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ABSTRACT

We consider a domain decomposition method for a fluid-structure interaction prob-
lem. The fluid-structure interaction problem involves two mathematical models, each
posed on a different domain, so that domain decomposition occurs naturally. Our ap-
proach to a domain decomposition method is based on a strategy in which unknown data
at the interface is determined through an optimization process. We prove that the solu-
tion of the optimization problem exists. And we show that the Lagrange multiplier rule
may be used to transform the constrained optimization problem into an unconstrained
one and that rule is applied to derive an optimality system from which optimal solutions

may be obtained. We then study a gradient method for solving optimization problem.



1 INTRODUCTION

Multidisciplinary simulation problems arise in a variety of settings in which more
than one media, or more than one mathematical model, or more than one dominant
effect are present. The direct solution of such problems presents a formidable challenge.
since they usually involve large, coupled system of partial differential equations. For
this reason, methods which uncouple the different disciplines are of interest. Here, we
discuss uncoupling procedures which are based on using an optimization strategy.

A main virtue of our approach is that it allows for the user to use existing codes for
each discipline as black boxes and only requires that the user write a simple code that
effects the coupling between the disciplines. One reason we are able to do this is that
our methodology allows for complete flexibility with regards to the boundary conditions
imposed on each discipline. Another virtue of the optimizaion-based decoupling is that
it allows for the use of efficient iterative strategies, e.g., quickly converging iterative pro-
cesses by which solutions of the coupled, multidisciplinary problem are determined. Our
methodology has other important virtues as well as allowing for the use of mismatched
grids and different discretization methods for each discipline.

Here, for the sake of concreteness, we will describe the optimization-based domain
decomposition method for a fluid-structure interaction problem. The subjects of fluid-
structure interaction problem have been extensively studied in the past and continue
to be the focus of much attention today. There are number of different types of math-
ematical models for fluid-structure interactions. We classify these models into three

categories.
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Elementary fluid. The fluid motion is governed by potential equations., e.g., Laplace
equations or wave equations. In [34], a coupled system of a potential equation and a
wave equation is considered. Elementary fluids coupled with rigid cavity or moving wall
has been studied in [19] and with an elastic solid in [4].

Inviscid fluid. A few mathematical papers have appeared for fluid-structure interac-
tions modeled using inviscid fluid models, e.g., the Euler equations. Interactions between
linearized inviscid fluids and elastic solids have been analyzed in [2].[35]. An algorithm
for an inviscid nonlinear fluid coupled with rigid walls was given in [3].

Viscous fluid. There is an extensive literature on linearized viscous fluids coupled
. with solids. Solids modeled using plate equations or shell equations are treated in
[15],[16].[17],{32]. The Stokes equations coupled with a beam equation has been ana-
lyzed in [21]. In [11], [31], interactions between linearized viscous fluid and elastic solids
are studied. See [7] interaction with rigid walls.

Also, there is a vast literature on fluid-structure interactions for which the fluid is
modeled using nonlinear viscous fluid models, e.g., the Navier-Stokes equations. Rigid
body motions of solids in a nonlinear viscous fluid have been studied in [8],[12], [22], [23].
[n [18]. a coupled problem of Navier-Stokes equations and a plate equation is studied.
Some works have treated interactions between nonlinear viscous fluids and elastic solids.

See, e.g.. [8],[13],[14],[36],{37].

MODEL PROBLEM

In this paper, we consider elastic body motions in a fluid flow. Let Q; and {2, denote
the regions occupied by the fluid and solid, respectively. Let I'o denote the interface
between the fluid and solid and let 'y and I'; denote the boundaries of the fluid and
solid regions (other than the interface I'y). In the fluid region, we apply the Stokes

System.
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prg +VP-—[J.fAV=pff in Qf

V-v=0 inQy
. (1.1)

v=0 only

V]i=o =Vv° in Qy

\

Here, ps and py denote the (constant) fluid density and viscosity, v the fluid velocity,
p the fluid pressure, and vq the initial velocity.

In the solid, we apply the equation of the linear elasticity.

,

PsUy — psAu — (A + p5)V(V-u) = p;b  in Q

u=0 onT,
¢ (1.2)
ul;—o = u® in Q;

ut|t=0 =u! in Q,

\

Here. us and Ay are the Lame constants and p, the constant density of solid, b
denotes a given loading force per unit mass, u the displacement of the solid, and ug and
u; are given initial data.

Along the fixed interface I’y between the fluid and solid, the velocity of the fluid and

solid are equal, as are the stress vector in the fluid and solid. Thus, we have
u;=v onlp (1.3)
and
psVu-n+ (A +ps)(V-un =pn —usVv-n on [y (1.4)

Solving (1.1)-(1.4) is a formidable challenge. Fluid-structure interaction problems
involve two different mathematical models, each posed on a different domain, so that

domain decomposition occurs naturally. Our approach to domain decomposition is based



on a strategy in which unknown data at the interface is determined through an opti-

mization process. We consider the following interface conditions.

v=g only (1.5)

psVu-n+ (As +p5)(V-u)n=h on Iy (1.6)

Then we may solve (1.1) and (1.5) for v and p and solve (1.2} and (1.6) for u.
For an arbitrary choice of g and h, (1.1} and (1.2) are satisfied. However, (1.3) and
(1.4) will not be satisfied. On the other hand, we know that g and h exist such that
solutions of (1.1),(1.3) and (1.2),(1.6) are solutions of (1.1)-(1.4). We merely have to
choose g = V|r, = O¢|r, and h = g, Vi -n + (A; + p)(V-0)n = pn — VYV -n on [,
where (v, p.10) is a solution of (1.1)-(1.4).

The optimization-based domain decomposition algorithm finds such g and h by min-

imizing the functional

1 r7T
j(V,P7g,u,h)=;)-/0/r (uz—g)zd[‘dt

Lt v h)2dT d
+ 5/()/ﬁ)(m~w v-n—h) t

In the remainder of this chapter, we discuss the derivation of the model (1.1)-(1.4).
This thesis is organized as follows. In chapter 2, a coupled system of fluid-structure
interaction problem is studied. The existence of a weak solution is proved and finite ele-
ment approximations are discussed. In chapter 3, we introduce an optimization problem
to uncouple the system. We prove that the optimization problem has a solution and the
solution converges to the solution of the coupled system. The Lagrange multiplier rule
is used to derive an optimality system from which optimal solutions may be determined.
Finally, we define a gradient method for the solution of the optimality system and show

the convergence for the gradient method.
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2 FLUID-STRUCTURE INTERACTION PROBLEMS

2.1 The model problems

We consider a coupled system of Stokes and elasticity problem that was introduced

in the previous chapter.

’

psve+Vp —pusAv =pif in Qy

V-v=0 in

v=0 onlIy

PsUy — s AU — (A; + ) V(V -u) = p;b  in Qs

u=0 onl;
$ : (2.1.1)

u,=v only
gsVu-n+ (A + g )(V-un=pn — uVv-n on I

0

Vit=o = v° in Qy

uli—o = u® in Q,

Ut|e=0 = u! in Q;

.

2.2 Notation

Throughout this paper, C will denote a positive constant whose meaning and value

changes with context. H®(D), s € IR, denotes the standard sobolev space of order s



with respect to the set D, equipped with the standard norm || - |[s.p. Corresponding
sobolev spaces of vector-valued functions will be denoted by H*(D). Dual spaces will

be denoted by (.)*. We then define the subspaces

H;(Qf) = {veH'(Qy): v=0on Ty}

J = {veD(Qs): V-v=0on Qy}
where D(£);) be the space of C* functions with compact support contained in ;.

V = the closure of J in H}(QJ-)

= the closure of J in L?*(f)
and
H(Q) = {ueH'(Q): u=0onTl}
We define, for (pg) € L*(D) and (u-v) € LY(D),
(.alo= [ pqdD and (uv)p= [ u-vdD

respectively.

We define the bilinear forms
af(u,v) = /Q 1, Vu: VvdQ Yu,v e HY(Q)
f

as(u,v) = /n{,LLsVu:Vv+(/\s+us)(v-u)(\7-v)}dﬂ Vu,v € H(Q,)

a(u,v) = /ﬂysvu:vvda Vu,v € H(Q,)
and
b(v,q) = -jé g divvdQ Yv e HYQ,), Vge L¥Qy)
!

It is well known that the forms a;(-,-), as(:,-), a(:,-) and b(-,-) are continuous, i.e.

there exist positive constants &k, and k, such that

las(u,v)| < kellullie, lIvilie, Yu,veHY(Q)



=]

las(u, V)] < Kallullia,[vllie, Vu,veHY(Q)

la(u,v)| < kalluflielviie, Vu,veH(Q)

and

b(v.g)l < klviiellales, YveHY(Q), VqeLi(Q)

Also, af(-,-), as(-.-) and a(-,-) satisfy the coercivity property and b(-, -) satisfies the

inf-sup condition. which means there exist positive constants K, and KA} such that

vV

las(u.u)l Rollullfq, Yue HY(Qy)

Ias(ur u)l

v

Ka|lulifq, YueHY(Qf)
la(u,u)] > Kelullig, VueHY(Qy)
and

inf sup
0£9€L3(Qr) oxveHnl(q,) lIVIlLa,liglloq,

2.3 A weak formulation

We define a space of trial functions and test functions as
U={(v,u) : veL*0,T;HiQ)), ue L0, T: H(Q,)),
u; € L*(0,T; L*Qs)), such that v =u, on g}

A weak formulation corresponding to (2.1.1) is given by

For f,v%,b,u® and u! given,

f e L?(0,.T; H{(Qy)7) (2.3.2)
v e L*(Q)) (2.3.3)
b € L*(0,T;L%(Q,)) (2.3.4)
u® € H(Q,) (2.3.5)

u' € L*(Q,) (2.3.6)



to find (v,u) € U satisfying

pf(vtv W)Qf -+ b(VV, p) + af(V, W) + Ps(uti~ 0t)Q.'

+ as(u,0:) = ps(f.w)a, +ps(b,0)a, V(w.0) €U (2.3.7)
b(v.q) =0 Vqe L) (2.3.8)
Vtmo = v° (2.3.9)
tymo = u® (2.3.10)
Uft=0 = u' (2.3.11)

We recall the definition of the spaces J,V and H, introduced in the previous section

and which will be the basic spaces for W.

J = {veDQs): V-v=0on Q}
V" = the closure of J in H}(y)

H = the closure of J in L*{Q/)
Now, we define a space of trial functions and test functions as

W ={(v.u) : ve L*0,T;V), ue L*0,T; H:(Q,)),

u; € L2(0,T;L2(Qs)), such that v = u, on g}

Then a weak formulation (2.3.7)-(2.3.11) is equivalent to the following:

To find (v.u) € W satisfving

Pf(VzeW)Q, + af(vv W) + ps(utte gt)ﬂ, + as(u7 et)

= pf(f’w)ﬂf + Ps(b,ez)ﬂ_, V(W, 0) ew (2312)
V]i=o = V° (2.3.13)
ufe=o = u° (2.3.14)

Uy|i=0 = u' (2.3.15)



2.4 The existence of a weak solution

To show the existence of weak solutions for the coupled system, we introduce an
auxiliary problem involving an ’artificial viscosity’ term. The auxiliary problem is defined

as follows.

prve+ Vp—prAv =psf in Qy
V-v=0 1n Qf
v=0 only
PsUp — €us AUy — s Au — (As + p5)V(V -u) = psb  in O
u=0 onTl,
3 (2.4.16)
u, =v only
eesVue-n+puVu-n+ (A +p:)(V-uy)n =pn — pufVv-n onlyp

V't:O = Vo

in Qf
uli=o = u® in Q,

Uzlt.:o =u' in Q,

\Y

We define a space of trial functions and test functions for the auxiliary problem as

U ={(v,u) : veL*0,T;HLYQ;)), ue L*0,T; Hi(Q,)),
u, € L*(0,T; H!(Q,)), such that v =u, on [o}
A weak formulation corresponding to (2.4.16) is given by
For f,v®,b,u® and u! given,
fe L*0,T; Hy(9y)") (2.4.17)

vP e L¥(Qy) (2.4.18)
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b € L*(0,T;L*(Qs))
u® € H(Q,)

u' € L¥(Q,)
to find (v,u) € U satisfying

pf(vt?w)ﬂf + b(W P) + af(V,W) + ps(uttr at)ﬂs + Ca(uh gt)
+ ay(u,8,) = ps(f, w)a, + ps(b.0)a, Y(w.0) €l

b(v,q) =0 Vge L*(Q)

VIt:O = VO
Uli=0 = u®
U¢t=0 = u’

Now, we define a space of trial functions and test functions as

W = {(v,u) : veL*0,T;V), ue L*0,T; HY()),

u, € L*(0,T; H:X(Q,)), such that v =u, on I}

Then a weak formulation (2.4.22)-(2.4.26) is equivalent to the following:

To find (v.u) € W satisfying

pr(ve, W), + as(v, W) + ps(us, O)a, + ea(u:, 0¢)
+ as(u,0:) = pp(f, w)a, + ps(b,0)a, V(w,8) €W
VI!:O = VO

'J.lt=0 = uo

Uy|¢=0 = u’

(2.4.22

(2.4.23)

o~
[CV]
NS
[SV]
~1
N

—
[SV]
i
(]
(0.4]

~—

(2.4.29)

(2.4.30)

We show the existence of solutions of the auxiliary problem in the next theorem.
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Theorem 2.4.1 For given f,v% b,u® and u' which satisfy (2.4.17)-(2.4.21), there ez-

ists a unique solution (v,u) € W which satisfy (2.4.27)-(2.4.30). Moreoverv € L*(0,T: H). u €

L>(0,T; HY(Qs)) and u, € L*=(0,T;L?*(Q;))

proof: We use the Galerkin method. Let (#n)nen be a basis of V' and (8,)nen be a
basis of H!(Q;) such that ¢, = 6, on ['o. We define discrete spaces M, = span{om, 1 <
m < n} and N, = span{0,, 1 < m < n}. Also define a discrete space of trial and test
functions by

Vo ={(v,u) € Vs x Vo, uy=von [}

with

Vn,f = {V = ia;(t),@',—, a,—(t) (o HI(O, T)}

=1

{u = i b;(t)&,-, bi(t) < HI(O, T)}

=1

The discrete problem is : Find {vn,u,) € V, such that v,(0) € M,, u(0) € N, and

Vn,s

un.(0) € N, with v,(0) — v° in L?(Q;), u.(0) — u® in H(€,) and u,(0) — u' in
L%(Q,) and

pf(vnts wn)ﬂ, + af(vnzwn) + Ps(unth Znt)Q, + €a(unt7 znt)
(2.4.31)

+as(un- Zrlt) = Pf(f7 Wn)Q] + ,Ds(ba Znt )Q, V(Wna zn) € V;
Since this is a linear system of ordinary differential equations, there is a unique solution.

We will obtain a priori estimates independent of n for the functions v,,u, and then

pass to the limit. Set w, = v, and z, = u, in (2.4.31). We get

pf(vnt~ Vn)ﬂ, + af(Vn, Vn) + ps(untt~, unt)Q, + ea(unt, unt)
(2.4.32)
+as(un7 unt) = Pf(f, vn)ﬂf + Ps(b, unt)Q,

and this gives

7d—ll Iloa,+1\allvnllm, 5 dtlluntllon,+€ﬁ alluneli o,

K,
T—llunlll a, S prlifll-rallvallie, + pslibllo.g. [undloq.



Integrating this from 0 to {, we obtain

p - [ Ps
2 (vali3a, — IVa@la,) + Ko [ Ivallig, + Z(lunda, = lun(0)l3a,)
. [t 2 K,
+ oK [ lunlie, + SE(uallg, = [ua(0)]20,)

< L 10, + 52 [ ivaliia, + Tow [ 10030, + 2 [ el
= 9K Jo -1.9¢ 2 Jo nH1,Qf Ps o | 0.2, 3T Jo nt110.0Q.

Gronwall’s inequality may be used to conclude

T T
sup pslIValll, + Ko [ vallia, +sup pulluncllE, + eha [ unlie,

T T
+ sup Kullualto, <C [ fi2eg, +0.C [ i,

+ Pf||V0||g,Q, + psliut]lg g, + Kallu®ll3 q,

Hence {v,.} is uniformly bounded in L>*(0,T;H) and L?(0,T;V); {u,.} is uni-
formly bounded in L*(0,T;H!(£,)); {un:} is uniformly bounded in L*(0,T:L?*(;))
and L%(0, T; H.(9,)); Thus, there exist weakly convergent subsequences and by passing
to the limit, a solution of (2.4.27)-(2.4.30) exists.

Uniqueness. Let (v;,u;) and (v2,uz) be two solutions of (2.4.27)-(2.4.30). Then

energy estimates may be used to get

T
sup prlivi = vallq, + Ka/O flvi — Vznf,n, + sup psllure — usllgq,

T
+ ehy [ fluwe = uadlliq, +sup Kaflus — a2 g, <0
t

and hence vi = v, and u; = u,.
Now we show the existence of the coupled system by taking the limit of solutions of

the auxiliary problem as € — 0

Theorem 2.4.2 For given f,v®, b, u® and u! which satisfy (2.3.2)-(2.3.6), there exists a
unique solution (v,u) € W which satisfy (2.3.12)-(2.3.15). Moreoverv € L*(0,T;H), u €
L>=(0,T; H(Qs)) and u, € L=(0,T; L*(%;))
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proof: Ve, there exists v,u. which are solutions of (2.4.27)-(2.4.30). Using a priori
estimate obtained in the proof of Theorem 2.4.1,
sup prlvila, + Ko [ Ivilia, +sup pull(a)dBa,
+ Ry [ a, +sup Kalluclg, < C(v%,u®, ul.£.b)
From which we deduce
v, is uniformly bounded in L*(0,T;V) N L>(0,T; H)
u, is uniformly bounded in L*°(0,7; H}(Q,))
(uc); is uniformly bounded in L*(0, T: L%(Q,))
Ve(u,); is uniformly bounded in L?(0,T; H:(Q,))
Therefore, we can extract a subsequence such that
ve = vin L*0,T; V)N L>=(0,T; H)
u. — uin L=(0,T; HX(Q;,))
(ue)r = u; in L%°(0,T;L3(Qs))
Since \/e(u.); is uniformly bounded in L%(0,T; H!(Q;)) then /e(Au,), is uniformly
bounded in L?(0,7; H}(Q,)") and
limeas((ue)e. w) =0 Vw € L*(0,T; HY(Q,))
From (2.4.27),
pr((Ve)e, Wa, + ps((ue)e, b:)a,
= —as(ve, W) — ea((uc):, 0:) — as(ue, ) + ps(f. wW)a, + ps(b, 0t)e,
= —ap(v,w) — a,(u,0,) + ps(f, W)a, + ps(b,8)a, Y(w,8) €W
Moreover, since v, — v in L*(0,7T; H) and (u.); — u, in L*=(0,T;L?(Q2,)) we have
ps(Ve, W)a, + ps(Ue, b)a,

= —a;(v,w) — a,(u,8) + ps(f,W)a, + ps(b,8)a, V(W,0) €W
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Further,

V¢|t=0 —_ VIt:O in H
Ucft=0 — us=o in HL(Q,)

ust|t=o — U¢l=o In Lz(Qs)
Thus the existence theorem .is proved. The proof of uniqueness is exactly the same
as before.
2.5 Finite element approximations

Let h denote a discretization parameter tending to zero and, for each A, let X?,
S* and X! be finite dimensional spaces such that X% < H}(Q). S* c L*(Qy) and

X" c HY(9,). And

Ur = {(vF.uh) : vk e L*(0,T;X5), u* € H'(0,T;X2),

such that v* = uf on g}

We assume that the finite element spaces satisfy the standard approximation prop-

erties, i.e.,
inf [|[v—v*ia, <[|Vllm+ra, VYveH™ Q)
VEX';
inf [lp — 2o, < llpllme, Yp€H™(Q)
pES'
and

inf |fu—u|l . < JJullmere, Yu€ H™Y(Q,)
uexh

We also assume the inf-sup condition (or LBB) condition,

h _h
inf sup b(v'.q7)

I\’b
0#ghesh oxvheXh ||Vh||1.9;”qh||0~91

where K, is a positive constant independent of A.
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Finite element approximations of solutions of the coupled system (2.3.7)-(2.3.11) are

defined as follows: Seek (v, u”,p*) € U* x L%(0,T; S*) such that

pr(VE wh)a, + b(wh,p*) + ap(vh, wh) + pu(ubh, 68)a, + as(u”,6F)

= ps(f,w")a, +pi(b,00)a, V(W" 6%)eU” (2.5.33)
b(vh. ") =0 Vq" € L*(0,T; S*) (2.5.34)
vz = v (2.5.35)
ut|imo = u® (2.5.36)
ufli=o = u't (2.5.37)

First, we show the convergence of finite element approximations. To show the con-
vergence, we consider finite element approximations of the auxiliary problem (2.4.22)-
(2.4.26): Seek (v¢:,uch p) € U’ x L?(0,T; S*) such that

pr(vit . wh)a, +b(wWh, p*) + ap (VR wh) + py(uit, 67)e,

+ ea(u,0%) + a,(u*, o)

= pif. W), +p.(b,0})a, V(W 6%) e U" (2.5.38)
b(v".¢") =0 Vq" e L?(0,T;S") (2.5.39)
veh|—o = vO° (2.5.40)
U, = uh (2.5.41)
uth|,—p = ut (2.5.42)

Lemma 2.5.1 For each ¢ > 0, let (v¢,u®, p°) denote solutions of auziliary problem
(2.4.22)-(2.4.26) and (v¢*, u* p*) denote finite element approzimations of solutions of
auziliary problem. Then (v¢h,uth, ph) — (v¢,us, p¢) in L2(0, T; HY(Q,))x H'(0, T; HY(Q,)) %
H™Y0,T; L3(€y)) as h — 0.

proof: Set w* = v¢* and 6" = u in (2.5.38) and combine with (2.5.39), we obtain

T
sup prllviiie, + Ka [ V12, +sup pullutt g,
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t
+ ek, [ luftliq, +sup Kollu®|,

T T
< C [ fI2q, +0sC [ [bli2a.
0 ! 0

+ prlIVOlZa, + pollutZg, + Aullula,

The same argument as in the proof of the Theorem 2.4.1 yields (v¢*.u*) — (v¢, u)
in L2(0, T; HY(Qy)) x H*(0, T; H'(Q,)) as k — 0. If we take p* satisfying (2.5.38) and p*
satisfying (2.4.22) then p** — p¢ in H~1(0,T; L2(Q)) as h — 0. Thus lemma is proved.
[t was proved in Theorem 2.4.2 that (v u¢, p¢) = (v,u.p) as € — 0 and it can be

A

shown (vt ut, p*) — (v* u*, p") as € — 0 in the same manner. Combining this with

Lemma 2.5.1 gives the following theorem.

Theorem 2.5.2 Let (v,u,p) denote solutions of the coupled system (2.3.7)-(2.3.11)
and (v, u”, p") denote solutions of (2.5.33)-(2.5.37). Then (v* ut p") — (v.u,p) in

L2(0, T: HY(Q,)) x (L0, T; HY(Q,) N H'(0, T; L*(Q)) x H-1(0, T: L2(y)) as h — 0.

2.6 Error estimates

For the purpose of the proof of next theorem, we introduce some spaces and a pro-
jection. Let Q denote 2y N Q, and X" denote a finite dimensional space such that

X" € H'(2). We define a continous space G and a discrete space G* by
G={zcH(Q):2zf =2|q, €V, 2, =2|q, € H'(Qs), and zf|r, = 2|r, }
G' = {z € X" : ¢ = ¢pt|q, € X}, vF =vh|q, € XE,
b(¢?:qh) =0 th € Sh: and zb?ll"o = d’flro}

We define P* : G — G" to be the projection with respect to the L2?(Q) inner

product, i.e. Ptz =z if

(z,9"M)a = (z,¥")a Yo eG', VzeG
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Then

lz—z2lha < Ch™|zlntia (2.6.43)

lz—zloe < Ch™|izllmira (2.6.44)

Now we prove the following estimate for the error between the solutions of the semi-

discrete and continuous problems.

Let

v on {1
u; on Q)

And define v = PhCIQ!, i, = P"(lqa.,
Theorem 2.6.1

prllv = VB, + Ke [ v = v¥2q,de
+psllue — a3 o, + Kalu —ut|i g,
< CR™PP||v|2 10, + CH*™ /0 t [vllms 1.0, dt
+Ch*™||u|% a0, + CA*™ 2 |lu||% ) q,

t t
+CAR*™ fo lallZ 10,4t + CR*™ /0 I1pll%. o, dt (2.6.45)

proof: By subtracting (2.5.33)-(2.5.34) from the corresponding equations of (2.3.7)-

(2.3.8) we obtain the “orthogonality conditions™.

Pf(vt - v:lr wh)ﬂf + b(wh!p - ph) + af(V - thwh)
+ ps(uy —ul 08)g, + a(u —ut,8*) =0 V(w* 6" e U (2.6.46)

b(v—vtq¢") =0 V¢" e L?0,T;SH) (2.6.47)
Using (2.6.46)-(2.6.47) we deduce that

h

pr(ve —vf‘,v—v")gf +as(v—-vv—vh
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h h
+os(ur — uly, ue — uf)a, + a.(u —u*,u, — uy)

= pr(vi— v v =)o, +as(v—vh v =) +p,(uy —uf, u — e,

+a,(u — uh, u, —u;) —b(v— Vh,P - Ph)

h

h,\-f - Vh) + ps(utt - u?tvﬁt —u, )Qs

+ps(ve— ViV —Vh)g, +as(v—v

+as(u—u a, —ut) +b(v —vh p—ph)
= pr(vi—vhv—V)g, +ay(v—vE v =)+ p(un —uf, u — ),
+ay(u—ut u —ua,)—b¥—-vtp—ph (2.6.48)
Then using the facts that (w?,v -v)=0 Vz./;? € X? and that
b(v,q") =0 =b(vh, ¢") Vq* e S" (2.6.49)
We obtain (by also noting that (2.6.49) implies v, € X% and v{ € X%)

pr(Ve = ViV =), =ps(Ve,v— V), = ps(ve — Ve, v — V)q, (2.6.50)

Similarly.

ps(ue — u?t, u; — flt)ﬂ, = Ps(utt — Uy, U — ﬁt)Q, (2.6.51)

Combining (2.6.48)-(2.6.51) we deduce that for all ¢* € L*(0,T; S*)

prd ,
5 !l —V'lea, + Kellv— Vhllmf
ps d K,
+5 g llue = u g0, + 5 > dt“ u*liiq,
pr d .
- ') dt ” “g,ﬂf + ka”v -V Hl,Qf”V - V”I,QI
s d . o
+pTE”uz - ut“g_gs + kallu - uhHl,ﬂ,“ut — ut”l.ﬂ,

+hollv — Ve, e — ¢*llog, + ksllv — v*lle,llp — ¢*llos,
Therefore,
prV =V IBa, + Ku [ IV = VA qdt + pollue — utlg, + Kollu — v,

< Olv =¥, + [ Iv =¥l adt + u(t) — st g,

o

.6.5:

(V]
~—

e =l + [l —aliade+ [ o= a'lBa,d)
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for all ¢"* € L?(0,T'; S*), where ||u(¢;) —a(¢1)|| = maxiep, 7y flu(t) —u(t)||. Hence (2.6.45)

follows from (2.6.52), (2.6.43) and (2.6.44).



3 OPTIMIZATION-BASED DOMAIN DECOMPOSITION

In this chapter, we present an optimization-based domain decomposition method to

uncouple the computations.

3.1 The model problems

Let v,p, g, u and h satisfy the coupled system (2.1.1). Instead of constraints (2.1.1).

we consider the uncoupled system

’

prve+ Vp—pgAv=pif inQ

V.-v=0 in Qj

v=0 only

v=g on [y

psty — psAu — (A; + 5 )V(V -u) = p;b  in Q
. (3.1.1)

u=0 onl,

gsVu-n+ (A + ) (V-ujn=h onTly

0

Vli=o = Vv° in Qy

ult_—_o = uo in Qs

Um0 = u' in Q,

\

In this paper; we refer to g and h as controls. Our goal is to find g and h such
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4

that the solutions of (3.1.1) coincide with solutions of (2.1.1). The optimization-based

domain decomposition algorithm finds such g and h by minimizing the functional
1 /T )
+ —/ / (pm — psVv-n—h)dl dt
2 0 JIg

In order to regularize the optimization problem, we instead minimize the penalized

functional
Tstv.p.gub) =3 [0 ] (u —g)dld
LT \ h)%dl' d St 2 dU dt
+ §/O/FO(PH—M v-n—h) f+§/0/rog
+ é/T/ (Vi )zdth+§/T/ 2 4T dt + 5/T h? dT d
2 Jo Jro ré 20rogt 2 Jo Jro
where the penalty parameter § is a positive constant that can be chosen to change the

relative importance of penalty terms in J5 and Vi denotes tangential gradient. Thus

the optimization problem we propose to solve is given by

Problem 1

Find (v.p,g.u.h) such that the functional Js is minimized subject to (3.1.1).

3.2 The existence of an optimal solution

We recall the definition of the spaces
H:(Qf) = {veH'(Qy): v=0on Iy}
J = {veDQy): V-v=0on Q}
V = the closure of J in H}(£y)

H = the closure of J in L*(Qy)
and

H!(Q,) = {ueH'(Q): u=0onT,}



V]
o

For functions defined on I'g, we will use the subspaces

Y = {ge L*0,T;HYL,))N H'(0,T;L*Ty)): g =0on dle}

Z = L*(0,T;L*(To))

with norms

lgllz = /;T/I_og?'df‘dt+/oT/ro(Vpg)2dth—i—/(;T/rogdedt

hil2 = ! h?dl' d
= 1
IthilZ /0 .

A weak formulation corresponding to (3.1.1) isgiven by : Seek v € L%(0,T; H}(y)). p €
L*(0.T:L*(Qy)), g€ Y, ue L0, T; HY(Q,)) N HY(0,T; L3(Q,)) and h € Z satisfying

ps(Ve, W)a, +b6(w,p) + as(v,w) +(w,pn — p;VV-n)r,

= pf(f,W)Qf VwE H}(Qf) (3.2.2)
b(v.q)=0 Vqe L*Q) (3.2.3)
(V,8)r, — (8:8)r =0 Vs e H™*(Do) (3.2.4)

ps(utt: 6)9: + a5(u78) = pS(bag)Q, + (h’ 9)1-0

V0 € HY(Q,) (3.2.5)
Vimo = Vv° in Q; (3.2.6)
ul;—o = u® in Q, (3.2.7)
Ul=o = u' in Q, (3.2.8)

Next, we give a precise definition of an optimal solution. Let the admissibility set is

defined by

Uaa = {(v,p,g.u,h) € L2(0, T; HY(Qy)) x L0, T; L*(Qf)) %
Y x L*(0,T; HX(Q,)) N HY(0,T;L*(Q,)) x Z :

Js(v,p,g,u,h) < oc and (3.2.2)-(3.2.8) is satisfied } (3.2.9)
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Then (v,p, g. 0, ﬁ) is called an optimal solution if there exists @ > 0 such that
J5(%,6,8,0,h) < T5(v,p.8 u.h)
for all (v, p,g,u.h) € U4 satisfying
g —glly + Ih —hjlz < a
To show the existence of optimal solutions, we introduce an auxiliary problem again.
' prve+Vp—pgAv=p i in Qy
V-v=0 in Qy
v=0 on [y
v=g only
PsUet — €UsAU; — usAu — (As + p5)V(V-u) = psb in Q
) (3.2.10)
u=0 onl[y
eusVue -n+puVu-n+ (A +ps)(V-uln=h on [
0

V|t=0 =V in Qf

ult:O = uo in Qs

utlt:O =u! in

.

Problem 2

Find (v,p,g,u,h) such that the functional J5 is minimized subject to (3.2.10).

A weak formulation corresponding to (3.2.10) is given by: Seek v € L*(0,T: HL(Qy)). p €
L2(0,T; L3(Qy)), g €Y, u € H'(0,T; HY(Q,)) and h € Z satisfying

ps(vi, W)a, +b(w,p) + as(v,w) + (w,pn — psVV-njr,

= pif.w)a, ¥ w e HLQ) (3.2.11)
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b(v,q) =0 V qe& L*y) (3.2.12)
(V:S)Fo - (g- S)Fo =0 Vse¢ H-I/Z(FO) ('3213)

ps(uth 0)9, + 6a(ut: 0) + as(ua 0)

= ps(b,8)a, + (h,0)r, V6e€H(Q,) (3.2.14)
V]mo = v° in Q; (3.2.15)
Ulimo = u® in Q, (3.2.16)
Wm0 =u' in Q, (3.2.17)

And admissibility set be defined by

Uy ={(v,p.g,u,h) € L*(0.T; H(Qy)) x L*(0.T; L*(Q)) x
Y x H' (0, T;HY(Q,)) x Z : Ts(v,p,g,u,h) < e
and (3.2.11)-(3.2.17) is satisfied } (3.2.18)
Using the properties of the bilinear forms we can obtain an a priori bounds for
solutions of the weak formulation (3.2.11)-(3.2.17). Let (v,p,g,u,h) satisfy (3.2.11)-
(3.2.17). From (3.2.11) and (3.2.14), we obtain
pi(Ve, W)a, + b(w,p) +as(v,w)
+ps(ue, 8)a, + ea(u,, 8) + as(u,d)
= ps(f,w)a, +ps(b,0)a, — (W,pn — psVv-n)r, + (h,8)r,
VweH)(Q), Ve HI(Q)

or
pr(Vi,W)a, + b(w, p) + as(v, W)
+ps(Uee, ), + €a(uy, 8) + as(u,0)

= pf(f’w)ﬂf + ps(b, G)Qs —(wW,pn — V'V -n)r,

+(w,h)r, + (h,8)r, — (W, h)r,
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VweH(Q), Ve H(Q) (3.2.19)
Taking w = v and 6§ = u; in (3.2.19). Then because of (3.2.12)-(3.2.13) we have
pr(ve. v Q, +as(v,v)+ ps(ue, us)a, + ea(ug, u;) + as(u, u)
= ps(f,v)a, +ps(b,ut)e, — (g, pn — Vv -njr, +(g. h)r,
+(h,u)r, — (g, h)r,

This may be reduced to

prd L P K,

2 IV lza, + KallvIta, + 2 Slula, + cKallula, + 52 Sjulf,

= —(g,pn —p;Vv-n—h)r, +(h,u;: — g)r, + ps(f, V), + ps(b,ui)q,

< lisllorsllpn — Vv -n —hilor, + [[hllo.rollu: — gllor,

+27€ll-15,IVllLa, + pilIbllos, ucllo.,

Integrating from 0 to ¢ yields
2 d T 2 . 2
prsup [VIa, + Ae [ IIVIlEq,dt + pesup liuclie,
T ) ; .
el [ flucll?g,dt + Kasuplluili,
T . T 2 T 2

< [ lglrodt+ [ lpn - u v en—hi3c,dt + [ IBlEc,de

T 2 T 2 T 2
+ [l = gli3rgdt +0,C [ HEIZ10,dt +0:C [ Ibl3q,dt

+osIIvOlI8, o, t psllutll o, t e [ENES Qs (3.2.20)
We take test functions w witk V- w = 0 in equation (3.2.11), we get
ps(Vis W)Q] = —af(v,w) —(w,pn — :ufvv -n)r, + pf(f9w)ﬂf Vwe V

and this gives

[p;(Vz,W)sz,I < ka“V”LQJHWHI.ﬂj

+ Wl llpn — Vv -nllore + pslifll-1.0, w10,



Therefore,

T T T
pr [ Ivillpmdt < ko [ IVIZa,de+ [ llpn— Vv n —hlEpde
T T
+ [ InlErde + oy [ UEI2, g d (3:221)

From (3.2.11),

b(“r’ P) = _Pf(vtsw)fl, - af(V, W)

— (w,pn — Vv -n)r, +pp(f,w)a, Yw e Hy(Qy)

Inf-sup condition may be used to get,

T T T
Ky [ llpl3e,dt S oy [ Ivilli-dt + o [ [IvIEa,t

T T
+ [ lpn— Vv onlBedt +pr [ 20,0t (3.2.22)
Theorem 3.2.1 There ezists an optimal solution (V,p, “,ﬁ,l:l) € U:, for Problem 2.

proof: It is clear that {5, is not empty. Let (v*,p", g",u”, h™) be a minimizing sequence

in U,q. i.e.

lim Js(v", p",g",u™,h") = inf Js(v.p,g,u,h)
neo ( ) (vvpvgvuvh)euad

Thus from (3.2.18), we have that ||g*|| and ||h"|| are uniformly bounded in ¥ x Z.
Then since by (3.2.20) and (3.2.22) (v™,p",u") € L2(0,T;H}(Qf)) x L2(0,T; L3(Qy)) x
H'Y(0,T:HL(Q,)) is uniformly bounded. Thus. there exist subsequences, denoted by

(v?, p",g". u™, h*) for simplicity, such that

v = v in L3(0,T; HY(9;))
pn — pin L?(0,T5L%(Qy))
g, —ginY

u, — uin H(0,T; HLX(Q,))
h, -~ hinZ



for some (¥, p, §, @, h) € U<,
Now, by passing to the limit, we have that (V,p, g, 0 a,h) € U:, satisfies (3.2.11)-
(3.2.17). Then by the fact that functional Js(-,-,-,-,-) is lower semi-continuous. we

conclude that

-~

j&(v P h) inf JS(V p,g,u, h)
(v.p.g.uh)eldy,

ie. (V.p, &, ﬁ,ﬁ) is an optimal solution.
Now we take the limit as ¢ — 0 of optimal solutions of Problem 2 to get optimal

solutions of Problem 1.

-

Theorem 3.2.2 There ezists an optimal solution (V,p,&,0,h) € U,y for Problem 1.

The proof is the same as in the Theorem 2.2.

3.3 Convergence with vanishing penalty parameter

In the next theorem we show that optimal solutions of Problem 2 converges to the

weak solution of (2.4.16) as § — 0.

Theorem 3.3.1 Foreach §, let (v?,p?, g%, u®, h®) denote an optimal solution of Problem
2 and (V,p,0) denote a solution of (2.4.22)-(2.4.26). Then ||V — v®||1 o, — 0, |Ip —
PPlloa, = 0, ld —uflio, = 0, [ — ulffio, + 0 as§ — 0.

proof: Let § = V|r, and h = eu, Vi, -n + £,V -n + (A, + ¢;)(V - @1)n on To. For any

solution (v, p, 1) of (2.4.16), we have

Ts(v*, o', g%, ué, h%) < T5(¥, 5.8, 4, h)
l.e.
1 /T 5 5 5y2
//(ut drdt+§f/(pn-#fv\f-n—h)drdt
—// lg®2dT dt + = // 1B®||%dT dt

J(,5,8,0,h) + §/0/FO||g||yazrazt+§/o/ro |R|2dT dt V6

IA
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Then |gflly and [|hf||z are uniformly bounded, |[ué{ — gllor, — O and |[p’n —
p;VvS -n —hlllor, =+ 0 as § - 0. We then obtain ”V‘SHLQ),, IP%llo.a, : 1’10, and
|luélliq, are uniformly bounded by (3.2.20) and (3.2.22). Hence, as § — 0. there
exists a subsequence of {(v¢,p?, g% u® h®)} that converges to some (V,p,§,1,h) €
L2(0,T; HY(Qy)) x L2(0,T; L*(Qy)) x Y x HY(0,T; HL(Q)) x Z. The fact that [juj —
gllo.r, = 0 vields v = i1, on [y, also [|[p°n — Vv’ -n — h®|jor, = 0 as § — 0 implies
that e, Vi, -n+ g, Va-n+ (As + p5)(V-d)n=pn — Vv -n on [o.

By passing to the limit, we have that (v, p, Q) satisfy (2.4.22)-(2.4.26). By the unique-
ness of solutions of (2.4.22)-(2.4.26), (V,p,a) = (V,p, 1) and hence theorem is proved.

The following theorem is achieved due to Theorem 2.4.2, Theorem 3.2.2 and Theorem

3.3.1.

Theorem 3.3.2 For each §, let (v®,p%, g%, u®, h?) denote an optimal solution of Problem
! and (V,p,01) denote a solution of (2.3.7)-(2.3.11). Then ||V — v®|l1q, — 0, ||p —

Plloe, = 0, [[@ — ué|lio, =0, U — uffjio, = 0 as § — 0.

3.4 Optimality system

We use the Lagrange multiplier rule to derive the first order necessary conditions
that optimal solutions must satisfy.

Let B, = L(0,T; H}(9y)) x L*(0,T; LA(Q)) x ¥ x H'(0,T; H{Q.)) x Z and B =
L20.T; HY(Qy))™ x L*(0,T; H(Qy)) x Y x H'(0,T5 Hi ()"
where, (-) denotes the dual space. Suppose the linear operator M : By — B, denotes
the constraint operator, i.e., M : B) — B; is defined by M(v,p,g,u,h) = (f,z,d,b) if

and only if

T
/0 [pf(vt7w)ﬂf + b(W, P) + af(v7 W) + (W, pn — .ufvv : n)ro] dt

T
= /0 pi(f,W)a, dt ¥ w € HNQ)
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T T
[ oy dt= [ bzq)dt vqe L)
0 o]
T T
[ vsin = (@ sieldt = [ (dys)r dt Vs € HTY2(To)
4] o]

and
T
[ lpu(use, 0)a, + calur,0) + as(u, 6) — (b, 0)r,] dt
T
- / po(b,8)a, dt ¥ 8 € HY(R,)
0
Note that the constraint equations (3.2.11)-(3.2.14) can simply be expressed as
M(v,p.g,u,h) = (f,0,0,b)
The operator M'(v,p,g,u,h) € L(B;, B;) may be defined as follows:
M'(v,p,g,u.h)- (A, y,k,x,1) = (f.2,d,b) if and only if
T
[ lor(Ae, wia, +8(%,5) + (A, w) + (w,yn — VA - n)r,] de
T
- /0 prE w)e, dt ¥ w e HN Q)
T T )
[ oaqdt= [ bzqdt ¥qe*Q)
0 0
T T _
-/0 [(A,S)ro - (kvs)ro] dt = /0 (d’s)ro dt Vse H—l/Z([\O)
and
T
|, TosCxens O, + calxe,0) + as(x. 0) = (1,0)ry]
T -
= f po(B,8)a, dt ¥ 6 € HY Q)
0
We also have that the operator Js € £L(B,, B2) may be defined by
Js'(v.p,g,u,h) - (A, y.k,x,1)=a for (A,y.k,x,1) € B,
if and only if
T
/0 (ur — g, x: — k)r, dt
T
+/ (pn —pfVv-n—h,yn — VA -n —l)r, dt
0
T T T
+5/0 (8 K)o dt + 5/0 (Vrg, Vrk)r, dt + 5/0 (&, kie)r, di

T
+5/0 (h,1)r, di = &
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Suppose (V,5, 8, q, 1:1) € B, is an optimal solution of Probleml. Then there exists a

nonzero Lagrange multiplier (i, ¢, 7,n7) € B; satisfying the Euler equation.

_jsl(vv p.g.-u, h) ° (A' Y. ks X+ l)
+ < (#7(.1577-: 77)7 M,(v7p7g7t’u7 h) g (A7Y=k7 le) >=10

V(A~ Y ks X'll) € Bl (3.4.23)
where, < -,- > denotes the duality pairing between B and the dual space B3.

T
A [pf(Atr /'L)Qf + b(#: y) + af(Av lu) + (tu’ yn — /-‘fVA . n)ro + b(A CD)
+(A, ), — (k. T)ro + ps(xets 1), + €a(xe.n) + as(x.n) — (1, 7)r,] dt
T
= [) [(ut — g, Xt — k)Fo
+(pn — psVv-n —h,yn — u;VA -n — 1)r ] dt
T T T
+5 [ (g radt +8 | (Vre. Vrkro dt + | (g0 kr, dt
0 (4] 0

T
+6 [ (h,Drydt Y(A,y.k,x,1) € By (3.4.24)
0
We may rewrite (3.4.24) in the form

—ps(pe, Ao, + ap(A. p) + (A, ) (3.4.25)
+(A.T)r, — (#sVA -1, p)

=—(pn —p;Vv-n—h,uVA-n) VA€ H;(Qy)

blp,y) =0 Vye L*(Q) (3.4.26)
(#,ym)r, = (pn — sVv-n—h,yn)r, Yy € L3(Qy) (3.4.27)
il =0 (3.4.28)

ps(met, X))o, + €a(xe,n) + as(x,n)
= —(Ue — 8. x)ro ¥ X € H () (3.4.29)
Ne=r =0 (3.4.30)

77t|t=T =0 (3431)
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(k, T)ro = (ue — g, k)r, — (g, k)r, (3.4.32)
—5(Ar‘g, A[‘k)[‘o + 5(g“, k)ro VkeY

(I, = (pn — pfVv-n —h, ), —h, )y, V1eZ (3.4.33)

Thus, solutions of the optimal problem are determined by solving the system (3.2.11)-
(3.2.17) and (3.4.25)-(3.4.33). This system of equations is called the optimality system.

We may replace (3.4.25) and (3.4.32) by

—ps(pe: Ao, +ap(A p) +b(A, ) (3.4.34)
+(A,¢n —p;Vp-n)r, =0 V A € H{(Qy)
(k’ én — ,UfVﬂ : n)ro = (ut -8 k)ro - 5(g~ k)l—'o (3'4'35)

—5(Arg, Ark)[‘o + 6(gth k)ro VkeY
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The optimality system is a weak formulation corresponding to

( prve+ Vp—pAv = p,f in
V:.v=0 inQy

v=0 only

v=g only

psUe — €pts AU, — ps Au — (A + p5)V(V -u) = p;b  in Qg
u=0 onl,

eusVuy -n+p;Va-n+ (A; +45)(V-u)n=h on [y

0 n Qf

Vlt=o =V
uft=o =u® in Q;
Us|t—0 = u! in Q,
) —prpe +Vo—pusAp=0 inQy (3.4.36)
V-p=0 inQy
p=0 only
p=pn—puVv-n—h onlyg
Pse — €A — psAn — (As + p)V(V -n) =0 in Q,
n=0 on [,
eusVne-n+ psVn-n+ (A + ) (V-n)n = —(ue —g:) on o
Lle=r =0 in Qyf
Dle=r =0 in Q;
Nele=Tr =0 1o Q4

(1+d)g —0Arg —9dgu =—on+pu;Vyu-n+u, only

(1+4éh=(pn—p;¥v-n—n) only



33

3.5 Sensitivity derivatives

The optimality system (3.2.11)-(3.2.17) and (3.4.25)-(3.4.33) may also be derived

using sensitivity derivatives instead of the Lagrange multiplier rule. The first derivatives
9Jds 9Js
g’ oh

of Js5 are defined through their actions on variations & and h as follows:

8‘7“,g> [ (e~ g 8ot (3.5.37)

»+/ (pm—pfVv-n—h,pn — u,VV.-n)r,dt
0

T T
+5 [ (&.8)redt + 38 [ (Vrg, Vrgirodt

T -~
+6 [ (g0 &o)rodt (3.5.38)

where p, Vv are solutions of

pr(Vt, W)a, +b(w, D) + as (¥, w) (3.5.39)

+(w,pn — pVV-njr, =0 VY we HHQy)

b(v,q) =0 Vqe HQy) (3.5.40)
(V,8)ro — (&,8)r, =0 Vs & H YTy) . (3.5.41)
V]emo =0 (3.5.42)

Setting A =V ,yn=pn — u;VVv-nin (3.4.34),(3.4.27) and w = g in (3.5.39) and
from (3.5.37)

0 -
<£g> /(u: g, —g)r,dt

T
+ / (& én —pu/ Vi n)r,dt +6 [ (g )yt (3.5.43)
0 0

T . T N
—5/ (Arg, &)r, dt —5/ (&2 &)rodt
0 (¢]

2] -
af h >= (ut g, U;)r,dt

T -
+ /0 (pn — u; Vv -1 — h, —h)p, dt + 5/0 (h, h)r,dt (3.5.44)
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where 1 is a solution of

ps(iiee, 0)a, + ea(ily, 0) + ay(i1,0) = (h.0)r, VOe€ HNQ,)  (3.5.45)
im0 =0 (3.5.46)

Ut|i=0 = 0 (3.5.47)

Setting x =1 in (3.4.29) and 6 = n in (3.5.45) and from (3.5.44)

9Ts + T -
< W’h >= /0 (h.n)r,dt
T - T .
+ / (pn— Vv -0 — h, —R)r,dt + 5/ (b, B)r, dt (3.5.48)
a 0

Thus the first order necessary conditions 3—3‘%5- =0 and %{i = 0 yield that

(1+6)g —0Arg—06g =—on+pusVu-n+u, onlp

(l+8h=pn —usVv-n—n only

which are the same as in (3.4.36).

Note that equations (3.5.43) and (3.5.48) give an explicit formula for the gradient of

Js. 1.e.,

9 T ]
%5 = [(101+8)g — 6Arg — S + 6n — Vi -1 — (3.5.49)
g 0
A T T
% =f [(1+6)h —pn + psVv-n + nldt (3.5.50)
dh 0

3.6 Gradient method

In this section, we study a gradient method to solve the optimization system (3.2.11)-
(3.2.17) and (3.4.25)-(3.4.33). The simple gradient method we consider is defined as

follows.



Given a starting guess g(® and h®

n n a7
g( +1) g( ) Tgé .
= — «a for n=1,2,---,
B (n+1) h(m) __4235{

where a is a step size. Combining with (3.5.49) and (3.5.50) yields, for n =1,2,---

g(n'*'l) g("’-)
h(r D) B

Jol(1+ 6)g — 8Arg — g+ ¢n — pyVp - n — u,]dt
JSU1+68)h —pn + p;Vv -n + nldt

Algorithm 3.6.1 1. Choose g(® and h(®.
2. For n=0,1.2,---,

a) determine v(™_p(™ agnd u(™ from
p

pr(vi™ w)a, + b(w,p™) + a; (v, w)

+(w,p™n — g Vv n)p, = ps(f, W), YV we HHQ)
b(vM.q) =0 V qe HX(Q)
(vi™.s)r, — (g™,s)r, =0 Vs € HY2(Ty)
v g = v in Qy
ps(uiy).0)a, + ca(uf™, 8) + a,(u™.0) = p,(b, f)a, + (B™.O)r,
Y0 e HN Q)
ul®|,—g = u® in Q,

ugn)|t=0 =u! in Qs
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b) determine u™ 6™ and n™ from
7 n

—ps(p” Aoy + as(A, ptM) +b(A, ™)

+(A.6™n — p V™ n)r, =0 VA € H(Qy)
b(p™,q) =0 VY qe L¥}(Qy)
™, 8)r, = (P — pVv -0 —h®) s5)r, Vs € H™V3(To)
p =y =0
ps(nir x)a. + €a(xe, 1™) + as(x, ™) = —(uf’ — g™ x™)r,

Y x € H;(Q)

7= =0

rlt(n)[t=T =0
(c) determine g*t!) and h(**1) from
g+l — gln)

—a ff[(1+8)g™ — sArg™ — dgi) + ¢™n — p; V™ - n — uf™]dt

h(*+1) — K7 _ o foT[(l +8)h™ — p(Mn 4 4, Vv . n 4 p)]dt

The following result is useful to determining sufficient conditions for the convergence

of the gradient method.

Theorem 3.6.1 Let X be a Hilbert space equipped with the inner product (-,-)x and

norm || - [|x. Suppose M is a functional on = such that

1. M has a local minimum at & and is twice differentiable in an open ball B centered

at &;
2. | < M"(u),(z,y) > | < M|lz|x|lylly, Vu€ B,z € X,y €Y;

3. | < M"(w),(z,z) > | > m|z|l%, Yu€ B,z € X,



(W]
~1

where M and m are positive constants. Let R denote the Riesz map. Choose z(%
sufficiently close to % and choose a sequence p, such that 0 < p. < pp < p~ < 2m/M?.

Then the sequence (™ defined by
™ = 7D _p RM (27D, forn =1,2,---,
converges to T.

We examine the second derivatives of J to determine the constants M and m.

PrT . T .
< a_g27 (gvg) >—/.0 (g’ g)rodt

T
+/0 (pn — pfVv-n,pn — Vv -n)r,dt
5T'dt5TVV~dt5T'dt
+ /0 (g’g)ro + /0( rg. Fg)ro + ‘/O(gt’gt)ro
T . T .
< @’(g, h) >—/0 (—8&, us)r dt
T
+/ (0 — p; V¥ -, —h)p,dt
82J
< Sigg (Beg) >= [ (B —ghrdt

N E

8..’/'

< S (h.h) >= /(ut,ut)rodt—{-(lq—é' / (h. B)r, dt

where, v.p,u, Vv, p and 1 are solutions of
, pf(vt,W)Q! + b(w,p) +as(v,w)
+(w,pn — Vv -njr, =0 Y w e H(Q)

b(v,q) =0 V qge L*(y) (3.6.51)
(v,8)ro — (8:8)r, =0 ¥'s € H-1/%(T)

Vlz:o = 0
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pr(Ve, Wa, + b(w,p) + af(V,w)
+(w,pn — u;VV-n)r, =0 Vw e H} Q)
- b(V,q) =0 VY qe L*Qy) (3.6.52)

(V,s)r, — (&,8)r, =0 VY se& H Y?([)

L ‘7[::0 = 0
ps(Ue,0)a, + ca(uy,0) + as(u,8) = (h,0)r, V6 HL(Q,)
< Ulimo = 0 (3.6.53)
L ut|t=0 =0
ps(Tee, 0)q, + €a(iiy, 0) + a,(11,0) = (h,0)r, V€ HHQ)
d oo = 0 (3.6.54)
L ﬁtli:O =0
Then.
2T 2T
(h)| % %® g
27 22T h
hdg Oh?
rT . T . T - rT -
= . —_— ,(h, - .(h.h
< g2 (8&8)>+< agah’(g’h) >+ < 3hog (h,g) >+ < Z. (h.h) >

T T
= /0 (g, &)rodt + / (pn — Vv - 1, pn — VY - ), dt

T - T . . T .
+5f0 (g.&)r,dt +5/0 (Vrsg, Vrg)rodt+0/0 (g¢, 8t )r dt

T - T

+/0 (—gﬂlt)rodt-i-/o (fn — pusVV-n, —h)r,dt
T T

+ [ (@ —g)rodt + [ (=h,pn — Vv n)ryde
T - T -

+ [ (e Gredt + (1+6) [ (b, B)r,de

T
= [ (u—g 0 —g)rdt
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T ~

+/0 (pr — p; Vv -0 —h,pn — V9 - 0 — h)r,dt
T T ) T

+8 [ (& @)rodt +6 [ (Vrs, Vegradt +6 [ (g &radt
4] 0 Q

T -
+6/0 (h, h)r, d¢

We show that

2] 27\ (g
~ 1. ag? ]
@R % a7y < Mlfxllllyll
3hdg  9h2 h

where x = (&, 0)7, y = (&.0)7, [Ix|l = V/II&lI} + Ihll3 and [lyll = \/liglly + [hl%

First, we obtain bounds for v and p. Let v,p satisfy (3.6.51), which is a weak

formulation of

,

prve+Vp—pusAv=0 in Qf

V-v=0 In Qj
< (3.6.53)

v = on Tl

o9

Vlt=0 =0 in Qf
where, ' =Ty U g and
gon I

o
Il

Oon I'y

We introduce a space
HSA(QJ’) = {V € Hs(Qf) tAV E L2(Qf)}
with a norm
IVilsag, = lIVlis., + |AV]oq,

Then, for g € L2(0,T; HY(I')) N H'(0,T;L?*(I')), there is an extension Rog €
L2(0, T; HY*(Q,))nHY(0, T; HY?()) such that V-(Reg) = 0 in Q; and Rog = & on .
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And

| Roglls/2a.92, + [ Ro&ll1/2a.2, < |[&llir + [|&tllo.r- (3.6.56)

Write v = v + Hyg, then we have

’

PV + Vp — psAV = —prRof: + usARg in
V-v=0 in Qf

v=0 onTl

V[z:o = ‘_prOgltzo in Qf

\
Notice that —p;Rog: + pfARog € L?(Qf) and we show that Rogli=o € H'(2f).

[X.Y]e denotes the interpolation space equipped with a norm

lullixye = 1A ully

v. And define a space W' (0.7T)

where A : Y — Y is an operator such that ||Jullx = ||Au]

as

W'0,T)= {ue L*0,T; X),u. € L*(0.T;Y)}

Theorem 3.6.2 (Trace theorem) There exists a bounded operator v : W'(0.T) —

[.X, }"’]1/2 such that YoU = u|¢=o and ”’}’o’l.l”[){‘th S C”’u”w'l(o'T)
proof: See Vivsik, Fursikov [40].
Lemma 3.6.3 If X = H¥%(Q;) and Y = HY*(Qy) then [X,Y ]2 = HY(Qy)

proof:

(Sul,ug)l/zgf = L (1 + l€|2)1/25u1ﬁ2d§
s

(a1, uz)s/20, = /Q (L + [€17)*Pu tidE
f
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(Sui,uz2)120, = (u1,Uz)3/2.0, implies S = 1 4 [£]* and hence A = (1 + I€]2)Y/? i.e.

[[Aull1/2.0, = llulla/2.0,- By the definition of the interpolation space,
“u”fx,y]l,z = ”Al/zll”f/z,sz, = “u”f.a,

Therefore, [ X, Y],/, = H'(Qy)
If X = H¥?(Qy) and Y = H'Y%(Q/) then we may rewrite the Trace Theorem as

follows :

There exists a bounded operator v : W'(0.T) — H(Q;) such that you = u|;=0 and
llvoull e, < Cly lull3)2.q,dt + Js lucll?/z 0, dt)
Since Rog € L2(0,T:HY*(Qy)) N HY(0,T; HY*(Q)), we have Rogli—o € HY(Q;))

and

T T
|Roglesoli?a < C([ 1Ro&lng,dt + [ | Roellt /o0 4t) (3.6.58)
Then (3.6.57) is an evolution Stokes equation and hence we obtain
v € [2(0,T; HA(Q))

ve € L?(0,T; L%(Qy))
p € L*0,T; H'(Qy))

Moreover,

T T
| I9il3a,dt < 03 [ 1 Roiillge, dt
T
13 [ 1A Rog IS, dt + | Roglemoll} o
< CUIENr + l1&l3r)

by (3.6.56) and (3.6.58).

We then come back to (3.6.57) and we apply the regularity theorem of stationary



case. For almost every t in [0, 7],
Vp —psAV = —ps¥e —prRoge + prARog  in
\ V-v=0 1inf

v=0 onl

\

so that v(¢) € H?(Q) and p(t) € H'(Q). Moreover,

T 112 T 2
[ 19la,dt + [ liplito,dt
T T T
< C} [ 1vdl3a,dt+6% [ I Roellba,dt + 43 [ 1AREIG 0, dt)

< Clgllir + lglor)

Now we get bound for v.

T T T
| Vg, dt < [ 1913 0a0,dt + [ 1 RoglE a0, dt
T
< 2Vl dt + 1AVIE0,d0) + [ | Roll3 200, dt

< Cllglir + ligllo.r)

Then

T 2 T 2
| ol dt < [ lpl g, dt

< CUIglir + lIglldr) = Clislly
and

T T
LIvv nleedt < [ VI a0, dt

< Cligllir + gl r) = Cliglly

Now, we obtain a bound for u. Suppose u is a solution of (3.6.53). Then

ps(us,0)q, + ca(uy, ) + a;(u,8) = (h,0)r, V86 ¢€ H(RQ;)

(3.6.59)
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Setting 6 = u, in (3.6.39) to get

T
sup pallucliia, + K [ llucl?o,dt +sup Ralulla,

T 2 2
< C [ IBll3r,dt = Clin|l

We determine the constants M using bounds we have obtained.

(& h) 9g?  ogoh g

2J 27 h
3hog oh?

T
S ACETS R
T -
+/0 (pn— ;v -1 — h, pn — Ve -1 — B)r, dt
T - T . T -
+6/ (g,g)rodt+5/ (Vrg,Vrg)rodt+5/ (8- &¢)rodt
0 0 (¢}
T .
+6 [ (b, B)rd]

T T T T .
2 udadt+ [ el ([ ladiadt+ [ 1ElEcd"
T T T "
+2( [ lpnlr,dt + 3 [ IVv-nlide,dt + [ hlr,de)?

T T T _
() WpnlErdt +u3 [ 1V nlegdt+ [ 1B rde)?
T T
+3([ " eliEr ) ([ gl codt)’?
T T
+([ IVrgl3r,d) ([ 1VrglEr,dt) 2
T T
+3( [ lgeliBced) ([ Nl dt)?
T T .
+8( [ Bl egd) /2 [ 1BYE )
2CIIBIE + I8l >(C BN + ligll})
+2(Cllgll} + w3Cllgls + [IIZ)*(ClIgl} + 3ClIEl} + I1BI3)
+5lgllvliEly + slbly Il

< Mx|l{lyll

IN

IN

where, M = 2C +2(1 + p3)C + 4.
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Setting § = g and h = h to determine the constant m.

a2 :Z 82 :Z
(g, h) 3g2  9goh g
: a2 82 :Z h
dhdg oh?

- /OT/n,(u‘ —g)? dl"dt-{-/OT/Fo(pn — 4;Vv-n — h)*dl dt

+5/(;T/1~,, g? dl dt +5/(;T/F°(Vrg)2 dT dt

+5/0T/r gde‘dt+6/0T/roh2dth

= J(v,p.g u,h) +d|lgll} + d|h|IZ > d|ix]|*

where m = §.

This proves the convergence of the Gradient method.
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