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I. INTRODUCTION AND REVIEW OF LITERATURE

A stochastic process is a process which proceeds in
time governed by probabilistic laws; it is a collection of
random variables {X_} where the index t is a member of a
given set {t}, and X, represents a characteristic under
study. Often t symbolizes time and {t} is taken to be the
nonnegative integers {0,1,2,...}. The unit involved can be
any predetermined time interval which determines when the
random variable Xt is to be measured or observed. This in-
terval can be of any length, e.g., one minute, three days,
etc. A stochastic process of this structure is often re-
ferred to as a time series. For example {XO,X]_,XZ,...} can
be thought of as the collection of queue lengths in a queuing
system measured at different points in time to,tl, tz, cece

Note that Xt might be a vector; indeed so might_ t, when
it does not denote time; however we restrict attention to
the scalar case. The possible values or materializations
of the random variables X,, which will be frequently re-
ferred to as thc; “"state space", need not be finite or even
countable. An example of a continuum of possible outcomes
is whén the X, are normally distributed. Note that the index

t also might assume a continuum of values. In any case the

collection {t} will be referred to as the "time domain".



Throughout the following chapters, this thesis will

consider a time domain {to,tl,tz,.;.,tr,...} where

tr+l=tr+At s, At >0

being the time unit. At these times the system will be in
one of a finite nﬁmber N of mutually exclusive and exhaustive
categories or states, i.e., Xt I3 {1, 2,...,N}. A specific
example of the general situation just outlined, in addition
to the queuing example above, is an inventory system whose
level is reviewed only at discrete equallyb spaced intervals
of time, e.g., each week.

In order to be able to obtain useful analytic results
about the system, an assumption ;:egarding the joint distri-
bution of xo,xl,xz, eees 1is necessary. A widely used assump-
tion which leads to tractable analytic manipulatioh is that
the stochastic process has the Markovian property. A
stochastic process {X,} with countable time domain {0,1,
2,...} and finite state space {0,1,2,...,N} is called a

Markov chain if;

P{X,  1=3/XFmg, e ee oKy 17y _1.X =1 = Pixt+1=j/xt=i}

(1.1)

for t={0,1,2, ...} and every sequence My, ee.,m ;,1,j with
elements in {1,2, .+..N}. In other words, the Markovian

property signifies that the conditional probability of



the system (or X,) being in any future state given a par-
ticular past state history and the present state does not
depend functionally on the past state history. The con-
ditional probabilities mentioned above are called one-step
transition probabilities. They are referred to‘ as stationary
if

P{xt+l=j/xt=i} = P{xl—_-j/xo=i} (1.2)

for all +0,1,2,... and all i,j ¢ {1,2,...,N} and are then

usually represented by P; In such a stationary situation

j L ]
the set of all the one-étep transition probabilities is
conveniently represented by a square matrix called the tran-
sition probability matrix P:

l 2 L N ] j L 3 N J N
1511:912 oo Plj ee+ Py

21Py Py == Ppj =+ Poy

(1.3)
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- - L] L3

NLPNlez eee PNj ceo le\y

The N rows and columns correspond to the N states the system



can occupy. The elements in row i, i=1,2,...,N are the
probabilities of one-step transition to state j, j=1,2,...,N,

conditioning on being in state i, and thus

<1 for all i,j=1,2,...,N

and

p;; =1 for all  i=1,2,...,N . (1.4)

N
Z, Pij

j=1

Markov chains were first introduced by Markov in 1907.
In the 1930°'s, Kolmogrov extended the méthernatical theory to
include the case of chains with an infinite number of states,
i.e., infinite "state domain". By 1950 it was well recog;
nized that the Markov chain principle provides a mathematical
model with much potential for applications. The mathematical
analysis of Markovian systems and their applications to
physical as well as social sciences is a subject in itself
about which several books have been written. Examples of
specific applications are found in Derman and Lieberman
(1967) on joint replacement and stocking problems, in Klein
(1966) on production scheduling and control and maintenance-
replacement decision problems, and in Herniter and Magee
(1961) on customer behavior and marketing policies.

Howard and Derman introduced Markov decision processes

which involve repetitive decision making in a Markov chain



environment. In that context, Howard (1960) has introduced
the notion of returns or rewards in a Markov chain setting.
Corresponding to the transition matrix P, he considers a

matrix R of transition rewards:

l 2 .... j LA ) N

lr}llrlz ce- rlj cee r1N

2 r21r22 cee r2j coe er

i rilriz oo e ij 1N (105)

N erer L

which specifies a return rij for a system transition from
state i to state j.

In the case of a finite horizon Markovian process
(finite time domain {t} or number of stages), the expected
value of the system (expected total reward) can be calcu-
lated if we know both the transition probability matrix P
and the associated reward matrix R. In this context, Howard
(1960) introduced a recurrence relation for the expected
total reward in the next n transitioms, vi(n), given that

the system is currently in state i:
y



n
vi(n) = £ p

+v.(n-1)] , i=1,2,...,N
i j=1 J ’

130715
n=1,2,3,... (1.6)

In the infinite horizon case, a discount factor g may be in-
troduced in order to be able to deal with finite total re-
wards. The discount factor 3, 0 < B < 1, will discount the
reward received at the h+l§£ transition by Bh to bring it
down to present worth. It is still relevant, in the infipite
horizon case, to consider finite horizons as stepping stones,
but the recurrence relations (Equation 1.6) are changed

slightly to allow for the discount factor B:

n
v;(n) = 'El Py

3 J.[rij-l-ﬁvj(n-l)] , i=1,2,...,N

ml,z' epoecoe (1.7)

The discount factor B can be interpreted intwo different
but related ways. First it has the psychological meaning
that a reward received immediately has a greater intrinsic
value than the same reward recsived at a future date (which
suggests that the same reward received in the infinite
future has no value). The other interpretation arises from
the engineering economist's point of view, who would con-.
sider the discount factor Bh as the present worth factor
(1+i) _h, where i is the effective interest rate for the
period of time between two successive transitions. In this

context one may then appropriately speak of the present



worth of the sum of all future expected rewards.

Decision makihg was introduced into the multistage
Markovian models by permitting a choice among several tran-
sition and reward matrices. In other words, the decision
maker is confronted with K; choices whenever he is in state
i, each of these K, choices leading to its corresponding
"1 X N vector of transition probabilities and a corresponding
1 X N vector of tramsition rewards. Without loss of gen-
erality it will be assumed in this thesis that Ki = K not
dependent on i. Note that, in this context of decision
alternatives, a vector of transition rewards from state i
to state j under decision k £ (1,2,...,K), should be thought
of as a vector of "met" rewards taking into account the cost
of moving from i to j under k. In the above decision making -
context, the details of a one-step transition may be de-
scribed by the foliowing diagram (Diagram 1).

At this point it may be appropriate to define the

matrix

v(/) K.N ----- (1.8)
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Non-Bayesian optimal Markov decision process




as a generalized stochastic matrix since the word stochastic
matrix will be reserved for an kN X N) square matrix. Also
the corresponding (K.N X N) reward matrix will be called the
generalized reward matrix,@.

Adopting a (stationary policy) in a Markovian decision
process is to decide oh which alternative action k to ciioosé
in state i. Howard (1960) has contributed to this problem by -
developing a procedure (the policy iteration method), to de-
termine choices that maximize total expected reward. The
method applies in particular to the discounted infinite hor-
izon case. An alternate solution method, linked to standard
dynamic programming approaches, Blackwell (1962, 1965), is
based on the recursion system

N
_ k k .

where

N
k k k
g, = X p.. Ir..
17 oy 13733

is the expected immediate one-step reward and vi(n)
denotes. the maximum total expected reward obtainable in n
stages when starting in state i. In this context Howard
(1960) has demonstrated the existence of a stationary optimal

policy for the infinite horizon problem.

In most of the writing mentioned so far, the transition



10

. matrix P (without alternatives) or Z?(with alternatives) is
assumed to be known with certainty. This assumption may not
be justified, especially when dealing ﬁith a new system.

The Bayesian approach attempts to circumvent this assumption,
and considers a set of generalizea stochastic matrices {52%,
finite or infinite, rather than a single matrix %2 The
Bayesian decision maker starts with prior (raw) knowledge-
~about, which matrix%?; £ {g?? governs the system. This
prior knowledge is described by a "prior" distribution (a
preliminary probability distribution function hCéyb over

the set &%?}. The prior distribution function may be dis-
crete or continuous, depending on the set g%?}. The de-
cision maker updates or improves his knowledge about the
prior distribution with each transition, as he observes the
succeésive random variables Xy - This improved knowledge is
quantified by a "posterior" distribution that replaces the
original prior. Since the outcomes X, are actually generated
according to the matrix%?a, it is likely that the decision
maker's updated posterior distribution h(Z X, k) will place
more probability mass nearf?a. Hopefully after a reasonably
large number .of transitions n*, there will be probability
mass near unity nearzé}* and the optimal decisionwill be iden-
tical to the optimal decisions used by the decision maker who
knowsv.é}‘. In particular, the adopted policy will become sta-

tionary, in the sense that alternatives chosen in given states
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will be the same for all n > n*., Related problems in the -
firming up of information ha§é been treated from several
points of view; for example in Savage (1954), Blackwell and
Dubins (1962), Doob {1953), and Rose (1971). The details
of a one-step transition in the Bayes case may. be described
by the following diagram (Diagfam 2). |

Recent applications of Bayesian decision theory to
Markov chains inciude studies, done at the Massachusetts
Institute of Technology by Silver (1963) on chains with
uncertain transition probabilities. Gonzales-Zubita and
Miller (1965) uses mainly experimental and heuristic ap-
proaches to the problem and relies upon simulation rather
than analysis.

Martin (1967) also considered the matter of selection
of prior distribution functions, for the unknown matrix of
transition. Related to the notion of natural conjugacy he
discussed the idea of a family of distributions closed under
consecutive sampling, i.e., a family such that the decision
maker's revision of the prior will produce a posterior which
belongs to a given family of distributions.

The problem of choosing a sequence of policies which
maximizes the total expected discounted reward over an in-
finite period of time, was formulated by Martin (1967) in
terms of a set of functional equations, once again linked 

to dynamic programming. The uniqueness and existence of
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solutions of such equations were discussed, together with a
successive approximation method, converging monotonically
to solution. The above functional relations mentioned may

be summarized as foliows.

v.(h) = max g 3 (h)v (Tk (h))
3 B {ql B = }

i=112'.oolN

0<KB<1 (1.10)
where
B (h) = = h(P)
= {9@}*” 7
is the marginal prior expectation o /ﬁij, h is the current

distribution over the states,'Tij(h) is the corresponding

posterior and

gr(n) = jgl i:}i‘j (h) r};j k=1,2,....K,
i=1l,2,...,N
denote the mean one-step transition reward when the system
is in state i and alternative k is used.
Generally both the transition matrix PPand the reward
matrix %#can be considered random. Wolf (1270) considered
the case where theéé?matrix is known with certainty and the

reward matrix follow a prior probability distribution. In

particular he considered the rewards to be random, distributed



14

in accordance with a distribution belonging tc a given
class, and prior as well as posterior distributions per-
tain to this class. 2An upper and lower bound for the max-
imum total expected reward were developed as well as a
method for f£inding an optimum policy.

This thesis cénsiders a Markov decision process with
alternative actions and uncertain transition probabilities.
The system undergoing the above process is assumed to have a
finite state space A vhich consists of N states, with.K
alternative actions available to the decision maker in each
state, and an infinite operating time domain. A system re-
view (sampling) takes place at fixed points in time tortys
eeest_,... with a prespecified constant time interwval

n
At = t -t n=0,1,2,... where n denotes the nth.sampling

n+l
stage. A discounted reward structure is in effect with the
nth reward r?j, collected immediately after the nth transi-
tion occurs between states i and j under alternate k, dis-
counted by a discount factor Bn. B, 0 < B <1, is the dis-
count rate.

The system is assumed to be governed by a generalized
stochastic (K.NxN) matrix Qéa*, a member of a finite set
of L generalized stochastic matrices {é??}. The decision
maker 's uncertainty is introduced by a prior probability
distribution over the set {J@f}, reflecting his guess about

the probabilities: Pr{ @; S .,@3*}, /=1,2,...,L.
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A primary concern of this thesis is the convergencé
of the posterior distribution to a degeherate probability
distribution with probability mass one at the matrix .é?*,
and the effect of this convergence on the system's total
discounted reward.

The approach adopted is to analyze a related "mixed"
random walk, whose step sizes are functions of the transi-
tion probabilities of the set {é%f}, and whose partial sums
.9§ uniquely determine the posterior development. The ran-
dom walk passes through two regions, the first related to a
certain "state-nonstationary" phase of the policy, the sec-
ond related to a certain “"state-stationary" phase.

Chapter II is concerned with the task of bounding the prob-
ability that the posterior maintains at least a certain conver-
gence rate, assuming state-stationarity. The idea is towed the
moment-generating function approach for large deviations, ex-
plored for example by Bahadur and Rao (1960) and Chanda (1972),
to the matrix-iteration expression for the moment-generating
functions of a cumulative sum of scalar functions of Markov
chain transitions, as it appears in Montroll (1947).

Based on Chapter II, Chapter III develops an upper bound
for the rate of posterior convergence, with a certain as-
sumption made about the process which insures a state-
stationary phase for the related random walk. The procedure

is to use the results of Dubins and Savage (1965a) to follow
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the early course of the posterior in the state-nonstationary
phase, then the results of Chapter II to follow the eventual
state-stationary course. In section B, the random walk
formulation is developed for the general case (N,K,L),
followed in sections C and D hy the development of an upper
bound for the convergence réfe, in the special case
(N=2, K=2, L=2). |

Let @ 2 be a Bayesian decision-maker with a prior as-—
signing some weight to J%?*, the actual generalized matrix
~éa* governing the evolution of the process, and let EZE be
a decision maker who knows J?ﬁ* and acts optimally accord-
ingly. Chapter Iv discussed the almost-sure relative near-
equality for large B of the total discounted rewards earned
tw'fgg and 52&. Two further assumptions are made here, the
first of which essentially concerns independence ffom B of
the state-stationary phase of the process.

Chapter V summarizes the results developed in the pre-
vious chapters and suggests possible considerations for

future studies..
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II. LARGE DEVIATIONS FOR MARKOV CHAINS

A, Introduction

This chapter explores’the large deviations of cumula-
tive sums of scalar functions of transitions qf Markov
chains. The term "large deviations" is used here in the
sense that it is used for example in Bahadur and Rao (1960)
or in Chanda (1972). The general approach will be to wed the
moment-generating function approach e#plored by the above
two authors to the matrix-iteration expression for the
moment-generating functions of cumulative sums of scalar
functions of Markov chain transitions, as it appears for

example in Montroll (1947).

B. Primitive Matrices .

A nonnegative square matrix

by b --- Pyg
byy Py eee Pyg

Z = [bij] = . . (2.1)
bsl bs2 °e- bsij

is suchthat b, . >0 foralli,j=1,2,...,S. Animportant property

1j =

of nonnegative square matrices is demonstrated by the theorem of

Perron and Forbeniué (Cox and Miller, 1965), which states

that a nonnegative square-matrix has a maximal nonnegative
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characteristic value which is not exceeded in absolute value
by any other characteristic value, and corresponding to
which there is a nonnegative characteristic vector.

A nonpegative irreducible matrix is one that cannot by
suitable permutations applied to both rows and colurﬁns, be

put into the form

Z = (2.2)

where the Bll’ B22 are square matrices.

Some properties of a nonnegative irreducible matrix
are as follows: ;@ has a simple real positive characteristic
root 7\1 with the following properties;
(1) Corresponding to >‘1 there is apositive right characteristic

vector X, i.e., there exists a vector X> 0 such that:

Fx = \X (2.3)
(2) If ¥ is any other characteristic root of % then
Nl<ay s (2.0
(3) Ay is simple root of the deteminant;l equation
A1 -Z| =0 | (2.5)

(4) Ay < max(Z b..), \; <max(Z b..), i.e.
1l i 5 ij 1 i i ij
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Ay < min[max(Z bij) , max(Z bij)]' (2.6)
i j J i

(5) | The facts stated under (1) also apply to a positive left

characteristic vector, as can easily be verified as follows:

consider a nonnegative irreducible matrix ..@ , with maximal

characteristic root )‘l then f’é’ ,is also nonnegative irreducible

and has the same maximal characteri stic root }\1, as implied

by Equation 2.5. Hence according to (1) there exists a vec-

tor X > 0, such that

Y'x = MX (2.7)
i.e., a vector X’ such that
X Y - MX . ‘ (2.8)

A nonnegative irreducible primitive (i.e., primitive)
matrix is a nonnegative irreducible matrix such that )\1 is
the only roct of modulus |\;|. It can be shown, Gantmacher
(1960) that, alternatively, a primitive matrix is a non-

negative matrix one of whose powers is a positive matrix.
C. (2x2) Primitive Matrices

Consider a primitive matrix M

A B
(2.9)

=
n

C D
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In view of the characterization of primivity at the end
of the last section, there can-be at most one zero among the
numbers A, B, C and D, and both B and C muat be‘positive.

The characteristic roots of the matfix M are obtained

by solving the determinantal equation

M -x] = o0 ' (2.10)

where I is the identity matrix of size 2 and \ is a scalar.

Equation 2.10 is equivalent to

(a-)\) B
= 0
C (D-\)
(a-A)(D-\) - BC = O
)\2 - AMarD) + (AD-BC) = O ’ (2.11)

a seccnd degree equation in A, which has a solution

(A+D) + J(A+D)2 - 4 '“D-BC)

A= 5

2

(A+D) + JAZ + 2AD + D° - 4AD + 4BC

2

_ (A+D) + .\Z(;-D)z + 4BC .
- 2 : (2.12)

and similarly
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Ay = (a+D) - «/(A;D)z + 4BC © O (2.13)
where ISK; )\.2 are the characteristic roots of the matrix M.

Now let X = (xl,xz) and Y = (yl,yz) be the corresponding
normalized right characteristic vectofs for )\1, )\2 respec-
tively. The elements of the characteristic vector X are

determined by the solution of the following set of equations
A B X4 xq

C D x2 x2

or equivalently

Axl + Bx2 = )\xl . (2.15)
Cxl + sz = )\lxz (2.16)

together with the normalizing condition

2 2 _
Xy + X5 = 1 . (2.17)
Using Equations 2.15, 2.17 we get
0‘1 - A)
2 = X T B (2.18)

and
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2
Aq - A
2 2 1
x] + %] ( 3 ) = 1
I
2
"f = "2 > 2
¥
_ B
Xy = (2.19)

JBZ + ()\1 - A)2

and consequently

%+ oy - a2

(A, - 3a) '
= 1 | (2.20)

JBz + (g - a)?

By the same procedure used above the elements y,, y, of the
other characteristic vector Y are determined by the solution

of the set of equations

= A, (2.21)

or equivalently
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together with the normalizing condition
2 2 1

Y3 tY, =

The solution of Equations 2;23 and 2.24 gives

17T 5 )

and
C

2 7 5 2 -
Jc% + (, - D)

Hence the two characteristic roots are

_ (a+D) + J(a-D)? + 4BC
A= 2

x - J[(aD) - J(A-D‘)2 + 4BC
2 2

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

and the corresponding normalized right characteristic vectors

are
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X = { 2B ,
Ji82 + [(D-2) + J(a-D)2 + aBC]?
(D-a) + J(a-D)2 + 4BC 3 L (2.29)
JaB? + [(D-2) + J(a-D)2 + 4BC]?
v - (a-D) - J(a-D)% + 4BC

Jac? + [(a-D) - JlaD)2 + 4BC]?

= 3 (2.30)
Jac? + [(a-D) - J(a-D)Z + 4BC]?

If now one defines

v = | (2.31)

Then V can be shown to have an inverse W by noting that Vv
has a positive determinant under the assumpfions considered
about the matrix M at the beginning of Section C of this
chapter together with the values of X, Y in Equations 2.29,

2.30. Then one can write

M.V = VA
and

-1

= VAW 4 (2.32)
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where

D. A Theorem Concerning A Special Family

of (2x2) Primitive Matrices
Consider the stochastic matrix M(0)

& (1-91)
M(0) = (2.33)

(1-62) e,

where 0 < 8, 6, < 1 and 8,, ©, are not both zero. Consider

also the matrix family M(t),

~ ]
at bt
M(t) = s 0t <+ =
ct dt
(1-62)e e, _J

(2.34)

where a, b, ¢ and 4 are arbitrary real numbers.

Theorem 2.1: Let )‘l(t) be the dominant characteristic root
for M(t) and let 7 = (T1.T,) be the stationary probabilities

vector for M(0). Iet also

m = 1rl-[a-91+b(1-el)] + ﬂ'z-[c(l-ez) + d-62] . (2.35)
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If

m < Q < max[a,b,c,d] (2.36)
then there is a Tt such that

1) e‘thl(t) <1 at t=t : (2.37)

2) —dclt[e"Qt)\l(t)] =0 at t=t . (2.38)

Proof
(1) The stochastic matrix M(0) has a stationary prob-
ability vector T, with elements determined by the solution

of the set of equations:

T[I - M(0)] = O
i
1-64 -(1-91)
['ITl,‘ITz] = 0

—(1-92) (1—62)
4

Ty o+ (1-89) -7, - (1-8,) = © (2.39)

-T,(1-65) + T, - (1-8,) = © (2.40)

together with the conditions
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. : (2.41)
l 14 'n-z > o L] (2.42)

Using Equations 2.39 and the conditions 2.41 and 2.42 one

obtains

(1-92) (1-91)
(1-93_ ) + '(1-92) ’ (1-91) + (1-92)] °

T = (ﬂi,Wz) = [ (2.43)

'wa, in view of Equation 2.27, the dominant characteristic

coot of the matrix M(t) is given by

0,e3t 4 g et
A (£) = 2 2 |
1 3

at dt '
6.,e" -6, 2 ‘
+ /[ L2 1"+ (10 (-0, - PFIE |

'(2.44)

With reference to Equation 2.44

(a=Q)t (3-Q) t
e,e + 0,.e
e'thl(t) = 2‘2

(a-Q)t _ _(d-Q)t .
e,e -0,e 2 1

(2.45)

One can note the following pfoperties of the quantity
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e—Qt)\l (t)

a) e—thl(t)[ is the dominant root of a stochastic
=0
matrix, and hence is equal to unity.
This may be seen as well by direct

substitution in Equation 2.45

b) e—thl(t) is easily shown to be differentiable
on the interval [0,«):; in fact, with

reference to Equation 2.45
L n (0]
= [0, (a-) - @ t1 0 (ag) (Dt
. %{[ele(a-o)t__eze(d—Q)t]2/4

-1/2
+ (1-0;) (1_92)e[ (b-Q)+ (c-Q) ].t}

. {[Qle(a-o)t _ eze(d—Q)t}

e]_(a-Q)e(a"Q)t--ez(d—Q)e(d'Q)t

. [ >

+ (1-8;) (1-8,) [ (b-Q)+(c-0Q) ] . e[(b-Q)+(C-Q)]t}

(2.48)
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d)
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[e'Qt)\ (t) ] has a negative derivative at t= 0

since Equation 2.46 reduces to

e L (1))
dt lt:O

= [8;(a-0Q) +8,(a-0)1/2

X ) . ~1/2
+ 5{[6; -8,1°/4 + (1-8;) (1-0,)}

8, (a-Q) - e,(d-Q)
- {leg -0, 57—

+ (1-8;) (1-6,) [ (b-0)+(c-0) 13

"

. 1
[e; (a-0) +0,(8-0)]/2 + 2[(1-6)+(1-6,7]

- {(6;-8,) [, (a-0Q) -6,(d-0)]

+ 2(1-6;) (1-6,) [ (b-0)+(c-Q) 1}

1
= [2,9; (1-8,)+(btc) (1-6,) (1-6,)
(1-el)+(1-e?_){ 171 2 1 2
+ de,(1-6,)]-0[e, (1-8,)+6, (1-8;)+2(1-8;X1-6,) ]}
=m--Q (2.47)

which is a negative quantity in view of'condition 2.36.

It is also noted that e"Qt)\.l(t) tends to » as t

goes to infinity under inequality 2.36, in wview of
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Equation 2.45.

2nd now one can conclude:
i) e'QtXl(t) is continuous, so by a), c¢) and 4),

there is a "first" T > 0 with

e‘QTl\l(T)=1 . . (2.48)

iji) e'thl(t) is continuous on [0,T]| and hence

achieves its infimum,

inf [0 ()] at some 7, 0<x<T . (2.49)
[0,T] |
iii) e\ (1) <1 ~ (2.50)

by reference to i), ii), a) and c) above so that

iv) 0<t<T .

Hence, in view of iv), ii) and b),

v) EdE[e"Qt)\l(t)] =0 att=r.  (2.51)

E. The Moment Generating Function

for the (2 x 2) Case

Consider a two-state Markov chain on two states 1 and

2 with primitive transition matrix



M(0)

, 0£0;, 8,<1 7

.8, not both zero .

©1-85

1
(2.52)

Suppose that the initial state of the Markov chain is

io(zl or 2).

Consider a random walk with partial sums

& n
o’ =1 VY
defined on the Markov chain, with the v'th step Zv is the
real number a, B, vy or & depending on whether the v'th
transition of the Markov chain is 1 , 1, 1 5, 2, 2 , 1 or
2 - 2.
It is verified by direct computation that the moment

%
generating function of & i n is given by
o

P (t) = IO[M(t)]nJ ; t.real (2.54)

where I is a 1x2 vector with unity at i  and zero else-

where, where J is a 2x1 vector of one's and where the
matrix M(t) is given by
at t
18 (1-8;)e?

M(t) = . (2.55)
(l-Gz)eYt Ozebt ..l

e
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Such expressions for the moment-generating functions of

Markov chain-related random walks seem to have appeared

first in Montroll (1947).
Since M(0) is primitive by assumption, so will be
M(t), and one may apply the facts deduced in Section C to

‘write M(t) in the form

M(t) = v(t) A(t) W(t) , : (2.56)

where W(t), A(t) and v(t) are, respectively, the matrices

W, A and V of Section C, with the substitutions

A = eleat

B = (1-el)e‘3t

c = (1-92)éYt

D = 8t . (2.57)

2

Since W{t) = V(t)"1 it follows, in view of Equations

2.54 and 2.56, that

po(8) = I V[ARIT W) T, | (2.58)

which may be written in the form

A, () P

AlE) - [N (£)]7 - {1+[)\ (t)] - 8(x)}  (2.59)
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where xl(t), )\z(t), A(t) and d5(t) are analytic in t,
kz(t)/kl(t) is less than one for all t and is uniformly

bounded away from one in any finite t interval, and where

)\l(t) is given by the expression

at ot
- e _+te |

e, %0, et 2 '
* ﬂl 27+ (1-0;) (1-0,)-eFY)E . (2.60)

F. Lower Bound for the Probability

of a Large Deviation

Consider the random walk of Section E, with the four
possible steps denoted by a, b, ¢ and d rather than by «a,
B, v and 5. Denote the corresponding partial sums by .

*
io,ne Tather than byyio’n.

We are interested in the excess probability

Pr{%] , 2n-Q} (2.61)
O

for some real number Q.
If we now equate a to (a-Q), P to (b-Q), etc., this
excess probability may be written in terms of the random

walk of Section E as

pr{y;o'n?_ 0} = j &, ()  (2.62)

X=0
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. Suppose now that

*
: ¢
where Fn(x) is the cdf of./eio’n

m < Q < max(a,b,c,d) (2.63)

- where

(1-92)
m = {[(1-el)+(1-e

2)][91§f*(1‘61)b]

+ [ (1-6,) 1[(1~8,)c+0,4]} (2.64)
(1-6,)+(1-8,) T2 2 ) :

Then in view of the theorem of Section D, there exists a

real number 1, 0 < 7 < + », such that

(1) Aqle) <1 (2.65)

(2) Ajlp) = 0 (2.66)

where kl(t) is the function (2.60), with a-Q substituted for
a, b-Q for B, etc., i.e., the function (2.45) of Section D.

Using this ¢, define a new cdf Gn(x) by

dG, (x) = exp(tx)an(x)/wn(T) ’ (2.67)

wnere as defined in Section E, ¢n(t) is the moment-generat-

*
ing function of &, = . - nQ. Then in analogy to
ig.n ig,n

the development in Bahadur and Rao (1960) and Chanda (1972),
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Pr{-<(//;'_o,n2nQ}/¢n(T) = Pr{_S’;o,nZO}/li*n(T)

= | @ma @

x=0

o]

= J exp (-tx) dGn (x)
%0

o]

= J exp (-tx) dGn (x)

exp(-t/n ylde, (Ja v)

tl
—

Y=0
e NITY Gn(JEY) ]0 - j (=nT) e'JﬁTYGn(Jﬁy)dy
y=0

(0 + [ e B o (fpay

(o]

oo - [ T [e () - g, (0)]ay

y=0

©

> ot J e—Jﬁw[Gn(ﬁy) -G, (0) Jdy
v=¢
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> oo - [e, () -Gy ] . [ e PTVay
y=€

= [6,(Jne) -G (0)] - omTE (2.68)
- Thus

e'*lﬁ'Ct . Pr{j/i ln_>_nQ}/¢n('r) ch(Jﬁs) -G (0) . (2.69)
O

In order to obtain the lower bound we seek, it remains
for us to examine ¥(7) and Gn(,\/'ﬁe) - G,(0).

We first examine ¢, (7): As defined earlier 1bn(t) is
the moment-generating function of the partial sum .5/ ;o'n for

the random walk with steps

a = a-Q

B = b-Q

Yy = ¢-Q

5 =d4-Q , (2.70)

based on the Markov chain with transition matrix M(0),
starting in state io. Hence, in view of the calculations

of Section E, and in particular Equation 2.59,
3 (1) = AG@) [N (D)7 [1+p(w)3() ] (2.71)

where
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p(T) = A (T)/A;(7) <1 .

Moreover, in view of property (1), Equation 2.65, of 7T

given earlier in this section,

kl(T) <1 .

We next examine Gn(.fﬁe) - 6,(0), again in analogy with
the work of Bahadur and Rao (1960) and Chanda (1972). Recall
the definition of Gn(x) in Equation 2.67. The moment-generat-

ing function corresponding to G_(x) is
n

el

B,(t) = | exp(tx) - explox) - &, (%) /4, (7)
= ¢, () (), (2.72)

so that the moment-generating function en(t) corresponding

to the cdf Gn(JHx) is

bt/ A (1), (2.73)

and in view of Equation 2.71

Atzrt/fa), MlTHE/am) o
A xgm ]

o, (t) =

n
. b (t+t/Jn)) b (z+t/J/n) ]

a . (2.74)
1+(p(T)) 3 (T)
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Now since aA(t) and 3(t) are continuous, and p(t) is less
than one for all t and is uniformly bounded away from one

in any finite neighborhood of ¢, one may write

A (z+t/Jn) n

Gn(t) = [——W—] . T]n(t) ’ (2.75)
where as n ihcreases, '
T]:'1(1:) ~+1 . : (2.76)

for any value of t.

As for the first factor of the expression, since )‘l(t) is

analytic one may expand )‘l(t) around t=, Obtaining

2
A (T +t/0R) = A (T) + in SN (®) + 5 e N+ Oy ()

(2.77)

where n - On(t) tends to zero as n increases for all t.
But, in view of property (2), Equation 2.66, given

earlier in this section,

)\'l(T) =0 ’
so that
A (T + t/40) £2 . ¥ (v)
1+ ————+ 0_(¢) (2.78)

) I 2n\4 (1)



and as n increases.

K1W+tAE)n
Kl(T)

-+ exp[t2V] (1) /21 (7) ] (2.79)

Now if we assume that Xi(m) > 0, then the right-hand
side is the moment generating function of the normal dis-
tribution with mean zero and variance \j(7)/k; (7).

So in view of Equation 2.75, 2.76 and 2.79, ©_(t)

tends with n to the moment-generating function of the

normal N[0, X](T)/\;(7)], which implies that

Gn(Jﬁx) + B[x - o(7)] | (2.80)

where

olv) = K O/ .

One now has all the ingredients needed. Combining

Equation 2.54 and 2.68 we have

Jnte ¢
e 'Pr{vjio,n > nQ}

[ (2) 17 Al - [1+ (N ev(e)] .
l“t

[e,(Whe) - G (0)] (2.81)

and using Equation 2.80 and the fact that p(t) < 1,
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Jote
e - Pr{ Y% . n 2 00}
2 AlT) - [Blec(T)) - 8(0)]

[\V4

lim
- A (017

B(e) . (2.82)

1l

In other wofds,

e pr( > w0 T
. :

eventually is not below B(¢), or

Jote + 1n Pr{,y’io,n > nQ} - n 1n ), ()

eventually is not below B(g), or, for any €, there is a

n(e) such that

X .
5 1n Pr{j/io'n 2 no} > Ay(t) - € for all n>n(e)

(2.83)

G. TUpper Bound for the Probability

of a Large Deviation

An upper bound analogous to the lower bound derived
above is readily established as well, again arguing in

analogy to Bahadur and Rao (1960) and Chanda (1972):

Pr{ % ngm}:m% n 2 0}
o’ o’
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= Prie ° > 1}
S
<Ele % ]
= 9, (7) . | (2.84)

The inequality follows from the fact that the expectation
of a nonnegative random variable X equals the area of the

region {, in the plane determined by

Fy(x) <y <1 - and x>0 ,

whereas pr{x_z l} equals the area of the subregion of (
determined by Fy(l) <y <1 and 0<x< 1.

Hence using Equation 2.71 of the previous section, one

finds that
Pr{.% ,n 2 09}
S <A@ - [1+pP 8] (2.85)
or
L pr{.%; 2 00}
1im 2 <alm) . (2.86)

[Kl(t)]n
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or for any ¢ there is a n(g) such that

1 .y
S 1n Pr{.‘/io’n > nQt < Inky(t) + ¢, n>n(e) - (2.87)

H. The Main Theorem

We recapitulate the development of this chapter in one
theorem: '
Theorem 2.2: Consider a two-state Markov chain with
transition matrix (Equation 2.52). Consider a random walk
(n, 'Vi ,n) defined on this Markov chain which starts at
state iz and takes steps a, b, ¢ or d depending on which
of the four possible transitions occurs. Let Q be a real
number satisfying Equation 2.63 and define the function

7\1 (t) as in Equation 2.60. Then there is a positive number

©, Ay (7) <1, with the following property.

If Nj(t) >0, then, given t, there exists n(e) such
that, for all n>n(t), 1n )\l(ru) - £ i Pr{‘.gf >not <

= n i.n= =

In A, (7) +ee.

In view of known analogues of Equation 2.58 for general
primitive Markov kernels, for example in Harris (1964), and
Debreu and Herstein (1957), we expect general versions of

this theorem to hold as well.
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ITI. AILMOST-SURE POSTERIOR CONVERGENCE AND ITS RATE

A. Introduction

This chapter explores the rate of almost-sure conver- |
gence of the posterior distribution when the decision maker
uses a Bayes strategy based on a prior that puts some weight
on the true state of nature %*. The two main assumptions
are (1) that ..é/z* is positive and (2) that there is a "prior"
interval about unity where the Bayes strategy is state-
stationary. Certain other assumptions also are made, but
are verified for a certain low-dimensional case in sections
C, D, and F. |

The general idea is to follow the early course of the
posterior by means of a result of Dubins and Savage (1965a).,
and to then follow its eventual "state-stationary course”

by means of the material of Chapter II.

B. Setting of the Problem in the (NXKZXL)-Case

The model will involve:

1. A finite state space with N states 1,2,...,N.

2. A finite number of actions {1,2,...,K} available
for the decision maker in each state.

3. A prior knowledge about the transiﬁion matrix used
by the process, in the form of a finite set of
(N.KXN) generalized stochastic matrices {%,,_@g,
RN L ...gﬂ., ---(Z} together with a prior
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probability distribution tTmrecesT seees .
{711 Mo ﬂ/ ﬂ/*

ceernp}, with ‘?5* the matrix in fact governing the

process. This may be represented as follows

n, = Probf .@ = .9/3*}

M2

l | |
A G G G P

and 2 1, = 1.
all/ </

4, A (N.KXN) reward matrix%

The decision maker observeé the process every time unit
{O, 1, 2,...}, makes his decisions and collects rewards. This
can be represented by a decision tree, with part of it shown
in Diagram 3.
Let us define
X, = The state of the system at time t (or at the
beginning of period number t+1)

X € {1,2,...,N}

t {0,1,2,...} .

m

k, = Decision taken at time t or at the beginning of

period number t+l

'
)

£1,2,...,K}

ct
o

. {0,1,2,...} .
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stage (n)

stage (n-1)

stage (1)

stage (0O)

Zl decision and reward nodes
chance nodes
—e decision made
—-»= State materialized
k
reward rx:"lxh are collected immediately after the transition
~1

}ch—l "}chl h:olll 2,000,

Diagram 3. Part of the decision tree for n stages
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After n periods of times we will have a system state

history

X = {xo,xl,x2,...,xn} .

The likelihood of that state history will depend on..‘g/a

and we obtain

Ko St ke

6 = * LN N 2
(XO'xl'x2"“'xn/“//a) /pxo,xl /pxl,x2 /pxt'xt+l

k
n-1 :
o e e 3.1)
/pxn-l'xn (

where

.
Lt

4 pxt'xt-l-l
is the probability that the system is in state X1l at time
t+1, given that gg underlies the process, and that the sys-
tem is in state X, and alternative k. is chosen at time t.

Let us also define the transition count matrix



1 .1 1
nll n12 LI N ] nlN
1 .1 1
Dyy Byp e Moy
L J 1 -
11 1
s e
X _k X
nj3 B3 --- Uiy
X _k k
Y B Y N §
) k. .

ij
X X X
g N2 ccc P
K K K
Ny My - iy
K K K
n21 n22 PR n2N
) K,
ij
K X K
Oy "§y2  cc aw

action 1 is taken

action k is taken

action K is taken

(3..2)
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where
ngj = the number of transitions observed from state i
to state j when alternative k is chosen in '
state i.
Note that

X N N x
z Z 2Z ng; = n .

k=1 j=1 i=1 *J
After the decision maker observes the process for n periods
of time, he should be able to adjust*his prior knowledge ac-
cording to the resulting state history, (xo,xl,xz,...,xn).
The resulting posterior knowledge is quantified by a new
probability distribution {qi,qé,...,q},...,q;*,...,qi}.

The object of this chapter is the study of the rate of
convergence of this posterior distribution to {0,0,...,0,
eeesl,...,0} where unity occurs at position ,*.

The (posterior) probability distribution {ﬂi'ﬂé"°°'

ﬂ/"oon’ﬂ/’*'ooo'ni} iS given bY

1, éZ%xo,xl,xZ,...,xnzé?)

1, = =% Ax, 758)
V4 GAXA I X 41 Xns oo

7/=l,2’ooo,L

(3.3)

and in particular,
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T)/'* = ﬂ/*;%xolxllle oo OIxn/g*)/[ﬂlgxolxllle oo nlxn@)
+ veet ’}:%XO'xl'XZ""'xn@) +eee

+ nL:%xolxllle oo ‘Ixn@) ]

k kn k0 kn—l
= L AL 2 * L ]
/ (/Pxolx /pxn-l'x )/[nl lpx xl lpx l,xn)
k k
0 n-1
+ooo+ n/(/Px 'x]‘ooo pxn-l'xn)'*'o..
k k
0 n-1
* *
+ ﬂ/*(/Pxo,x cee /pxn—l'xn) + cee
k k
(0] n-1
+ 5. (P ceerD, )] cee  (3.4)
L1 Px.,x LoX, 10X,
k0 p kn-l
—_ 1
= Tl */{ﬂl[ (*p) ese (-*_5 ] + oo
Xno X / X X
0’1 1’
o ko 5 kn1
+n[.(*) .‘.(é-) ]+...+n *+ooo
Ve /P /P
o ko o kn-1
L L
oy eo e \p eeoe .5
+ ylGp) Gp 13 (3-5)
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where we have assumed‘}pﬁj > 0, all i,j,k, and for example

]cA

k 0
0 P,
/'p - / x’i'x:l.-i-l
(-*—) = ( k ) -
/P X.,X *p O
i’ i+] Px %
1i’7i+1

Now let us look at the quantity

o kg 5 k; 5 L
q/[(i—P) (i—P) (éﬁ) 1
Xy Xy /T KjeXiq /T Ky 10%p
X
x i

s

/p
n [&) 1
ﬂ/{iijl]( ;P i'j

k

k .5
= expl = n:;. In(E=) ] cee (3.6)

where, as defined above, n?j is the number of transitions
from state i to state j under alternative k.
The exponent of the quantity (2.6) can be viewed as

n
x Z
a=1 /a

where the joint distribution of the Za is such that the
- conditional distribution of any,z . given all previous Z°'s,

is one of the K.N distributions ,4; given in Table 1.
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Table 1. The set { /1[:];}

Distribution Domain of Probabilities
Name Distribution
T _P l R
nGg) 7 An /P11
1 . . .
A1 : : :
o1
nGp) v T A /PN
.
4_ = B3 * k
ln(}‘p) i1 /il /Pi1
k [ ] - -
/ 4’i : . .
> k
&S - Xk ok
1n(}'p) iy uN /PiN
X
P _ K K
ln(fi q -/ 7Pl
K * - [ ]
n : : :
o K
AL - K X
ln(}p)m = /3NN 7Pxn
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By the above explanation and in reference to Table 1,

the quantity

n

Z 2

= l/ a
can be looked at as the sum of n steps of a "mixed" random
walk featuring a set of (K.N) conditional distributions
governing the steps of the walk:

1
/41

(3.7)

| ¢ 4
(N.K) x1

involving probabilities taken from g;* and step sizes taken

from the following matrix‘%%
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11 1
1,571 /212 ** /AN
1 1 1
2| 31,322 -t /%0
-* - 1 -
3 i35 : 1
1 1 1
Nl,2a Ax2 o /N
k
11,311 212 - /3N
2 a a ak
/21 s722 °** /2N
— . . k -
= | /845 : k
ql kK %
/N B2 ot /8N
K K K
1l 211,312 /Ain
2 aK aK aK
21 892 +=- %y
. - K -
: . /%5 : K
N K K K
/A Ane ot /AW ee. (3.8)

The conditional expectation of /Za' given that it is

governed by the conditional distribution /ﬂvik,' is:

' N
k -k k
E&"a%za € /"l’i) = j-z::l }aij ;Pij) .o (3.9)
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and can be shown to be negative, and so also the expecta-

tion of the sum

n

% 2 .
cr=1/ o
The proof will be left to the next section when the

special case (N=2, K=2,L=2), is considered.

Equation 3.5 may now be written as

’ -—

ﬂ/*
71/*
n n ( n :
exp( T B )Heeotn, .exp( 2 B )tecetn steeetnreexp( = .2
3 =1 1 @ Y a=1 /a 71/* L a=1 La
(3.10)
It can be shown that each of the sums
n
z 2z : (3.11)
i=1 /¢

¥/ other than /% will tend to (-=) as n tends to «, and thus

lim 71;* -+ 1

Ny ®
T
4
1im Tl} + O , ¥/ other than /*. (3.12)

Ny ®

This will also be considered below in the above special case.



C. Posterior Convergence; The Special

Case (N,K,L) = (2,2,2)
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Consider without loss of generality the speciai case

with N=2, i.e., when the state space consists only of the

two states 1 and 2; with K=2, i.e., where there are two al-

ternative actions in each state, and with I=2, i.e., where

there are only two generalized stochastic matrices to be

considered, Il and é?? with corresponding prior distribution

T]I (l-n) .

The decision maker's prior knowledge about the process

is that there are two generalized matrices, ||, ZP, of vhich

one will be used by the process.

ceeds under the assumption that one of the two, sayl[,

However our analysis pro-

underlies the process, which fact is denoted by¢§?* =1,

in accordance with previous notation.

Finally we assume

that the decision maker is a Bayesian, putting prior n on

1
T

1
a1

S
ifl

2
11
2

To1

and prior l-n on

1
1r12W

1
T22

2
T2
2

a2

(3.13)
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3 1
P;; P
k=1
1 1
Pyy Ppa
P (3.14)
2 2
P;; P12
k=2
2 2
Po1 Pa2

Again, let the state history be X . = C 0% W2 SYRTRIE )

and let
-nil niz-
N = nél néz | (3.15)
n121 n:f.z |
i ngl ngz_

be the corresponding transition count matrix. Then the

likelihood of the sample state history can be written

nl 1_11 2
PAx 5y Ky esxy/ = @) eari)) PEelmd)) "2z

and
1 l 2
n n
)1 )22

g(xo,xl,xzp...,xli/.@) = (Pil) 11’ (Piz o-o( 22

and the posterior probabilitiies of Il ana .@ given the state
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history X, p are
R 7] .% xllx210001x /}L)
T Ax,, l,xz,...,xn/-ml-n) NZCNE NI WA
k
2 n. .
ne I (zr]{‘j) 1
— i,ji, k=1
- X k
2 2 n.
ne I (rrk)”+ (1-p)- O (oF )13
i,j,k=1 i,j.k=1
- 1
2 oS i
n+ (1-n) 1 ;]%'1
1 Jlk'-"l lj
_ 1
- %
2 pyj "ij
n + (1- q)exp[ z 1n(ﬂ—J-(— ]
i,j.k=1 ij
= A (3.16)
n+ (l-n)exp[ = 2]
a=1
and
(1-9)" = 1-9g* , . (3.17)

where, as before, the quantity
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will be considered as the sun; of n steps of a "mixed" ran-
dom walk governed by four conditional distributions tb];,
with probabilities provided by the four rows of ﬁ', and
Jdomains (step-lsize domains) provided by the four rows of

the step-size matrix 7,

_ - - -
1 1
ln(gl—]:)’ ln(m) ar at
71 BT 11 %12
11 12
1 1
b P 1
21 22 1 1
In(—== in(—%= a a
71 1 21 922
21 22
S = = (3.18)
p?‘ p2 ‘
9
1n(—%—l 1n(%) ail aj,
11 T2
2 2
e p
21 22 2 2
ln(‘ir——2 ,ln(ﬂ_—z ) 35y ay,
21 22 | | - B

Thus, recalling earlier notation (Equation 3.9),

1
E[Za/za € 1bl]
.1
2 Py 5
= » ln(—]:J— - 71'1.
=1 7Tl lJ
J 1j
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2 P32
- Z ln( e M. o (3 019)
_']=l ‘IT2 2]
23

It may now be observed that

k .
E[za/za e ¥;] , i,%=1,2

is a continuous function of P]:ifl’ attains a maximm value
equal to zero when p];l = ﬂ—];.l' and is negative otherwise.
In other words its maximum will occur when the matrices %°
and Tl.have identical elements. The above fact, related to

likelihood maximization, may be proved as follows. Let

Xk
“]:': = E[2,/Z; ¢ ;]
k X
Pij Pjo
= G -7+ i) -7,
il i2
X
Pj1 1-pj7. .
= In(=& -v]i‘l + 1n(l = ) - (1-T5) , 0<T <1 .
il -Ti1
(3.20)
X

Then, for 0 <pi1 <1,
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SE R & S N i % (3.21)
K ok 1k
Pi1 il Pi1 '
=0
A
X _
Pj; < “J;':l
.
_ x _ .k
gy = 0 at p;y =T (3.22)
and
Euh 4 (a(;ﬁjf))
(app)?  apf; apf
k
& i1 l'wil)
= [(T) - ( % ]
dp;y; Pi1 1-pj3
- o« 1 I S
= - ’T]i:l Ry i (1-147) Gt 2 (3.23)
Pj1 “Pi1

Thus the R.H.S. of Equation 3.20 has a unique maximum

]::l in the open interval 0 <p}jfl <1, where in fact

X -
at P;1 = ™
it is zero. Since, in addition, Equation 3.20 tends to - =
for p};l tending to zero or oné, it follows that Equation 3.20
is nonpositive in the corresponding closed interval, and

zero only at p]jc_l = ‘n-]jfl‘ Kullback (1959) has studied general
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versions of such information inequalities. Since the value

p? has this characteristic then the sum

has a nonpositive expectation and

ok n . %
n'ir;-hl:[pi]} <ELZ Z]<nm {r;'aic[pi]} . (3.24)

a

D. Rate of Almost-Sure Convergence

of the Posterior Distribution
Consider the "mixed" random walk

n

2z

=1 ¢
underlying the decision process that has been introduced in

Section C. The.evolution of this random walk involves not

only its partial sums

n
z 2
a=1 ¢
on the real line, but also the states 1 and 2. Hence a
more detailed description of the progress of the walk in

the first n steps involves both the partial sum achieved,

call it
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n
S = Ei Z‘I, ,
and the current state, call it in. This more detailed
vector description (.,9;1, i ) will be of use in this section. .

The purpose of this section is to show that the sum ..9;
tends to (-») almost surely és n approaches «, and hence
that the posterior 5/ tends to unity:; in particular the
rate of this convergence will be examined. Note that the
‘sum .9; determines the posterior (Equation 3.16) and con-
sequently the decision maker's choice among the available
alternatives, as indicated in Equation 1.10.

As indicated in Chapter I, it will now be assumed that
there is a posterior neighborhood of unity, i.e., a neigh-
borhood ¥ ‘[T]é']-] for the posterior n’, where the Bayes
policy is state stationary. This means that, whenever the
posterior is in F, a particular decision k(1) is called for
by the Bayes strategy when the process is in state 1, and
a particular decision k(2) is called for by the Bayes
strategy when the process is in state 2. In view of the
correspondence between the partial sum 5’; and the posterior
n’ (Equation 3.16) this assumption can be reformulated as
follows: there is a value y* < 0 with the property that,
given (~9:, in) with .9; < y ., the next step 2., materializes

in accordance with one specific square transition matrix and
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a corresponding conditional probability distribution. In
other words, conditionally on any (5{1, i'n) with 5’; < F,
the probability of any event g involving the further vector
states of the random walk may be computed as if the Markov
chain underlying the walk were stationary (indeed as if
(.9;, in) were a stationary Markov process), as long as g

belongs to the event

(£ .,

ntl’ " n+2’°°°

<¢/k) . (3.25)

The (2x2) transition matrices associated with the
stationary situation mentioned above are denoted by T s and
P with corresponding posterior probabilities n’ and (1-q’)

respectively where

(1) 1)
T T
T, = (3.26)
k(2) k(2)
T2 T22
and
k(1) k(1)
Pij P12
P_ = 2) 2) . (3.27)
= k(2 k(2
1 2%1 P2

The corresponding step size matrix is
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. i Pk pk(l)—
k 1)k
11 22 1n( k(l)) ln(ﬂk(l)
1
- r k(s)q _ -

Bs [aij ] k(2) _k(2) = | (3.28)

1 422 pk(z) : plzcéz)

X T2 22

The main idea of the procedure adopted in this section
is to exhibit a boundary.szi composed of three segments iZZ,
122 and.ﬁ?; with the property that j?; stays below lzywith
probability near l. This boundary leads directly to the
main theorem of the chapter which states, essentially, that
with probability near 1, n’ approaches unity at an exponential
rate determined by the "eventual" expected size of the
steps Za.

The construction of the first part of the boundary (iZi)

is based on a theorem of Dubins and Savage (1965a, 1965b)
which is also applied in an article by Dubins and Freedman
(1965). Following will be a restatement of the Dubins--
Savage theorem without proof and with appropriate changes
in wording to suit the present exposition.
Theorem 3.1: Let zl,zz,...,za,...,zn be a real valued
stochastic process. Let Mo be the conditional expectation
of Za given the past and V& the conditional variance of za
given the past. Suppose that for every a, Mo is finite

almost surely. (No assumption is needed about V&.) Let
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3, 23, be positive numbers. Then the probability that, for

all n,

(zl+zz+...+zn) < 31+(u1+u2+-°-+un)4'32(V1+V§+---+V5)

. 3132
is greater than or equal to y;5—5- - (3.29)
172 :

Using the notation of Section C of this chapter let

R = max {1 i=1,2:k=1,2 (3.30)
i -
be the maximum of the expectations of the conditional dis-’

tributions 1])];. One may note that Equation 3.30 implies,

viewing our random walk as the process of the theorem, that

L > max {u,3 a=1,2,...,n:%n . (3.31)
a
Let also
,'—~ k .
V=max {Var(z )|2_ e 93} ., i=1,2:;k=1,2 (3.32)
ik a a i

be the maximum of the variances of the conditional distri-
butions q)]:.f. Note also that Equation 3.32 implies that
V > max {v 3 «=1,2,...,n;¥n . (3.33)
a
The inequality in Equation 3.29 then implies that

n - a;a,
Pr{azk.lz < al+n(p,+a2V)7 all n} > mﬁz . (3.34)

a
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Of special interest for us are choices for a, and a, such

that a, is small enough that j + azv is negative, and a; is

2
large enough so that

1%
l+al 2

is arbitrary large.

Given such values for aé and a; (i.e., a, "small
enough" and 3 "large enough"), the linear expression
a; + n(i + azﬁ) provides us with the portion‘ﬁgzvof our
boundary, as is shown in Diagram 4.

The following remarks may be made concerning 521:
Jgi is by itself a possible boundary providing a rate-of-
convergence upper bound arbitrarily near [ for J9Z, which
in turn provides an exponential rate-of-convergence upper
bound for n’. However we choose to utilize 521 only to |
take us through the "nonstationary" region of our random
walk, relying on the further construction of the boundaryA
portion.ng to provide us with a sharper rate-of-convergence
upper bound. |

For the construction of the next partuﬁgz of Fwe
consider the maximimum step size a*, which must be positive,
of the four "stationary" steps al§s) discussed earlier in
this section (Equation 3.28):

k(l) pk(l) k(2) k(2)
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We then fix on some large number ﬁ, to be specified later on,
and extend the linear boundary segment JZZ to the highest
point that (1) is at least Ma* below the level & and

(2) has an integer abscissa, see Diagram 4. The abscissa

of the point 01, the sampling state ng, is then given by

the equation

y*- Ma* - a;
n_ = [ 14+ (3.36)

L+ ay

where [ ] denotes "largest integer less than".

The point 0 : [ns, a1+ns(ﬂ+a2ﬁ'7)] actually is the
"right" end point of the boundary segment .ZL, as well as
the "left" end point of the boundary segment .92. The
"right" end point of the segment .9; will be located at the

point

0% : [n_+M, al+ns-(ﬁ+a2V) + Ma*] , (3.37)

which according to the value of n S in Equation 3.36 will be
in the stationary region, i.e., below or at the level ¥ *.
With the above locations of Ol, Ol*, the boundary portion
A of £ will be a line segment 0;-0;* with positive slope
a* defined bir the Equation 3.35. One may further notice
that a random walk proceeding only by stepé of magnitudes
a]jf}S) which starts at 01 cannot reach the point 01* unless
it proceeds exclusively by M steps of size a*.
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24
“
a

3 ¥ R

_? H "9;1 = a3+n-m
J9; = a1+n(p+a2V)
e
ns ns+M
0 —a 1)
<;:> j%? range of nonstationary
’ policy

¢ slope a*

range of stationary

policy
s
/1€
s
supplementary \('
boundary \

Diagram 4. The boundary.% : .E’i - 5,@— Z;
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As for the third segment 522, let m be defined as in

Equation 2.35 with the following identifications:

I y k(1) k()
@ | e o) it T
= 2) ) (3.38)
: k 2 k(2
(1-65) 2 21 T22 |
(2) The step sizes a, b, ¢ and 4@ are replaced by the
elements of the matrix of Equation 3.28.
In other words let m be defined by
k(2) k(l)
l.l"‘ ] (l)
D ‘[ln(ﬂk(l)” i
pk(J.) o
+ 5Ty k(l) T
12
[1~T k(l)] ([ln( k:2:)J k(2)
+ 2 Ta1
[1-rk () jepaaki2)y 1
pk(Z)
+ |1n(=22 k(2) - k{203 (3.39)
T22

The third boundary segment iZ; is another linear seg-
ment, defined as follows in terms of m: it starts at Ol*
and extends downward with a negative slope m = m+e. This

segment of the boundary may be looked at as a portion of a
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line given by the following equation:

C _ A .
Ji—a3+n-m (3.40)

as demonstrated in Diagram 4. One would notice that, with

&
reference to the coordinates of the point 01* given in Equa-
tion 3.37 together with the equation of the line in 3.40,

the value of az is given by:

ay = a; + n_(pra V) + Ma* - (ntM) - m (3.41)

which is greater than a . It is clear that this "modi-
fied" boundary .g* described by Equation 3.40 will also be
an upper bound for %l,vn with probability near 1 if Zis
so.

We are now ready to estimate the probability that no
partial sum % exceeds the boundary & ..g& - .ZZ - _9;
composed of the successive linear segments .%, g 27 and
-

Let . % be a possible value of % at n= n_, given
that 7:1 has not exceeded 3/1 in the previous n_, steps.
Consider now ._the conditioning event that (.9; in) =
(%,is) at n=n_, i.e., being at the point O, s:1,2,...,
with coordinates (ns, %) while the process is in state |
is, is 21,2. In keeping with remarks made earlier in this
section, the probability that, during its progress bgyond
(n, ‘7/8), 9’; never exceeds -Zz - .% may be computed or
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bounded as if the stationary matrix (Equation 3.26) under-
lies the walk, with transition-dependent step sizes given
by Equation 3.28. Under this simpler model the material
of Chapter II can be brought to bear, and we may claim, for

n > ng, that there exists a p < 1 such that
pr{ S-S >an)[(F,i) = (F,i)

(n-n_)
at n=n_} <p . (3.42)

Since the above is an excess probability for the sup-
plementary boundary segment L, startingat (ns,,.S/S ) and falling
s

off with slope m, and since Lo is below %-.f , it follows
s

that for n> n., also

Pr{g?;1 exceeds %—%[ ( %,in) = (Z,is)

(n-n_)
at n = ns} Lo . . (3.43)

But now %— .gg was so constructed that, for n—ns < M,

the left hand side of Equation 3.42 is in fact zero. Hence

Pr{.?]; exceeds .%-.% for some n > n_|
(i) = (S.i) at n=n]}

y n-n
<O+0+ o +pMa ML M2, 4 ,S
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+ P + p + eee
) ; (n-ns)
(n—ns)=M
pM
= W ' : (3.44)

Putting this bound together with the facts deduced earlier
for .yi and conditioning on the process starting at the sure

initial vector state (O,io) we find:
Pr{zl does not exceed .5,/1 - %- ’Z& for any n}

= S Pr{ % does not exceed .gi for any n < n_

(S,i)
and (F,i) = (F,i) atn=n} -
Pr{.yl; does not exceed %—.Z; for any n > n_|

% does not exceed ,Q” 1 for any n £ ns and

(Fi) = (i) atn=0n} . . (3.45)

S

Now the Markovian nature of (‘9:1' in) allows us to write the

following:

Pr{\y;l does not exceed %—.% for any n > n_|

\92 does not exceed .gﬁi for any n £ n, and
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(y,i ) = (“Z'is) at n = ns}

nn

= 1-Pr{ ¥ exceeds ’ZZ—% for some n > n_|
. _ C . _
(Foiy) = (H,i) at n=n}

M

p .
2 [1- (l—-p—)] : | (3.46)

in view of 3.44. Then, in view of 3.45, 3.46,

Pr{\y;1 does not exceed % - % - .Qg for any n}

2 z Pr{gy;1 does not exceed ;%_ for any n < ng
(F,1)
M

s p
and (Y,i) = (i) at n=n_} « [1 - ] (3-47)

M
p
= [1 - -zl—_p-)—] - Pr{ (/: does not exceed .91 for any

n<n}
PM
>[1 - -(1—_9-)—] . Pr{&'; does not exceed ’ZL for any n}
M
P 2132 -
>[1 - TT:ETJ - [if:jiszgi] =1-3% . (3.48)

Equation 3.48 implies that the partial sum C/; tends to
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- © as n tends to » with probability at least (1 -3%).

By appropriatly choosing the values of M, ay and a,, the

Jquantity (1 -3) can be made as close to one as we please.
With reference to the "modified"” boundary < given

by Equation 3.40 and illustrated in Diagram 4, a convenient

summary of all the above can be provided by the following

theorem:
Theorem 3.2: Given & and &, there exists an A(g,d)
such that
Pr{.Y, < nlm+e) +A(e,8), all n} > 1-3 . (3.49)

In fact a(e,d) is just the quantity ag of Equation 3.41 for
a, and M choosen sufficiently large.

Corollary 3.1: Suppose 7 > 07 given € and & there exists

B(e,d) such that

Pr{l-q. < B(c,8) (™€))", alln} > 1-5 . (3.50)

The corollary follows from the %heorem and relation

3.16 between the posterior 4/ and the partial sum ‘/;
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IV. POLICY CONVERGENCE

This chapter considers a sense in which the Bayesian
decision maker's total infinite-horizon reward nearly equals
the total reward of the decision maker who known the true
state of nature, in a sense much like that usually asso-
ciated with one and two-armed baﬁdit‘problems. The plan
here is to combine our knowledge regarding the behavior of
the posterior distribution with facts concerning the re-
currence of the situation in which two decision makers f£ind
themselves in the same process state. These last facts
come from the following lemma.

Lemma: Consider a Markov chain Xn over a finite state space
u4yéomposed of N states, governed by a positive stochastic
transition matrix. Consider as well a second process Yh

on the state space N of the process X, such that (Assump-
tion A) Pr{Xh&i#yh&i;i:l,...,Mth+i=yh+i:i:l,...,M} < |

Pr{X  .#y . .7i:l,...,M}. Then

Pr{x =Y i.o}=1 . (4.1)

Proof 4.1: Let [pij] denote the transition matrix X and

define

€ Tmin p,; - (4.2)
i 4

i,j

Let (Yh+1'yh+2""'thM) be a point in the M-fold Cartesian
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product (Nfx ... xA#). Then it is clear that

M
PE{Xne1 7 Ve 1 K2 7 Y2 == Fpe # Y £ (1807 -

(4.3)

Hence, letting y, Y and X denote the vectors (Ynﬁ-l'YnH-Z' ce s

X . .0)

AT RS S T PRI TTR S R R T LR YRR D ey,
respectively, one finds

PriX# Y} < T Pr{X#y}-Priv=y} < a-e) . (4.4)

Y

Hence

PriX , #Y . 7 ¥v:1,2,...}

M
Ler{X,, #¥.,.,1<v< M} < (1-€) (4.5)

in view of Equation 4.4.
In other words, choosing M arbitrarily large, one

concludes that

Prixm_v;!Ym_v; ¥y: 1,2,...3 =0 (4.6)

or

Pr{X,.,= Y, Some v: 1,2,...} =1 . (4.7)

Now let us define the events ? and éﬁn as follows

m

gm = {Xm-!-v = Y, 7 some v: 1,2,...}% (4.8)
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g ={x =y} . (4.9)

Then Equation 4.7 implies that

Pr{ m ?m} = Pr{ m U é’mV} =1 (4.10)
m=1 m=1 vy=1
or equivalently
pr{ & i.o.}=1 . (4.11)

We now intend to show that, in a certain sense, a
Bayesian decision-maker is as well-off in terms of total
discounted rewards as a decision maker who knows the true
state of nature, if the discount factor B is large.

Consider then the special case of a Markov decision
situation with two possible states of nature, involving
two possible generalized transition matrices T[' and 923 a
certain discount factor P, and a certain reward matrix Z.

Consider in this context a first decision-maker “@l
who knows that T(- applies. In accordance with the work
of Howard (1960), that decision maker will possess a sta-
tionary optimal policy which specifies a certain action
alternative k(i) whenever in state i. Accordingly the suc-

cessive states Y that .@1 occupies when acting optimally will
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be generated by a Markov chain with a square transition
matrix [v};‘_gi) 1.

Consider as well a second decision maker -@2', occupy-
ing successive states Xn, who does not know that the true
state of nature is IIT » but rather proceeds as a Bayesian
optimizer using a sequential ‘ Bayes strategy with prior prob-
abilities n and (1-1) on l’T and &P respectively with n> 0.

Suppose that the situation is such that the "state-
stationary assumption" of Chapter III is satisfied. 1In
other words suppose that there exists an interval ./:[qo,l:l
about unity with the property that the Bayes strategy is
state-stationary for n’ ¢ .

We nocte, since fga's policy is in fact a Bayes policy
for =1, that the "state-stationary assumption" in fact
implies that @1 and @2 will be operating under the same
state-stationary policy whenever @2'8 posterior 7’ is in
Y, i.e., that, whenever n’ is in f they both will be
using the same policy k(i) and consequently will both be
subject to state transitions in accordance with the
stochastic matrix [v];_]gi) 1. |

Hence it follows from the work of Chapter III that,
if )| > 0, then with probability 1, .@l and 92 eventually
will operate under the same “"state-stationary" policy k(i).

At the same time, in view of the lemma at the beginning of

this section, “@l and .@2 will find themselves in the same
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state infinity often with probability 1 under Assumption A.
Hence, putting together the two claims of the last
paragraph, we conclude that, with probability 1, there will
be a finite time period (or number of sampling stages) n*

with the following properties:

1. The decision makers @1' °@2 | find themselves in

the same process state at n*.
2. From n* onward -@i_ and .@2 follow the same "state-
stationary" policy k(i).

These two properties of n* can be made to reflect the
near-equivalence of the two strategies in several ways.
For example, suppose for purposes of illustration that N
consists of onliz two states (i.e., N=2) and that there are
two available alternative actions in each state (i.e.,

K=2). Consider a measure space M whose elements are
quadruple sequences
0.)3 xl’ Yll le V ; le Y2' Zz, V27 X3' 3, Z3' V 7 ®os e
(4.12)
of ones and twos, with probability assigned to the usual

corresponding O-algebra of w-sets assuming independence

among all sequence elements, with

Pr{xi =1} = l-Pr{Xi = 2} = Wil
Pri{y, = 1} = 1-Pr{y, = 2} = Wil
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1
Priz; = 1} = 1-Pr{z; = 2} = 75
5 :
Pr{Vv, = 1} = 1-Pr{V, = 2} = mp; . - (4.13)

This measure space yields a measure space for pairs
of state-histories arising under any policy pair, in par-
ticular the optimum-policy pair for the two above-mentioned
decision makers 523 and 522.

In addition, this measure space of course gives cor-
rect state-history probabilities for individual policies.
For example consider the policy';%ﬂthat recommends the
second alternative in the first state and the first alter- .
_ native in the second state. Then, assuming that the

process starts in the first state, then

Pr_ {1;2:1;...}

K

Pr{all o leading to (1;271;...) underé%?

Pr{all o of the form (unspecified,2,unspecified,

unspecified; unspecified, unspecified,l,unspecified;

cee)} © (4.14)

= the summation of the probabilities of all w's with

2 in the second location and 1 in the seventh location

= 72 7t
T r12'21 ¢
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{

Assume how that Assumption A applies for our meas-
ure spaceylf: Then the n* of page 79 exists with prob-
ability 1. In other words there is an w-set of prob-
ability one all of whose members possess an n*(w) sat-
isfying properties 1 and 2 on page 79. But, 1 and 2
imply in / that the state and decision histories for -@1
and fZE‘will coincide from n*(w) onward. In other words
there will be a set of w's of probability 1 for which there

is an n*(w) such that the transition rewards for 522 and

9

5 coincide from n* (w) onward.

Now let us make the further assumption that the re-

wards are bounded away from zeroc:

0<r< r].‘j <R , i,3,k:1,2 (4.15)
where
R = max r]:.f.
i,j,k 13
r = min fg. .
i,j,k

Then, in view of the comments following Equation 4.14,

with probability 1 there is an n*(w) such that
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' n*-1 kR
[521(5) —‘E%Z(B)l < kfo P (4.16)
Z, TS .
1(B) P pkr
k=1

where -.9?1([3) is the total discounted infinite horizon
reward gained by "@jf

Finally, if we assume that n* may be chosen inde-
pendently of § for B in some interval (B orl) near 1, we

have that '

2 -0}=1 (4.17)
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V. SUMMARY AND SUGGESTIONS FOR FUTURE STUDY

A. Problem Structure

Considered is a system governed by a "mixed" Markov
chain with uncertain transition probabilities. The system
can be exclusively in one of a finite number of states, N,
with the provision of a finite number K of possible alterna-
tive actions in each state. An infinite operating time do-
main is considered with a discount factor 0 < B < 1 such
that a reward r?j received immediately aftef the nth transi-
tion, is discounted by Bn.

Two decision makers are considered; one is a Bayesian
optimizer f@& who considers a prior probability distribution
over a finite set of generalized stochastic (K.NxN) matrices
{f%?} which assigns some weight to the actual matrix é??* A
governing the process; the other decision maker 1@2 knows

the matrix Jég* and acts optimally accordingly.

B. Findings

A summary of the finding, about the above-described
system is given below:

1. As the Bayesian decision maker 325 proceeds in
time, his posterior converges almost surely to a distribu-
tion degenerate at éég*, provided the latter is positive.

The topic of large deviations of Markov chains is introduced,
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and the probability that, the posterior maintains, at least
a certain exponential convergence rate in a certain "state-
stationary" region is thereby estimated. Based on this de-
velopment, a boundary Z- :Zi - :2; - 123 is constructed
for a related "mixed" random walk which, under an additional
assumption, provides a rate-of-convergence bound for the
posterior.

The detailed analysis is carried out just for the
special case (N=2, K=2, L=2).

2. The total discounted reward earned by the system
under the supervision of a Bayesian decision-maker is almost
surely, for B + 1-, relatively equal to that earned by an-
other decision maker who knows f??* and acts optimally ac-

cordingly.

C. Suggestions for Future Study

The following are some suggestions for future studies.
Some of these suggestions concern strengthening some of the
assumptions made in this thesis; others concern extensions
of this analysis which were not pursued due to time limita-
tions.

1. Development of tighter bounds for the posterior
convergence in the "state-nonstationary" phase; possibly
through a study of the large deviation principle.

2. Study of the large deviation principle for Markov
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chains under milder assumption about the transition matrices

involved.

3. Confirming the assumption concerning the existence
of a "state-stationary" phase.

4. Study of the dependency on the discount factor B of
the posterior development. |

5. Free Chapter IV of its several assumptions, possibly
by changing the sense of the near equality of the total re-

wards to f@% and f@é.
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