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NOMENCLATURE
surface pressure coefficient

total sideforce coefficient based on frontal area

displacement thickness effect on sideforce coefficient
radial pressure gradient effect on sideforce coefficient
skin friction effect on sideforce coefficient
circulation effect on sideforce coefficient

diameter of the cylinder

velocity profilé function

circulation function

integral of velocity profile function
velocity profile function

integral of velocity profile function
velocity profile function

integral of the velocity profile function
inviscid circulation distribution function
velocity profile function

integral of the velocity profile function
length of cylinder

velocity profile function



iv
velocity profile function
integral of the velocity profilé function
velocity profile function
integral of the velocity profile function
pressure
dimensionless spin rate
velocity profile function
integral of the velocity profile function
freestream dynamic pressure
velocity profile function
integral of the velocity profile function
radial coordinate

radius of the cylinder
radius of the boundary layer edge
Reynolds number based on the cylinder length

crossflow Reynolds number hased on the cylinder diameter

time

velocity profile function

integral of the velocity profile function
axial component of velqcity

freestream air velocity

radial component of velocity



surface velocity of the cylinder
azimutal component of velocity
axial component

side force

velocity profile function
integral of velocity profile function
angle of attack

velocity profile function
velocity profile function
displacement thickness

boundary layer thickness
velocity profile function
transformed radial component
velocity profile function
coefficient of viscosity
kinematic viscosity coefficient
transformed axial coordinate

air density

surface shearing stress
azimuthal coordinate

spin angular velocity



INTRODUCTION

The study of flight trajectories of spinning shells and missiles re-
quires a complete knowledge of the aerodynamic forces developed during
their flight. It has long been recognized that when such a body is at an
angle of attack spin introduces an aerodynamic side force and moment. This
is what is now commonly known as the '"Magnus effect". The prediction of
these forces and moments for a general case is a very complicated problem.
For this reason the only theory &eveloped to date assumes low angles of
attack and is based on the development of a laminar boundary layer that has
not separated. This theory has not been particularly accurate in the pre-
diction of the Magnus effects. Hence, this study was made in an attempt to
improve the situation by providing better information concerning these

effects.



HISTORICAL BACKGROUND

in 1730 B. Robins (19) expressed the opinien that the lateral deviation
of the flight path of a cannon ball was due to its spin. This was probably
the first explanation of what is now called 'Magnus effects'". In 1853
Magnus' (13) experimental investigations with spinning cylinders proved that
the spin produced a force in a direction perpendicular to the normal velocity.
Thus it appeared that the spin did cause the deviations. Lord Rayleigh
(18) was the first to mathematically describe Magnus effects. He did this by
combining a potential flow with circulation. He was careful to note, how-
ever, that his solution was not valid for a viscous fluid. In his theory no
mechanism for the development of the needed circulation was available so
that the relationéhip between the spin rate and the resulting 1ift was a
mystery.

In 1918 Prandtl (17) studied the problem and demonstrated that the cir-
culation could be developed by boundary layer vorticity being shed by separ-
ation. In this case the net vorticity of the shed boundary layer was equal
to the resulting circulation but of opposite sign. Once the role of the
boundary layer in creating the circulation was determined, Wood (23) studied
boundary layers for which the streamlines were closed. He found that the
circulation imparted to the inviscid flow was less than that of the circu-
lation of the motion at the boundary. Glauert (4) solved the rotating

cylinder problem and his results for the ratio of the cylinder velocity



to the circulation velocity were the same as predicted by Wood. More re-

cently, a numerical analysis of an impulsively rotated cylinder immersed in
a uniform free-streamwas performed by Thoman and Szewczyk (22). They pre-

sented streamline patterns for various Reynolds numbers, cylinder speed to

freestream speed ratios, and time. From these solutions the cylinder lift

coefficient as a function of time may be estimated. It is this result that
has a direct application to the crossflow of a spinning cylinder at low
angles of attack.

Howarth (6) studied the boundary layer solution for a rotating sphere
in still air as well as that for a rotating cylinder at zero angle of at-
tack. Experimental investigations by Gowen and Perkins (5) and Dunn (3)
have demonstrated that the normal force due to crossflow of a high fineness
ratio body at low angles of attack developes with distance along the body
much the same as the flow developes about an impulsively-translating circu-
lar cylinder. Kelly's (9) work for predicting the normal force on a non-
spinning cylinder at an angle of attack used this approach. Platou (16) and
Buford (1) have both suggested that the crossflow component of the boundary
layer for spinning bodies can be approximately assumed to be independent of
the axial component. For this reason the crossflow of a spinning cylinder
at low angles of attack may be represented by an impulsively rotated cylin-
der.

Martin (14) used a perturbation solution for the estimation of the

boundary layer displacement thickness contribution to the Magnus force and



moment on a spinning cylinder at low angles of attack. This work was ex-
tended by Kelly (10) and Kelly and Thacker (11). Both of these works
neglected the inviscid axial circulation development predicted by the im-
pulsively rotated cylinder solution. The work described in this thesis
carries Kelly's solution to a higher order of approximation and includes

the effects of the inviscid circulation development.



S5a
ANALYTICAIL INVESTIGATION

Equations of Motion
In this investigation boundary-layer theory is used to study the
A

exterior flow about an open-end rotating cylinder as shown in Figure la.

noarotating cylindrical coordinate system with the x axis along the longi-

tudinal or spin axis of the cylinder is used. The r coordinate is assumed

to be perpendicular to the cylinder surface and the azimuth angle coordinate
is labeled ¢. The uniform free stream velocity U is inclined at a small

angle of attack o and the cylinder is assumed to be spinning at a non-

dimensional roll rate ; = roco/U where ® is the spin angular velocity. In

the study a perturbation solution about @ = p = 0 is used to solve the re-

sulting boundary layer flow equations.

The boundary layer equations for incompressible laminar flow over the

cylinder may be written (10) to order (6/r0) 2 as

(ru)x + (rv)r + w(P =0 (1)
wu ur u

wetv + = v(urr +3 1 r"'a @)
ww - f.‘? LA

uwx+vwr+—9r+-;=-pr+v(wrr+7+—@—rz ) (3)

where u, v, and w are the flow velocity components in the x, r, and ¢
directions respectively and the subscripts denote differentiation with

respect to the coordinate direction. The axial pressure gradient Py is of
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higher order than (6/r0)2 and, thus, is neglected. The rédial pressure
gradient P, is of order (6/L)? so it is neglected when u, v, and w are

calculated but the radial component of the momentum equation

-Z’r—=-—”+-;—’<rv> (%)

is used after u, v, and w are determined to calculate a correction of the
previous solution due to the radial pressure gradient.
The boundary conditions at the cylinder surface are

u=v=2~0

(5

w = pU
However, the conditions at the outer edge of the boundary layer require more
discussion. Both Martin (14) and Kelly (10) assumed that no circulation
was present in the inviscid outer flow. It has been established that there
is indeed a circulation caused primarily by the eventual separation of the
boundary layer, the resulting shed vorticity inducing an equal but opposite
circulation in the outer flow. It is through this mechanism, at angles of
attack sufficiently large for separation to occur, that the moving wall com-
municates its effects to the outer flow. It has been suggested by Buford
(1) that the crossflow component of the flow over a spinning slender
missile is similar to that about a rotating circular cylinder placed per-
pendicular to the freestream. If we assume this to be true, the crossflow
along the x axis of a spinning cylinder at low angles of attack is similar

to the unsteady solution of the flow over an impulsively rotated cylinder.



This leads to an axial circulation distribution for the spinning missile.
For these reasons the boundary conditions at the outer edge were assumed to
be similar to those of a slender body of revolution at an angle of attack
when acted upon by the superposition of a uniform freestream velocity U and

an axial irrotational vortex distribution I'(x). The resulting boundary

conditions are

2
Ucosasua-"‘?)

(=
|

6
R 2 k(x)l"o
o ] —
w¥Uqo sin ¢ (1 + 17z) + o

where I‘0 = 2m.-OV, k(x) is the fraction of 1"0 that corresponds to the invis-

cid circulation I'(x), and R0 is. the distance from the cylinder axis to the

outer edge of the boundary layer.
In this investigation the solution of these boundary layer equations
is carried out by a perturbation process suggested by Martin (14) and Kelly

(10). The velocities are assumed to be in the fomm

1]
=
-+
(-
+
=

3
U 0 1 2

)

4
U

!
<
+
<
+
<

w
U—w + w

where the subscript corresponds to the order of the perturbation quantities
o and p. For example, the 2 subscripted dimensionless velocities involve

terms of order a?, p?, and ap. Since, at @ = 0, u and v are even functions



of ; and w is an odd function, u and v, are independent of ; and v, is in-

dependent of pz.
Substituting the assumed velocities into Equations 1 through 3, the

zero order solution (@ = p = 0) equations are

(ruo) <7 (rvo) . 0 €))

Vv
uo"ox + "o“or =0 % ) ®

where v is the kinematic viscosity coefficient. Using the normal dimen-

sionless boundary layer coordinates,

g J_W: (10)

ro 1]
r2-r 2
0 U
L 4r J; an

Equation 8 is satisfied when

£
_
9 =3 (12)
b o
._O.J_.\L N
Vo = 2 VOx (TEn f §f§) (13)

where f is an unknown function of T and £. Equation 9 transforms to
1+ f + £ff. + E[f£.. - £ =0 14
[+ WEqqly+ Eq+ SlEcfqy = Erfigg] as
To reduce Equation 14 to a system of ordinary differential equations

we assume

E(,D = £,(D + EE,(D + E2£,(D (15)



The resulting set of equations is

[ 1

£,'"" = - £,5, (16)
et — £ T o e T - [ I ]

£ = £5E) £4f, 2£ )1, - Ty £ . (n
1y 1 ' o "o_ 1t - [ . [ . 1

£, 2f,) '8, £yf, 36,15, - T, £, 2f £,

+ £ 12 (18)
1

with boundary conditions

- t — 1 —
fO(O) = fo (0) =0 fo (® =2
= ' = ' =
fl(O) f1 0 =0 f1 (®») =0 (19)
= 1 = ' =
fz(O) = f2 (0) =0 f2 (© =0
For perturbations of order ¢ and ;, Equations 1 through 3 become
(rul)x + (rvl)r + wlq, =0 (20)
1 . “1r Lopep
YUy FUU T VoY tViY tTr oLy T
X X r r Y
(21)
Vo, "1 wl@-wl
ugw, VW o+ T = T (Wl + 0+ 2 ) (22)
X rr
Assuming
u, = cx(’? cos ¢ K (23)

v, = a(_x_)ﬁ cos ¢ L (24)
o Ux
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T, R2

v R(—>[.z- (1-k)g]+-(1+ ) sin ¢ H (25)

1

The transformed equations become

Rz

2K-T]Kn+ §K§+(1+ T}E)Ln+§L+(1+—er—)H=0 (26)
(1+7M §)K - f.n(ZK 'I]K + gxg) '”fm? (1 +n§)f,m+
- - f - . —SK
Cﬂfn £ 's'fg) (K 2(1+'n§)) 0 27

Ef gk

Qn+§%&r-&ﬁg+(l+ﬂ©&m+ - -

R, 2 R, 2
- —_ - £
(1+’ﬂ§)f.n(§H TIHT?CI + )+ ('ﬂfn f+ §f§+ 5){ (1+ —3)H

R02 R,®
+ QDA+ T Hpp - DAL+ 57 Hyp
- 28(1 + 'ﬂg)n.n =0 (29)
To reduce these equations to a set of ordinary differential equations the

profile functions g, H, K, and L are expanded in a fashion similar to that

used in the expansion of f£f. The resulting set of equations is, then,

L, = TK," - 2K, - 2H, (30)
| . - —O- - - - - 1 - 1]

L'=-3K - - 20 - (.8604 - MH) - ;" - K" (31)
1 t o - 1 o -—1 - - -

L,' = 1K' - 4K, = ML, ' = 5" - 2H, - (.8604 - MK (32)

e 1 - ' - '
K = fo (Lo ﬂKO) + ZfO Kb foK0 (33)
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MK,
JHKO + fo (L1 + ﬂLo -‘nx1> + f0 (3K1 - —§->

K

.-_9. 1 ] ] e
fo(2 Kl ) 2f11<.0 + 3f1 KO + f1 (L0 nKO)

(34)

- - 2 LI B [ e
i) AR £, + £4''L, + K (4" - NES"")

SNE,.!

£

0 0
1 [ e - M2§ 11t —
K1 (2f1 + ﬂfo) + K1(4f1 ﬂfl + 2 | f0 + 2 )

S5TE. !

1 2
' [ (N - 1
KO (3f2 + znfl) + Kb(4f2 nf2 + 3 ] f1 + fl)

1t (K] " 2¢ 1
Ll(f1 + 2'ﬂf0 ) + Lo(f2 + 21]f1 + 1 f0 )

- '
£089

'o w t . 1 o (R}
fo'8) - £o8' - 2f;8" - Tg

' ' - v ' (. 1
28,"8y + £'8) - £48," - 2f.8," - 3f.g," - Mg,
K
—-g——f'g
E(1-K) 20 %0

- '
fO 1-IO

(.8604 + M)
! - | - ]
f 'H f H HO {Zf + fog

01 01 1 2

( 8604 + 3 _ ,,
2 0

(.8604 + 3T)
' - ' . LI . [N
2f0 H2 fOH2 .86047’&10 2 Hl

2 0 1 0

%{H,+Q%M+ng%_n,5g%%+nzf

(35)

(36)

37)

(38)

(39)

(40)

+ 2f1
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+ Ho'{h&(’g—'ﬂ)- - 3£, - (8604 + Mg, - LB DL g

, .8604 - 1)
- By(ME,' - £ ) (41)

with boundary conditions

gy (0) = 8, (0) =g,(0) =0
HO(O) = Hl(O) = H2(0) =0
Ky (0) = K (0) =K,(0) =0
LO(O) = Ll(O) = L2(0) =0
42)
g (=) = Hy(=) =2
g, (=) = gy(=) = 0
H1(°°) = H2(°°) =0
Ko(w) = Kl(oo) = Kz(oo) =0
It may be noticed that
- = 1
& = Ho fo (43)
from Equations 36 and 39.
Equations 1 through 3 for perturbations of order a?, dp, and ;2
become
(ruz)x + (rvz)r +w, = 0 (44)
1M1
wu <+ uu + uu +vou2 +v1u1 +——‘E

02 11 20
b3 X x r r
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2 2
_ v I,
=Y, ) 45)
Y
W, W
+ + + v.w, + 1im+v0w2+v1wl
Yo¥9 T %Y1 T VoY 11 r

=2 (w, +—/+ ) + i s
=7 ¥, - 2 sin ¢ cos ¢
rr
2
2 cos rO -
+ —'r—Q 1+ —r'z-)ozp (46)

where the last two terms of Equation 46 are the slender body pressure

gradient terms in the ¢ direction. If we assume

2 =2

u2+ (if‘)2 ap sin 9 P + (;_x‘)zaz(Q-f- T cos %) -%z,ﬂ-*- P;)\T]
“n

2 2
v, = %(;— x% op sin ¢p + i—;\UExaz(Y+ € cos 29)
r
-2 . L/ - A -
r a ('ﬂz §z§) + zr\/;; P (T]A,n A gag) (48)
w2=(-§) ap cos cpM-i—(‘f‘.) az*().i—nz'g'QN (49)
Transformation of thé equations results in

ﬂ’g - T]P,n+ 4P+ (1 + T]§)B.n - =0 (50)
§‘1’§-T]’1‘.n+4'.l‘+ (1+'n§)en+ 2N =0 (51)

EQg - 'nQn+ 4Q+ (1L + MO Yp = 0 (52)
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Ef A + EE. A, = (£ + Ef +-§)A - £ (A+ EA)

LS TE T g 2771 m g
- 1+ 7 ?x,mm =0 (53)
Ef,nz,ng + §f,n§z,n - (£ + §f§ + §)z.],m - me(Z + gzg)
- (1 + T z'ﬂ'ﬂ'ﬂ =0 (54)
- 5 e o 38
P{‘*fn“" Stng = T @emp g7 F 5P i 'n§>?
+ §f,nPg + P,n(g - f - gfg) - (1 + T]g)P,n,n + (1+ T]g)f,nna
2K
- 2-( - k)gg =0 (55)
=l

- -—L - f-
T{“n* St~ - wa e (Pt gfg)z + Sl

+ Tn(g -f-Ef ) -~ (1 + ng)l',n,n+ a+ 'ﬂg)f,n,ne+ 1+ T]§)K.”L

§

R2
+K{2K-Tl(n+§Kg-'§L+(l+':—2)H§ =0 (56)

i & e _‘L_}
Q{‘*fn" g - Em-arm M f-89 @i
+ EEQe + QuE - £ - EE) = (L+ MQu+ (L+ MOE Y
£ R’
+ (1 + TE)KTF.+ K{ZK-'IK,H+ §K§-2L- (1+—r'2—)Hg=0
(D

R
£ £ - ] _16¢0?
N(2f.. + )+ §fTFJ§+ N’ﬂ( £-8£) - (1+ T}§)N1m 16(3)

T Q1+ 7 g

R 2 R 2
+ 1+ f—z){(1+';oz‘)H"'+ K(’s‘H§ - THT? + (1+ ﬂg)LHT&
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2

R
0.8 - _
+ (1 - rz) 2HL—0
gz g g
M(an+4(1 " n§)) + 85 Mg +Mn(-f - Stg) - (1 + 11§)M1m

_1 -k ) L %
m K(ggg TgT? QT-KkA+ T LG-n

RZ
—5 0
+r———1+§ank§+(1+r2){ ,—'——1+,ng

Reducing this set of equations to a set of ordinary ones we get

Bo' = M, - 425+ TRy

o
[
L}

r o - 1
2M1 + nPl 5P1 nao

w
N
1

1 o - '
= 2M, + TP,' - 6B, - TB;

L. - !
& = ZNb 4Tb + N7,

v LI - !
€' = 21\11 + T]T1 ST1 ’neo

[ LI - '
62 = 2N2 + T]Tz 6T2 T]el

Yo' =TQ%" - 4q
Y,' =7Q" - 50 - Ty’
Yp' =yt - 60, - vy

AT o [ e
£ A fOA

0 00 0

AT = of 11y + £.'A

(. ' - e o e
1 R T T T T e T L S

(58)

[ZMH-Qk?=O

(59

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)
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+ £'A - EA (70)

- - 11 1y o 1y o UL 1
T])\l + 2f0 12 + 2f1 7\1 + 2f2 7\0 f07\2

- K] - o ] - ] - ]
Al (2f1 + %) 3f27\0 3f0 7\2 2f1 }\1 f2 }\0

(71)
= -fozo" - fo"zo (72)
= -fl"zo + fl'zo' - zo"(2f1 + 1) - Tho"' - 2f0"z1
+ fo'zl’ - £52,"" (73)
= -Thl"' + 2f0'22' + 2f1'zl' + 2f2'zo' - fozz"
- zl"(2f1 + 1) - 3f220" - 3f0"22 - 2f1"zl - f2"zo
(74)
= Bofo" + P0(4f0' - ‘nfo") - fOPO' - 4K0 + 2K,8, (75)

= = L] 1 - - - [N 1y . !
2T[P0 +P0 (1 2f1 T]fﬂ)+P1(4f0 'l]fo + fo ) f0P1
- 1 _ T2 11 ' - 1t 1t
41(1 + PO(BTtEO |l fo + f0 + Sf1 'ﬂf1 ) + B:%o

N N - I.l
Bo(f1 + ZTlfo ) + 2(K0g1 K & - HKO +5 Kogo) (76)

+

o 1T _ MN2p 11 _
2T, e, ' -£,P

' 1 - - L.
of2 +1>1 (1 2f1 'ﬂfo)+P2(6fo T]fo)

' - - - N2 1 _ N2¢ 1t
+P0 (" 3f2 ﬂfl T]fo)+P1(f0+l;T]f0 'ﬂfo

3
' . re - - t . N2 X r 1t
+ 6f1 'ﬂfl ) + Po(2f1 z+ 411f1 1l f1 + 6f2 'ﬂf2 )

- IE re T 2 11
4K2 2'ﬂK1+ P K0+fso(f2 +ZT]f1 + 57 f0 )
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n®

' ' ' -
+ B (E 1+ 2TEY) + Byfyt " + 2K (8) + 58 -5 &

1 2

= 1 [ 11y o ' 2 _ '
eofo + T0(4f0 T]fo ) foTo + ZKO TIKOKO

+ 2K0H0 + LOKO' (78)

= = 1 ' - - - '
= 21]'1'0 + TO (1 2f1 'nfo) + T1(4f0 + fo' Tlfo L))

- ' t - N2¢ 11 [ e e
fOTl + T0(3T]fo 1l fo + f0 + Sfl T]fl ) + elfo

+ eo(fl" + znfo") + K1(5K0 - T]Ko' + zuo) + 1<1'(L0 - T]Ko)

L

- _Q . ' - 72
+ K, [2H 5+ 211K0 +' (.8604 + 'n)Ho] + K, (L1 + 2111.0 1l Ko)

(79)
= =20, ' - n*:ro" + T, - 2f - MEY - £,
+ T," (M- 3£, - Nf, - 'n’fo) + T,(6£,' - N£y'")
+ T, () + 405" - ’I}zfo"' + 6£, ' - ME ') + T (2E, + 4NE

- 'ﬂzfl" + 6f2' - T]fz") + eo(fz" + Zﬂfl" + Sﬂzfo")

[} 1! 1! -
+ €1(f1 + 21]f0 ) + ezfo + K2'(L0 T]Ko)
- ' ' - - n2
+ K2(6K0 + 2H0 TIKO ) + Kl (L1 + 21]L.0 111(1 Ll KO)

L
._Q 2 '
+K1(3K1+2H1- > +STIK0+ ZT]HO 'ﬂKo)

[ 2 -
+ Ko (L2 + 2Ttt.1 + 7 LO) + (.8604 - T) (KOHO + KlHO + KoHl)



Qol!

Qlll

Nll

T]LO L
Z "2 (80

+ K0(2H2 + 2'nH1 -
= e L. ey o 1 2 _ 1
= Yofo + Qo(l‘fo ﬂfo ) fOQO + 21(0 ﬂKOKO
- '
21(01{0 + LOKO (81)

= -ZT]QO" + QO'(l - 2f1 - 'nfo) + Q1(4f0 + fo' - T]fo")
' 1 - M2 11 [ - e N
- f0Q1 + Q0(3T]f0 M f0 + f0 + 5f1 'nf1 ) + Ylfo

+ 'Yo(fl" + 2'ﬂf0") + K1(5Ko - T]Ko' - ZHO) + Kl'(Lo - T]KO)

+ 1<0'(L1 + 2N, - T]’KO) + K [2TK) - 2H, - % - (.8604 + M)H,]
(82)

=-2MQ "' - MQy't + Q' (L - 2f - MEY - £,Q,'

+ Q 65, - MES') + Q' (M- 3£, - Nf, - 'ﬂzfo)

+ Ql(fo + 4’ﬂf0' - lefo" + 6£ ' - T]fl")

+ QL + 2f, + 4Nf " - 'ﬂzfl" + 6£," - ME,'")

+ 'Yo(fz" + 27|f1" + 5T]2f0") + Yl(fl" + 2MEST) + Y,

+ Ky (Ly - MR + K, (6K) - 2H) - MK ")

+K '@ + 2, - K, - 'f]21<0)+1<1(31<1 - 26, - 1‘22+ 57K,

- 27H, - nzxo') + Ky (@, + 2T + MLy

- (.8604 - M) (KlHo + KH, + HoKy) (83)

= 2£)'Ny - £N' - 16 - 2T H) '+ 2L H)' + 4}102 (84)
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- ZT]NO" + N0(2f1' + ZT]fo') + No'(-nf0 - 2f1) + 3f0'N1
£,V ' - 13.7664 + 3.4416 Ho2 + H (8H) + 2K)

26, ' (Ly - MR + 28" (Li + MLy - 1K)

(.8604 - ) (LOHO' - T]KOHO') (85)
-2an" - T]zNo" - N TQE] +NE) + EN, + 4E)'N,
No'(3f2 + 2'ﬂf1) + 3N1(f1 + 'ﬂfo') + No(l + 2f2' + 2T]fl')
(.8604 - M7 - 2H2'(L0 + 'ﬂKo) + 4K0H2

H ' [2L, + 2ML, - 2'111(1 + (.8604 + M) (L) - MKy ]

Hy'[2Ly+ 2ML, - 2TK, + (.8604 + M) (L, + ML, - TK,)

N2(.8604 - 'n)xo] + H1[4H1 + K + 2(.8604 - H,

(8604 + T (4H, + K0)1+H02[.7403 + 1.72087M - 312]

HL

—92—0 (.8604 - M) (86)
ZEO'M0 - foMo' + 4H0 + T]Kogo' - 2_goH0 - Logo' @87

- 1t " o ' '
ZTIMO + M0(2f1 + 2T]f0 ) Mo (T]fo + 2f1) + 3f0 M1

v - ! L
£M, ' + 4H, + 1.7208 H) - K g + TKg, ' + Mgy 'K,

II: [ - [ . ]
2 Kogo ZgOH1 2g1H0 .8604 gOHO LOgl ngo

3 1]
-5 TlLog (88)

0
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- M2 11 1 !
m M0 + £M "'+ 4fo M

- 1
o'l M, ' Q£ +1£y)

2

+ 3M1(ff + ﬂfo') - Mio'(3f2 - 2ﬂf1) + Mb(% + 2f2’ + 2ﬂf1')

+4H2+ 1.

23 -
+ (.8604 - 1) My - 2K g,

-IﬁK +§BLO)

7208 H1

- ! - - ' -
gy Ly = TRy - g, "Ly - MKy = S Ky + 5

-8 (K1 +

- go'(TlK2

H'K + 2H

2 %o 1 T 2.8604 HO)

2 2
ILK+L+3—TLL+£]—LO)

tg fgtlyt g

. o, o1 L
8o [2H, K '+ .8604 H -3 (.8604 - <°) Hj]

2 1

‘e

j& T '
g2 (ﬂKogo ZgOHO L8 *+ 8) + : Kogo

Then the boundary conditions become

Bo(®) =B, (0) =B, (0)

ey = ¢ (0) =
Yb(o) = N&(O)
2 (® = A (0)

X' (@ = A ' (0)

=0
¢,(0) =0
Yé(o) =0
1,(0) =0
= 3,0 =0

2,(0) = 2,(0) = 2,(0) =0

z,' (0) = 2,'(0)

22'(0) =0

Pg(0) =P,(0) =P,(0) =0

(89)
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Q@ = ® =0 =0
TO(O) = Tl(O) = Té(O) =0 (90)
MO(O) = Ml(O) = MZ(O) =0

NO(O) = N1(0) = NZ(O) -0

M @) = AT (D =) (=0

2, (9 =1

2,'() = 2,'(=) =0

Py(=) = P () = P (=) =0
QG (D = Q) = Q)= =0
T () = T,() = T,() = 0
My(=) = M (=) = M (=) =0
Ny = N () = N() =0

The preceding equations of motion and boundary conditions are suf-
ficient to determine the boundary layer velocity profiles if the circula-
tion distribution k(x) is known. The two-dimensional numerical analysis of
an impulsively rotated cylinder immersed in a uniform freestream as pre-

dicted by Thoman and Szewczyk (22) indicates that the cylinder lift coeffi-

cient is given by: . -out gﬁa
c =f(1-e ¢ v (91)
L U
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where V is the surface speed of the cylinder and f is an unknown function

of V/Um. To apply this result to the spinning cylinder crossflow we let

U =Usina

o]

. S (92)
vy __P
U sin ¢

Since the local circulation strength is given by

I'= chde (93)
we find that
_ 6 x tancx/l{,/U sin ¢ d
r 1 sinq P d v
k == - — -
l"o 2n p f(szl.n a) L-e (5%
Assuming small ¢ and transforming x to the dimensionless coordinate we
find that
3
K ¥ ¥ —2—yr 34 g 5)

128 i sin @

where Rc is the crossflow Reynolds number based on the cylinder diameter.

Figurelb shows the function f. This function was estimated by a curve fit
of rotating cylinder data (8). We see that the circulation is of order E?

for reasonable crossflow Reynolds numbers. In particular, for p/sin o =0.25

we find



Circulation function - £
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Figure 1b.

P/sin o

Circulation function for spinning cylinders

€e
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£ =220 —B— (97)

which leads to a circulation distribution

k = .0328 Rc3/4 g2 (98)

If, on the other hand, p/sin @ = 7.0 we find that

£ = .5278 —B— 4+ 26.406 (99)
sin Q¢
so that
k = .0015(.5278 + 26.406 %) RC3/4 g2 (100)

Profile Functions
The formulation of the equations of motion has led to the following

results for the boundary layer velocity profiles:
u _f_Tl X x? - x .2
1= 2 +a(;)cos ¢ K+ (;) apsin 9P + (;) (Q+ T cos 2 9Pg?

2
“Tz + 2 (101)

<
n
N
Nlo?
=‘ﬁ
4

Y (Mg, - £ - §f§) +a(—)VC cos 9 L

+ - «UE in<pB+"‘"«/—a(Y+ecosZ<p)
O

f«fu—a (e - 2.~ &

r
9 J_v =2 oy L
g) + 50 v P (mn A §A§) (102)

Y
&

)s:.n ®H+ (’Scx P cos oM

= T
122(7)52 - (1 - k)g} "(1 +

clg
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2
+ (is) gr_ sin 2¢ N (103)

The profile function Equatiouns 16 through 19, 30 through 42, and 60
through 90 were solved numerically by digital computer using the Iowa State
University computer package DNODE. DNODE solves a system of first order
differential equations using the predictor-corrector equations of R. L.
Crane (2). The program integrates equations as an initial value problem.
The equations of motion for the rotating cylinder are, however, of the two-
point boundary value type. For this reason guesses of the unknown initial
values are made and then the differential equations are integrated from the
cylinder surface to the edge of the boundary layer. If the results are
not satisfactory, the initial values are adjusted and the integration is
repeated. This process is continued until the solutions satisfy the outer
edge boundary conditionms.

Figures 2 through 12 show the result of these calculations. In some
cases difficulties prevented the calculation of the profile functions of
order €. 1In fact, it was found that it was necessary to guess the ini-
tial values for some of these highest order profile functions very ;ccurate-
ly before the numerical solution converged to the correct value for large
values of the independent variable 1. It should be noted that the profile
functions of order &2 are dependent upon the previous profile function
solutions of lower order. For this reason it is likely that some >f the

numerical instability encountered is due to roundoff errors.
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6»
fo"(O) = 1.328229
' _
s} K.O (0) = 0.6641145
zo"(O) = 0.996267
&b

0 0.5 1.0 1.5 2.0
Profile function

Figure 2. Velocity profile functions fo', 8o HO, K0 and zo‘ for a spinning

cylinder
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6 -
5 -’
P,'(0) = 0.8673711
Q' (©) = 0.2767444
4 -

Profile function

Figure 3. Velocity profile functions Po and QO for a spinning cylinder
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- 6
45
M,'(0) = -1.505663
T,' (0) = -2.426632
1 =
Y,'(0) = 0.0 A

-2.0 -1.5 -1.0 -0.5

Profile function

Figure 4. Profile functions MO, TO and ‘YO for a spinning cylinder



29

No'(O) = 10.01601

0 1 2 3 4
Profile function

Figure 5. Profile function Nb for a spinning cylinder
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-15 -10 =5 0

Profile function

Figure 6. Velocity profile functions L and ¢, for a spinning

0’ Po 1
cylinder
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A A s F'R

0 5 10 15 20

Profile function

Figure 7. Velocity profile functions Ll’ 51, Yl’ and € for a spinning
cylinder
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5 .
£,''(0) = 0.6943221

gl'(O) = Hl'(O) = -0.2201043
Kl'(O) = -0.3752374 4 4

[ 4 3 'y 'y

--5 --4 -03 -02 -cl o -1 -2 -3 -4 '5

Profile function

H, and K, for a spinning

Figure 8. Velocity profile functions fl', gy» By 1

cylinder
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5 -
2, "' (0) = 0.3471159
0, ' (0) = -0.6693016
4
34

~-.5 -4 -3 -2 -1 0 .1 .2 .3 4 .5

Profile function

Figarrzt 9. Velocity profile functions z_ ' and Q1 for a spinning cylinder

1
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Ml'(O) = 0,9396016

-1.0 -0.5 0 0.5

[

Profile function

Figure 10. Velocity profile function M, for a spinning eylinder

1



Nl'(O) = 0.5215917 4
Pl'(O) = =2.764019
3-
M
2 4

-1.5 -1.0 -0.5 0 0.5
' Profile function

and P, for a spinning cylinder

Figure 11. Velocity profile functions N1 1
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Tl'(O) = 4.500066

Profile function

Figure 12. Velocity profile function T1 for a spinning cylinder
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The sideforce coefficient calculated to order E? is independent of the
profile function of order g2 except for the skin friction effect. The skin
friction effect calculated to order &€ made only a small contribution to the
total Magnus force. For this reason and since convergent solutions for some
of the second order functions were not found, the second order term in the

skin friction effect was neglected in the total Magnus force calculation.

-

Sideforce Calculations

The calculation of the Magnus force involves contributions due to the
displacement thickness, the radial pressure gradient, skin friction, and
the circulation distribution. The displacement thickness calculation in-
volves an imaginary warped cylindrical body generated by adding the boundary
layer displacement thickness to the cylinder. The solution for an inviscid
flow about this new surface results in the appearance of a side force, the
displacement thickness contribution to the total Magnus force. The dis-
placement thickness effect is calculated assuming that the pressure through-
out the boundary layer is constant in the radial direction. The radial
pressure gradient contribution takes into account the pressure change from
the outer edge of the boundary layer to the cylinder surface. The surface
shearing stress is an asymmetric function of ¢ for the rotating cylinder.
Integration of this shearing stress over the cylinder surface provides
another contribution to the total Magnus force. The final contribution is

that due to the axial circulation distribution caused by vorticity shed
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into the crossflow wake. The local side force is rélatcd to the local cir-
culation strength by Rayleigh's (18) theory for the lift on a rotating cir-
cular cylinder placed normal to the freestream. The total Magnus force,
then, is obtained by integration of all local side force contributions over
the length of the cylinder.

To calculate the displacement thickness of a three-dimensional boundary

layer Moore's (15) definition in cylindrical coordinates is used

rd+A o rd+61 : o ro+ A ;
S y 1 S y ul u r <+ S Wl r
0 0 X o
r.+6
-0
- § 2 (w-wdr{ =0 (104)
r, @

where ul and v, are the inviscid flow velocities at the boundary layer edge

2
v -9

(105)
w, TU(2 o sin ¢ - kp)

61 and 62 are the boundary layer thicknesses for the u and w profiles

respectively. 4 is the desired displacement thickness. Transformation of

Equation 104 to dimensionless coordinates yields

o 4 Fo®
Q="+ -7 ) A-pan

0 ° P3

. -~ oA
+ { (2 sin ¢ - kp) (— - g+
rg 2 8
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(106)

[
o

i
El e Do w
+2S0 (1-2§)Ud'ﬂ

¢

where TL is the value of 1) at the boundary layer edge. Since § is assumed
to be much smaller than Iys T is set equal to T, in Equations 101 and 103.
This allows the determination of the velocities fér substitution in
Equation 106. To reduce Equation 106 to a set of ordinary differentialk
equations it is assumed that A may be expanded in powers of o and p just

as the velocity components were expanded previously.

A= C(x,9) + 6(x, 9,a,P) + §x,pa%,p2,0P) (107)
where
=0+ 8C + 8%,
- 2
8= 0 + 86 + £, (108)

V= wo + §W1+ §’¢2

For terms independent of @@ and p Equation 106 becomes

&r = f
ar S B
A+2ro- 7 9o (-75)dl[ =0 (109)

Upon substitution of terms of A that are of zero order in o and p and
expansion of the resulting equation in powers of §, Equation 109 may be

directly integrated to yield

(111)

W
]
N
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r F.2?
G G 12
where
© f !
Fo = § a- _g_) dn
D
(113)
P, = So £,'d1

The integrals Fo and F1 are readily calculated numerically from the known

velocity profile functions and are constants.
For terms linear in o and p Equation 106 becomes

2

2 €r, 0 '
A+L-TO X cos @ KdT + {(20{ sin(p~k§)(;£\--%§+‘%'§z)
X 0

Ne 5
+ f g (- ;%)[5 (2-g) +% [24+(.8604 - ME] sin cpH} af ;

=0 (114)

Direct integration of Equation 114 yields

60 =0 (115)
x
6 = - 5 cos cpKo (116)
F 2 Ho KoF
_x Yo = Ho Ro% ]
62 =7, cos [0 2 + F1 - F0 -‘.H‘.l - .4302}{) + 2 + 2 Kl
(117)

where
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(=]

K, - SO k,dT
K - S: R d7
H, - S: B dn (118)
H, - { nen

e £,
0 S T - ) A

xj
1l

U

e

Xo TH,d7

H,
The integrals are readily calculated from the known velocity profile

functions and are constants.

For the second order terms (a?,0p,p?) Equation 106 becomes

2 —

2
(1-02—) A+ r > S[ —%EsincpP
o

Er o £
a? ] -1
-2 z,n]d'n+ 5 So - 5hdn

X

2

+4{(2 a sin ¢ - kp)(—' JE§+ £2)
0
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0 - 2
r20 @) | 2R cos gu+ 2 sin2 gN|an{ =0 (119
2 2 T 2r
0 0 0
¢
Then the solution of Equation 119 may be written:
Y% =0 | (120)
x%0? roo.'z x%0p
¥ = - 2, Q0+ . Zo+xacoscpT]e+ 4, s:mcp(.Mo-Z-Po)
S22 @T - 2K +N ) (121)
br €08 £ 30 0" o

o rooz2 o LR
, = _4]; Q- 2Q) - —5— 2, + 2Z,)) - 5 cos 9 T Es )

2 - —
- x?f-;ﬂ sin @ [FO(MO - 2'1%) + aPl - 2M1 -MO]

2.2 —
+ XSS:) cos 2 @ [FO(TO - ZKO +N0) - 4T1 + 4Nl -No] (122)
where
= M dT)
My = §
N, - S NydT
0
P =(pa._-
0 o 0

C'lo - So QT
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T, - g: T am

Z - Sw 2,41
o

M = So M,d1)

KJ’O = gm N4 (123)
o

N1 = So N, d1
1)1 = Xo P dT

z1 B Y Z, 41

These integrals may be calculated from the known velocity profile functions

and are also constants.

Only terms containing sin ¢ contribute to the asymmetry of the displace-
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ment thickness with respect to the vertical plane. For this reason the
Magnus force is dependent on these terms only. The Magnus displacement
thickness is, then

| = xaefux _ 2. 5E [
AM = ap (ro) ‘\/—U_ sin ¢ (MO ZPO) C[Q?l ZNt

2
Yo
+M L+ F) - ZPOFOJ} (124)

Upon application of the Munk-Jones (20) theory to the case of flow over
slender bodies of revolution at incidence, the generated displacement thick-
ness distorts the velocity potential by an amount

o, R ?

0
cp=-Uax - (125)

where R, is the radius of the new surface. The surface pressure coefficient

0
is then
20 -
_ _ X _Qp,/yvx . 15
CPO' v T, g sin 9% @ - 2B

;8-«/: (12?1 ﬁl"& % - 2FOL% 4F0?0) (126)

and, thus, the force per unit length

2
y=-4q C,r
o

o Sin®de 127)

may be integrated along the body to calculate the Magnus side force con-

tribution Y1 due to the displacement thickness

L
= S v dx (128)
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The side force coefficient based on the cross sectional area is, then

_8ap L. | 15 _ 4 L Mo 2w
¢y =73 Q) e Wy - By + =1 () (12 - 64~ 3

1 R R
- ZFOMO + 4F0'P0)2 (129)

The radial pressure gradient contribution to the Magnus force is cal-

culated using the r component of the momentum equation correct to order

/L).
2 P
=== -p—r (130)
The velocity profile Equation 103 can then be substituted into Equation 130.
The resulting equation for the radial pressure gradient is transformed to
dimensionless coordinates. Since only pressure gradient terms with sin ¢
asymmetry will contribute to the Magnus force, the Magnus pressure gradient

is

P, = puzﬁ—;gl?—ji‘-u {(2 - £,E," [1+ -8604(E - §2>]
0

U U
- D) £,'5° (131)

The radial pressure gradient contribution to the side force per unit length

is calculated by

2T @0
¥, = So r, sin ® Sl P,nd'ﬂd [0) (132)

Defining
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@©
= - ' '
F, = So (2 - £,9£," a1
(133)
Ul
e
F, = g £1an
4 Jo 0
and calculating the side force using
L
Y, = SO y,dx (134)

results in the radial pressure gradient contribution to the Magnus side-

force coefficient based on the cross sectional area

8 L, 2 3.4428 L. 22.0339 L.,
CYz—R%<d) ap F3[3+ P @ R, Q@
L L
64 L2 3/4
"R @ F4oRe (133)

The integrals F3 and F4 are readily calculated numerically from the known

velocity profile functions and are constants.

The skin friction contribution to the Magnus force per unit length

is calculated by
2m
ys = S; ro Tcos @d @ (136)

where T is the surface shearing stress

T=pw / (137

Equation 103 is substituted into Equation 137. Note that only the terms

involving cos ¢ will be nonzero after integration so the shearing stress
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that contributes to the Magnus force is

_IJ'_U_EL_ [] iﬁ [ _1_6.‘.’_5 ]
TM-Zr'\/wapcoscp(Mo +rOVUM1 +r02 UMZ) . (138)

Substituting this result into Equation 136 and integrating, the Magnus
force per unit length Yy is found. The total force is
L
Y3 = So Yq dx
from which the skin friction contribution to the side force coefficient is

calculated to be

_.§. }.\2_1_." |__i. L, ' Ly2 L 1
cY =3 (d, %ap Mo 3 (d) Ml + 25.6 (d) R Mz (139)

L
3 R R
The derivatives of the profile function M are known from the velocity

profile solutions and are constant.

The contribution to the Magnus side force due to the circulation dis-

tribution is calculated by
L
Y = PU @ k(x) I, dx (140)
4 o 0

Since the circulation distribution has the form

o 306 g
k(x) = ClRC g (141)

the Magnus side force coefficient due to the circulation distribution is

R 3/4

C. =256 C, —— &3 gp (142)
Y, 1 x4
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RESULTS AND DISCUSSION

The contribution to the Magnus force coefficient due to the displace-
ment thickness is

2
ch g(){e 2P)+ %daz?-eml 3M
L L

- 28 M+ 4F;P 0)} (127)

where the numerical values for the integrals of the velocity profile

functions have the values

FO = 0.8604
j}lo = =1.3800
HO = ~1.6094
(143)
'PO = 0.7630
M, = o0.4826
P 1= -1.5910
Substitution of these values into Equation 127 yields
c, =& &2{ss.1200 - E2BLE & (144)
Y1 R ¥ d R %
L L

The contribution to the Magnus force coefficient due to the radial

pressure gradient is

8&p

c, - ;5 e L2 §+ 3.44;8 (%) i 22.2339 &2 (133)
L

2 R R
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The numerical value of F3 is
= 1.2883 (145)

Substitution of this value into Equation 133 yields

c = ap (L)z 6.8709 + 35.4705 (L) 227.0112 (L._) (146)
Y ¥ d % d R
2 RL RL L

The contribution to the Magnus force coefficient due to the skin friction
is

__8.QE LZ 1 4 .I—‘ [
c.,L = 3R% (d) M) - % ( )M (137)
L R

The derivatives of the velocity profile function M have the values

Mo' = =1.5057
(147)
Ml' = 0.9396
Substitution of these values into Equation 137 yields
c, =& &z} -4.015 - 218 & (148)
Y3 g% ¢ R *
L L

The contribution to the Magnus force coefficient due to the circula-

tion distribution is

256 clRC?’/“ .
¢, =——— &% (140)
4 R

where
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c, = .0328 (—R— = 0.25)
1 sin ¢
‘ (149)
= .0015 + .0394 & (—2— 2 7.0)
P sin ¢
Substitution of these results into Equation 140 yields
p L
c. =8.3068 R °/" B (Ays (—2— =0.25)
Y C R. 'd sin ¢
4 L
(150)
_ (.3840 + 10.0864 Hr /4 B Lys (P =40
p C RL d sin ¢
The total Magnus force coefficient is thus
c, = -@P%— (ﬁ)2 60.9757 + —-g d)[ -357.3695 + 8.3968 R 3/4]
I & RL
227.0112 L., P _
- x4 F? (sm p” = 0.25) (151)
L
or
c G Ly2 )60.9757 + L (—)[ 357.3695
Y1 1&% RL%
.0112
+ (.3840 + 10.0864 °‘)R 374, QZR—I—I- (f;-)z
L

—L > '
(Sln o 7.0) (152)

For subsonic incompressible flow with o and p small Equation 152 would be
expected to be the most useful equation for determining the Magnus force.
Figures 13 and 14 show a comparison of the present result, Kelly and

Hauer's (12) wind tunnel data and Kelly's (10) result for the Magnus
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force developed by a cylinder for various p and L/d values. Kelly's result
predicts a linear variation of the sideforce coefficient with o for a given
p. The data indicates that this is only valid for very small q. The‘
addition of the circulation distribution to the theory greatly improves
Kelly's result for larger q's. The present result is much better in pre-
dicting wind tunnel sideforce values than Kelly's theory at all angles of
attack. The present result does not always compare favorably with experi-
mental data but since the sideforce magnitude is much smaller than the
other forces acting on the cylinder, accurate wind tunnel data are very
difficult to obtain. Often quite different results for experimental Magnus
force coefficients are obtained between tests run at positive and negative
spin rates. Varying the nose shape or testing in a different wind tunnel
can also have large effects on the experimental results. Equation 152
predicts the shape of the sideforce coefficient, however, very well even
beyond the expected small angle region of application. No other theoreti-
cal application to date has predicted other than a linear variation of

Magnus force coefficient CY with angle of attack at a constant p.
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(® Experiment, Kelly and Hauer's (12)
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|
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H
>

Equation 152

CY= 39720+ . 19990.'7/4

+ 16.72750511/4

Theory, Kelly's (10)
cY = 4151 ¢

' — |

20 25

Angle of attack - o (degree)

Figure 13. <Sideforce coefficient comparison
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A Experiment, Kelly and Hauer's (12)

L
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P = .1047 A
R = .77x10°

Equation 152

CY=.1325a+ .0666a7
+ 16.71170111/4
Theory, Kelly's (10)
_ e CY = .1384 ¢
5 10 15 20 25

Figure 14.
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CONCLUSIONS AND RECOMMENDATIONS

This study of Magnus force production of spinning cylinders at small
angles of attack has lead to the following conclusions:

1. A circulation is developed in the inviscid outer flow by shed
vorticity in the wake of a spinning rotating cylinder.

2. The boundary layer displacement thickness is affected little
by a superimposed circulation distribution.

3. The use of a crossflow similar to the flow over an impul-
sively rotated cylinder placed normal to the freestream yields reason-
able results for the prediction of the sideforce coefficient.

4. Effects due to terms of first order in § yield important
contributions to the sideforce coefficient and should not be neglected.

5. For large angles of attack the sideforce is produced mainly
by the circulation induced in the inviscid flow by the shed vorticity.

6. Equation 152 ;;edicts the nonlinear behavior of the sideforce
coefficient that previous theories have not.

7. Equation 152 may even be useful in the estimation of the side-
force coefficient above the assumed "small" angle of attack region.

8. Although there are wind tunnel tests that have been made on
finless rotating bodiés of revolution in addition to those referenced
here, many more experimental results are needed to confirm the results

contained herein. Wide ranges of P, @, L/d, Reynolds number and Mach



54b

number should be covered by these experiments to fill in gaps in

existing data.

9. Flow field surveys with a hot wire should be made to validate
the assumed circulation values and to better understand the flow
chéracteristics, particularly in the wake region where vorticity is

shed from the boundary layer.

10. When reliable wind tunnel data are available an extensive
comparison of the theory and experiment should be made to determine

the validity of the theory.
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