TIME DOMAIN BORN APPROXIMATION

J.H.

Rose

Ames Laboratory, U.S. DoE
Towa State University
Ames, lIowa 50011

J.M. Richardson
Rockwell International Science Center
1049 Camino Dos Rios
Thousand Oaks, California 91360

ABSTRACT

The time domain Born approximation for ultrasonic scattering from volume flaws in an elastic medium
is described. Results are given both for the direct and the inverse problem. The time domain picture
lTeads to simple intuitive formulas which we illustrate by means of several simple examples. Particular
emphasis is given to the front surface echo and its use in reconstructing the properties of the flaw.

INTRODUCTION

Much of the recent development of ultrasonics
for quantitative nondestructive engineering (NDE)
applications has been due to the close interaction
of both theory and experiment. One small diffi-
culty in this situation is as follows. Most of
the experiments are performed using a pulsed trans-
ducer with a consequent wide band of frequencies.
The data is collected as time domain records and
may be thought of as the impulse response function
of the flaw convolved with the transducer's pulse
shape. On the other hand, most of the theory for
elastic wave scattering has been calculated in
terms of the wavevector k of an incident plane
wave. The result is a certain mismatch in the
comparison of theory with experiment.

The weak scattering 1imit yields one of the
simplest theories of elastic wave scattering. For
cases of interest to NDE, this limit was studied
systematically by Gubernatis et al,! in terms of
the Born approximation.? Their work was carried
out in the wavevector {or frequency) domain and
considerable intuitive understanding of the prob-
Tem resulted. Despite its simplicity, the fre-
quency domain Born approximation has heen widely
useful in systematizing experimental data. Fur-
ther, it has led to the development of a rather
successful inversion scheme.3 Recently, the au-
thors have formulated the weak scattering theory
in the time domain using the Born approximation.“
This new formulation is also rich in its own in-
sights and intuitions, The time domain picture
gives rise to simple transparent formulas for the
scattering problem which allow the solutions of
many problems by inspection. The scattering am-
plitude for more complicated problems can be
easily estimated roughly in an intuitive way.
Similarly, simple intuitive formulas are obtained
for the inverse problem: i.e., determining the
shape and the material composition of the flaw
from the scattering. It is the purpose of this
paper to introduce the NDE community to these new
results. Several simple example cases are treated
in order to illustrate the straightforward and
useful nature of the formulas. The details of the
mathematical derivation will be reserved for a
forthcoming paper in which we present a time do-
main integral eguation approach. The Born approx-
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imation is obtained as the first iteration of this
integral equation.

Before proceeding we remind the reader of the
practical limitations of the Born approximation
for the direct problem. The Born approximation is
a weak scattering theory. Good results will be
obtained for a finite flaw, in other than the for-
ward scattering direction, if the material param-
eters of the flaw are sufficiently close to those
of the host. However, the approximation is sur-
prisingly robust and useful results have been ob-
tained for a wide class of flaws, including voids.
Often in NDE application, the flaws scatter the
ultrasound strongly. In such cases, the frequency
domain Born approximation yields its best results
for lower frequencies and for directly back scat-
tered signals.! At high frequencies the Born ap-
proximation fails for forward scattering. In the
time domain, we expect the back scattered early
arriving signal to be best described. Later
arriving signals will tend to involve possible
multiple reflections which are ignored in the Born
approximation.

The Born approximation has been shown to yield
an exact inverse method for the shape and material
parameters for the weak scattering flaws described
above.> Further, it has been successful, in sev-
eral empirical tests, in the determination of the
shape and size of strong1¥ scattering flaws such
as sphercidal voids. 3°%*7 Recently, the authors
have shown that the inverse Born approximation
leads to an exact determination of the shape of an
ellipsoidal void in an isotropic elastic solid
given ideal data for the scattering amplitudes
{i.e., precise longitudinal to longitudinal (L-+L)
pulse-echo data at all freguencies, and for all
angles of incidence).® These results are most
easily elucidated in the time domain and are the
subject of a forthcoming paper. The present form
of the Born inverse scattering theory has not been
tested for crack-like defects or multiple flaws.

The purpose of this paper is to illustrate the
use of the time domain Born approximation for the
simple case of finite sized volume inclusions with
constant material parameters. In keeping with our
Timited purposes, we consider primarily longitudi-
nal to longitudinal {LsL} scattering, In
Section II, we summarize the formulas for the
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determination of the impulse response function.
Section III illustrates the use of these formulas
for two simple flaws. Section IV summarizes the
formulas for the inverse scattering problem.
Results are discussed both for the determination
of the shape and the material parameters of
flaws. We also comment on the applicability of
these methods for strongly scattering flaws. In
Section V we illustrate the use of the inverse
scattering method for a spherical flaw. Section
VI is a brief conclusion. The appendix gives
formulas for the impulse response functions for L
+L,L+>T, T+>1L, and T » T scattering from
inhomogeneous isotropic flaws with various
polarizations of T (transverse)} waves.

TIME DOMAIN SCATTERING FORMULAS

Consider an isotropic homogeneous inclusion
with material parameter p.,A. and u_ embedded in
an isotropic homogeneous ﬁosg materﬁa] with
constant material parameters p ,A_ and p_. Here p
is the density and A and u are®th8 Lame Baram-
eters. The deviations of the flaws material
parameters are defined as 8p = p. - p.,
Sy = Hp - W and 86X = Ao - A_. En order to de-
scribe the gcattering we confider a lTongitudinally
polarized impulse incident upon the flaw which is
centered about the origin of coordinates. The
incident impulse is described by

>

UI(?,‘t‘) = Uos(t‘*- . ei/c)ei (1)
Here e, is the direction of incidence, ¢ is the
velocity of longitudinal sound in the host, and U,
determines the magnitude of the impulse. The am-
plitude of the scattered displacement field far
from the flaw is given in the Born approximation*
by

~

i € .2 2yl d
Us(l‘ ,t ) m? f (ei,eo) —2‘—:2'
c dt
- e. - e
[ se- X 0 (2)
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Here e denotes the direction of scattering. The
characleristic function, vy, is one inside the flaw
and is zero outside. Hence, it defines the flaw's
shape. The function f(&,.8 ) depends only on the
relative angle between @} afd 60 and is given by

A A 1 P Sx + 25u(éi.éo)2
fle;.e ) = [—- e..e_ - ]

i‘o T |lp. "itTo A, * Zuo
(3)

Eg. (2) is still somewhat clumsy for describ-
ing the displacement field since it depends expli-
citly on the position and time at which the signal
is measured. We obtain an expression which is in-
dependent of r' and t' by the transformation

Rlt,eq,eg) = e, v U0, . (4a)

383

Blt,e.,0) = fle..e ) e L & [ ¥R
L ) €i-€' & ;7 dtz Y
st - (e, - éo) . 7o) (4b)

Here we have set t = t' - r'/c. The origin of
time is defined by Eg. (1) and corresponds to the
unimpeded incident pulse (Eg. 1) crossing the ori-
gin of coordinates. Further, we have normalized
ue by r' and u, to obtain a quantity, ﬁ, which
does not depena either on the intensity of the
incident pulse or on the distance at_which the
asymptotic scattering is measured. is called
the impulse response function of the flaw and its
expression in Eq. (4) is the basic result of the
direct scattering theory. corresponds to the
time domain train of signals which would be re-
ceived by a transducer in the scattering direction
e due to an incident delta function displacement
pﬂ]se in the incident direction e

There are two important observations to be
made about R(t,8,,8 ). First, it is the Foyrier
transform of the'L-P scattering amplitude, S, in
the k-domain." is defined by the asymptotic

scattered displacement field

F T T ooy qkr

U (1K1 ,e;.e.) 75 S (IKl,eguede™ /e o (5)
Then & is determined by

ﬁ(t,éi,éo) = ?% J ¢ (u/c, éi,éo) o Tut “

where we have the relation w = ¢ k.

The second important obseryation is a simple
geometrical interpretation of R. First we note
that f depends only on the angle between the in-
coming and outgoing wave. The integral in
Eq. (4b) corresponds to the.cross-sectional area,
A(t), of the flaw evaluated on a plane defined by

F.(éi - ;0) =ct . (7)

This plane defines the locus of points in the flaw
which have a constant travel time from the initi-
ating transducer to the receiving transducer. The
simple planar form of this locus results from the
weak scattering assumption that the incident im-
pulse travels at the velocity of the host inside
the flaw and that the signal is determined by
single scattering events. Figure 1 illustrates
the geometrical interpretation of A for a given
incident and exit direction. The time dependence
of the scattering from quite complicated shapes is
now straightforward and a great deal can be
learned simply by inspection.

EXAMPLES OF THE DIRECT SCATTERING PROBLEM

The use of the time domain Born approximation
to determine the impulse response function is
illustrated below for two simple flaws. First,
scattering from a cubical flaw is used to illus-
trate pulse-echo calculations. By altering the
incident direction such that the incoming impulse
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Fig. 1 Shows the geometric interpretation of time
domain scattering. The impulse response
function is proportional to A"(t). A(t)
is defined as the cross-sectional area of
the flaw perpendicular to r: and t =

(e; - e4) = r/c.

first contacts on a face, on an edge or on a
point, we illustrate several different character-
istic forms for R(t,8.,8 ). Of particular inter-
est, we have included'a Rase in which the front
surface echo has no outstanding features and might
"disappear" in an experimental measurement. Our
econd illustration shows the determination of
(t,@.,@o) for pitch-catch scattering from a
sphere.

The impulse function is conveniently expressed
for computational purposes after a change of
variable, namely s = ct/le;, - e |. Rewriting
Eq. (4) oo

.. eflej.edc 2 A
ﬁ(s,ei,eo) = —27—-1—53- —97 fdaFY(F) s(s-e.r).
le, -e | ds

1 (o] (8)

Here

ez (ei - eo)/lei - eol .

The impulse response function is proportional to
the second derivative of the cross-sectional area
of the flaw, A(s), projected on a plane perpendi-
cular to e and at a distance s from the center of
the- coordinate system. For the illustrative cases
we choose the origin of coordinates to be the
centr of inversion symmetry.

The determination of R reduces to finding
A"(s). Consider the case when the incident im-
pulse is incident parallel to a cube face. A and
A" are shown in Fig. 2. Scattering from a cube
face is characteristic of scattering from a flat
on a flaw surface which 1ies parllel to the inci-
dent impulse. The front surface echo is the de-
rivative of a delta function. Figure 3 shows the
impul se response function when the incident im-
pulse is parallel to a cube edge. The result is a
front surface echo consisting of a delta function.
Finally, and perhaps most surprisingly, we consid-
er the scattering of the incident impulse which
initially contacts the cube on one of its corners
(the most common situation for a randomly chosen
angle of incidence). The result is shown in
Fig. 4. Note that the front surface echo shows no
singular behavior. This last result is generally
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Fig. 2 Pulse-echo scattering from a cube face.
The outstanding feature of this result is
the appearance of the derivative of a
delta function in the front surface echo.
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Fig. 3 Impulse response function for pulse-echo
scattering from a cube edge. The front

surface echo is now a delta function.

true for pulse-echo scattering from the point 6f a
flaw. For these cases the front surface-echo is
not notably different from the other parts of the
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Fig. 4 Impulse response function for pulse-echo
scattering from a cube corner. Here there
is no singular behavior of the front
surface echo.

returning signal. Experimentally, the front sur-
face echo may seem to "disappear.” Such a lack of
a front surface echo has been observed for star
shaped iron flaws in S;3Ny.°

We conclude this section by considering pitch-
catch scattering from a spherical flaw. For
illustration we have chosen e; such that the angle
of incidence is 0° and such that the scattering
angle is 120°. The resulting A(s) is on a plane
surface perpendicular to the vector e = (e eo)/

(lej-egl). The cross-sectional area of the sphere
is g1ven by
Ale,s) = w(R? - s%), 131 <R . (9)

Here R is the flaw's radius. A and its first two
derivatives with respect to s are shown in Fig. 5.
The impulse response function is given by

- e f (e .e e 1
ﬁ(e1,eo,s) —T———————TT—-(ZWR) [s(s + R)
j 0

+6(s -R) - FROR - 1s)] .
(10

The appearance of a delta function in the front
surface echo is characteristic of scattering from
a flaw which has a finite radius of curvature
everywhere. Add1t1ona11y, we note that the sub-
stitution s = ct/|e —e | 1nd1cates the pulse train
will be longest when e1 = (backscatter) and
will become progressively shorter as e1 + & (for-
ward scatter). For exactly forward scatter, all
of the scattered energy would arrive simultane
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Fig. 5 Pitch-catch scattering from a sphere.
Notice that for a flaw with finite radii
of curvature the front surface echo is
a delta function.

ously with the incident impulse resulting in the
high frequency divergence for forward scatter.
These results stem from the Born assumption that
the velocity of propagation in the flaw is the
same as in the host.

THE INVERSE SCATTERING PROBLEM

For the class of flaws we are considering, the
inverse problem consists of two parts. First, the
determination of the flaw's characteristic func-
tion (i.e., the shape). Second, the determination
of the material parameters. Below we give the
formula (valid in the weak scattering limit) for
exactly reconstructing the shape of the flaw.

Then we show how the specular reflection can be
used to deduce the material properties of the
flaw. We concentrate on the front surface echo
(the specular reflection) since we know that the
weak scattering assumption is violated for many of
the flaws encountered in practice. We expect that
the early arriving specular reflection will be
given more accurately by the Born approximation
than the later arriving signal. Our expectation
is based on the fact that by considering only the
first arriving signal we avoid multiple reflec-
tions within the flaw. Formulas are given for de-
termining 8\ and the difference in the acoustic
impedance, 8Z, in terms of the front surface echo.
We also discuss similar results for Ap and Au




which can be obtained from L+T and T+T scattering,
respectively.

The shape of a flaw can be determined from LsL
pulse-echo data measured for all incident direc-
tions, @i' The characteristic function is deter-
mined from the impulse response and is

<
2e..r .

>y 27 _ i "
y(r) = const. [ d & R(t = — ei,-ei) . (1)

Geometrically, this is equivalent to adding up the
backscattered impulse response functions for all
angles of incidence, &, and for those times,
t=2e,.r/¢ which inciude scattering coming from
the point r. Equation (11) applies to flaws with
spatially variable material parameters if we re-
place the characteristic functign, y, with the
acoystic, impedance function 6z{r]. Here &z(r) =
po(Pca(r)-p (e (r), where p.(r) and p_(r) de-
note the spa%ially variable geﬁsities gfothe flaw
and the host. Similarly c.(r) and c (r) indicate
the spatially variable 1on£itudina1 Jelocities.

The material properties of the flaw can be ex-
tracted from Eq. (4) as follows. The time depen-
dence of the impulse response function is given by
the second time derivative of the cross-sectional
area function. However, the magnitude of the im-
pulse response function is determined by the angu-
lar factor f(@-.@o). By choosing special incident
and exit direclions we can determine the material
properties. Consider theAcase of direct back

scattering in which case €, = -&;. Then

f=-;—"5—z . (12)
0
Here z, is the acoustic impedance (z. = p,c) and

8z is %he difference in the acousticoimpe ance of

the flaw and the host. Thus, if the acoustic
impedance of a flaw is greater than that of the
host R(t,@i,-éi) will be inverted with respect to
the incident pulse. On the other hand, if 6z is
less than zero, R will be upright.

The Lame’ parameter X can also be determined
from L+L scattering. Here choose @0 to be per-

pendicular to 61. Then

1 8
femizam - (13)

Similarly, 8p can be obtained from L+T scattering
and for 6p and Sy from T»T scattering. Thus by
considering L»L and T+T pulse-echo scattering
alone, we find the material parameters of the
flaw. For weak scattering flaws the magnitude of
the signal (and front surface echo) determines

A\, Ap and ap via Egs. (12) and (13) and their
analogs for T»T scattering. For strongly scatter-
ing flaws, we do not expect an accurate relation.
However, it is possible that by observing the sign
of the front surface echo for strongly scattering
flaw, we will be able to determine the signs of
8p, 6u, 61 and 6z. In this connection it is
worthy of note that it was shown by one of us®
that with a sufficient diversity of pitch-catch
L>L scattering measurements one can estimate (in
principle) the spatial distribution of 6&p, 68X,

and 8y,
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INVERSE BORN APPROXIMATION FOR THE SHAPE

In order to illustrate the use of the inver-
sion algorithm implied by Eq. (8), we consider the
case of a spherically symmetric flaw., Then the
time domain inversion algorithm (Eq. 11) reduces
to
2r/c A -

/ R(t,ei, - ei) . (1)

¥(IF1) = const. 21
2r/c

r/c

Here @i is arbitrary since the flaw has spherical
symmetry. The characteristic function is given by
a time domain average of the impulse response
function about the zero of time. Using the im-
pulse response function for a sphere, which is
shown in Fig. 5, we see that the characteristic
function, vy, will be a constant for values of r
less than the radius. For a value of r equal to
the radius, vy will drop discontinuously to zero.
Further, y is zero for r greater than the radius.
Thus we have reconstructed the characteristic
function of a sphere. The Born inversion algo-
rithm appears to be much more general than its de-
rivation as a weak scattering limit might suggest.
Figure 5 shows the reconstruction of the charac-
teristic function for a spherical void in Ti using
the exact scattering results of Ying and Truell,10

SCB1.12877
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Fig. 6 Calculated characteristic function for a
spherical void in Ti using the Inverse
Born Aporoximation.

The inversion algorithm for spherical flaw is
significantly simpler to implement than the gen-
eral form, Eq. (11). It has been found that the
simplest form of the inverse Born approximation
Eq. (14) can be used to study the shape of ellip-
soidal flaws.3°6°7 In this case, rather than de-
termining the distance from the flaws center to
the surface, one determines the distance from the
center to the tangent planes to the surface.

In order to implement the inversion formulas,
it is necessary to experimentally establish the
zero of time, which is defined as the instant the
unimpeded impulse would have crossed the center of
mass of the flaw. For weakly scattering flaws of
arbitrary shape, this zero of time can be deter-
mined. For flaws with a center of inversion sym-
metry, there is a general method for determining
the zero of time for arbitrarily strongly.scatter-
ing flaws. These methods rely upon the low fre-
quency expansion of the scattering amplitude or
equivalently the first four moments of the impulse
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response function. Details can be found in Refs.
11, 12 and 13. For strongly scattering flaws of
general shape (with no center of inversion
symmetry), the determination of the zero of time
is problematic and the implementation of the
inversion algorithm is uncertain.

The time domain Born approximation provides a
basis for extending the inversion method suggested
by Cook et al.l* They noted (following Kennaugh
and Moffat!® for the electromagnetic case) that if
the time domain pulse-echo scattering response to
an incident delta function plane wave is propor-
tional to the second derivative of the cross-
sectional area (see Eq. 4b), then the scattering
response to a ramp function will yield the cross-
sectional area of all sections of the flaw per-
pendicular to the incident direction. Previously,
this inversion method has been justified by the
use of the physical optics approximation which is
most appropriate for voids and for high frequen-
cies. The time domain Born approximation for the
impulse response function indicates the inversion
method is also justified for weakly scattering
inclusions as pointed out by Cook.!®

SUMMARY

We have illustrated the use of the time domain
Born approximation. Simple examples were chosen
to demonstrate the utility of the approximation
both for the direct and the inverse scattering
problems. Of particular interest is the manner in
which the front surface echo depends on the geom-
etry of the scatterer. The front surface echo
allows us to determine the sign of 6z and Sx from
L+L scattering. L+T scattering allows one to
infer 8p, while T»T scattering lead to a knowledge
of both 8p and Su. The time domain Born approxi-
mation provides a convenient intuitive picture for
discussing both the direct and inverse scattering
problems.

APPENDIX

COMPILATION OF L+, L+T, T»L AND T»T RESULTS

The direct scattering formulas are listed here
for L+L, L+T, T+L, and T»T scattering. Further,
the material parameters of the flaw are allowed to
vary with position. Since the results are con-
siderably more complicated than the simple case of
L-L scattering treated in the main text, we change
our notation to a more general form. First, the
incident impulse is uniformly chosen to propagate
in the +z direction. The asymptotic form of the
scattered displacement field is represented

r U (v I o Ay (ter/e ) + Bo(t-r/cr)
(A1)

Here U, is the strength of the incident delta
function impulse; ¢, and Cy are, respectively, the
velocity of 1ongitu inal and transverse sound.
Tensor notat1on is adoptgd t% denote the component
of the vectors U s R and represents the long-
itudinal response due to an arbitrarily polarized
impulse. If thi impulse itself is longitudinally
olarized then A is identical to the function
(t,e.,e ) defined in Section II. B(t) is the
transverge response to an arbitrarily polarized
impulse.
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In order to succinctly state the results we
define the unit vectors r, 6 and ¢, where r is the
direction of propagation of the scattered wave.

~

X sin 6 cosp +y sin 6 sin¢y + z cos 6

r‘:
8 = X cOS O cosSy +y cos 6 siny - z sin @ (A2)
Y = -x sinp + y cosy. ;

Here 6 and ¢y are the polar and azimuthal angles of
our spherical coordinate system; and x, y and z N
are the unit vectors of the rectangular system. :
Much of the notation in the appendix is taken from
the MSC report of Gubernatis et al, which is an L
excellent account of the frequency space Born
approximation.

First, we consider an incident impulse which I
is longitudinally polarized (Eq. 1). In what r

follows 4 is always equal to z, the direction of f
incidence. Nonetheless, we retain ; for uni- C
formity of notation.
Sp(r) cosé
A, (1) = / > Fy(v) 20200 CO5° “
4nc —_Z o =
L gy
Ay
Sy(r) + 28ulr) coso (ei'eo)'r
= by +2u § t- ——C . .
0 0 L -
(A3)
and R
B,(t) = —E—f —Ef / d3ry(r) El Su(¥) sin (20)
¢ wu
4nc L ‘o
. e —
Sfele) Gine) st - Y- 39 LR
o LT
(A4)

Now consider an incident impulse transversely
polarized in the +x axis. Then

~

r. 2 >
As(t) = 12 9—7 jd3?y(?) %0(r) in 6 cos "
frcy dt o
Gu(F) CL . &5 e0 >
- —sin6cosy St-—-—.1r .
A°+Eu° cr Y
(A5) _
and
1 d 3 so(¥) sinyp
Bi(t) = — [dr el sy
1 41rcT d—tz o
> . A > )
+ Su(r) sin ¢ cos © V. o+ (Sp(r) cos 6 cosy
Yo 1 o
> R e. - e B
_ Sulr) cos 26 cos y) & 4, i oz
Mo i cr




The third case considered is an incident im-
pulse which is right hand circularly polarized.
That is

_ o x #iy) 2.7
Ui_UoT_L St': (A7)
we define

4
X

= 7% (6 + i&)

X =gy 6+ ) . (A8)
then
o1V r >
3> %) Sp(r)
Aylt) = _2"'7 [t =
c > e. e
L Su(r) . i [
- —_— sin 26 § t- — - — .r
o X, F A, & &
(A9)
Finally
iy 2
d 3> >
B.(t) = 2+ [ d7ry(r)
1 4nc$ ;;Z

o 8p(1) (1+ cose) _

i o 2 Yo 2

P’ sp(r) cose-1 + sul¥) cosd - cos28

i o 2 ™ 2
e. - e
5 t- — = 0 (A10)
T
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