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I. IRTRODUCTION

One of the most frequent problems arising in statistics is that of
estimnting the velues of the paremeters of a population by means of a
ssmple from that pareat populetion., ¥e will wish, naturally, to obtain
estimsters which are "best" in some scceptadble sense, Intuitively, "best®
would seem to say that we wish to find an estimate such that 1% will be
l'u close as possible to the true parsmeter value with as large & probabil.
ity as poseidle. The introduction of the concept of probability into our
requirements for & best estimmte iz necesssry because the estimate is a
function of the sample wvalues, end ies hence a random variable, It will
not, then, coinecide with the true parameter value except by chance and it
will have = distribution which, we hope, will be centered in some sense
#t the true walue, ¥We will restrict ocurselves te the comsideration of
random sawples only, since if the sample ies not random and mothing precise
is known about the nature of the biss operating whenm it was chosen, very
Jittle can be inferred from it about the parent populstion,

1et ue attempt to make more precise our statement that & "best"
estimete will be one for which the probability that it will De as close
as possible to the true walue will be s= large ss yémib?w. Ve aseume
that the form of the parent populstion is known except for the wvaluess of
cortein parameters., For the purposes saf. exposition we shall restrict
‘nmulne. primerily, to the cpse of one unknown parsmeter. Following the
terminology introduced by Pitman (37), we distinguish between a method of

estimation, called en estimstor, and the value to which it gives rise in
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{2) '™he property of comsistency being s limiting property ss the
sample size tends %o infinity, it i3 evident that we need some similar

property for finite n. This is reslised by reguiring that the mean value

of ¢, for 2ll n, shall be €, That is, we define what is called an unbissed

estimator by the relation
By () = ® | | (@)

where T, (1) denotes the expected velue of % under the sssumption that
& is the true value of the parameter.

muv In a great many estimstion problems it is possible to construet
estimators t{xy,%p,...,%y) such that \n {$-8) hae 2 normal Gistribution
with rero mean in the limit as the sample siszse n incressee, Confinlng our
attention to this class aﬂ,gmwnaswwwm« there may be one or more estimators
which will have a2 limiting varisnce vwhich is smmller than the limiting
veriances of the other estimatora, .m#m estimators which have the smallest

limiting varisnce are called asymptoticelly efficlent estimetors of @. It

is to be observed that ssymptotically efficient estimatore are necessarily
consistent,

(4) It is convenient to distinguish between am efficient estimetor snd
an asymptotically efficient estimator. Cramér® bas %wedmw that unier |
certain conditions the variance of &, iwamw t is an unbimsed estimator of
€, cen never be less thsn EW»QAUWWW!MVWM where n is the fixed sisze of
sample, If this minimum value is achieved, t is said to be mn sfficient

estimator of ©. We note that an efficient estimator exists only under

o

@mJMRﬁﬂMWJ\m.w Mathemstical Methods MM Stetistica, Princeton,
Princeton University Prese, wWMMH_%. 80,
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any functien of ¢ will obviously satisfy the same pelstion. It is necessary,
therefore, %o choose from all such functions one which gives » consistent
estimntor or, if poszible, =n unbiased estimator. If we choose such a
funetion as our %akim&tér of the parameter in guestion, it follows that

this particnlar sufffeient estimator will bes an ssymptotically efficient
estimator provided thet an ssymplteotieslly efficient aatimaﬁa? exists, If

we could slweys find sufficient estimators the problem of sstimstion would
be grestly simplified, but unfortunstely sufficiemey is the exception

rather than the rale,

‘B, Prinelples for Obtaining RBstimntors

Probably the most importsnt method of praviéing estinmators is that
of meximum likelihood which was advenced by R. A. Fisher (1¢). Incidentally,
it was Fisher vho formulated the coriteris we have listed above as belng
desirsble propertiez of gord 2eiimelors,
If the frequenecy function of the parent populstion is f{x:0;, the
likelihood function of a sample of size n iz defined to be
| n
L= 7  f(xg:8). (52
ie1
The principle of maximum likelihood says th:t if we find a function
t{x).%2,...%) which maximices I for variations im ©, providing such

2 function existe, thea t is ealled s maximum éﬁﬁmlih@a& estimator of

€., That is, we solve the following equation

AL . “L ‘
3E~ 0. ‘%@ < 0 (6)
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{iv) 1If (&) the freguenecy function f{x;®) is continuous in x throughout

8, mm

spproaches a continvous function of & as x tends to infinity, and WW does

its renge, and (b) in a 6-interval containing the true value of

not venish in some interval, then the maximum likelihood estimstor t tends
to normality for large n,

(v) 1If ¢t be any estimmtor of &, the range of f(x:€) is independent
of 8, and in large samples ¢ is distributed normally zbout mean &, {the
true value of ) with finite wvarisnce, then » maximum likelihood estimator
(if one exists) is an ssymptoticelly efficient estimator.

{vi) If m sufficient @m«»&ﬁwaw exists, it is a funetion of the
maximum likelihood estimator, ¥e remember that net all parameters have
sufficient sztimators, but if a sufficient estimator does exist, it can
be shown that the maximum likelihood estimator will be a sufficient estims-
tor.

A second eriterion which is often used to obtsin estimators lis to
consider the class of all unbismsed estimators and, in particular, the

element of this e¢lass which has awgmsﬁu varisnce. This is accomplished

by finding & value of & = %{x3,...,%,) such that

oG 00 n
\HZ\ (s-8)" 1 = dxy = minimum . {(8)
-00 =00
n
where L = ™ f£(x,38) , subject to the restriction that
§=1 .
o® O
o r n
SR Y 4=l
- X ;'8



or

* ! 1 0 .
[ t oL dx, = 1 (10)
1.4 (.’/7 aa 1'*3. i

provided that the renge of x is independent of # or thet f{x:i8) vanishes
at any extreme which depends on €, This is eguivalent to finding the un-
consbtrained maximum of

n

eoef { ($-8)7 ~2A8S= ) W g 1

vhere A is an unspecified parsmeter which may depend on ® but not on the

x*t./ A solubtion exists if we can express __ajlg_“ in the form

é_zgla, t;\ﬁ; . (12)

We now note another principle which has been suggested for providing
estimators. The dats are grouped into cells with expected freguency

typified by By and observed frequemcy by my, then the function

( }
S e M) (13)
w3
2
uZ:L -n
u,

where

B o= Juy = my (1)

is minimized with respect to the us. This method is called the method

of miniaum ah:l—mgmra.
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which aleso miniwizes 2 sum of sguares to provide estimators of the pope-
ﬁl&tian parameters undey considerstion.

Pitmen (36) hes suggested the principle of closeness #s one which
hes sn intuitive eppeal when we consider obtaining estimstors for an
unknown perameter., If %) and ty sre two estimators of €, then t; is &

closer estimstor of € then is &y if
P (|20 < Jese]) > 2 (16)

If t; is closer than any other estimator, &, them it is said to be the
closest estimator of €. The ceriterion of closeness wmeans that if we make
use of s clogest estimator then gur error will be smaller, more than fifty
per cent of the time, than 4if we used any other estimater. We should also
note that {16) must hold for all permissible values of & for the definition
to be of wvalue,

%ald (41) has considered a wuch more general problem of which estimation
is one part, ¥ald's formulation of the problem is such that G(E), where
Bom (x)3,%0,0049%p)3 $.e., the sample point, is a best estimate of 6 relative
to » given weight function ¥(8,8) if the system of reglons determined by
B(8) is a best system of regions® relative to the weight function considered.

Corresponding to any estimate 0(E), we define & risk fusction

r(8) = f w(e,8(8) ) p(x|e) am (a7

Lo
and by choosing a ©(E) to minimise "the maximum risk for variation in &%
{1f such & choice is possible) we obtain a best sstimate ns defiped by Wald,

Under certain general conditions, among which is one that the value of the

a. For & definition of & "best system of regions¥ see Wald (41), p. 303,
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weight function shsll depend only on u = [@4§’. it has been shown thst if a
paximum likelihood estimetor ©(E) exists thenm é(%} is & best estimate in the

sense defined above,
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where f{x,y) is the Joint probadbility density function of X and Y,

%e note that as k—>0, (k)—>1 snd that as x—>w, «4k)—> 0. Ve see,
then, that if we define u(0) = 1 and G{oo) = O, 4(k) is such that 0 & &(k) £ 1.
This i# as expected since ({k) was defined to be 2 probebility. We now

prove a lemma which is necessary for further work.
lenme .
If X and ¥ are two rendom veristes such that:

(1) B(X) = B(Y) = ¢
(11) £(x,y) 1s the joint probebility density function of X and ¥

(111) flx,y) > O for x » y = O
then Gk} = P (Ik‘&l < \Y\). where k > ©, is:

(n) continuous with respect %o k
(») o U)K 1
{e) satrictly monctone éaw;uiag mm increasing k.

Ve ahell first establish the property of continuity. ¥We say that wWlk)
is continuous if, for any given ¢ > O there exists = £ > O such that for
heeieg | < 8, Jatmr-atxg)] < .
| How

o0

%

Wx)-4lk ) = /
- (/x| ~® =|y/K]

|y /xl o |y/xl
f{x,y) dx 8y - | / fix,y) dx dy ; k > k, (3)
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w xlx| % kglxl ]

= 1 - [ / flx,y) dy 4z -~ 1~[/f§x.y}ﬁyﬂx

-® - kix| -0 k(x|

w ko lxl o klx|

- / f f{x,y) dy 4x =~ / / fix,y) dy é=
-c -:?iéglx.( »-a; X x|

o kx| -k x|
= f / f(x,y) dy + flx,y) dy | ax

x k!*f;:'l »f&lxal

oo
- [ hix) éx
-

wvhere hi(x) is defined by the eguation:

k, |x| ~k | x|
n(x) = /ﬂ f(x,y) &y + f(x,y) &y .
kl!l - @‘x‘

w o
Sinee / | f f{x,y) dx dy = 1, we ¢an choose R so that

/ T £{x,¥) ax dy < e¢f2.
é’ ze}aa

Also, since f{x,y) is bounded, we have f£{x,y) & M,

Therefore

(&)

(5)

(6)

(7

(8)
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| h{x) dx § UM /&,& = !m[.-» R‘EJ = 2MR% ()
Ty u® x?+y*<R*
snd k, € ll‘ <k
x
where o = primcipel velue of tan “1f k%o
1k kg,

Then

|ate)-atxg)] < / " onlx) ax| + f h(x) ax [ 2HRPare/2 (10)
x* 4y x+3°>8°

How we can choose & { tan ~— 8o that far k in !k-kﬁ"( &,

yME®
= ¢ |keryl¢ & < tan —E (11)
1+k kg , Barn®

and since tan z is a monotone increasing function of x in the neighbourhood

of zero, we have

mn”l(..u.’f;‘:;‘f'.:_..) ¢ (12)
14k Xk, umg®
which gives ua

l%fk-}-’%ﬁk@}l £« for lk-k@l < 8,

4 similsar proof follows if we consider k < k,.

Now conmider two different velues of k, say ky and ke (ky < kg).

L l:’/kxl l?fkal
Wky) - Glky) = / f fix,y) dx dy / / £f{x,y) dx dy (13)
-® -[y/i| ~® -[¥/xa ]
o ~|¥/3’Q| \V{ka‘
= f flx,y)} ax + f(x,y) dx | dy . (1h4)

ly/xs] |v/ks



We have seen that ({k;) - Gka)—> O Bes kp—>k;, 2nd from (1h4) it
follows that Q(ky) 3 4(kg) ms long as ky < ka.
We note, from (1) that (k) = ulke) for ky £ ke if snd only if

f(x,y) = O for
ly!kal < \xl < \zrlk-al {15)

But from condition (1ii) we see that f{x,y) cannot equal zeroc for sll
x end y satisfying (1h), Hence 4(k;) > Glk.) for k; € ka.

Thie completes our proof.

We note that under the conditions of our lemma, we conclude that there

exists & unigue value of k, ssy K, such thet Q(X) = 1/2,

Theorem 1.
If X snd Y are two random veristes having veriances of and 03 respec-
tively, and the conditions of the preceding lemamn are satisfied, then:
(i) ¥ 4is determined uniguely.
(14) If X ¢ opfo;, minimum warimnce is equivalent to closeness for
XX and ¥, for all k > O, exeept in the interval X £ k €‘@glai.
(311) If € > op/oy, minimum verisnce is eguivalent to closeness for
kX snd ¥, for all k > O, except in the intervsl oufoy € k¥ & K.
(iv) ¥ = gu/oy is 8 necessary snd sufficient condition for the

eguivalence of closeness sand minimum verience for kX and ¥ for all k 2> O,

Froof:
Since X and Y have varisnces of and of reapectively, Z = kX will have
variance kﬁaﬁ. It is convenient to separate our proof into two distinct

cases: (i) when ¥ < opfoy, and {1i) when K > opfoy.
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Case 1
(a) If 0< k< X, then (k) > 1/2 snd x%¢f < of
{v) If K& k < opf/oy, then (k) £ 1/2 and k¥of < of

(e} If k > op/0x, then Wlk) < 1/2 and ¥®6f > of

() 1f 0 < k < opfox, then Wk) > 1/2 and xof < of

(b} If vofus < X € %, then Glk} » 1/2 ana X®of > o3

{e) If x> X, them 4lk) < 1/2 and ¥%F » o

The preceding conditions make it clear that kX or ¥ is closer to the
true parameter value gzerc according to which has the smaller variance
except in the intervale K & k € op/o, (Case I) amd cpfey < k & K {Case II).
In the firet of these, kX has the smaller variance Lut ¥ is closer while
in the latter, Y hes the smaller variance but kX is closer. It is evideat,
then, that £ = oufoy it & necessary snd suffieient condition for the
eguivalence of closeness sand minimum variance for XX snd ¥ for sll k > C.

This completer our proof.,

Let us now examine the standardised varimtes 5 = Xfo; and T = Y/oa.
Obviocusly B(S) = B{(T) = 0 and further, 5 and ¥ emch have variance one.

Consider
P (x| < [v]) =2 (loasl < loa?) = # (loafoas| < [2])
= g (o1/0p) (16)
where (k) is now defined by

W) = ¢ (Jws| < 2> for k ¥ O, (17)



As before, if X is the value of k such that 4(K) = 1/2 then we may consider

the following:

Case I K< opleg =1

{e) IFOCKCE, then k) > 1/2 and ¥ < 1
() IFKE k<1, then k) € 1/2 amd x* < 1
{e) If k> 1, then k) € 1/2 and ¥ » 1

Case 11 E D> awxﬁw = 1
(a) If0< k<1, then Glk) > 1/2 end ™ ¢ 1
{b) If 1< k& K, then @) > 1/2 snd ¥° > 1
{e) If k> XK, then (k) < 1/2 and ¥* > 1

Therefore we gee that k3 or T is closer to the true parameter value
zero sccording to which has the smaller variance, except in the intervals
E€ k<1l {(Case I) and 1 < k€ E (Case II), and hence it is obvious thsat
K= 1 is a2 necessary =nd sufficient condition for the equivalence of
closeness and minimum varisnce for ki and T for all k > €.

This says thst & necessary and sufficient condition for smaller

and closeness to be eguivalent for kS and T is
W1) = P (Islcl?]) = 1/2 (18)

Hence from (16) we have obtnined m necessary and sufficient condition
for the equivalence of smaller varimnce and closeness for X and Y which,
in standerdised units, are Jointly distributed like 5 and T, ¥We have,

therefore, proved the following theorem:
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Theoren 2.

If X and Y are two random variptes having variances o sand o respec-
tively and if the conditions of our lemme are satisfied snd, further, if
8 = Xfoy and T = Y/op, then & necessery and sufficient condition for
clewnﬁﬁ apnd minimum varisnce to be equivalent for X snd Y is thet

1) = P ([s] < |2]) = 172,

B, Dlecrete Distribution Functions

A random varlste X is sald to be of the discrete type, or to possess
a diserete distribution, if the totel mases of the distribution is concen-
trated in dlscorete mses points and if, moreover, any finite interval con-
taine at most & finite number of the mass points,? The set of all mass
points is finite or denumereble, The distribution of X is completely

degscribed by stating thet, for every i, we have the probability:

where
2 p,o=1. (2)
1 i
The cumunlative distpibution function is then given by
Fle) =P (R & x} = Z Py (3)
xg £ x

¥e shall extend the results of the preceding section, taking note of
certain medifications made pecessary by the discrete nsture of the dis-

tribution. Conaider reandom variables X and Y, where B(X) = E(Y) = © and

a. Cremer, H., Nathematical Methods of Statistics, Princeton,
Princeton University Press, 196, p. 168.




X and Y have warisnces o} snd o respectively. Let ¥(x,y) be defined by

the egquation:

eyl =2 (& x, Y ¥) ()
Hence
¢=2 (Ixl < lely - // a¥(x,y) (5)
< rl

where the inbegral is taken to be a lebesgue~Stieltjes integral.
The methods used in obtaining rseults for continuous distributions

indicate the line of procedure to be followed here, 4s before, define

wi) = # (lexl < |2]) . k20, (6)

Consider two values of k, say k; and ke (ky < kp). We mee that
Qi) = P (iaxlelrl) = 2 (lzlalrl) + 2 (lxaxl< vl ¢ heexl)
= G(ka) + P {|ia%| < ¥l ¢ lipxl ) (1)

Hence (k) is = monotone decressing funetion of k., However, since (k)
may be discontinucue (if we talk in terms of general distribution funmctious),
it ia not strictly monotone decreasing with ingreasing k and therefore it
does not follow that there exists & unigue wvalue of k, say K, such thst
WE) = 1/2. Such m velue of k mey exist or %hsrafanr be some interval in
which (k) = 1/2. Whichever of these two situstions holds, there exist

twe poindes L and B defined ss fellows:

L = upper bound of k such that (k) > 1/2
R = lower bound of k such that G{k) < 1/2.



let us consider the following:

Case 1 L oploa g B (foafoy)
(a) If <€ X< L, thes Qk) > 1/2 and X®0f < of
(b) 1f L& k< oploa, then (k) 3 1/2 and ¥%of < of
(e} 1If ogfos € k & R, then (k) £ 1/2 snd k%§ > o}
(4) If x> B, then G(k) < 1/2 and k%05 » o}

Case 11 oplor £ L& B (fogfos)
() 1f ©< k< opfoy, then 4lk) > 1/2 and ¥®of < of
() 1If op/on < X & L, then Gk} > 1/2 and X0} > of
(e} If L < X & E, then k) § 1/2 and ¥®c] » o
{a) If x > B, then (k) < 1/2 snd X% > of

Case 111 L§ BRS oploa  (donfoy)
{e) If 0< &k < L, then (k) > 1/2 and k%§ < o}
(v} If L & k¥ < B, then 4(k) » 1/2 sand x%§ < of
{e) If B¢ k< opfoy, then 4(k) € 1/2 and k%6f ¢ of

(d) If k > opfo;, then 4(k) < 1/2 and kx®of > of

If k = ogfoy, then kX and Y each have variance of and we should choose
the ome which is the closer estimate, He decision is possible unless
L = ogfey = R.

Closeness and smaller variance sre seen to bde equivalent for kX and Y,
~ for »ll k > O, except in the closed interval bounded by the smallest and
largest of the three qusntities L, B snd op/os. If L = R = apfoy, minimum

variance and closensss will be eguivelent for ¥X and Y for all k > O,




Suppose L # B, Then, if L § os/7y € B snd ¥%0§ < of, we find that
Glk) > 1/2 inetead of the more desiradle ((k) > 1/2. W¥e shall say that kX
ie almost closer to the true parameter value zero than ie Y whenever

w{k) » 1/2. Ve will refer to this as the property of guasi~closeness.

Now, if we have
L € oploy & R (8)

then it is evident that (&) is & necessary and sufficient condition for the
&@ﬂivﬁlanea of smaller veriance snd guasi-closeness for kX snd Y for all
k> O, The ‘sufficiency' is apparent, To show the 'necessity', we need
only to consider the following: if opfoy < L, there will be, by the defi-
nition of L, » value of k such that on/oy < k < L for which kX would be
almost closer” but Y would have the smaller veriance. A similar result

follows when op/0; > B. ¥e have thus proven the following theorem:

Theorem 3.

If X end ¥ are two rendom varistes with zero means snd varisaces o
and of respectively, and if we set G(x) = P (Ixx] < l?li. k> 0, ksen:

(i) XX or Y will be closer te the true parameter vnlue zero according
to which possesses the smaller variance except for values of k in the
closed interval bounded by the smalleest and lasrgest of the three guantities

1, R and opfoy, where

I = upper bound of %k sueh thet G(k) > 1/2
R = lower boumd of k such that ({k) < 1/2,

a. A guantity is certainly almost closer if it is closer; {.e.,
P (lex] ¢ |¥]) » 1/2 impiies P (kX1 < I¥]) » 1/2.
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{1i) L = B » 0pf0y is » necessary and eufficient condition for the
equivalence of closeness and miniwum variance For kX and ¥ for all k > O,
(11i) XX or Y will be aimost closer to zere according %o which possesses
the smaller variance, for all k > 0, if end only if L § opfo; € R.
Consider now the stendardized variates 5 = X/oy and T = Y/op, where

B(8) » B{7) = O snd var (5) » var (B} = 1. We shnll define
a(e) = # (lesl < 2] (9)
and then the following theorem msy be shown to holds

Theorem L.

I1f X and ¥ are two random varistes with B(X) = E(Y) = 0 and varisnces
of and of respsctively, if 5 = X/o, 2nd T = Y/ou and (k) = P (|xs] < |%]),
thent

(1) » (Isl < lel) = 2 ({2] ¢ [s]) 18 & sufficient condivion for minimwum
varisnce to imply quasi-closeness for X snd ¥ for all values of o3 and oy
1ir P (I8l = l2]) = 0.

(11) 12 P (sl = [2]) = P > o, then  ([8] < |2]) = » (|2| < 1s])
is & sufficient condition for the egquivalence of minimum varisnce and close~

ness for X and Y for all oy and ogm.
Proof:

Case I LE1g R (x ¢ 1)
(8) If 0¢ k<L, them Q(k) > 1/2 end ¥* < 1
(b) If L& k<1, then G(k) 3 1/2 nna ¥* ¢ 2
{e) If 1< k& R, then ¢(k) € 1/2 and ¥¥ > 1
(8) If x> ®, them (k) € 1/2 and ¥* > 1
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Cose 11 1{LgR {k # 1)

(o) If 0< kX< 1, then 4{k) > 1/2 and ¥* < 1

o

() If 1 < xg 1, then G(k) 3 1/2 and x* >
(e) I LK kg &, then Glk) ¢ 1/2 and ¥* > 1

(a) If x > R, then (k) < 1/2 and ¥¥ > 1

Case I11 LEREL (k¢ 1)
(a) If 0< k<L, then G(k) > 1/2 and X¥* < 1
(b) If L§ kK< R, then §(k) 2 1/2 and ¥x* < 1

ol

(¢) If BE k< 1, then k) € 1/2 and %x® <
(4) If x> 1, then G(k) < 1/2 sma ¥* > 1
If k= 1, then k3 and T each have the same varisnce snd we should choose

the one which is the eloser estimate, lo decision is possidle unless

L=gRe=l,
Consider
P Olsl < tzl) + 2 (sl = Je[) + 2 (17| <1s]) = 1, (10)
If
Plsl = lzl) =0 (11)
and
P (sl < I2) =2 Izl < 1s) (12)

then we wust have Q{1) = 1/2, but (1) = 1/2 implies i § 1 § B. By Theorem 3
this implies the equivalence of guasi-closeness and minimum varisnce for kS5
and ? for all k > O and hence im particular for k = o,/0p. This says that

X or T will be almost closer to zero according to which has the smaller
variance., This shows the sufficiency of (12).



How, suppose we have
e (s =l2|) =2> 0. (13)
Then
r(ls] <l2])+p m_i < Isl)y = 1
and hence {(12) gives us
(1) = (1.P)/2 < 1/2 | (15)
and therefore, by definition, R & 1. Next, coneider Q(1-8), 0 < & < 1:
4(1-8) = ¢ ([(1-e38| < |2
»e (Isl < [2h) + 2 (18l = I2b
= (1-P)/2 + P
= (1+P) /2

Hence G{1-8) > 1/2 snd therefore 1-& & L. This implies 1 & L. %o show

this, assume L < 1. Then I = leg, where ¢ > O, and therefore L €< l-¢ + ¢/2 =
1-2/2, Calling ¢/2 = & we have L < 1-f which contradicts 1-£& £ L. Hence

we have 1 §{ L., Ve now have that 1 { L. & B¢ 1 end therefore L = R= 1,

By Theorem 3, this proves the ‘sufficiency’.

€. Yorm of the Distridution

Returaing to the case where I snd Y admit & continuous probability

density function f{x,¥)}, let us find conditions on the form of the distribu-

tion such that the eriteria of eloseness and swallesr variance are eguivalent.



Consider the standardized variates S and T, They will have 2 Jjoint probe
ability density function, say g(s,t).

How, Theorem & states that under certain gﬁxmml conditions
p(ls] ¢ l%l} = 1/2 is a necessary smd sufficient condition for closeness
and minimum variance to be eguivalent for al)l X and Y. This may be

expressed as follows:

f Eg(&.t{) ds 4% = 1,2 = [ / E(.nt) as ds {1)
w& -f tl ‘.& —ti’l
oo [t
= | glt,s) ds a4t . )
o |t
Thersfore
oo |8l
[ f[gh,%) - g(@.sg ds dt = O (3)
-en  ~|8]

is a necessary and sufficient condition for the egquivalence of closeness

end minimum variance for all X and Y. We have, then, the following theorem:

Theorem 5.

Given two random waristes, X and Y, which satisfy the conditions of
Theorem 1, consider them in standardized units S = X/o; and T = Y/o,.
Let g{s,t) be the joint probability demnsity functionm of S mnd T. Then &
necessary and sufficlient condition for the eguivalence of closeness and

minimum variance for X and Y for 81l values of oy and op is
o |t

f/ ,&/ [ﬁfhﬁ)-ﬁw,uﬂ ds dt = O,

~-w -[4



-a?-—

¥e note that 1if gle,t) is s symmetric function in s and ¢, then close~
ness and minimum veariance are equivelent for X and Y. %The result obbeined

by Geary®™ is seen to Be a special case of the above.

®. Geary, R. G., OComparison of the Uoncepts of Effieiency and
Closeness for Consistent Estimates of & Parameter, Biometrika,
33:12%.128, 19hk,



() gt € (» > _am_v 4

R < U 1% 403 38Yq YONs j Ue 838TXe eIayy ‘( ¢ g pum

0 ¢ > % puwe » Luwe J0F *JT odes 0F L3313qeqosd uy sePaeaucn Uy (%)
IBAOTT0Z 8% BIuy o3ug3s Lew sg “Alsargoedesss

0 €. 8 Puw oJez of £3t11198q03d ut eFieauce YOTYA .ﬁw pue %y Japjsucp
*Jo4UNT3ES JUSGETRUCO-UON LUV UVYSG Jeworo Arreorzosdulev sy Jojenmpyee JULETS
~WOD ® JEYY ST JWHY ‘9097 ENOTAQO JIYYEX FULAOTIO) o4y eacad L(1ewe LeE ey

+9-U8q = U1 pue g-¥Uty = Yy zopysuos Lem ea ‘guotyoes Fuipeseid syy Uy 8Y :

* ITWY~-R00 UwY3 IwgWad¥ ST PUB 35T

0 <—u ®<—u
m_@iﬂwﬂ_ s —w1ﬁn»_v,& wyr = ¥ wyy

B sl

31 "% 81 uwyy o JO JOJPWTLNe XSBOLO ALTUD1I0%

8% uw 8] Uy
39qy Aes TTIm o4 .ﬁm..nma_ > _m..ﬁa_ ) d =% puw m exys jo syduws v wody

PRIBINOTES Yows ‘g Jegeweswd oyq Jo sIogewiyse omj eq W¥y pus ¥ig goq

“UoTsvaTIeq

*Louetoyize 93303dmisn puw AJUBVIIRA Je[(wEs IT309dmisw JO BUOTIOU WY
q3Tm 37 sIwdwod WY PUF ,80ues0lP oijojdmlew, JO WOTSINIFAP ¥ SgUIRMIG]
03 ‘sxozeseyqy 'fIuesedou SWees 4y 30U ST seIUeold jo jdeducd s uemILS

oTIyn Ljaedoad ppgogdulsw uwe sy *aeysty Lg peutiep sw ‘LAousteriiu

SUOTVUNY WOTINQTLISTL SLORUTIUWOH ¥

SEENHSOTO DIIOLARARY “4I

l.mwm”.l



- 31 -
(11) Y, converges in ymmiuty to 6> 0 if, for sny ¢« and &, ¢ > O
and & > O, there exists an E¥* such that for all a > ¥”,
P (|1,-6] < €)> 1-¢ (2)
We note that
1-4, = P (%] 3 v ]) (3)
and therefore
1-Gn & ® (Y] ¢ x| < e)eP (xa] 32 )
sP x>y ersr ] ¢ ) )
FVow, equation (1) tells us that
PUx] 3 e)eap (x]c ) 8 (5)

forn > R,

*

, e ,
For any ¢ £ o . there cannct exist a value of Y, which satisfies both

\'Inl < ¢ and l!noﬁ* lé: €. Therefore
Pl < e) e (|rg-e* e )¢ (6)
and hence

Pl < edg1p (Jrp0*cerc s (7

for n > N,

Using the results of equations (5) and (7)., we see that (&) gives us
1-in < 28 for n > max (¥,N*), and we may then conclude that lim Q. = 1,
A mimilar result may be proved for 8" < O, e

We have thus proven the following theorem:



Theorem 6.
If X, converges in probadility to zero, and 'fg converges in probability
to ©*§0, then lim §, = 1, that is, X, is an ssymptotically closer estimate

n—> o
of serc than is ’fﬁ.

, ty, -8 San~6
Consider now the variates S, = "= and %, = ogn  WPeTe fij and

tsn have variances oip snd obp respectively, Let us assume that Sp and T,
have a ﬁamt probablility density function gah.k}‘ ¥e may further sssume
that this seguence of deneity functions converges uniformly to & Joint

probebility denmsity function gis,t) with zero means and unit variasnces,

Define,
Gulk) = P (|xs,l< l?g\ ) ik > 0. (8)
Then
| o0 le /5l
Gulk) = gf  gale,t) ds at (9)
-0 ~lt/xl
w lif'k\ o le/xl
| ”[ / g(s,t) ds dt @f / [gaﬁt.k}ng(e,t}] ds at  (10)
o - fe/xl - -tk
© \ /il
where / / [sn(ﬁ.t}a-ﬁ(s,t}] de dt = I (k), say.
o -le/x|

We wish to show that I, (k) converges uniformly o zero, that 1s, that Qu(k)

converges mniformly to G(k) ma"@ 4{k) is defined by the egustion:
o |t/k

«e) = [ ] o(s,6) as at. {11)

-0 «lt/xl
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We note thet O & G (k) £ 1 for every n, and that es k—> 0, Qu(k)—>1 and
that as k— o, R,(k)—> 0. Aleo, G(k) satisfies these same conditionms.

Zach %(k)? p=l, 2, 3, ...; snd G(k) are continuous fuanmctioms of k.

Consider
o |t/xl
I(x) = / / [ga{a.t)-g(hté) ds at. {12)
e ~|t/K]
We may comstruct a square Sg {of side 2R) centered st the origin such that:
(1) L[ / g(s,t) de 4t §~’-§ (13)
33 "
(11) [ [ Enle,t) ds at (% , for every n. (1k)
Then
w lt/k|
I.(k) ¢ j ) |gn{u.t3~g{¢.z)]&u at - s)
R B |
< f ;/> \ga(s,%}a—gfa.t}\ és dt +§4»§ . (16)
-8 =R

Since g,(s,t) converges uniformly to g{s,%) 88 n—> oo, we may say that, for

n>H,

%(s,k)mgw,t}\{ ;;;; an



--}ii-

and henee
B R
“ Fi £
I (k) < *&;g/ / ds dt +~§ (18)
-2 .2
£ ""“'i“‘ (UR®) - % = ¢ for n > H. {19)
gn®

Therefore I (k) converges uniformly to zero and hence Y,(k) converges
uniformly to Wik),

Let us sassume that 1im oypfoes = 6 < 1. Then la;ﬁl@ga - w;g!lcrm‘ < ¢
n—>
for m, n > ¥ and hence

Gim/Oam ~ ¢ € Oynfopn € camftgm + ¢. (20)
Therefore
P((oamfoam + €) |8,] < 2.0 < P((osnlown) [5a] < |2
< Pllcam/oem - €) [8,] < [2a[) (21)

for m, n > M.
Keeping m fixed and letting n—> oo, we have
Pl{oiploem + € 18] < 2]} < 2 < P(canfoem - ) 8] < |2]) (22)
wvhere L = 1im P({oynfoen) l&n‘ £ [ﬁi‘al ).
n—> w
How, letting m—> co, we obtain

Pllo + e) [8] < |2]) < 2 < 2({o - ) I8] < l2]) (23)

where ¢ » O is any arbitrary number,



The result exhibited in egumtion (23) iz obtsined as follows:

Consider, for exmmple, the left-heand side of the expressions

1im  P({oym/oem + €) l%l 4 l‘i’l} = P{{o + ¢} lﬁsl < |2l), (2u)
m—> oo

or, more explicitly

1im / C {oimloem + €) P e+ €
n—>o0 .,/ ] | gle,t) ds dt =/ 1l gz, t) das as. (25)
{9‘;&!&” o+ t) - {o + 2)

‘Sinee gle,t) is sssumed Lo be m continuous probability density funmction,

then
sl
: (oam/ogm + €)
gls,¢) ds = n(t,m) ,eay, (26)

* -8l
{cam/Oem + €)

is an integrsble function for any t, and further, since
2o € [ga,0) tn = galt) (21)
-
where ga{t) is the marginal probability demsity function of ¢ (2nd is hence
both hounded snd integradle), we may conclude that h{t,n) ms defined by

equation (26} is bDoth bounded and integrable., Thus we may write:

51 (&1
€8

o :
. {oan/oem + €) 5 e (osmloam + ¢)
Ha (s,t) de as / , \
By w/ { f gls,t) de = 1im gle,t) ds dt
-

m 0 o,
_=]sl PO S R ||

(ﬁ;m/ém + €) {(oam/ oax + €)




o sl
- / (o + ¢)
< Yo gle,t) ds at. (28)
(o + )

Now, since ¢ > O is any arbitrary mumber, we have the conclusion:

L= 1lim ?{ﬁmfﬁmlgnl < 23D = 1= Gu(orn/oam)
£ —> oo n—> o

= Qo). (29)
Recslling that we sasumed ¢ < 1, and since G(k) is a continuous, strictly
monotone desereasing function of k, if we further assumwe thet:
w ¢l

ﬁ/ , ﬁg{s,t} - g;(t,s,}] ds dt = O, (30)

~® =|t|

we have (1) = 1/2 and hence

1im  Guloyn/oen) = o) > 1/2, o < 1, (31)
a—>®
That ie,
1n P |typ-8| < [tan-e]) > 1/2 (32)
n—>

and henee the variate with the ssymptotieslly smaller varisnce is asynn-
totically closer.
Suppose, now, that (32) bolds, Then

i Guloanfoan) = P > 1/2 , that 1is,
n—>uo



14m ﬁﬁﬁmﬁmﬁnﬁaﬁu - MWN = O, where P > 1/2,
B—> 0

Let P = yloj), 0 < 1. How, for sufficiently large n, ~ Gnlosn/oen)
- ﬁwamw\@g& < ¢ because of the uniform convergence of ¢,(k) to Q(k),

and in view of the following eguation:
Gulcan/oen) - Glo) = Guloinfopn) - Wownfoan) + Qoanfoen) - o) (33)
we may conclufe that

lim _‘;ﬁnga@uﬁw - ﬁé& = 0, (34}

n—> oo
Since 4(k) is » continuous, strictly monotone decressing function of k, it

follows from (34) that

1im (oypfogn) = & < 1. (35)
n—> o

The above resulis give us the following theorem:

Theoyram I

Given two random variates, tp and tan, calculated from a sample of
size n, with veriances ojp and ofn respectively, such that:

(1) 8y = tin-@ and T, = ton-0 have a Jjoint probability density
“an Ten .

funotion gu(s,t) which converges uniformly, as n—> o, to & joint prob-
ability density function g{s,t) with zero mesns snd unit variances;
(11) gls,t) 4 O at the origin
® ,_a_
(141) \¢ w\) _H@ﬁn_.«w - %mmuawg ds 4t = O3

PN Y
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(11) / /* & Gple,t) < f: + for every mn. (8)
Therefore

[ / [@nit,t}u&{c,t}:l £, / [&n{a.t)-&h,tf;] 4—% . {9)
\ks‘ ¢ It |
Then, if in Sy we choose ¥ so large that for m > H, \aﬁ(s.t}-&(s.t)] < .;6’5;.;
s e [0 fente el 2 (525) - 5
we will have:

/ [ [ (8,8)-G(s,t) ] < Eé}; (ur®) #’%w €, n> N, {10}

ks < I8l

Hence we conclude that G (k) converges wniformly to (k) as defined by (6).
How, if we assume G(s,t) to be 2 continuous, joint cumulative

distribution function and let gls,t), (0,0} 4 O, be the continuous,

Joint probabdility density functiom sssociated with G(s,t), and further

aseume that

[ %/' é [e(s.t}-%(t.sﬂ w/ ,N/é’ [&(s.ﬂoﬁ(t.s}] ae dt = o, (11)

lsl < |¢] Isl < |}

then (1) = 1/2 by virtue of Theorsm §. Hence, if lim Gu{oan/oggy) = Glo)
n—>

vhere 1im (oan/oan) = ¢ < 1, we have lim P( \t:m-e] < ltg&‘a,} > 1/2
n—>w n—> oo
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and thus the variate with the asymptotically smaller varisnce is ssymp-
totically closer,

However, if we do not assume G(e,t) to be a continuous, Joint cumunlative
distribution function but sllow it to be a step-function, our conclusions
will be changed slightly. ¥e mey sgain show that {, (k) converges uniformly

to a limit funetion s:;z,fk}. Coneider
P(|tan-6| < |tan-8l) = Gnlosnfosn) (12)

and sasume that

/ '/' a [3(5.@)-@(#,0):] = O, (13)

o] < ls]

Then, if we also assume that [ [ d 6(s,t) = 0, we have L £ 1 £ R for
L ¥ ih
le] = 1%l
G{k) by virtue of Theorem 5, L £ 1 & R is a necessary and sufficient
condition for the eguivalence of guassi-closeness and ssaller varisnce

for kS end T for all k > 0. Henee, if lim G (osp/oen) « Wo) where
8->

1im (oanfopn) = o < 1, then
n—

e P |tan-8] < |ten-8]) 3 1}3 (14)
an—>wx®

and we have the variate with the asymptotically smaller variance deing
asymptotically salmost closer,
If %3y is ssymptotically closer to © than is tgp, then

1im  03p/0en = o € 1. For, if
n—> o0
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11 P([ty0=0] < [tep-8]) > 1/2
0n—>a

then, since lim (g {oyn/ogn) = (o), we have G(o) > 1/2 and hesce o < L £ 1.
n—> ‘
Ve thus have the folleowing theorem:

Theorem 9.
Given two random varistes, t;, and tpy, calculated from a sample of

size n, with variances oip and ofy respectively, such thet:

Lan~-0 ton-9
(1) S, = ‘;ﬁ”* and ﬁ%ﬂn‘“;““" have & joint cumulative distribution
an an

funetion ﬁn{s.t) which converges uniformly t¢ the joint cumulstive distribu-

tion function G{s,t) in 81l peints of continuity of G(s,t), s and t having

gero means and unit varisnces:

(11) f / a[@i:.ﬁ«&(t.s}] = O3
lit-'} ( t|$l
thens

(a) Case I: @(s,t) continuous:

Asymptotie closeness is equivalent to asymptotie smsller variance

if and only if lim Guloanfosn) = G{o) where lim oypfogn exists and if
n—>aoe 8-—>on

g(0,0) # U vhere G(s,t) is the continuous, joint probability density

function associated with G{(s,%):
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{b) Came II: :}(s,t)éiamntin&m&:

Asymptotic qumesi-closeness is eguivalent to asymptotic sualler

varisnce if lim Quloin/0en) = Qo) where lim (oi1gn/omy) exists snd if
n—>c0 n—> oo

/ [ 4 6{a,t) = O,

s = I¢]



V. EXTEESIOHN TO BIASED BSTIMATORS

In the preceding sections, we have restricted curselves %o the conside
eration of unbissed eatimators, thet iz, we have admitted only those
estimators, t, for which X{(t} = 6 where & is the true parameter value, Let
us now n&pﬁ»nw estimators of the type wg where B(8) = ¢ + (&), and deal
with the mean square deviation & (8-6)® instead of the varience £ (8-8(§))®
In thie, b(8) represents the bias. Consider the case of two sstimators,

t; and te, of the parameter € such that

Blty) = ® + by(8)
(1)
E{ty) = 6 + by(8) .
and restrict ourselves to the situation where i3 and tp admit a continuocus
probability density function, Ais before, it is more convenient to consider
the variates X = %,-8 and ¥ « ty-8. Let &, and bty have mean square devia-
tions o} and &w respectively.

Jot us again define
ax) = pClx| < ¥l , x> o, (2)

and sassuming f{x,y) to be the joint probebility density function of X and Y,
we can show {if £(0,0) ¢ 0) that G(k) is = continuous, strictly monotone
decressing function of k such thet O £ (k) £ 1. This, of course, requires
the definition of Q(0) = 1 end Q{w) = O, Thus we have shown that 2
propoeition, eguivalent to the lemme proved in (III), holds good for the

case of blaszed estimstors.
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MULTI-PARAMETER CASE

de have, so far, restricted ourselves to the consideration of the case
involving only one unknown parameter, This restrietion was forced, to some
extent, since Pitman defined his concept of closeness only in the case of
one parameter, However, it seems desiradle to attempt the formmlation of
2 like property for eituations invelving tvo or more parameters, Accordingly,
let us consider s random variste W distributed by f(w; ©y,0p,...,8,) where
flw; €3,80,...,05) satisfies sll the reguirements for & continuous probabil-
ity density function and 8;,...,9, are unknown paramsters.

In order to formulate a concept of closeness in m-dimensions, it is
first necesssary to introduce s meiric comparable to the absclute distance
"betwesn two pointe as used in our previous work in one dimension. To this
end, let us consider the following resl-valued function which may be thought

of as & distance function or metric:

1/2

r o= ((xxﬁ-?i)ﬁ + (Kgifg}g * see # {x"-xn)a} (1)

where (X3,Xp,...,%y) and (¥3,Yp,...,Yy) represent any two points in our
n-dimensional space. |

1f, now, we let X = (X3,X9,...,%p) and ¥ = (¥3,¥3.....Yn)} be any two
estimators of € = (63,95,...,8,), we shall sey that X is a closer estimator

of © then is Y if

P (|ral < |ra]) > 272 (2)
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E&ch of the above definiticns should be considered on its own merite, The
one we have chosen to use lends itself to analysis by the methods developed

earlier and therefore appears toc be the most desirable definition for our

purposes,
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Vii.

ﬁ’ar/a continuous bivariste distribution with the two variates posses-
sing the same wean and finite {but unequal) mianeec-, it has been shown
that the variate having the smaller varisnce will be the closer estimstor
of the mean, ercept when the ratio of the variances is in a finite interval
determined by the distribution. From this it wae possible to obtain &
necessary ‘amd sufficient condition for the equivalence of closeness and
minisum varianee, namely:

If X and ¥ are two random variates having variances of and o8 respec-
tively and if (1) B(X) = E(Y) = &, (i1) £(x,y) is the joint probability
density function of X and Y, and (i11) £(0,0) # O and, further, if 5 = X/oy
and T = ’I/az.- ﬁk&n a necessary and sufficient condition for closeness and
minimum variance to be equivalent for X and Y 1s that P([3| < [2]) = 1/2.

The above resulis were then modified slightly for the case where the
variates admit only = discrete biveriate distribution,

Asymptotic clomeness was defined and, under certein general conditions,
it was shown thst asymptotic smaller variance and ssymptotic closeness were
equivalent, As an extension of the theorem concerning the eguivalence of
asymptotic closeness and asymptotic smaller varisnce, it was shown that the
asymptotically closest estimator (if it be normally distributed in the limit)
is an asymptotically efficient estimator. With certain modifications, the
results were extended to the case of wvariates admitting only a discrete

distribution.
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The results were further extended to the case of biased estimators,
uging the concept of minimum mean square deviation rather than minimum
variance.

4 definition of closeness wes formulated for the multi-parameter
situstion and a solution, corresponding to that provided in the one~pars-

meter crse, was indicated,



YIII., CONCLUSION

The basis for the use of the criterion of closeness of estimators is

expressed by Pitmen (36, p. 213) in the following way:
~ From the standpoint of pure knowledge, a closest estimeate

night be regarded as & best entimate, since it is likely to be

nearer to the true value than any other estimate: but from the

practical peint of view, what is best depende upon the use we

meke of our estimstes, and ultimately uwpon how we pay for our

mistakes, If the penalty vule were "the devil take the hind.

most®, closest estimates would be best estimates.

This statement indieates that, with the proper choice of welght function
$o represent the pesalty incurred by making a bad estimate, the concept of
closeness as an opiimum property should be derivadle from Wald's genersl
theory of statistical decision functions. Investigation of this metter is
in progress.

Conditions for the sguiwvalence of closepess and miniwum varisnce have
been obtalined. Vhen these conditions are satisfied, we have s further
Justification for using minimum variance estimates of an unknown parsmeter.
4 convenlent method of obtaining the closest estimator of & parameter does
not sppear to be available for all cases, Pitman {36) has considered the
following approsch to this problem: |

If a sufficient statistic, ¢, exists for the estimation of 8, vhere @
is the unknown pavameter, it might be expected that the closest sstimmtor
of © should be derivable from t., The median value of ¢t will be & function
of @, sa:.y V(e), and if Y(6) is & monotone function of 8, ‘{/“1&} will be »

sufficient statistic for estimeting € and it will heve € as its median value.
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Hence the closest estimate of 6 would be obtainable by equating such a
sufficient statistic to its median walue,

Howevear, & gemeral proof of the walidity of this method for every type
of case is not availeble and further investigstion of this is to be desired.
Alse, some method of obtalning cleosest estimators when sufficient statis-

ties do not exist is & problem in need of consideration.
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Starting with the same assumptions as before, sssume that the proof
has Deen carried to the point where we have shown that Up{k) converges
uniformly to Q(k). We mig‘hﬁ then proceed as follows:

Conaider the expression:

%tﬂaaiﬁm) - o) = %(@3&, Gon) - gé{ﬂ’znl San) + Q{ﬂ:n]'@ga) - 4{e) (1)

*

Because of the uniform convergencs, we have

1im {%{ﬂgn/ﬁ“) v Q{ﬁg”jﬁ”}j = O, (2)
n—> o0
Therefore
1im (Qnloin/cen) - &(0)) = 1im (Qoan/opn) - &o)). 3
n—> oo n—w

How, if 1lim @;afagg = o < 1, then

n—>w
11s  (Woinfogn) - Us)) =
n—> &
and hence

1im  Quloap/oen) = <o)
B> o0

We have thus reached the result exhibited in the development leading te

Theorem T {of. equation (29)).



