The first term
of (2.23) is the summation of structure functions, based on individual minimal-path
vector z;, fori =1,2,...,¢, where ¢z,(x) = H{j‘:ij=1} z;j. The second term is the
summation of structure function based on the union of two minimal-path vectors.
The last term is the structure function based on the union of all minimal-path
vectors of the system. We present the illustration for this representation in the

next example.
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Example 2.4 Consider again the linear consecutive-2-out-of-4:G system. As ex-
plained in previous examples, the set of minimal-path vectors for this system is
{z1,29,23} = {(1,1,0,0),(0,1,1,0),(0,0,1,1)}. Thus the possible unions of these
vectors are

z3Uz9 = (1,1,1,0),

zoUzg = (0,1,1,1),

zyjUzg = (1,1,1,1), and

z1Uz9U23 = (1,1,1,1).

The representation of structure function using equation (2.23) is as follows:

3
¢(x) = Z ‘bzi(x) - Z ¢inz
t=1 1<i<3<3
= r1x9 + T2T3 + TJT4 — T1TYTY — TQTITY4 —

J(x) + ¢z1 Uz2U23(x)

T1T9T3TY + Tir9T3TY

= o)Z9 + ror3 + T3TYy — T1TQTY — TQTJT4, (2.24)

which agrees with (2.15), (2.18), and (2.22).

2.5 Reliability Functions

So far, we have discussed the deterministic aspect of coherent structures. In
this section, we will extend the discussion to the include the probabilistic aspect
of coherent structure. It concerns about the reliability of a system based on the
reliability of its components.

Assume that all components are statistically independent. Let the component

state X; be a Bernoulli random variable. That is, X; is equal to 1 with probability
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p; and equal to 0 with probability ¢;, where ¢; =1 — p;. Then P(X; = 1) = p; is
called the reliability of component ¢;, i = 1,2,...,n; and P(X; = 0) = g; is the
unreliability of component ¢;, i = 1,2,...,n. The corresponding system reliability

is given by
Ry(p) = P{¢(x) = 1| p} = E[¢(x) | p], (2.25)

where p = (p1.p9,...,Pn).

Function R¢ is called the reliability function based on the structure function
¢. By using the assumption of component independence, the reliability function
R¢ is wholly determined by component reliabilities (py,p9,...,pn). So, R¢ can
be written as Rd)(p); and in the case of p; = p9 = ... = pp = p, the reliability
function can be written as R¢(p), a function of common component reliability p.

When component ¢; is functioning, the reliability function of a system is

Ry(1;,p) = P{4(1;,x) = 1] p}; (2.26)

and the reliability function of a system given component ¢; fails is
R4(0;,p) = P{9(0;,%) = 1 | p}, (2.27)

where p = (p1,--.,P; _1+Pj 411+ 1Pn)-
As structure function ¢(x), Rd,(p) can also be expressed in the pivotal decom-
position, where the reliability function of the structure of order n is expressed the

reliability functions of the structure of order n — 1. This is written as

Ry(P) =PiRy(1;,p) + (1 - p;) R4(0;, p). (2.28)
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One property of structure function R¢(p) is that it strictly increases in each
p; on the domain 0 < p; < 1, for¢ = 1,2,...,n. Asin Barlow and Proschan (1981),

this property is formally stated as

Theorem 2.3 Let Rd,(p) be the reliability function of a coherent structure. Then

Rd,(p) is strictly increasing in each p; for 0 < p < 1, where a < b & a; < b; for
all <.

Another property of structure function R¢(p) is the correponding statement
of Theorem 2.2, which basically states that redundancy at the component level is

more effective than redundancy at the system level.

Theorem 2.4 Let R¢ be the reliability function of a coherent system. Then, for
alo<p<tandO<p' <1,

(a) Ry(pLIp') 2 Ry(p) LI R (')

(b) Ry(p-p') < Ry(P)R4(P'),

where equality holds in (a) for all p,p’ if and only if the system is parallel, in (b)

for all p,p’ if and only if the system is series.

The shape of the reliability function R¢(p) has been discussed by Moore and
Shannon (1956) through an inequality that establishes the S-shapeness property of

this function for the system with equally reliable components.
Theorem 2.5 The following inequality

p(1 - p)Ry(p) > Ry(p)[1 - Ry(p) (2.29)

is true for 0 < p < 1, provided that R¢(p) is neither identically zero, identically

one, nor identically equal to p.
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For the structure with no path set or cut set of size 1, there exists pp, where
0 < pg < 1, such that Ry(pg) = py (Esary and Proschan, 1962). If Ry4(po) = pg
for some pg in (0,1), then R¢(p) < pfor 0 < p < pgy; whereas Rd,(p) > p for
Pp < P < 1, that establishes the S-shapeness property of R (p) for a system having
equally reliable components.

The extension of inequality (2.5) to the reliability function of the system having
unequally reliable components was suggested by Esary and Proschan (1962). Their

inequality is written as

n OR
’21 pi(1 - P;)—aip(.?—) > Ry(p)[1 ~ Ry(p)]- (2.30)

2

Exact system reliability for systems with independent components can be com-
puted using the structure function ¢(x). By minimal-path and minimal-cut repre-

sentations, R;(p) can be calculated from

t r
Ryp)=E(Il II Xp=©£(I1 U X (2.31)
2=1{J':l]=1} =1 {J:le::O}

where z; j is the j-th element of minimal-path vector z;; and where w

element of minimal-cut vector w;.

ij is the j-th

For a structure function in “reduced” form, that is, a structure function having
no power of z; greater than 1, the reliability function is simply the structure function
¢ evaluated on p. Using the Barlow-Proschan representation of the structure, R¢(p)
can be computed

Ry(p) =2 I1 o:%ig~io(x), (2.32)

% =1

where z; is the value of the i-th elements in path vectors x. Typical examples of

reliability functions are: (1) for series systems, Ry(p) = ?_1p; and (2) for parallel
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systems, R¢(p) = ]_I?:I p;- If a system has a common component reliability p,
R¢(p) can be computed by
= i n—i
Ry(p) = > Pp'q" ™, (2.33)
1=1
where P; denotes the number of path vectors x of size . For example, the reliability
function of k-out-of-n systems having a common component reliability p is
nooo\ .
Ripn) = 3 (0)oa (234)
i=k \*

For the system with a large number of components, the calculation of system
reliability, sometimes, becomes intractable. In other cases, the assumption of in-
dependent used in computing exact system reliability may not be reasonable. For
these reasons, bounds of system reliability are needed. Barlow and Proschan (1981)
provide a detailed discussion of these bounds. For a system with independent com-
ponents, the reliability function, R¢( p), has upper and lower bounds which can be

expressed as

H I »rsrw<II U »; (2.35)
izl{j:w'ij=0} ‘l=1{j::ij=1}

where r is the number of minimal-cut vectors w; and s is the number of minimal-

path vectors z It

Finally, let us consider the expression of reliability function when a system,

as well as its components, has life distribution. Let F;(¢) be a life distribution of

component c;, and let

1 if ¢; is functioning until time ¢
X;(t) = (2.36)
0 if ¢; is failed before time ¢.
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Then the reliability of component ¢; at time ¢ is
PIX;(t) = 1] = E[X;(8)] = Si(t) = 1 - Fy(#), (2.37)

and the system reliability at time £ is

Ry[S(t)] = P{8[X()] = 1} = E[X(2)]. (2.38)
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3 LINEAR CONSECUTIVE-K-OUT-OF-N SYSTEMS

3.1 Introduction

Consecutive-k-out-of-n systems can be categorized into consecutive-k-out-of-
n:G and consecutive-k-out-of-n:F systems. A consecutive-k-out-of-n:G system is an
n component system that functions whenever at least & consecutive components
are functioning. Such a system can either be a linear system, where all components
are arranged linearly, or be a circular system, where all components are arranged
circularly. A consecutive-k-out-of-n:F system is an n component system that fails
whenever at least & consecutive components are failed. Similarly, such a system can
be either a linear or a circular system.

The consecutive-k-out-of-n:F system was introduced by Kontoleon (1980). Chi-
ang and Niu (1981) indicated the relevance of such a system to telecommunication
and oil pipeline systems. Bollinger and Salvia (1982) remarked that such systems
also arise in the design of integrated circuits. The applications to street light sys-
tems and microwave tower systems are discussed by Chao and Lin (1984). Relia-
bility evaluations of these systems are also discussed by Bolinger (1982), Derman,
Lieberman, and Ross (1982), Hwang (1982), Shantikumar (1982), Lambiris and Pa-
pastavridis (1985), Griffith and Govindarajulu (1985), Fu (1985), Papastavridis and
Chrysaphinou (1988), and others. The designs of these systems were discussed by
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Wei, Hwang, and S6s (1983), Chao and Lin (1984), Malon (1984, 1985), and others.

Regarding the consecutive-k-out-of-n:G systems, Zhang (1988), and Kuo, Zhang,
and Zuo (1988) studied this system and indicated its application to certain traffic
problems.

In this chapter, we derive the structure and reliability functions for both lin-
ear consecutive-k-out-of-n:G and linear consecutive-k-out-of-n:F systems through
the minimal-path vector representation and through the notion of duality given in
Chapter 2. Pertinent works in the literature include that of Shantikumar (1982),
in which reliability functions are derived by using a probabilistic argument for the

“F” systems, and the argument of Zhang (1988) for the “G” systems.

3.2 Structure and Reliability Functions of Linear

Consecutive-k-out-of-n:G Systems

We will use the minimal-path representation to find the structure function
of the linear consecutive-k-out-of-n:G system, where 2 < k& < n. The number of
minimal-path vectors for this system is equal to n — k+ 1 because there are n —k +1
possibilities for placing the % consecutive 1’s on n possible consecutive locations.

So, the set of minimal-path vectors for linear consecutive k-out-of-n:G systems is

Z = {7 = (10 00 p)s (011, 0, g 1)see s (0, g 2p)} (31)

where Oj is the j-dimensional zero vector (0,0,...,0) and lj is the j-dimensional

unit vector (1,1,...,1). Based on the minimal-path vector representation (2.17),
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the structure function for the linear consecutive-k-out-of-n:G system is then

n—k+1
o(x,m,k) = 1~ [[ (1- I “"j)
=1 {j:::ij-l}

n—k+1 i+k—1
= 1- H (1- H :cj). (3.2)
i=1 j=i
The structure function ¢(x,n,k), for n = k, is simply H§=1 Zj, which is the

structure function of the well-known series system. For n greater than &, the struc-

ture function ¢(x,n, k) satisfies a recursion relationship, as follows:

Lemma 3.1 The structure function ¢(x,n,k) of linear consecutive-k-out-of-n:G

systems, for n > k, satisfies

n
o(x,n, k) = d(x,n — L,k) + (1 - d(x,n - 1,k)) ] zj. (3.3)
j=n—-k+1
Proof:
The minimal-path vector representation (3.2) can be written as
n—k t+k—1 n
o(x,mk) = 1- J[@- I a:j)(l— II :cj) (3.4)
i=1 Jj=t n—k+1
n—k i+k-1 n
=1-0-0-J[ - JI =pa- II =) (5
i=1 j=i n—k+1
n
= 1-(-6mn-LENI- I =) (3.6)
n—k+1
n
= d(x,n-Lk)+(1~d(x,n-1,k) ][ = (3.7)
j=n—-k+1

where equation (3.6) is due to the fact that, according to (3.2),
n—k i+k—-1

1—.1-.[ (1— H mj)a

=1 Jj=i
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is the structure function of a linear consecutive-k-out-of-(n-1):G system. O

The reliability of a system is obtainable as its structure function ¢ with x
replaced by p, under the restriction that ¢ is in “reduced” form containing no
power of any z; greater than the first. Such a “reduced” structure function is

obtainable through

Theorem 3.1 The structure function of a linear consecutive-k-out-of-n:G system,

for n > k, can be obtained recursively by using

d(x,n k) = o(x,n—1,k)+

n
(1-o(x,n~k-1Lk))1-2,_4) I z;. (3.8)
j=n—-k+1
Proof:
Equation (3.3) can also be written as
r T
sx,mk)=d(x,r =1,k - I )+ II = (3.9)
j=r—k+1 j=r—k+1

Equation (3.8) will be proved by repeated application of equation (3.9) to the second
term of the recursion formula (3.3).
Substituting (3.9), for » = n — 1, into (3.3), we obtain the result of the first

application as follows:

é(x,n, k) = o(x,n—1,k)+
n—1 n—-1 n
(1-—o(x,n—2,k)(1- ] agj)— ) I z;
j=n—k Jj=n-k j=n—-k+1
= ¢(x,n—1,k) +
n
(Q-d(xn=2,k)1-2,_p)—2p_p) I =  (310)
j=n—k+1



= ¢(x,n —1,k) +
n

(1 - (»b(x’n -2, k))(l - mn—k) H mja (311)
j=n—k+1

where the second equation is due to the fact that
n—1 n n

n
=n—

j=n—k j=n—-k+1 j k j=n—k+1

Substituting (3.9), for » = n — 2, into the second term of equation (3.11), we

obtain the result of the second application as follows:

d(x,n, k) = o(x,n—1,k)+

n—2 n—2
(1-o(x,n-3,k)(1 - ]I z;) — I )
j=n—-k-1 j=n—k-1
n
(A-z,p) II 2 (3.12)
j=n—-k+1
= ¢(x,n - lak) +
n—k n—k
(1-o(x,n-3,k)1 - ]I x;) = II z;)
j=n—k-1 j=n—-k-1
n
(-zpp) II = (3.13)
j=n—k+1
= ¢(x’n - 1ak) +
n—k
(1-d(xn-3k)1~- I <)
j=n—k-1
n
Q-zpp) I = (3.14)
j=n—-k+1
= ¢(x,n—1,k)+
n
(1-o(x,n =3, k)1 —=z,_p) I Z (3.15)

j=n—-k+1
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where the second equation is due the fact that
n—2 n n n—k n
I = I == I = I = I =
j=n—k-1 j=n—-k+1 j=n—-k-1 j=n—-k-1 j=n—-k+1
and the last equation is due to the fact that

n-k

(1 - H .‘l:j)(l —-wn_k)=(1-—mn_k).
j=n—k-1

From equation (3.11) and (3.15), we can obtain the result of the (k — 1)-th
application as
o(x,n, k) = o(x,n—-1,k)+

n

(1-o(xn-kk)1-z,_p) ] zj. (3.16)
j=n—k+1

Finally, substituting (3.9), for » = n — k, into the second term of (3.16), we

obtain the result of the k-th application as follows:

d(x,n, k) = oé(x,n—1,k)+

n—k n—k
(1 -od(x,n—k—1,k)1 - II 1']-)-— I )
j=n—2k+1 j=n—2k+1
n
A-zpp) I = (3.17)
j=n—k+1
= ¢(x,n—1,k)+
n—k :
(Q1-o(x,n—k-1k)1- [T =25
j=n—2k+1
n
T-z,_z) 11 z; (3.18)
Jj=n—k+1
= o(x,n—1,k)+
n
(L-o(xn—k-1,E)1-2z,_;) ]I z (3.19)

j=n—k+1
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where the last equation, which is due to the fact that

n—k

(1 - H )(1 - 'l'n—k) = (1 - nn—k)’
j=n—2k+1

is the “reduced” structure function as stated in this theorem. O

Corollary 3.1 For k& < n < 2k, the structure function of a linear consecutive-k-

out-of-n:G system can be written as

t+k

o(x,n, k) H.z: ‘*‘Z(l“‘”z) II = (3.20)

—L-’rl
Proof:
When k < n < 2k, the value of the structure function ¢(x,n — k — 1,k) is

equal to 0, so that, by using (3.8),

n
o(x,n,k) = o(x,n~1L,k)+(1—z,_3) H z. (3.21)
j=n—k+1
Equation (3.20) is then verified recursively as follows:
k
¢(x,k,k) = H J:J
j=1
k k+1
d(x,k+1,k) = H +(1-z) H zj
j=1
k L+1 k+2
d(x, k+2,k) = H l—wl)nw l—rz)Hw'.
J=1

Finally,

k k+1 k42
d(x,n,k) = 1;[ +(1 - =) H zj+ (1 -xg) H z;
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n
...+(1—:cn_k) H z;

j=n—k+1
k n—=k i+k
H j + Z (1-2) II = (3.22)
j=1 =1 j=t+1

The following argument is another procedure for proving equation (3.20). This
procedure is based on the Shapley representation as discussed in Chapter 2.
For k < n < 2k, any two nonadjacent minimal-path vectors z; and 2z j have the

property that
z;Uz; = z;Uz) U3, l=i+1,...,7-1 (3.23)

= ZiU211U212UZj, i<ly<lg=1i+2,...,5-1 (3.24)

—1
= z;U {u}___iﬂzl} Uzj (3.25)
because the elements of any vectors in between vectors z; and z; with a nonzero

value are also the elements of the nonzero value of the union of vectors z; and z ;e

The possibility that the number of vectors in between z; and z jis odd is given by

no(i,j) = rad (j B : - 1), (3.26)

and the possibility that the number of vectors in between z; and z; is even is

ne(inj)= 3 (j —i- 1), (3.27)

r even r

where the even number including 0. By putting @ = 1 and b = —1 into the Binomial

series

(a+8)f i1 = zrj( —i- 1) b —i1-r, (3.28)

r
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we can show that
no(i,3) = neli, )- (3.20)
The Shapley representation of the structure function (2.23) is

t
Bx)= 3 b5(x) = T bgumx)+(CD)F G (x) (330)
=1 =1

1<i<y<t
where ¢;(x) is the product of z; for any j such that the j-th element of z is 1.

Structure function ¢ in the first term of the right-hand-side of equation (3.30) is
based on a single minimal-path vector z;; in the second term it is based on the
union of two minimal-path vectors z; and z It and in the last term it is based on

the union of ¢ minimal-path vectors z;, : =1,2,...,¢. This can be written as

t -1
o(x) = Z d’zi(x) - ¢inzi+1(x) - Z ¢z2‘Uzj (x) +
i=1 i=1 2<i+1<yst
Z bz:Uz)Usz ; (X) ~ Z b2:Uz;. Uzj Uz (X) +
1<i<l<j<t N 1<i<ly<lg<y<t L A
+-)itls Ly (x). (3.31)
zz'U{Ul:H_lzl}Uzj

Structure function ¢ in the second term of the right-hand-side of (3.31) is based
on the union of the two adjacent minimal-path vectors z; and z;41, and ¢’s in the
remaining terms are based on the union of more than two minimal-path vectors.
The following argument shows that for a linear consecutive-k-out-of-n:G system, all
terms, except the first and second terms in the right-hand-side of (3.31), add up to

zero, which implies that ¢(x) can be written as
¢ t—1 -
¢(x) = Z d’zi(x) - E ¢inzi+1(x)' (3.32)
i=1 i=1
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From (3.23)—(3.25), we know that any ¢ that is based on the union of more
than two minimal-path vectors can be written as function ¢, which is based on the
union of two nonadjacent minimal-path vectors. Thus, by (3.26) and (3.27), all
terms, except the first and the second terms of (3.31), can be written as

X {nolid) = melisi)Ybgun; (%) (3.33)
2<i+1<y<t
This quantity is equal to zero since no(¢,j) = ne(Z, 7). In linear consecutive-k-out-
of-n:G system, ¢t =n — k 4+ 1. So, the the structure function for this system, when
k <n <2k,is written as

n—k+1 n—Fk
¢(x9n’ k) = Z ¢z.i(x)— Z ¢inzi+1(x) (3'34)
=1 =1

n—hk+1i+k— 1 n—ki+k

-3 H z; (3.35)

=1 =i i=1j=2

By changing the range of index i, we are able to write this function as follows:

n—k i+k n—k itk
é(x,n, k) = Z II = Z z; H zj (3.36)
=0 j=i+1 =1
k. n—k i+k - i+k
= JI+3 II zj Z z; [1 zj (3.37)
J=1 =1 j=i+1 =1 =i+l
k n—k i+k
= H + 3 (1-2) I z; (3.38)
J=1 =1 J=1+1

Example 3.1 Consider the linear consecutive-2-out-of-5:G system. This system is
functioning when at least two consecutive components are functioning. Here k = 2

and n = 5. Using the equation (3.2) we can write the structure function of this
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system as

4 t+1
¢l(x,512) = H(l - H a:])

t=1 j=
= 1-(1- w1w2)(1 —z9z3)(1 — z3z4)(1 — z425)  (3.39)
= T1T9 + Tox3 + 3Ty + T4TH — T1TYTY — TQLITY
—I3THTH — T)TYTATH + T1TQTJTHTS. (3.40)
The simplification of this function from equation (3.39) to (3.40) becomes very
tedious when n is large. Using the recursion relationship (3.3), we can write the

structure function of this system as
#(x,2,2) = zjz9
#(x,3,2) = ¢(x,2,2) + (1 - ¢(x,2,2)) ﬁ zj
= z1z9 + (1 — z z9)z9y -
= T)Z9 -+ T9L3 — T1T9T3.

#(x,4,2) = #(x,3,2) + (1 — ¢(x,3,2)) H z;
Jj=3
= (z129 + x9rg — w1 292g) + (1 — (T129 + ToTg — T129r]))TgTy

= T)T9 + roT3 + r3T4 — T1TQTY — TYLIT4.
Therefore, the structure function of a linear consecutive-2-out-of-5:G system is
#(x,5,2) = &(x,4,2) + (1 — ¢(x,4,2)) II z;
= r1T9 +T9ry + T3y — :Bla:2.1:3 — z9r3ry +

(1 - (:1:1;1:2 + rozg + TTy — TYTOTY — w2m3w4))m4.1:5

= ®1T9 + r9rg + r3T4 + TATH — T]1TQTF — TOTJTY
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—LJTYTH — T1TQTYTH + t1ToT3T4Ly.

Using (3.8) and (3.20), we obtain the structure function of this system as follows:

#(x,2,2)

#(x,3,2)

#(x,4,2)

#(x,5,2)

172
3
#(%,2,2) + (1 —z1) [ zj
j=2
z1z + (1 - 21)zz3
4
#(x,3,2) + (1 — z9) H zj
=3
r1zg + (1 — 21)zgeg + (1 — z9)zgey

o(x,4,2) + (1 — ¢(x,2,2))(1 — z3) ﬁ zj

j=4
zyeg + (1~ z1)zgeg + (1 - zg)egzy +

(1 - zyz9)(1 - z3)zyzy
r1T9 + r9rg + r3ry + T4T5 — T]TYTI — TQT3TY

—XTJTATH — T1TQTYXG + T129T3T4TH.

The reliability of a system is the probability that its structure function ¢(x,n, k)

equals 1, which, since ¢ is an indicator variable, equals its expectation:

R(p,n,k) = P(¢(x,n,k) = 1) = E(¢(x,n,k)).

(3.41)

For a system with independent components, R may be found, simply, by replacing

x by p in the “reduced” structure function ¢. The following theorem states the

reliability functions of linear consecutive-k-out-of-n:G system.

Theorem 3.2 The reliability function of linear consecutive-k-out-of-n:G systems

when all components are independent and n > k is obtainable recursively by

RG(P9n9k) = RG(P7n—17k)+



43

n

(1 - RG(p,n -k-1, k))qn_k H pj- (3.42)
j=n—k+1
If py = pg =... = pn = p, the reliability function becomes
Rg(p,n,k) = RG(psn - 111‘7) + (1 - RG(PS"’ -k - 1’k))qpk' (3‘43)
If £ < n < 2k, the reliability function is obtainable by
k - i+k
Ra(p,n,k) = H pj + Z g [l »; (3.44)
i=1 j=i+1
If £ <n<2kand py =py =... = pn = p, the reliability function becomes
Re(pm, k) = [(n = k)(1 - p) + 1]p". (3.45)

Proof:

Equations (3.42) and (3.44) are obtained by replacing z; by p; in (3.8) and
(3.20), and equations (3.43) and (3.45) follow by replacing p; by p. O

To compute system reliability, especially for a large system, equation (3.42) can
be used directly to produce an algorithm. The algorithm should begin with reading
and checking the input n, k, and Pj such that 1 <k < nand 0 < pj < 1. The
next step is to compute Ra(p, b, k) = I'[;?=1 Pj and the last step is to compute
Rc(p),n, k) using equation (3.42) or using (3.44) for a system with k < n < 2k.

3.3 Structure and Reliability Functions of Linear

Consecutive-k-out-of-n:F Systems

The set of minimal-cut vectors of linear consecutive-k-out-of-n:F systems is

= WP = {05 1)y (1,0 Ly f—1)s s (L O}, (3.46)
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where 0; is the j-dimensional zero vector (0,0,...,0) and 1, is the j-dimensional
unit vector (1,1,...,1). There are n — k& + 1 minimal-cut vectors since there are
n — k + 1 possibilities of placing the k consecutive zeroes out of n locations. Using
the minimal-cut vector representation (2.21), the structure function of the linear

consecutive-k-out-of-n:F system can be written as

n—k+1
p(e,nk) = [T - I (1-2;)
=1 {j:'w,ij=0}

n—k+1 t+k—1
= .Hl (1- 1‘[ (1 - z;)). (3.47)
1= J=

The structure function of this system can also be represented in a recursion

relationship, as shown in.the next lemma.

Lemma 3.2 The structure function of linear consecutive-k-out-of-n:F systems for

n > k can be expressed as

n

P(x,n,k) = ¢(x,n —1L,k) —¥(x,n—-1,k) J[ (1- :cj). (3.48)
j=n—-k+1
Proof:
Minimal-cut vector representation of this system is
n—~k i+k-1 n
pemk) = [LO- I1 Q-2)- II (-2;) (349)
i=1 j=t j=n—k+1
n
= ¥(x,n-Lk)(1- JI (1-2;) (3.50)
j=n—k+1
n
= Y(x,n—-LE)-v(x,n-1,k) J[ (- z;). O (3.51)
Jj=n—k+1

Asin the “G” systems, this recursion doesn’t directly produce a “reduced” form

of structure function. The following theorem gives a recursion relationship that
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directly produces a structure function of linear consecutive-k-out-of-n:F systems in

“reduced” form.

Theorem 3.3 The structure function of a linear consecutive-k-out-of-n:F system,
for n > k, can be obtained recursively by using
P(x,n,k) = P(x,n-1,k) -
P(x,n—k—1,k)z, 1 ﬁ (1-z;) (3.52)
j=n—-k+1
Proof:
A linear consecutive-k-out-of-n:F system can be regarded as the dual of linear
consecutive-k-out-of-n:G systems since w; = 1 — z;. Using the duality definition
of Barlow and Proschan (1981), we can write the structure function of a linear

consecutive-k-out-of-n:F system as
P(x,n,k) =1-6(1 —x,n,k), (3.53)

where ¢(1 — x,n, k) is the structure function of a linear consecutive-k-out-of-n:F in

the context of failure. Replacing x by 1 — x in (3.8), and using (3.53), we obtain

d’(x9 n,k) = [1 - ¢(l - X,n— l,k)] -

n
l1-é(1-xn—k- l,k)]mn_k . H (1—:1:]')
j=n—k+1
= P(x,n—1,k) -
n
-ql'(x,n—k—-l,k):cn_k. IT (I—a:j), (3.54)
J=n—-k+1

which verifies equation (3.52). O
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Corollary 3.2 For k¥ < n < 2k, the structure function of a linear consecutive-k-

out-of-n:F system can be written as

n— i+k
(x,nk)—l—H(l—w Z“’z II (1-=z;) (3.55)
Jj= =1 = z+1

Proof:
When k < n < 2k, the value of the structure function ¥(x,n — k ~ 1,%) is
equal to 1, so that, applying (3.52),

n
P(x,m, k) = ¥(x,n-1,k)—z,_4 . [ «a- z;). (3.56)

j=n—-k+1
Equation (3.55) is then obtainable, and hence verified, using the similar procedure

employed in Corollary 3.1. O

Example 3.2 Consider linear consecutive-2-out-of-5:F systems. This system is
failed when at least two consecutive components are failed. Here k =2 and n = 5.
Using equation (3.47), we can write the structure function of this system as
4 i+1
¥(x,52) = [T- 11~z
i=1 Jj=i
= (1-(1—21)1 - 2z2))(1 ~ (1 - z2)(1 - z3)
(1 - (1 —23)(1 —24))(1 — (1 - z4)(1 - z5)
= Z9ky4 + r)T3T4 + T1LITH + TQryTy — T TQTLITY4 —

Using the recursion relationship (3.48), we obtain

¥(x,2,2) = z1+ 29—z



'd’(x9 3’ 2)

¥(x,4,2)

P(x,5,2)

47

¥(x,2,2) - $(x,2,2)(1 — z9)(1 — z3)

z9 +T1T3 — T1T9T3

¥(x,3,2) — ¥(x,3,2)(1 — z3)(1 — z4)

T1xg + T9T3 + Loy — T1TQTZ — TQTJTY4

¥(x,4,2) — ¥(x,4,2)(1 — 24)(1 — z5)

T4 + T TJT4 + TY2ZTH + TYTITH — T TITITY —

Using equation (3.52), we obtain

¥(x,2,2)

‘¢’(x,372)

¥(x,4,2)

'¢'(x’ 59 2)

] +x9 — 1129

¥(x,2,2) — 21(1 ~ 22)(1 - =3)

z9 + T T3 — T1T973

¥(x,3,2) — za(1 - z3)(1 — z4)

TiTy + ToTy + TQTY — T]XQTZ — TQTJTY
¥(x,4,2) — (x,2,2)z3(1 — z4)(1 - z5)

TRTY + T1TJT4 + TYTZTH + TRTIT5 — T|TYTITY —

As in linear consecutive-k-out-of-n:G systems, the reliability functions of linear

consecutive-k-out-of-n:F systems are stated as follows:

Theorem 3.4 The reliability function of a linear consecutive-k-out-of-n:F system,

when all components are independent and n > k, is obtainable through

n

RF(p’n9k) = RF(p7n - lak) - RF(p’n -k - l,k))Pn__k H q5- (3'57)

j=n—k+1
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If py = py = ... =pn = p, the reliability function becomes

RF(p’ n, k) = RF(p’n - lak) - RF(p,’n — k- 17k)qu'

If & < n < 2k, the reliability function is

k - i+k
RF(p7n’k)=1_ HQJ Z Pz H QJ
j=1 =1 —z+1
fh<n<2kandp) =pg=...=pn =p,

Rp(p,n,k) =1 —[(n - k)p+ 1]gF,

Proof:

(3.58)

(3.59)

(3.60)

Equations (3.57) and (3.59) are obtained by replacing z; by p; in (3.52) and

(3.55). Equations (3.58) and (3.60) are obtained by the replacing p; by p. O

By using (3.57) and (3.59), an algorithm can be produced to compute the

reliability of this system This can easily be done by modifying the algorithm for the

“G” systems. In this case, use input q; instead of pj to obtain system unreliability.

Then, substract this quantity from 1 to obtain system reliability.
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4 IMPORTANCE MEASURES OF SYSTEM COMPONENTS

4.1 Introduction

Several measures of importance have been proposed. Some of them originate
in reliability theory, and others in game theory. Some measures are merely based
on the structure of the system; and some others are based on the reliability and life
of each component, in addition to the system structure. In terms of the structures
of the system, all measures can be categorized as measures based on either critical
vectors, minimal-path vectors, or minimal-cut vectors.

Birnbaum (1969) introduced a concept of component importance for coherent
systems. He defined two types of component importance measures: structural im-
portance and reliability importance. Barlow and Proschan (1975) proposed another
measure of importance. Their definition of component importance is essentially the
conditional probability of system failure caused by the failure of a given component.
As in Birnbaum’s definition of importance, in the absence of information about com-
ponent reliability, Barlow and Proschan also defined the structural importance of a
specific component, given that all components have the same reliability.

Vesely (1972) and Fussel (1975) introduced another concept of importance.
Their importance measure is based on the number of cut sets that have failed and

cause the failure of the system. This definition takes into account the fact that a
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failure of a component can be contributing to the failure of the system, without
being critical. Lambert (1975) reviewed this measure and suggested another type
of measure called criticality importance.

In the spirit of the Vesely and Fussel importance measure, Natvig (1979) defined
a concept of importance measure based on the reduction in the remaining system
life-time due to the failure of a specific component. Bergman (1985) proposed
another measure related to this measure based on the expected life-time of a system.
A general expression of some importance measures is given by Xie (1987).

The above importance measures were introduced originally in reliability theory.
There are other importance measures that can be applied to reliability theory,
which originate in game theory. Park (1985) studied those importance measures in
the context of both areas. One importance measure, introduced as an importance
measure of a player in an n-person game, was suggested by Shapley and Shubik
(1954). This measure is based on the critical vectors of component c;. In fact, this
importance is equivalent to Barlow and Proschan’s structural importance.

Another measure of importance originally introduced in game theory is a mea-
sure suggested by Deegan and Packel (1978). Different from previously discussed
measures, this importance measure is based on minimal-path vectors associated with
component ¢;. The extension to the probabilistic interpretation of this measure was
done by Park (1985), and we call it Park importance.

The objective of this chapter is to survey these measures by introducing the
basic concept and properties of each measure. Some examples will be presented to
clarify the ideas. Interrelationships among some measures, as well as the application

of some measures to k-out-of-n systems, will be investigated.
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4.2 Birnbaum Importance

The Birnbaum importance measure is based on the critical vectors of com-
ponent c¢;, as defined in Definition 2.7. There are two situations considered in
Birnbaum importance measure: first, a situation where only the design of the sys-
tem is known, but no information is available about the component reliabilities of
the system; and second, a situation where both the structure and the component
reliabilities are known. In the first situation, the Birnbaum’s measure of importance
is called the structural importance of component c¢;; and for the second situation,

the measure is defined as the reliability importance of component ;.

4.2.1 Birnbaum structural importance

As stated in Definition 2.2, a component ¢; is called relevant to the structure
¢ when §;(x) = ¢(1;,x) — ¢(0;,x) = 1. Further, c; is relevant to the functioning of
¢ when (1 —z;)é;(x) = 1; that is, when z; = 0, and §;(x) = 1. It is relevant for the
failure of # when z,6;(x) = 1; that is, when z; = 1, and §;(x) = 1.

The structural importance of component ¢; for the functioning of structure ¢

is defined as
IzB(dJ, 1) = 2~ n Z(l - w,i)éi(x), (4.1)
X
and the structural importance of ¢; for the failure of 4 is defined as
Ig(6,0) = 27" X w;i(x). (42)
X

The summation of both structural importances is the definition of Birnbaum

structural importance. Formally, it is stated as follows:
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Definition 4.1 The Birnbaum structural importance for component ¢; in a system

with structure ¢ is
I5(4) =27 (*Lny(a), (43)

where
ng{)(i) = §i(x)= 3 [6(1;%) - 6(0;,%)]. (4.4)
feleiml}  {xlmi=l}
In fact, the definition of Birnbaum structural importance is the number of
critical-path vectors (or critical-cut vectors) associated with component c;, divided

by the number of all possible state vectors when z; = 1 (or when z; = 0).

Example 4.1 Consider a 4 component system with minimal-path vectors (1,1,1,0)

and (1,0,0,1). The structure function of this system is then

H(x) = T1T9Tg + T1T4 — T1TYTJLY.
The derivatives of this function with respect to z;, i = 1,2,3,4, are

81(x) = =zgr3 + 24 — 292324,
bo(x) =wzjzg — 123Dy,
63(x) =zyz9 — TyT9TY,
64(x) ==z — z 2913,
Using all possible values of z;, for i = 1,2,3,4, we obtain the Birnbaum im-
portance for each component as follows:

ih¢)=2"("=1) S 5 (x) =35/8,
{xiz1=1}
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Be)=2"""1) ¥ sx) =18,

{x:z9=1}
Be)=2""1) ¥ s3(x)=1/8,

{x:zxg=1}
13(¢)=2="1 T 5x)=3/s.

{x:iry=1}

Applying this measure to k-out-of-n systems, we find that all components in

this system are equally important, as stated in the following lemma.

Lemma 4.1 All components in k-out-of-n systems have the same Birnbaum struc-

tural importance.
Proof:

For a k-out-of-n system, é;(x) = 1 if and only if exactly k# — 1 out of n — 1
components other than ¢; are functioning. Therefore, the Birnbaum structural

importance of c; is

n-1

ey = 2= D (571, (4.5

which is the same for all ;. O
This lemma implies that the Birnbaum structural importance of all components
in series and parallel systems are also equal since series systems are n-out-of-n

systems and parallel system are 1-out-of-n systems.

4.2.2 Birnbaum reliability importance

Based on the structure function ¢, and applying equation (2.5), the system

reliability Ry(p) can be written as

E[¢(x)]

=
S
Ic)
I
-]
BN
K
I
-
I
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= Elz;6;(x) + p;(x)]
= p;E[é;(x)] + Elp;(x)),

where p;(x) is independent of p;. Then the derivative of system reliability with

respect to the reliability of component ¢; is

OR4(p)

. _ 00(x)
o = Elei(x)] = E|

Oz; I

The reliability importance of c; for the functioning of ¢ is defined as

) dR4(p) |
T (Rgs1) = BI(L = 2)6(x)] = (1~ pi) 50— (4.6)
and the reliability importance for the failure of ¢ is defined as
; OR4(p)
I5(R,0) = Efx;6(x)] = p;—o—. (4.7)

9p;
As with structural importance, the reliability importance of component ¢; is

obtained by summing I%(Rfﬁ’ 1)and I%(Rce,, 0), as stated in the following definition:

Definition 4.2 The Birnbaum reliability importance of component c; in the struc-

ture ¢ is

_ 2%s(p)
Op:

Ig(Ry) = E(6;(x)) = Ry(1;,p) - Ry(0;, p). (4.8)

One meaning of the Birnbaum reliability importance is the rate at which sys-
tem reliability improves when the reliability of component ¢; improves. That is, the
difference of system reliability when component c; is functioning and when compo-
nent c; is failed. Another meaning is the functioning probability of the system with

component c; is critical, given that the component is functioning,.
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Example 4.2 Consider the structure described in Example 4.1. Let the vector
P = (P1,P2,p3,P4) be the reliabilities of ¢;, for i = 1,2,3,4. The reliability function
of this structure is R¢(p) = p1P9P3 + P1P4 — P1P2p3P4. The Birnbaum reliability

importance of each component is as follows:

I5(Ry) = papy + Py~ P2P3PL,
I3(Ry) = p1p3 — P1P3PY;
I%(R¢) = P1P2 ~ P1P2P4;
I3(Ry) =p1 - p1p2p3-
The application of this measure to series and parallel systems is stated in the

following lemma.

Lemma 4.2 The most important component in series systems is the component
with the lowest reliability and the most important component in parallel system is

the component with the highest reliability.

Proof:
The reliability function of a series system is R¢(p) = l'l;-‘=1 pj- Therefore, the
Birnbaum importance of component ¢; is
, n
Ig(Ry) = Il »j = o H Pjs (4.9)
J# ti= _
which obtains its largest value at the smallest p;. Similarly, the reliability function
of a parallel system is R¢(p) =1- I'["i'___l(l - pj). Hence the Birnbaum importance
of ¢; is
Iz( Ry) = H (1- H (1 -pj), (4.10)
I, J =1
which obtains its largest value at the highest p;. O



56
4.3 Shapley-Shubik Importance

Shapley and Shubik (1954) introduced an index for measuring the voting power
of individuals, which is a special application of a general value concept introduced
by Shapley (1953) in n-person game. It is assumed that a voter’s value is the a
priori chance that he will be the last member added to turn a losing coalition into
a winning one. Taking this idea into systems context, we define this measure as an

importance measure of components in an n-component system as follows:

Definition 4.3 Shapley-Shubik importance of component c; in structure ¢ is

(z - 1(n - =z)!
n!

Iigle)= %
{x:z;=1}

where z is the number of nonzero elements in vector x, and n is the number of

§;(x), (4.11)

components in the system.

Different from the Birnbaum importance, where the same weight is assigned
to all possible values of é;(x), the Shapley-Shubik importance weighs each value of
6;(x) differently. The computation of this measure, for a relatively small system,
involves more terms than does the Birnbaum importance. However, using the re-
lationship between multilinear extension and the Shapley value, this computation

becomes much simpler. This relationship, as pointed out by Owen (1975), is

1
fO gi(tt,. .., t)dt = a;(9),

where g;(x) is the partial derivative of multilinear extension 94(x) with respect
to ;. The form of gd)(x) is the same as the Barlow-Proschan form of structure

function. So we can treat ¢(x) as g(x), and hence §;(x) as g;(x). By integrating
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6;(x) on the main diagonal ; = z9 = ... = zp = z of unit cube [0,1]?, we
can obtain the Shapley-Shubik importance. Further, for coherent structure, we can
replace the multilinear extension g¢(x) by the structure function #(x) of coherent

systems. Then the Shapley-Shubik importance can be written as
i 1
I 6(6) = fo 6,(z,2,...,z)dz. (4.12)
Example 4.3 Consider a system with structure function
#(x) = zyzory + 214 — T]T9T3T4.

Evaluating é;(x) at x; = z, for ¢ = 1,2, 3,4, we have

§1(z, 2, 2,2) = 22 4z - :1:3,

do(z, 2, 2,2) = 22 - :c3,

é3(e,z,2,2) = x2 — a:3,

3

bg(z, 2,2z, 2) =2 — 7.

Using (4.12), we obtain
Ikg(¢) = 1/12, I3g(6) =1/12, I3g(¢) =1/12, Ig(4) =3/12.

As with the Birnbaum structural importance, the Shapley-Shubik importance
is also equal for all components in k-out-of-n system as stated in the following

lemma.

Lemma 4.3 All components in the k-out-of-n system have the same Shapley-

Shubik importance.



Proof:

For k-out-of-n systems, ;(x) = 1 if and only if exactly ¥ — 1 out of n — 1
components other than ¢; are functioning. In this case, z is the cardinal of vector x
such that §;(x) = 1is equal to k for all ¢. Therefore, the Shapley-Shubik importance

for component ¢; is

If;;s(é) _ (k- 1)!(n—k)!(n—1) _ %, (4.13)

n! k-1
which is constant for all :. O

Obviously, this lemma is also applicable to series and parallel systems.

4.4 Barlow-Proschan Importance

Barlow and Proschan (1975) consider a time-dependent approach when defining
a component importance. They assume that if components fail sequentially in time
and tnat if two or more components have a vanishingly small probability of occurring
at the same instant, then one component must have caused the system to fail. Their
measure is essentially the conditional probability of system failure caused by the
failure of a given component. This measure reveals the relative extent to which
each component is contributing to system failure. The derivation of this measure is

based on the assumption of independent components.

4.4.1 Barlow-Proschan reliability importance

Let F;(t) be the continuous life distribution of component ¢;; and, as defined

in equation (2.36), let X;(¢) = 1 if ¢; is functioning until time ¢, and 0 if c; is failed
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before time ¢. The probability of ¢; functioning until time ¢ can be expressed by
PIX;(t)=1] = E[X;(0)] =1-F(t) = 5(1). (4.14)

Denoting the vectors of component reliabilities by S(t) = (S1(t), Sa(t),..., Sn(t)),

we can describe the system reliability as

Ry[S(t)] = P{p[X(t)] = 1} = E{[X(t)}}. (4.15)

The probability that at time ¢, the system is functioning if ¢; is functioning;

but it is failed otherwise, is given by

E{[¢(1;, X (1)) — ¢(0;, X (t))]}
R¢[12’,5(t)] - Rd)[oias(t)]' (4.16)

P{l6(L;, X(1)) = 6(0;, X(1)] = 1}

Thus, the probability that component ¢; causes the system to fail in interval (¢, ¢ +dt]

is given by

{Ry[1;,S(t)] — Ryl0;, S(t)]}£;(t)dt. (4.17)

Integrating this between 0 and ¢, we obtain the probability that component ¢; causes

the system to fail:

/01{34,[11‘, S(t)] = Ry[0;, S(t)]} fi(t)dt. (4.18)

The probability that the system has failed before time ¢ is then given by

n

> (R4l S(0)] - Bygloj, S (D, (4.19)
Jj=
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So the probability that component c; causes the system to fail in interval [0, 1],

given the system failure in [0, t], is

fg{qu[li’ S(u)] = Ry[0;, S(u)]}f;(n)du.
Sy (BRI, S(u)] - Ryl0;, S(u)]}f;(u)du’

(4.20)

Letting ¢ — ~c, and hence the denumerator becomes unity, then the numerator

of equation (4.20) is defined to be the Barlow-Proschan importance measure.

Definition 4.4 The Barlow-Proschan importance of component ¢; in a structure

¢ is defined as

Typ(Rg) = [ 1R 401;, ()] - Rgloy, SO i(t)et, (421)
where S(t) = [S1(t),...,S;_1(), S;+1(t)s. .., Sn(t)].

Basically, the Barlow-Proschan importance of component ¢; is the probability
of system failure because bf a critical cut set containing component ¢; failing, with
c; failing last. This measure has the following properties:

()0<Tgp<1
(2) £fy Igp =1
(3) If » > 2 and the intersection of supports of Fj (j =1,2,...,n) has positive

probability with respect to the product [[7:1 Fj(t), then 0 < IiBP <1

4.4.2 Proportional hazard case

It is difficult to compute I ¢ foran arbitrary F;. However, if we assume 5;(t)=
BP ) t

exp(—A;R(t)], for i = 1,2,...,n, i.e., proportional hazard distribution, where R(t)
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is the common hazard, then the calculation becomes more tractable. By a change
of variable, we may assume that R(¢) = {. So the Barlow-Proschan reliability

importance for ¢; in this case becomes

Definition 4.5 The Barlow-Proschan reliability importance for component ¢; in a

proportional hazard distribution, where S;(t)=exp(—A\;t), is defined as
Ifap(R¢) = /01[R¢(p’\1,---,p’\i“l,l,p’\i“,---,p’\")] ~
[Ry(pM,...,pN=1,0,p 1, pPryapPi—Ldp, (4.22)
where p = exp (—t).
Example 4.4 Consider a system with structure function
#(x) = ryrowg + T1T4 — ryzoTgTY.
For { =1 we obtain
Rg(11,S() = Sa(t)S3(t) + S(t) - Sa(t)S3()Sa()
_ pA2+A3 +p’\4 _ p’\2+’\3+’\4,
and Ry(0q,5(2)) = 0. By (4.22), the reliability importance of component ¢; is

1 -
Ihp(Ry) = [(p'2+38 4+ pM — pratAstda)phi-1gp

0
M LM M
/\1+A2+/\3 A1+ g /\1+/\2+)\3+)\4'

Similarly, for components ¢g, c3, ¢4, we obtain

2 _ g A2
IBP(R¢) T OAMF A+ A3 AL+ Ao+ Ag e+ Ny
3 A3 A3
I —
BP(R¢) A+ A2+A3  Ap+ A+ A3+ )y
A A
Thp(Ry) = 573 :

M+A A +Ag A3y
4 AltAtA3+Ag
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For series and parallel systems, Barlow and Proschan (1975) obtained the fol-

lowing formulations:

Lemma 4.4 Assuming component ¢; follows a proportional hazard distribution,

where §;(¢) = p’\i, then the Barlow-Proschan impbrtance of ¢; for series systems is

R n
IzBP = X;/ Z /\j; (4.23)
j=1
and for parallel systems, it is

Igp =M= S+ e+ (C)PT IO+ )T (429

J#i
4.4.3 Barlow-Proschan structural importance

In the absence of information concerning component reliabilities, it may be
reasonable to assume that component life distribution for all components in the
system are equal, that is, S1(¢) = S9(¢) = ... = Sp(t) = p. Assuming S;(t) = p for
all i, Barlow-Proschan reliability importance is defined to be the Barlow-Proschan

structural importance, or

Definition 4.8 Barlow-Proschan structural importance for component ¢; in the

structure ¢ is defined as
; , 1
Ip(9) = [ [Ro(1;,P) = Ry(0;, P)ldp, (4:25)
where p = (p,p,...,Dp).

Example 4.5 Consider Example 4.4. By setting A\{ = A9 = A3 = Ay = 1, we

obtain the Barlow-Proschan structural importances for ¢y, cg,c3,cq as

Igp(9) = 1/12, Igp(é) = 1/12, IHp(4) =1/12, I4p(6) =3/12,
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where the order of these values agrees with the order of the Birnbaum structural

importance described in Example 4.1.

In fact, Barlow-Proschan structural importance coincides with the Shapley-
Shubik importance. The following lemma was given by Park (1985), which is equiv-

alent to Theorem 4.1 of Barlow and Proschan (1975).

Lemma 4.5 When S;(t) = p; = p for all i = 1,2,...,n, the Barlow-Proschan

measure is the Shapley-Shubik measure.

Proof:

From (2.32) we know that

Ry(p1r---pn) = 5 IT £;%i(1 - py) 1% g(x). (4.26)
x ;=1

When p; =p, fori=1,2,...,n

R¢(p,.. 1 p) = pr(l —p)n—x‘b(x)’ (4.27)

X
where z is the number of nonzero elements in path vector x. The reliability function

when component ¢; is functioning is

(1;,p) = zpw L1 - p)"24(1;,x); (4.28)

and the reliability function when component ¢; is failed is

R4(0;,p) = zx:pw—la —~ P T 4(0;,%). (4.29)

The Barlow-Proschan structural importance is then

Ihp(#) = [y ToPTHA- AT X - 0N (430)
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= D [6(1;,%) - ¢(0;,x)] /(.)1 "l -p)"Tdp (4.31)

= 3 O e, - o050 (432)
> (== l)i(!n — 7:)!6-;'(30, ‘ (4.33)

where (4.32) is due to the solution of Euler’s first integral. O

In fact, equation (4.33) can be written as

n-—1
r—-1

Igp(9) = é:ln'l( )-nr(i), (4.34)

where nr (i) is the number of critical-path vectors of size r associated with compo-
nent c¢;. This representation leads us to a comparison between the Barlow-Proschan

measure [ lB p(#) and the Birnbaum measure I‘B(da)

From Definition 4.1, the Birnbaum measure is

. : n
Ige)=2-") 3 gx) =21 3 40). (4.35)
{xl:cz'=1} r=1
~1\—1
Clearly, the Barlow-Proschan structural importance attaches a weight n—! (Z_“%)

to np(i) that depends on the size of critical path-vectors, whereas the Birnbaum

measure attaches a common weight of 2-(r-1) ¢4 ne(2).

4.5 Lambert Importance

Lambert (1975) suggested an importance measure which is called criticality
importance. With this measure, the importance of component ¢; is defined to be
the conditional probability that a system is in a state at time ¢ in which component

c; is critical and has failed given the failure of the system to which the component
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pertains. In terms of reliability functions and the failure distribution of component

c;, this measure is formally stated as follows:

Definition 4.7 The Lambert importance of component c; in the structure ¢ is

defined as

_ [Rp(14,5(2)) — Ry(0;, S(1)) Fy(2),
= 1 Ry(S(2))

where Fj(t) is the failure probability of ¢; at time .

(4.36)

Suppose that at time ¢, the functioning probability of component ¢; is S;(t) =
p;- Then we can write this measure as

i [Ry(1::p) — Ry(03,p))(1 —p;) I
L= 1 - Ry(p) ~ B Qyp)

(4.37)

where I% is the Birnbaum reliability importance for component ¢;; g; is the unre-

liability of component c;; and Q¢(p) is the unreliability of the system ¢.
Example 4.6 Consider the system with the following reliability function:

R4(p) = p1p2p3 + P1P4 — P1P2P3P4.
The Lambert importance for each component is as follows:
I}(Ry) = q1(pap3 + P4 — Pop3ps)/(1 — P1P2P3 — P1P4 + P1P2P3PA)

I3 (R,
R

) = qa(p1p3 — P1P3P4)/(1 — p1P2P3 — P1P4 + P1P2P3P4)
I3 #) = a3(p1p2 — p1P2p4)/(1 — P1P2P3 — P1P4 + P1P2P3P4)
)

I}(Ry) = a4(p1 — P1P2P3)/(1 — P1POP3 — P1P4 + P1P2P3P4).

The application of this measure to series and parallel systems is stated as
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Lemma 4.6 In series systems, components with the lowest reliability have the
highest Lambert importance; whereas in parallel systems, all components have the

same Lambert importance.

Proof:
The reliability function of series systems is R(p) = I'[;-lzl Pj, so that Q(p) =

1- 1'13"=1 Pj- The Lambert importance of component ¢; is then

I = ¢I5/Q(p)

= ¢ I p;/(1 - I p;)
i ’

1

n
J‘:

= (7t -1 11 »j/(1 - TI 2)),
j=1 j=1

which obtains its largest value at the smallest p;. For parallel system, the reliability
of this system is R(p) = 1 — I’[;‘zl(l - pj), so that Q(p) = }?21(1 - pj). The

Lambert importance of component ¢; is then

I = ¢I4/Q(p)
n

(1-p) [T -p;)/ TI 2 -p))
i j=1

IMa-2)/ TT-p)=1,
j=1 j=1

which are the same for all components in the system. O

4.6 Natvig Importance

Natvig (1979) proposed another kind of importance measure. He suggested

that the importance of component ¢; is proportional to the expected reduction in
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the remaining life-time of a system due to the failure of this component. This

measure is stated as follows:

Definition 4.8 Let Z; be the reduction in the remaining system life-time due to
the failure of component ¢;. Then the Natvigimportance for component c; is defined

as

I = E(z)
! 23?':1E(Zj)

with tacitly assuming that E(Z;) < o0 fori =1,2,...,n.

(4.38)

It is obvious that this measure has the following properties:
(1)0< Iy <1and

@) Py Ty =1,
which are also true for the Barlow-Proschan measure. Natvig (1979) provided the

formulation of the expected reduction in the remaining life-time of component ¢; as

EZ) = [7 ¥ I F® " isin% (4.39)

(w5,%) i
e w) - R s a,  (sa0)
where
R(Hf(u)) = Plo(X(t +u)) = 1|/X(¢) = x] (4.41)
Hif(u) = (Hy Y (u), .., (HER () (4.42)
Hiy = Si(t+u)/S;(t), H)y(w) =0, (4.43)

The application of this measure to series and parallel systems is given by Natvig

(1979) in the following lemma.
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Lemma 4.7 The Natvig importance for series systems is defined as

°°S'(v)ln(.5'i(v))]'[j¢i (v)dv

I 4.
N = S 760 5,(0)n(5,0)) [ 2; 55 ()’ (4.44)
whereas for parallel systems it is
S-(v)ln.(si('v))r[]#z (v)dv (4.45)

N = ST S ST (5 By (0

The computation of this measure for arbitrary distribution is very complicated,

except for a special type such as proportional hazard distribution. The Natvig

measure was furher studied by Natvig (1982, 1985) and Aven (1986). A result from
Natvig (1985) is that I y can be expressed as

fi IS S =tn(S; ()} s (w45)

TSR IR Si(e){~In(Si(0) Hpdv

which is a function of Birnbaum measure Ib.

4.7 Bergman Importance

Bergman (1985) proposed an importance measure based on system life-time.
He assumes that a component is the most important in a system if a small improve-
ment in its reliability performance, gives the best improvement of system reliability
performance.

Let 7{,...,7n be the random life of the n components in the system and let
Fy,...,Fn be the corresponding life distributions of these components, which are

assumed to be continuous. Then the expected system life is written as

B(rg) = [ Plrg > t)dt = [ E(s(X(t))dt (4.47)
fooo Si(t)gdt + /000 E(0;, X(1))dt. (4.48)
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Let T be the life of the system when component ¢; is replaced by a component

with life distribution G;. The difference in expected life length is then
A; = E(Td),i) - E(‘r¢). (4.49)

Representing the small component reliability improvement with the replacing
life distribution G;, a natural importance measure is the ratio of A; to the summa-
tionof A;, fori = 1,2,...,n. By studying the reduction of expected system life-time
due to the infinitessimal scale change of the life distribution of ¢;, Bergman (1985)

defines an importance measure which can be stated as follows:

Definition 4.9 The Bergman importance of component ¢; is defined as

J§° g (1dFy(t)
= I tIg(t)dF;(t)

Igp = (4.50)

This measures coincides with Natvig’s measure va when life distributions are
Weibull with the same shape parameters. An application of this measure to series
and parallel systems under exponential distribution is made by Bergman (1985) in

the following lemma.

Lemma 4.8 If the life distributions are exponential with failure rates Aq,..., An,

and the system is a series, then

. n
Igp e N/(3 2% (4.51)
j=1

and if the system is parallel, then

Igg o M2 = SO+ 2072+ + (0P L 4o+ 20) 72 (452)
j#i
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4.8 General Reliability Importance

In general, for nonstructural importance measures, a reasonable requirement
of a measure is that it indicate how important the components are with respect
to the chosen system reliability performance measure. Bergman (1985) listed some
different reliability measures of systems, with respect to which it may be adequate
to measure the reliability performance of a system in different situations:

1. Survival probability at time ¢, P(‘r¢ > tg). This reliability performance measure

is suitable if we want to assure that the system is functioning during a critical time
interval (0,¢). This measure may be generalized to P(Td) > t2|‘r¢ > t1), if the
critical interval is (t7,19).

2. Expected life, E(TQ). This is the natural measure if we want a long life of the
system rather than a high survival probability during a certain time interval.

3. Expected restricted life, E(min(rd,, T)). This measure may be of interest in the

same type of cases as the one above, but a finite time horizon T exists, after which
the reliability of the system is of no interest, for instance because of obsolescence
due to economic or technical reasons.

4. Discounted expected life, E(1 — e_ard’) /a. Sometimes a failure late in the life of

the system is not judged as critical as it would have been if the failure had occured
early. This may be an effect of obsolescence.

5. Expected yield, E(Y(T¢)). Assuming Y(.) to be an increasing random process,

the expected yield during the sytem life-time is a natural performance measure in
many situations.
He also pointed out that survival probability P(TdJ > t(), expected life E(Td))’

and discounted expected life E(1 — e—a-r¢) /o, are special cases of expected yield
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E(Y(‘r¢)). Based on this fact, Xie (1987) developed another measure as a general

form of importance measures of this type.

Definition 4.10 For any given yield function Y(#), the general importance (Xie

importance) of component c; in a system is defined as

I = /O ¥ (t). Iy (H)dFy (1) E(Y"), (4.53)
where
By =3 [Cv).L dFy(t) = [ Y!(t)dF(t), (4.54)
VAR Lty

and F(t) is the life-time distribution of the system.

As a special case, when Y (t) = tP*1 for some constant p 2> 0, this measure

then becomes
Iy x [0 P I (8)dFy(2). (4.55)

When p = 0, this measure turns out to be the Barlow-Proschan measure; and when

p =1, it coincides with the Bergman measure.

4.9 Deegan-Packel Importance

Deegan and Packel (1978) proposed an importance measure for a player in an
n-person game. This measure is based on generating vectors. In the reliability
context, we can express this measure in terms of minimal-path vectors.

Let M(¢) = {= j }5-"’_:1 be the set of minimal-path vectors of a structure function

¢. Define the subset M;(¢) of M(¢) as

M;(¢) = {zJ P = 1},
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where % is the ¢-th coordinate of minimal-path vector z;. This set is interpreted

as the set of minimal paths passing through component c;.

Definition 4.11 The Deegan-Packel importance for component c; is defined as
i , 1 1
Ipp(9) = — > = (4.56)
sz]\/Ii “J
where m is the number of minimal-path vectors of structure ¢; and %5 is the number

of nonzero elements in vector z je

It is originally interpreted as the payoff expectation for player i for participating
in forming the set of minimal winning coalitions in a simple n-person game. The
following assumptions are used in defining this measure:

(1) Only minimal winning coalitions will emerge victorious;
(2) Each minimal coalition has equal probability of forming; and
(3) Players in a victorious minimal winning coalition divide the spoils equally.

Park (1985) interprets this measure as the probability of being selected when a
minimal-path vector is selected at random from the set of all minimal-path vectors
whose i-th coordinate is 1, followed by a random selection from among the nonzero
coordinates of the selected minimal-path vector.

Suppose, in systems context, we can assume that: (1) only minimal-path vec-
tors will emerge from the functioning of the system, (2) each minimal-path vector
has equal probability of forming, and (3) components in a minimal-path vector have
equal probability of functioning. Then we can use this measure to determine the

importance of a component in a particular system.

Example 4.7 Consider the system described in Example 4.1. The set of minimal-
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path vectors for this structure is P(9) = {z1,29} = {(1,1,1,0),(1,0,0,1)}, so that

P, ={(1,1,1,0),(1,0,0,1)} Py ={(1,1,1,0)}
Py ={(1,1,1,0)} Py ={(1,0,0,1)}.

Hence, the Deegan-Packel importance for ¢y, c9,c3,c4 are
1 _ 2 3 _ 4
Ipp=35/12, Ipp=1/6, Ipp=1/6, Ipp =3/12.

As the Birnbaum importance, Shapley importance, and Lambert importance,
the application of this measure to k-out-of-n systems gives the result that the im-

portance of all components in this system are the same.

Lemma 4.9 The Deegan-Packel importance of all components in k-out-of-n sys-

tems are equal.

Proof:
j in a k-out-of-n system has & nonzero elements and
n — k zero elements. There are (Z“) minimal-path vectors in M and (z:%) minimal-

= k,m = (1), and m; = (371). The Deegan-Packel

A minimal-path vector z

path vectors in M;. Hence, z j

importance is then

i

; 1 1 (n-1\1
hp=—rc T -=-—( )—=1/n
DpP A 1/ ’
(&) o;edr® (R)\k-1
which is equal for all ;. O

4.10 Park Importance

Park (1985) suggested an importance measure as an extension of the Deegan-

Packel importance. His argument is that the probabilistic interpretation of the
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Deegan-Packel importance is based on the assumption of uniformity. If we consider
X; as an independent binomial random variable, such that P(X; = 1) = p; and
P(X;=0)=1-p; fori =1,2,...,n, then the uniformity assumption is no longer

in effect.

Definition 4.12 Assume that the probability of forming a particular minimal-path

vector z; is

noo...
~ l_z e

Py = IIp70(1-p;) 700 (4.57)

=1
Then, the Park importance of component ¢; in structure ¢ is defined as

. Pz . 1

Ip(9) = “_57.5—"7‘1,—":, (4.58)
szAfi ~j=1"%3%

where M; = {zJ- P o= 1}; and m is the number of minimal-path vectors for

structure o.

Example 4.8 Consider the structure in previous examples. The minimal-path
vectors of this structure are z; = (1,1,1,0) and z9 = (1,0,0,1). Let P =

(p1,P2,P3,P4), so that Poy = pypap3(l — pg) and Prg = p1(1 — pa)(1 — p3)p4.

The Park importance for component ¢y, ¢9,cg,¢c4 are then

Il - le + Pz2

P 3(Pz1 +P22) 2(P21+P22)’
2 - Pa

P = 3(Pyy + Poy)’

B _ _ P

p 3(Pzy + Pag)’

no_ P Pap

b =

+ .
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When p; = pg = pg = pg = 1/2, we obtain the Deegan-Packel importance, as

shown in the above example.

The following lemma and corollaries show an application of this measure to

k-out-of-n systems.

Lemma 4.10 Park importance of component ¢; in k-out-of-n systems with un-

equally reliable components can be expressed as

m; *
1 ~i=1 n{z::jl,i=1}pz

h=;
P~ vm . *
k =1 n{z::jl-:l}pz

(4.59)

where P,:': = pi/(l —p,i), mp= (Z:%), and m = (z) .
Proof:

A minimal-path vector z jin k-out-of-n systems has exactly k nonzero elements

and n — k zero elements. There are (Z) minimal-path vectors for this system, where
(z:%) of them are minimal-path vectors with 1 = 1. Hence 3= k,m= (7,:),

and m; = (Ti:%) Note that j; is the index of minimal-path vectors z; in the set

My, that is M) = {zjl : :ijl =1}

The probability P, ; can be written as

PzJ' = H (l—pi))( H pi)

{i::jz':l} {i::ji=0}
= L)L - )
{i::g=1} 1-p" 5

= ( II sXITC-m)
{i::ji=1} =1
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where p;‘ = p;/(1 — p;). Therefore, from Definition 4.12, we obtain

(Mgi:zjy=13 PO (T - 23D
my
1 Zip=1 H{i=:j,i=1} P

L. s m * 9
b Eie M =1y

which verifies (4.59). O

Corollary 4.1 The Park importance for component ¢; in series systems is

1
rh = = (4.60)

and the Park importance for component ¢; in parallel systems is

l P?
I'p = ——+——, 4.61
PoSi, o ol

Proof:
i y — * _ .. X _ N ¥
For series systems, & = n and H{i:zjlizl} p; = H{l::ji=1}pi = II;_, P}
Substituting these quantities into (4.59) we obtain (4.60). For parallel system k& = 1,
n{'i‘:jli=1}p? = p;‘, and H{i::ji:l}p? = p:‘ Substituting these quantities into
(4.59) we obtain (4.61). 0

Corollary 4.2 The Park importance of all components in k-out-of-n systems with

equally reliable components are equal.

Proof:
When the system has equally reliable components, then p;‘ = p/(1 — p); and
. ’!‘ = . %‘. 1 N H ) ]
hence, H{“:jli:l}p‘ n{'“zji:l} p; - Substituting these into (4.59), we obtain

I}_-, = 1/n, which is equal for all /. O
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These corollaries show that component reliability p; in series systems, where all
components in the system are equally important, has no effect to the Park impor-
tance. However, in parallel systems, component reliability pl provides a contribution
to the importance of that component, where a component with the highest relia-
bility is the most important component according to this measure. In k-out-of-n
systems, when all components have the same reliability, the importance of these

components are also the same.

4.11 Vesely-Fussel Importance

Vesely (1972) introduced the concept of component importance later described
by Fussel (1975). Lambert (1975) reviewed this measure and called it the Vesely-
Fussel importance. The idea of this measure is that it is possible that two or more
cut sets could have failed when a system has failed. In this case, restoring a failed
component to a functioning state does not necessarily mean that the system is
restored to a functioning state. Hence, it is possible that a failure of a component
can be contributing to system failure without, its being critical.

Component ¢; contributes to system failure if a cut set containing ¢ has failed,
that is, a structure function of a subsystem based on all cut sets containing compo-

nent c; has failed, i.e.,
T

ex()= [T~ JI «Q-z®)=0o, (4.62)

]=1 {l:u’]lz()}
where r; is the number of minimal-cut sets consisting of component c;. The prob-
ability that component c; is contributing to the system is the probability that

structure ¥;(x(t)) is equal to 0. Vesely-Fussel importance is defined to be the prob-
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ability that component ¢; is contributing to system failure, given that the sytem

has failed by the time t, that is

Definition 4.13 The Vesely-Fussel importance of component c; in structure ¥ is
defined as

[ _ Plx() =0)
VE = p(y(x(t)) = 0)’

where ¥;(x(?)) is given by (4.62).

(4.63)

Example 4.9 Consider a system with minimal-cut vectors {(0,1,1,1),(1,0,1,0),

(1,1,0,0)}. The structure function of this system is
¥(x) = 2292y + Ty 24 — 2 TYTYTY,
so the unreliability of the system is

P(¥(x) = 0) = 1 — pypap3 — P1P4 + P1P2P3P4-

The structure functions ¥;(x), for i = 1,2,3, 4, are then

P1(x) = =
Yo(x) = zg+z4— o1y
Yg(x) = zg+zy4— 324

ba(x) = zgeg+ 4 — 2223245
and the unreliabilities of these subsystems are
P(¥1(x)=0) = 1—-p
P(yg(x) =0) = 1-pa—pg+papry
P(¥3(x) =0) = 1-pg—ps+papy

P(ipg(x) =0) = 1-pgp3 — pg + papr3Py4-
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Hence, the Vesely-Fussel importance of component ¢;, i = 1,2,3,4, is

g = (1-p1)/(1 - p1p2p3 — p1P4 + P1P2P3P4)
Iy = (1-pg—pg+paps)/(1 - p1PaP3 — P1P4 + P1P2P3P4)
I p = (1-p3—py+p3pa)/(l - p1Pap3 — PLP4 + P1P2P3IPA)

Ié’F = (1 - pop3 — P4 + P2P3P4)/(1 — P1P2P3 — P1P4 + P1P2P3P4)-
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5 THE MONOTONICITY OF COMPONENT IMPORTANCE
MEASURES

5.1 Introduction

In Chapter 4, several measures of component importance have been surveyed,
and the behavior of some of these measures in k-out-of-n systems have been inves-
tigated. Basically, in terms of system structure, these measures can be categorized
as importance measures based on critical vectors, importance measures based on
minimal-path vectors, or importance measures based on minimal-cut vectors. The
first type of measure includes the Birnbaum measure and all measures involving the
Birnbaum measure. The second type of measure includes the Deegan-Packel and
Park measures, and the third type includes the Vesely-Fussel measure.

This chapter is devoted to studying the behavior of these measures in lin-
ear consecutive-k-out-of-n systems. For the first type, we include the Birnbaum
and Barlow-Proschan measures, for the second type, we include the Deegan-Packel
measure, and for the third type, we include the Vesely-Fussel measure. Specific
formulations of these measures for linear consecutive-k-out-of-n systems, under the
assumption of component independence, will be derived.

Before proceeding with this study, we need to clarify the term “monotonic-

ity.” As mentioned in Chapter 1, an importance measure of a component in linear
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consecutive-k-out-of-n systems is said to be monotone if the value of this measure
is nondecreasing when the component gets closer to the center of the system. For-

mally, it can be stated as

Definition 5.1 An importance measure I* for component c; in linear consecutive-

k-out-of-n system is said to be monotone if it satisfies
iogj 1 . 1 .
I' > I when |§n -l < |§n -7l (5.1)

Otherwise, it is called nonmonotone in this system.

5.2 The Monotonicity of Birnbaum Importance in Linear

Consecutive-k-out-of-n:G Systems

As mentioned in Chapter 4, the Birnbaum importance of a component in a sys-
tem depends on the availability of information about the reliability of that particular
component in the system. If the reliability of the component is available, the mea-
sure is called reliability importance; otherwise it is called structural importance. In
fact, the structural importance is a special case of the reliability importance where
the common reliability of all components is a half. In this chapter, we will use
the Birnbaum reliability importance to measure the importance of a component in
linear consecutive-k-out-of-n systems.

Let Ri(p,t — 1,k) be the reliability of a linear consecutive-k-out-of-(i-1):G
system consisting of components 1 through component ; — 1, and let R’G(p,n -
i,k) be the reliability of a linear consecutive-k-out-of-(n-i):G system consisting of
component i + 1 through component n. The following lemma gives the expression

of Birnbaum importance for linear consecutive-k-out-of-n:G systems:
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Lemma 5.1 The Birnbaum importance of component ¢; in a linear consecutive-k-

out-of-n:G system with unequally reliable components is

i 1 . .
Iy = zTi[RG(p,n,k) — Ra(p,i—1,k) — R g(p,n — i, k) +

RG(p’z - l’k)R,G(p7n - i’k)]' (52)

The proof of this lemma can be found in Zhang (1988) and is based on the
pivotal decomposition of the reliability function Rp(p,n,k) and the definition of
linear consecutive-k-out-of-n:G systems. His work is parallel to the work of Pa-
pastavridis (1987) on the Birnbaum importance of linear consecutive-k-out-of-n:F
systems. The following theorem shows that the Birnbaum importance is monotone

in this system for k < n < 2k.

Theorem 5.1 In a linear consecutive-k-out-of-n:G system with equally reliable
components, where py = py = ... = pp = p, the Birnbaum importance is monotone

when k < n < 2k.

Proof:
If all components are equally reliable, ie., py = pp = ... = pn = p, then

R’G(p,n —i,k) = R(p,n — i, k), so that (5.2) becomes

Lo

IB [Rg(p,n,k)—RG'(p,i—l,k) —RG(p"n—ivk)+

RG(p,i - l,k)RG(p,n - i,k)]' (5'3)

-

Consider the case where n = 2k. For i < k, Rci(p,i — 1,k) = 0, implying that

[RG(P’ n, k) — RG(Pa n—i, k), (5.4)

; 1
Iy ==
B p
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which increases from component 1 to component k since Re:(p,n — i, k) decreases
on i in this range. For i > k + 1, Riz(p,n — i, k) = 0, implying that

Iy = %[RG(p,n,k) — Re(pi — 1, k)], (5.5)
which decreases from component k+1 to component n since Rgy(p,i—1, k) increases
on i in this range.

Now, consider the case when n < 2k. Fori <n—k+1, Rp(p,i — 1,k) =0,
implying that I% is equal to (5.4). Thus, I’:B'is increasing on ¢ in this range. When
i > k, Riz(p,n —i,k) = 0, implying that I% is equal to (5.5), which is decreasing
on i in this range. It is obvious that for n = 2k — 1, component ¥ and component
n—k +1 are the same component and that there is no component in between them.
For n < 2k — 1, however, there are components in between component n — k + 1
and component k. The values of I% for these components are equal since both
Rei(p,t — 1,k) and Re(p, n — i, k) are vanished. Further, these values are equal to
Ig_k'H, as well as to I%. a

The behavior of the Birnbaum importance in linear consecutive-k-out-of-n:G
systems, especially for n > 2k, is interesting in the sense that even if the reliability of
all components in the system are equal, numerical study shows that the importance
of all components between component & and component n — k + 1 are not equal.

Regarding the linear consecutive-k-out-of-n:G system, we would suppose, on
heuristic ground, that the importance of components in this system is greater, the
nearer the component is to the center of the system. However, using (5.3), it can
easily be seen that for n > 2k, the Birnbaum importance increases steadily only
from component 1 to component k and from component n to component n — k + 1.

A drop occurs from component k to component k + 1, and also from component
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n —k + 1 to component n — k. The nonmonotonicity of the Birnbaum importance
will be studied throughout the investigation of the importance of these particular
components.

The next theorem shows that, for 2k +1 < n < 3k +1l,orforn > 3k + 1
where (1 — pk )k > 1 — p, the importance of the k-th component is always greater
than the importance of the k + 1-th component. Hence, by the symmetry of linear
consecutive-k-out-of-n:G systems with equally reliable components, the importance
of the n — k + 1-th component is always greater than the importance of the n — k-

th component. Before we proceed with the theorem, we will prove the following

lemmas:

Lemma 5.2 In the linear consecutive-k-out-of-r:G system with & > 2 and all com-

ponents equally reliable with reliability p, if # < r < 2k then

QG(p,T,k) >
QG(P,T - k’k)

q. (5.6)

Proof:

In proving this lemma, we use the abbreviated notation Q(;) in place of
Qc(p,Jj,k). First, look at the range k < r < 2k — 1. In this case Q(r — k) =1
because in this range (r — k) is less than k. This simplifies inequality (5.6) into

Q(r) > q. Using equation (3.43), we can write Q(r) as
Qr)=1-[(r - k)1 -p) + 1", (5.7)

So, we need to show that 1 — [(r — &)(1 — p) + I]pk > ¢, which is equivalent to

showing

[(r = k)1 —p) + 15" < p. (3.8)
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The left-hand-side of (5.8) is maximized over the range k < r < 2k—1, at r = 2k—1.

Denoting this maximum by f(k), we find
F(k) = [(k = 1)(1 = p) + 11" = [k = (k - 1)plp". (5.9)
This function decreases in & since
Flk+1) = (k) = [k +1-kplp"F! k= (k- 1)plp
= —kp*1-p)2 <o, (5.10)
so that f(k) is maximum at k = 1, where f(1) = p. So, for k > 2, the value of f(k)
will always be less than p. This shows that (5.8) holds, which was to be verified in

order to show that (5.6) holds in the range k < r < 2k -1, or

Q(r)
Q(r — k)

For » = 2k, we need to show that

>q for r=kk+1,...,2k - 1. (5.11)

Q(2k) > qQ(k). (5.12)
From (3.43) and (3.45) we know that Q(2k) = Q(2k — 1) - qp* and Qk)=1- k.
Substituting these into (5.12), we get Q(2k — 1) > g, which is true by (5.11) for

r = 2k — 1. Consequently, we can conclude that
Q(r)
Q(r — k)
which verifies (5.6). O

> gq holds for r =k,k+1,...,2k, (5.13)

Lemma 5.3 In the linear consecutive-k-out-of-r:G system with & > 2 and all com-

ponents equally reliable with reliability p, if » > 2k, the inequality

Qa(p,r k)
Qglp.r —k,k) ~ 2

(5.14)

holds if (1 — p*)F > 4.
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Proof:
The abbreviated notation Q(j) will also be used in place of Q(p, j, k). From

(3.43), we can write Q(r) = Q(r - 1) - Q(r — k - l)qp , so that the ratio of Q(r)
to Q(r — 1) is expressible as

e R 1)
Furthermore, the ratio of Q(r) to Q(r — k) can be written as
Q) __QU-k+1)QUr-k+2) Q-1 Q) o
Q(r — k) Qlr-k) Q(r-k+1) "Q(r-2)Q(r-1)
and using (5.15), this ratio can be expressed as
o IR e L o s LI
(1- ——————Q(r(- ¢ 2)2)41)"')( ——-———Qg(; ‘ I)l)qpk) (5.17)
ﬁ r_zk—“”) ap®). (5.18)

=1 Qlr—k-1+ z)
Equation (5.18) shows a recursion relationship between Q(r)/Q(r — k) and &
“previous” ratios Q(r — 2k — 1 +1¢)/Q(r — k -1 +i), for ¢ = 1,2,...,k. This
relationship can be used to obtain the ratio Q(r)/Q(r — k) for r > 2k + 1.
Starting with r = 2k + 1, we write (5.18) as

QEk+1) _ f QG &
5.19
(L+1) E k+z)‘”’) (5.19)
Note that (5.13) can be written as
QE+E) o0 for i =0,1,2,... .k, (5.20)

Q(:)
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which is equivalent to

QF _1 .
Q(k+i)<q’ for i =0,1,2,...,k. (5.21)
Applying these inequalities, for i = 1,2,..., k, to (5.19), we obtain
Q(2k +1) L kk keyk
——=>(1-- =(1- . 5.22
Q1 1) ( g =0-r) (5.22)
Consequently, the inequality
Q(2k + 1) .
0+ 1) > (5.23)

holds if (1 — )I” > g. Hence, for p and &, such that (1 — k)k > ¢, the inequality

(5.6) holds for r = k,k +1,...,2k 4+ 1, which, in terms of ¢, can be written as

Q(k +9) .
———">gq, for i=0,1,2,...,k+1. 5.24
Q(l) ‘1 b) ( )
This is equivalent to
Q(2) 1 : -
~< -, for i=0,1,2,...,k + 1. 5.25
Q(k+i) "4 (5.25)

This completes the analysis for r = k + 1. For r = 2k + 2, we will write (5.18) as

k k+1
%((2L : 22 H (1~ (lzc(+) z)q”k) (5.26)
Applying (5.25), for i = 2,3,...,k + 1, to (5.26), we obtain
2k +2 ,
> (- gy = - by, (5:27)
and hence
Q2k +2) (5.28)

Qk+2) =
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when (1 — plc )k > g; in other words, we can conclude that for p and k, such that

(1- pk)k > ¢, the inequality (5.6) holds for » = k,k +1,...,2k 4 2.

For » > 2k + 2, the above procedure can be used inductively to show that

Q(r)/Q(r — k) is greater than ¢ when (1 — pk)k > q, by showing that the truth of

(5.6) for k < r < s implies the truth of (5.6) for k < r < s+ 1.

In particular, then, let us assume, for » = s, that

Q(s — 2k + i)

0G-k<)) >q for 1 =1,2,...,k,

which is equivalent to

Q(s—k+1)

O(s =2k +4) °

1
- for i=1,2,...,k.
q

Using (5.18), for r = s + 1, we obtain

Qs+1) _ fr o Qs-2+i) 4
Q(s—k+1)—i£11(1— oG —k+n P )

and applying (5.30) to (5.31), we obtain

Q(s+1) T kvk _ g _ kyk,
m/(l-qqp) =(1-p")%

hence,

Q(s+1)
OG—k+1) ¢

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

for p and k such that (1 - pk)lc > ¢, which completes the proof that (5.6) holds

under the given condition. O

Computer simulation study shows that the inequality (1 - pk )Ic > q for the

condition of this lemma holds for p < 0.61803. However, for p > 0.61803, it requires
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that k& be large. For example, if p = 0.75, then k should be greater than 4, and, if
p = 0.9, then k should be at least 22. The required values of k increase rapidly for
p > 0.9. Also, the study shows that the restriction on p and % in Lemma 5.3 can

be relaxed, but no corresponding analytical proof has yet been developed.

Theorem 5.2 In linear consecutive-k-out-of-n:G systems with k£ > 2 and all com-

ponents equally reliable with reliability p, the inequalities
% > 1B+ and 1y < kL (5.34)

are true if one of the following conditions holds:
(1)2k+1<n<3k+1,0r
(2) n >3k +1and (1 -pF)* > 4.

Proof:

Here, we use the abbreviated notation R(j) in place of R¢(p,j, k). For p; =
P2 =...=pp =p, R'(n—1i) is equal to R(n —i). Hence, the Birnbaum importance
in (5.2) becomes I = [R(n) — R(i — 1) — R(n —4) + R(i - 1)R(n — i)]/p. The
importance of the k-th component is then

k

I = =[R(n)- R(k—-1) - R(n—k)+ R(k - 1)R(n — k)]

Wiy

(R(r) — R(n — k)] (5.35)
because R(k — 1) = 0, and the importance of the k + 1-th component is
k+1 _ 1
I = ;[R(n) — R(k) — R(n — k — 1) + R(k)R(n — k — 1)]. (5.36)
From equation (3.43) we know that

R(n—k) = R(n —k — 1) + (1 - R(n — 2k — 1))gp"; (5.37)
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and hence
R(n—k—1)=R(n - k) - (1 - R(n — 2k - 1))gp". (5.38)
Substituting (5.38) into (5.36), we get
Al o %[R(n) _ R(k) - R(n — k) + (1 — B(n — 2k — 1))gp"
+R(k)R(n - k — 1)). (5.39)

The difference between the importance of the k + 1-th component and the impor-

tance of the k-th component becomes

JLAR ] i{u — R(n — 2k — 1))gp" — R(k)(1 — R(n - k — 1))]
= PP lg(1 - R(n -2k ~1)) = (1 - R(n — k = 1))]
= PP leQn -2k ~1) - Q(n - k - 1)]. (5.40)

This difference is negative when
qQ(n—-2k-1)-Q(n—-k-1)< 0 (5.41)

that is, when

Qn—k-1)
Om—-2k-1)" 7

(5.42)

which is seen, in view of Lemma 5.2 and Lemma 5.3, to hold under the given
conditions by the substitution of » = n — k — 1. By virtue of the symmetry of linear
consecutive-k-out-of-n:G systems, the inequality I%_k'H > Ig'k is consequently
true. O

This theorem establishes the nonmonotonicity of Birnbaum importance in “G”

systems for n, p, and k on the range in question. Next, we investigate the monotonic-

ity behavior of the Birnbaum measure in linear consecutive-k-out-of-n:F systems.
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5.3 The Monotonicity of Birnbaum Importance in Linear

Consecutive-k-out-of-n:F Systems

The analysis for linear consecutive-k-out-of-n:F systems is actually an extension
of the analysis for linear consecutive-k-out-of-n:G systems. In this section, we will
apply the duality property of these systems to obtain some results for the “F”
systems from the “G” systems.

Let Rp(p,i—1,k) be the reliability function of a linear consecutive-k-out-of-(i-
1):F system and R’/ F(p,n — i, k) be the reliability function of a linear consecutive-
k-out-of-(n-i):F system consisting of component i + 1 through component n. The
expression of Birnbaum importance for linear consecutive-k-out-of-n:F system, as

given by Papastavridis (1987), is stated in the following lemma.

Lemma 5.4 The Birnbaum importance of component c; in a linear consecutive-k-

out-of-n:F system with unequally reliable components is

; 1 . .
IZB = :]_i[RF(p’z -1, k)R,F(pvn - Lak) - RF(p9nak)]' (5'43)

Note that this formulation can also be obtained by taking the dual expression
of (5.2). The following theorem shows that for £ < n < 2k, the Birnbaum impor-
tance is monotone in linear consecutive-k-out-of-n:F systems having equally reliable

components.

Theorem 5.3 In linear consecutive-k-out-of-n:F systems with equally reliable com-

ponents, the Birnbaum importance is monotone when & < n < 2k,

Proof:

* When all components are equally reliable with common reliability p, the re-
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liability functions R'F(p,n —i,k) and Rp(p,n — i,k) are equal, so that, (5.43)
becomes
;1 . . |
Iy = <{RF(pi = LERF(n.n — i,K) - Rp(pin, b (5.44)
Consider the case where n = 2k. When i < k, Rp(p,i — 1,k) = 1, implying
that

Ig = -[Rp(p,n —i,k) = Rp(p,n, k), (5.45)

|

which increases as i increases on this range. For i > k + 1, Rp(p,n — i,k) = 1,

implying that

; 1 .
zb=EmF@ﬂ_Lm-RF@mw» (5.46)

which decreases as ¢ increases on this range.

Next, consider the case where n < 2k. Fori <n -k +1, Rp(p,i — 1,k) =1,
implying that [iB is equal to (5.45). So, I% is increasing on i in this range. For
i 2 k, Rp(p,n — i,k) = 1, implying I% is equal (5.46), which is decreasing on { in
this range. Note that for n = 2k — 1, component n — k + 1 and component k are
overlapped so that there is no component between them. For n < 2k — 1, however,
there are components in between these two components. The value of I% for these
components are equal since both Rp(p,i — 1,k) and Rp(p,n — i, k) are equal to 1.
Further, these values are equal to I%_k""l, as well as to g Q

For linear consecutive-k-out-of-n:F systems with n > 2k, the following theorem
shows that for 2k +1 < n < 3k + 1, or for n > 3k + 1 and (1 — qk)k > p, the
importance of the k-th component is always greater than the importance of the

k + 1-th component. Thus, by the symmetry of a linear consecutive-k-out-of-n:F
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system having equally reliable components, the importance of the n — k& + 1-th

component is always greater than the importance of the n — k-th component.

Theorem 5.4 In linear consecutive-k-out-of-n:F systems with & > 2 and“all com-

ponents equally reliable with reliability p, the inequalities
1% > 1% and 1k < b (5.47)

are true if one of the following conditions holds:
(1)2k+1<n<3k+1,0r
(2) n >3k +1and (1 - ¢*)* >p.

Proof:

From the duality expression (3.53), we find that
P(¢(x,n,k) =1) = P(6(1 - x,n, k) = 0), (5.48)

which is equivalent to

RF(pvnsk) = QG(q’n’ k) (5.49)

From Lemma 5.2 and Lemma 3.3, we know that the inequality

QG(P, r, k)
QG(P,T -k, k)

holds under one of the conditions: (1) & < r < 2k and (2) » > 2k and (1 —pk)k >q.

(5.50)

This implies that the inequality

QG(q’r,k) > p,
QG(Q," — k, k)

(5.51)
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or by (5.49), the inequality

RF(ps"'sk)
RF(p,T‘ - ksk) ” P

(5.52)

holds under one of the following conditions:
(1)k<r<2kor
(2) » > 2k and (1 — qk)k > p.
The Birnbaum importance for component ¢; in a linear consecutive-k-out-of-
n:F system when the system has equally reliable components, is given by (5.44).

Then the importance of the k-th component is

=

= YRp(n - k1) = Rp(p,n, k) (5.54)

[RF(p,k - lak)RF(P7n -k, k) - RF(Pvn’k)] (5'53)

0= |-

because Rp(p,k — 1,k) = 1, and the importance of the k + 1-th component is
= YR oo kbR p(pyn — k — 1,k) = Rp(py )] (5.55)
B - q F\P Ry F\p, ’ F\P; s R)|. .
The difference of the importance between the two components is
5Ltk = LRpo b RE(on = k= 1,k) = Rp(pon — kok). (5.56)
B B~y F\P: R R} P, ) plp,n —k,k)). 5

Using the fact that Rp(p, k, k) =1 — qk, and by applying (3.58) to Rp(p,n -k, k),

we can write equation (5.56) as
1l = P U_Rp(pn— k- 1,k) + Rp(pyn — 2 — 1,k)p].  (5.57)

This difference is negative when

Rp(pyn—k - 1,k)
Rp(p,n — 2k —1,k)

> p, (5.58)
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which is seen, in view of (5.52) and its conditions, to hold by the substitution of
r =n —k — 1. By the symmetry of linear consecutive-k-out-of-n:F systems, the
inequality Ig_k'ﬂ > Ig_k is consequently true. O

This theorem establishes the nonmonotonicity of the Birnbaum importance in

linear consecutive-k-out-of-n:F systems. In the following section we will investigate

the monotonicity of the Barlow-Proschan importance in the “G” systems.

5.4 The Monotonicity of Barlow-Proschan Importance in Linear

Consecutive-k-out-of-n:G Systems

As mentioned in Definition 4.4, the Barlow-Proschan importance measure for
component c; is in fact the integration of the Birnbaum measure with respect to
the failure distribution of that component. In the proportional hazard case, where
the reliability of ¢; is assumed to be p’\i, this measure becomes simply the inte-
gration of the Birnbaum measure with respect to p. In this section, we investigate
the importance of components in linear consecutive-k-out-of-n:G systems based on
the proportional hazard assumption. The monotonicity of this measure will be in-
vestigated under the assumption of equal proportional hazard distribution, that is,
Al=Aa=...=Ap= A

The Barlow-Proschan importance for this system cannot be evaluated for an
arbitrary number of components in the system. This is because the explicit expres-
sion, in nonrecursion form, of reliability function R for this system is not available
for arbitrary n except for k¥ < n < 2k. The following lemma. is the formulation of

the Barlow-Proschan importance for k& < n < 2k.
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Lemma 5.5 The Barlow-Proschan importance of component ¢; in linear consecu-
tive-k-out-of-n:G systems with component reliability p>‘2', for i = 1,2,...,n, and

k < n <2k, can be formulated as

n—k l+k _1 n—k I+k 1
IBP—/\ Z( Z /\ Zy(7) Z(’\l Z /\J) I (3)], (5.59)
=0 j=Il+1 =1 j=Il+1
where
1 ifie{l+1,....,1+%
5(i) = t '
0 otherwise
. 1 ifee{l,...,l+k}
Ir(i) =
0 otherwise.
Proof:

The structure function of linear consecutive-k-out-of-n:G systems for k < n <

2k from Corollary 3.1 can be written as
n—k l+k n—k l+k

o(x,n, k) = Z H o B Z ] H 5 (5.60)

1=0 j=I+1 =1  j=i+1
and since all components are assumed to be independent, the reliability function of

this system is

n—k Il+k n-k l+k
Rip,n,k)= 3 II pj~ X o II »; (5.61)
=0 j=I+1 ~  I=1 j=i+1
Making pj = p/\j , We obtain

n—k I+k n—k I+k

A A
Rpnk) = ¥ I p9-S pM I 09 (5.62)
[=0 j=I+1 =1 j=l+1
n—=k l+k . n-k l+k
= Y5 ]—l+1 .7 Z pl\l+ j= l+1)‘J_ (5.63)

=0
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The Birnbaum importance of ¢; is the derivative of R(p, n, k), with respect to

component reliability p’\‘i. So, the Barlow-Proschan importance is
Igp = /o [R(p,n, k)™ Ldp
P
k sl+k . n—k
! 1—"’;[2 ERRREE AT i1,
0 9p™ (2o I=
n—k l+k 1 n—k I+k 1
= N2 0 X TR M+ X X)) T4, (5.64)
=0 j=l+1 =1 j=l+1

where the last equation is the result of the derivation of the terms in the brackets of

A1

the previous equation multiplied by p”¢ ™" and followed by integration with respect

to p on the domain [0,1]. The identity functions Z; (i) and Ip(i) are used to keep
the terms (A; y +... + ’\l+k)_1 and (A\; +... + ’\l+k)_1 containing A; and to

eliminate the ones containing no ;. O

Example 5.1 Consider a linear consecutive-3-out-of-5:G system with component
reliability p)‘ for i = 1,2,...,5. The Barlow-Proschan importance of the first

component is
Ihp = MIO+22+2g) 4 Og+ Ag+Ag) L0+ (Mg + Ag + A5) L0
—(A1 + A2+ A3+ A4)—1 ~ (A + A3+ Ay + A5)—1.0]
= MO+ 22 +23) 7 = (A1 + A9 + A3+ Ag) 7).
Similarly, the Barlow-Proschan importance of the remaining components are:
I3p = Ml + 22+ 3) 7L = (g +23+2g) 7100 + Mg + Ag + Ag) !

~(Ag + Az + Ay + /\5)_1]
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IZp = Ml +22+23) L+ g+ A3 +2g) L+ (Mg + Mg+ A5) ]
~(M Fra+ A3+ 20) " - Mo+ A3+ 2 +25) 7

Ihp = MlO2+23+2) T+ (Ag+Ag+ 2571
—(A + A2+ A3+ 2) L - (Mg + A3+ Mg+ A5) 71

I3p = Asl(03+Ag+25) 71 — (Mg + A3+ 2g +25) 71

For the system with n > 2k and unequally reliable components, the explicit
formulation of the Barlow-Proschan importance becomes very complex since there
is no simple formula available for the reliability function, except in the recursion
relation. However, if the system has equal component reliability, this measure
becomes the Barlow-Proschan structural importance which turns out to be the
Shapley-Shubik importance. This can be written as
(z - 1)(n - z)!
{x:x;=1} n!

[d’(livxv n,k) - é(oivx,nvk)]’ (56’5)

where z is the number of nonzero elements in vector x; ¢(1;,x,n,k) is the structure
function of linear consecutive-k-ollt-of-n.:G systems when component ¢; is function-
ing; and ¢(0;,x,n, k) is the structure function of this system when component c;
has failed.

The following theorem establishes the monotonicity of the Barlow-Proschan
measure in linear consecutive-k-out-of-n:G systems when k¢ < n < 2k and equal

proportional hazard distribution is assumed.

Theorem 5.5 In the linear consecutive-k-out-of-n:G system with all its compo-
nents following equal proportional hazard distribution, the Barlow-Proschan im-

portance is monotone when k < n < 2k.
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Proof:

If A; = A, then the Barlow-Proschan importance in (5.59) becomes

. n—k n—k
hp = AT ST(0) - )3 mzz(i)] (5.66)
y n—k . 1 n-—-k _
n—k
- e, Z Ty() + M Z ZORPSETOURNLY

If n = 2k, then TP F Iy (i) = T 1’° T(i) for all 4; and hence

1 n— A
IBP k(k _1_1) Z I (4),
which increases from component 1 through component k, remains constant from

component k to component k+1, and decreases from component k+1 to component

n.
When n < 2k,
L n—k
Z (i) = Z Iy(i) for i=1,2,...,n—k,k+1,...,n;
and
n—k n—k
Z Ii(i) = Z D()+l=n—-k+1lfori=n—k+1,...,k
= I=1

In this case, the Barlow-Proschan importance becomes

1 n—k g . ;= —h
I%P _ WET) Zl:O Iy(i) for i=1,2,...,n ~k,k+1,...,n,
Emlm(n+1) fori=n-k+1,...,k
which increases from component 1 through component n — k + 1, remains constant

from component n — & + 1 through component k, and decreases from component &

through component n. O
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The nonmonotonicity of the Barlow-Proschan measure in linear consecutive-
k-out-of-n:G systems when n > 2k can be evaluated by checking the importance
of component k and component k + 1, and also component n — k and n — k + 1.
The following theorem states that, for 0 < p < 1, and with 2k +1 < n < 3k + 1,
the importance of component k is greater than the importance of component k + 1.
Similarly, the importance of component n — k + 1 is greater than the importance of

component n — k, so that monotonicity does not pertain for any p in (0,1).

Theorem 5.6 In alinear consecutive-k-out-of-n:G system with all components fol-
lowing equal proportional hazard distribution, if 2k +1 < n < 3k + 1, then

k k4-1 n—k _ mm—k+1
Proof:

The Barlow-Proschan importance, in the case of equal proportional hazard,

can be written in terms of the Birnbaum importance as

: 1 4
Igp =X [ Igp*lap (5.70)

Without loss of generality, we can assume A =1, so that

. 1 .
Igp = /0 Igdp. (5.71)
The difference of the importance of component # and component k& + 1 for the

Barlow-Proschan measure is then

k+1 _ k+1

This is greater than zero since, by Theorem 5.1, % > I"'*'1

B
range in question. So, [ i‘? p> Ig‘;l. By the symmetry of this system under the

assumption of independence and equal reliability, I% Pk < Ig PH'I. m

for k and n in the
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The same conclusion can be derived for a given k and a sufficiently large n.

Theorem 5.7 In a linear consecutive-k-out-of-n:G system with equally reliable

components,

k k+1 n—k n—k+1

for a given b and a sufficiently large n.

Proof:
For n > 3k + 1, the difference of the Birnbaum importance of component k

and component k + 1, in view of (5.40),

Iy - ,’?}H = PP lQpn -k —1,k) - g(Q(p,n — 2k — 1,k)]  (5.74)

k-1 , £ @en—k-1,k)
p Q(p’n—zk—l’k)[(Q(p,n—2k—1,k) q]‘ (5'75)

It has been shown, when proving Lemma 5.3, that for r > 2k,

-—-————ngf’f ,’j’)k) > (1= )R, (5.76)

so that,forr=n—-k-1,ie. n >3k +1

Q(pyn — k —1,k)
Q(p,n — 2k — 1, k)

Equation (5.75) then leads to

> (1-ph)k. (5.77)

1§ - I%“ > p*1Q(p n — 2k — 1,k)[(1 - pR)F — g, (5.78)

A lower bound for R(p,n,k) in a linear consecutive-k-out-of-n:F system, as in

Chiang and Niu (1981), is (1 — (1 - p)k)"”k+1. A lower bound for Q(p,n,k) in
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a linear consecutive-k-out-of-n:G system is thus (1 — pk)n—k +1; and hence a lower
bound for Q(p,n — 2k — 1,k) in such a system is (1 — pk)n—3k. Substituting this
into (5.78), we obtain

k k+1
Ip-1Ip

B O L (R L (5.79)

>p
In view of (5.71), the difference of the Barlow-Proschan importance of compo-

nent k and component k + 1 therefore satisfies

thp - 15> [ o1 - A3 - b - glap (5.80)

It remains now to show that the right-hand-side of (5.80) is greater than 0.
Denote the integrand of the right-hand-side of (5.80) by f(p,,n). To show
that the result of integration is positive means to show that the signed area of
f(p,k,n) on the interval [0,1] exceeds zero. To this end, consider the three factors
filpskim) = (L=p*Y" 3%, fo(p, k) = p¥~1, and f3(p,k) = (1 - pF)F — (1) of
the integrand f(p, k, n). Both f and f9 are positive on (0, 1), where f] is decreasing
and f9 is increasing on p. However, unlike f] and fy, fg is not always positive on

(0,1). The following argument develops a lower bound for f3 on (0,1).

Consider the Binomial expansion of (1 — plc )k :
k .
1-p5F = S (=n)irpt ik - o) (5.81)
i=0

= 1-kph %k(k —1)p2k - g;k(k —1)(k - 2)p3F £ ..., (5.82)
from which we obtain

-p—(1-p) = p-hpb+ sk(k - 1)p2F = 2k = 1)(k — 2)p3% + ...

k .
p 3 (~1) kR =1 ik — i), (5.83)

=0
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Denote the i-th term of the series in the right-hand-side of (5.83) by @;. The
ratio of the magnitude of the term a;,; to the magnitude of the term q;, for

i=0,1,...,k, is then

a1l _ (ki)
ol G+)P

(5.84)

This ratio decreases with i, so that all ratios are no greater than kpk—l, which
implies, in turn, that if kpk_l < 1, then all ratios are less than 1. Hence, under

this condition, using the first two terms of the right-hand-side of (5.83), we obtain
kyn)=(1-phyF—(1 - s 5.85
f3(pkyn) =(1 -p")" ~ (1 —p) >p—kp", (5.85)

which produces a lower bound for f3. This lower bound holds for the condition
kp*=1, or, equivalently, holds for p < p* = k—(¥=1)"1. In fact, the right-hand-
side of (5.85) is the bound of the positive part of f3. The bound for the negative
part of fg is obtained as follows:

Let pg be a value of p such that py > p* and pg be the first root of f3 to the

right of p*. If p > pg, then (1 — pg) — (1 — p) > 0, so that

(1= +(1-pg)—(1-p)>0 (5.86)
or equivalent to

(1-** —(1-p) > —(1 - py). (5.87)

which produces a lower bound for f3 on (pg,1).
Now, let p; be a value of p on (0,p*). Denote the integration in the right-

hand-side of (5.80) by AIgp. The following procedure produces the solution of
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this integration in terms of n, pg, and py.
1
Algp = /0 f(p,kyn)dp (5.88)

PLocon b Lotk Lok
Jo f@kmydp s [ 5 kmddp = [ £ (pik,m)dp (5.89)

> /Opl f(p,k,n)dp - fpll f~(p, kym)dp, (5.90)

where f'*'(p,lc, n) is the positive part of f and f~(p, k,n) is the negative part of f
on (p1,1). Replacing f by f;, f9, and f3, we have

Algp > [ 110k m) s K)ok~ [ Fulorkm) ol ) (o). (591

The negative part of f is conservatively picked by assuming that f is negative
on the domain (pg,1). Evaluating f; with pj, and employing the lower bound
(5.85) of f3 on (0,p*) and the magnitude of the lower bound (5.87) of fg on (pg, 1),

we obtain

P14 :
Algp > f1(p1,k,n)/olpk L(p — kp")dp

L |
-fi1(pp, k,n P 1 —pg)dp 5.92
1(e0:4m) [ 2= (5.92)
o kvn=3k 1 k41 1 2
> (1-p1) [k—'—_-i-l 1 5P1 ]
1 2L,
-1 - pp)(1 - p)" 3L, (5.93)

By the fact that f; is decreasing on n, for any n > 3k + 1, there should be
an n* large enough so that, given py on (p*,1), p; on (0,p*), and n > n*, the
right-hand-side of (5.93) will exceed zero. Therefore, the difference I g P~ %’}}1 is
greater then zero for large enough n. O

Numerical study shows that the value of n* depends on the value of k. For

k = 2, where py = 0.61803, by taking p; from the interval (0.20,0.45), we obtain



105

n* = 8k. For k = 3, where pyp = 0.68233, by taking p; from the interval (0.40, 0.50),
we obtain n* = 6k. The value of n* becomes smaller when k& becomes larger. For
k = 10, for example, where py = 0.83508, we find n* = 5k for p; = 0.70. According

to this study, n* = 8k is large enough for (5.73) to be true.

5.5 The Monotonicity of Deegan-Packel Importance in Linear

Consecutive-k-out-of-n:G Systems

The Deegan-Packel importance measure for component c;, as defined in Defini-
tion 4.11, is based on the number of minimal-path sets containing that component.
The formulation of this measure in linear consecutive-k-out-of-n:G systems is given

in the following lemma.

Lemma 5.6 The Deegan-Packel importance of component c; in linear consecutive-

k- out-of-n:G system is

m.;

I L S -
Ipp= k(n —k+1)’ (5:94)

where
i if < min (k,n -k +1)
m; =4 min(k,n — k+1) if min (k,n-k<+1) <i< max(k,n—k+1)
n—i+1 if max (k,n—Fk+1)<i< n.
Proof:

There are n — k + 1 minimal-path vectors in linear consecutive k-out-of-n:G

systems, so that m = n—k+1. Each minimal-path vector z j has k nonzero elements
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and n — k zero elements. Hence 3= k, and the Deegan-Packel importance is then

; 1 m;
I'np(9) = ————— Y ol= — (5.95)
DP af - — kr 0] — ’
k(n—-k+1) 3;EM; k(n —k +1)
where m; depends on the following relationship between n and k.
Forn <2k —1l,ie,n-k+1<k,
i if i<n—-k+1
m;=4n-k+1 if n-k+1<i<k (5.96)
n—i+1 if ¢ >k
Forn >2k—-1,ie,n—-k+1>k,
i ifi<k
m;=yn-k+1 ifk<i<n-k+1 (5.97)

n—-t1+1 ifi>n—-—k+1.

Expression (5.96) and (5.97) give expression (5.95). O

Example 5.2 Consider linear consecutive-3-out-of-6:G system. Here k = 3, n = 6,
n—k+1=4,and k(n — k+ 1) = 12. Using (5.94), we obtain my = 1, mg = 2,
mg = 3, mq = 3, mg = 2, and mg = 1. Then the Deegan-Packel importance of

component ¢;, i = 1,2,...,6, is:
Ihp =1/12, I3p =2/12, I3, = 3/12
pp=1/12, Ipp » Ipp =3/12,
I4hp =3/12, I3, =2/12, I8, =1/12
DP » Ipp » Ipp :

The following theorem shows that this measure is always monotone in linear

consecutive-k-out-of-n:G systems.
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Theorem 5.8 The Deegan-Packel importance is monotone in linear consecutive-

k-out-of-n:G systems.

Proof:

From (5.94) we know that the behavior of this measure depends on m;. For
n <2k, I b p increases from component 1 to component n —k + 1, remains constant
from component n — k + 1 to component k, and decreases from component k to
component n. For n > 2k, it increases from component 1 to component k, remains
constant from component * to component n— k + 1, and decreases from component

n —k + 1 to component n. O

5.6 The Monotonicity of Vesely-Fussel Importance in Linear

Consecutive-k-out-of-n:F Systems

Contrary to the Deegan-Packel importance, the Vesely-Fussel importance is
based on minimal-cut vectors associated with component c;. One structure function
of interest in evaluating the Vesely-Fussel importance is the structure function of a
subsystem based on all minimal-cut sets that contain component ¢;. This subsystem
will always fail if ¢; and other components within a minimal-cut containing c;
fail. This structure function is denoted as ¥;(x). The following lemma gives the

formulation of ¥;(x) for linear consecutive-k-out-of-n:F systems.

Lemma 5.7 Let #;(x) be the structure function of a subsystem where every minimal-

cut set contains component ¢;. Then ¥;(x) can be formulated as

k b=k Itk
vi(x) =1~ [[(1-25)- Y =; I (1-2), (5.98)
J=1 l=a j=l+1
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where, for n < 2k
a=landb=i+k—-1 fl<i<n-k+1
a=1landb=n fn-k+1<i<k (5.99)
a=i—k+landb=n ifk<i<n.

and for n > 2k

a=landb=:¢t+4k -1 fl<i<k
a=i—-k+landb=i+k—-1 ifk<i<n—-k+1 (5.100)
a=i—k+landb=n fn-k+1<i<n.

Proof:

The set of minimal-cut vectors for structure #;(x) contains all minimal-cut
vectors w, such that wij = 0. For linear consecutive-k-out-of-n:F system, it is
given in (3.46). From this set, we can see that the subystem with structure ¢;(x)
has no more than & minimal-cut vectors. So the structure y;(x) involves no more
than 2k — 1 components. Therefore, by applying Corollary 3.2, this structure can

be represented as

k b=k I+k
Pi(x,n, k) =1- .1'[ (l-z;)- X = . II -2, (5.101)

where a is the index of the first component and b is the index of the last component
in the subsystem. These indices can be determined by indicating the components
involved in constructing this function.

First consider, on one hand, the system with the number of components n < 2k.
For1 < i < n—k+1, the number of minimal-cut vectors contributing to the function

¥; is i; and the components involved are components 1 to i + &k — 1. So,a =1 and
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b=i¢+k—1. Forn—k+1 < i <k, the number of minimal-cut vectors contributing
to this function is n — k + 1, and the components involved are components 1 to n.
Soa =1and b= n. For k <i < n, the number of minimal-cut vectors contributing
to this function is n — i + 1, and the components involved are components ¢ — k + 1
ton.Soa=i—-k+1andb=n.

On the other hand, consider the system with n > 2k. By the same procedure,
weobtaina=landb=i+k—-1whenl<i<k,a=i-k+landb=:+k—-1
whenk <i<n-k+l,ande=i¢—hk+1landb=n whenn-k+1 < i<n. Using
these facts, the formulation of the structure function v;(x,n,k) in this lemma is

then verified. O

Lemma 5.8 The Vesely-Fussel importance for component c; in linear consecutive-

k-out-of-n:F system can expressed as

i ] k b—k l+k
I = ________[ q; + E P; Il Q'], (5'102)
FV \ II J

Qr(pin k) iy = j=i+1

where @ p(p,n,k) is the unreliability of linear consecutive-k-out-of-n:F systems,

and the values of ¢ and b are given in Lemma 5.7.

Proof:
By Lemma 5.7 and the fact that P(¥;(x,n,k) =0) =1 - P(¢;(x,n,k) = 1),

we obtain the expression

k b—-k l+k
P(ll’.i(x,n,/t‘) = 0) = II q]' + Z Pj H Qja (5.103)

along with the specifications of a and b given by (5.99) and (5.100). Noting that
P(y(x,n,k) = 0) is in fact the unreliability @ p(p,n,k), by the definition of the

Vesely-Fussel importance, (5.102) is then verified. O
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The following theorem shows the monotonicity behavior of this measure in
a linear consecutive-k-out-of-n:F system when all components are equally reliable

with common reliability p.

Theorem 5.9 The Vesely-Fussel importance is monotone in linear consecutive-k-

out-of-n:F systems with equally reliable components.

Proof:

Replacing Pj by pin (5.102) we obtain the Vesely-Fussel importance as follows:
For n < 2k,
k

Iyp= jlg+np—kp) ifn—k+1<is<k (5.104)

-
QF(I;:n’k

& o
L QF(p,n,k)(1+n'P pi) ifk<i<n

which increases from component 1 to component n — &, remains constant from
component n — k to component k + 1, and decreases from component k + 1 to

component n.

For n > 2k,

( k ) . o k
QF;;:n,k (g + p?) if1<i<

i ¢ . .

vr=\ gripmmtet*o if k<i<n-—k+1 (5.105)

k

¢ o) ik :
| Qplprm(t T e R nmkrl<isn

which increases from component 1 to component k, remains constant from com-
ponent k to component n — k + 1, and decreases from component n — k + 1 to

component n. O
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