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CHAPTER 1 GENERAL INTRODUCTION

1.1 Background

Let {X;}icz be a sequence of random variables defined on the same probability space
(Q, F, P) with common distribution function F, where Z = {0,41, %2, ...} denotes the set of

all integers. Let F'~! be the corresponding quantile function, defined by
F7lt)=inf{u: F(u) > ¢}, 0<t<l. (1.1)

For a sample Xy, ---,X,,n > 1, let F,, denote the empirical distribution function, putting
mass 1/n on each X, i.e.,

n

Fo(z)=n""! ZI(Xi <z), zé€R,

1=1
where I(-) denotes the indicator function, with I(S) = 0 or 1 according as the statement S
is false or true. Then, F;! is the sample quantile function. If Xy,---, X, are independently
and identically distributed (i.i.d.) random variables and F is differentiable at the population
quantile F~!(p) with a positive derivative f(F~!(p)) for some p € (0,1), then the p-th sample

quantile is asymptotically normal. More precisely, the centered and scaled sample quantile,
Zy = Vn(F (p) - F7H(p)), (1.2)

converges in distribution to N (0, /p(1 — p)/f2(F~1(p))) as the sample size n — co.

Like population means, population quantiles are also very important parameters. For
statistical inference about the population parameter F'~!(p) (e.g., for setting a confidence in-
terval for F~!(p) using the limiting normal distribution), estimation of the asymptotic variance

Vp(1 = p)/f2(F~(p)) is an important problem. The classical Jackknife method is known to



be ineffective in this problem, as the resulting Jackknife variance estimator is inconsistent
(cf. Efron (1982)). As an alternative, bootstrap approximations for the distribution and the
asymptotic variance of the sample quantiles have been extensively studied in the literature in
the i.i.d. situation. Bickel and Freedman (1981) and Singh (1981) proved that, in the i.i.d. set
up, under some regularity conditions on F, the bootstrap approximation to the distribution
of the statistic Z, is strongly consistent. Furthermore, in a significant work, Ghosh, Parr,
Singh and Babu (1984) showed that under some mild moment and smoothness conditions, the
bootstrap variance estimator of the normalized sample quantile was strongly consistent. As a
result, in the i.1.d. set up, the bootstrap method is superior to the classical Jackknife method
for estimation of asymptotic variances of sample quantiles.

In the dependent case, under suitable mixing conditions on the process {X;}icz and un-
der mild regularity conditions on the one-dimensional marginal distribution function F, the
centered and scaled p-th sample quantile, Z, = /n(F;(p) — F~!(p)), is also asymptotically
normal with mean zero and variance given by

2 =[S CoolI(Xs < F7 ), T(Xers < FL )]/ 22(F () (1.3)

i=—00

(see, for example, Sen (1972) or Theorem 2.1 below). Thus, under dependence, the asymptotic
variance of the p-th sample quantile not only involves the density of the random variable X3
at the population quantile F~!(p), but at the same time, an infinite series of lag-covariances
of the transformed sequence {I(X; < F~!(p))}icz. We shall show that, in spite of the more
complicated form of the limit distribution of Z,,, the simple blocking mechanism of the moving
block bootstrap method (cf. Section 1.2 below) captures both the effect of the dependence
structure of the process {X;}iez (given by the infinite series in the numerator of 72) and the
effect of the nonlinear nature of the sample quantile (quantified by the density function of
individual X;’s) on the limit distribution of Z,.

Although properties of the bootstrap method for sample quantiles in the independent case
is well studied in the literature, no work seems to be available on properties of bootstrap
approximations for sample quantiles when the observations are dependent. The main objective

of this dissertation is to investigate asymptotic properties of bootstrap methods for estimating



the sampling distributions and the asymptotic variances of the sample quantiles under weak

dependence.

1.2 Literature Review

1.2.1 Moving Block Bootstrap Method

It is well-known that, in the i.i.d. set up, compared to the classical normal approximation
method, Efron’s (1979) bootstrap resampling procedure provides more accurate approxima-
tions to the distributions of many regular statistics, e.g., smooth functions of sample means
(cf. Singh (1981), Babu (1986)). However, it fails to provide valid approximations in the situa-
tions when the observations are dependent. In his Remark 2.1, Singh (1981) pointed out that,
even in the simple m-dependence case, Efron’s (1979) bootstrap approximation to the distri-
bution of the normalized sample mean is invalid. Block bootstrap methods for dependent data
have been put forward by several authors. Carlstein (1986) initiated the idea of nonoverlap-
ping block bootstrap (NBB). Politis and Romano (1992) proposed the circular block bootstrap
(CBB) rule. Kiinsch (1989) and Liu and Singh (1992) independently proposed a substantially
important resampling procedure, called the moving block bootstrap (MBB). Recently, Papar-
oditis and Politis (2001) proposed a resampling method called the tapered block bootstrap.
See Lahiri (2003) for a detailed account of bootstrap methods in the dependence case. For def-
initeness and conciseness, in this dissertation, we shall exclusively concentrate on the moving
block bootstrap method of Kiinsch (1989) and Liu and Singh (1992). Similar conclusions can
be proved for certain other variants of the block bootstrap method, as pointed out in Remark
3.3 of Chapter 3 below.

We now briefly describe the MBB method, which is frequently used for estimating the
unknown distributions of statistics based on weakly dependent data. Let X,;,---, X, denote
the observations from the stationary process {X;}iez. For £, a positive integer between 1 and

n, we define the overlapping blocks of size £ as

B; = (X;, -, Xige—1),i=1,--- ,n—L+ 1.



Let B,---, By be a random sample of blocks from {Bi,-+-,Bn}, where N =n ~(+ 1,6 =
|n/€], i.e., Bf,---,B; are independently and identically distributed as Uniform{By,---, Bn}.
Here and in the following, for any real number &, we denote by |z ]| the largest integer not
exceeding z, and by [z] the smallest integer not less than z. The observations in the resampled
block B} are denoted by X&_l)e_H, oo, X%, 1 <i<b. Then, X§,---,X7,---, X isthe MBB

sample, where ny; = bf. Let

be a random variable of interest that is a function of the random variables {X;,...,X,} and

of some unknown (possibly vector valued) population parameter #. Then, the MBB version of

T, is defined as

Tr =ty (XF,..., X2 0,), (1.5)

ny?

where 8, is a suitable estimator of 8 based on {Xj,...,X,}. The MBB estimator of the
distribution of T}, is given by the conditional distribution of T, given X, = {X;,---, X,}.
For an example, suppose that T, = \/ﬁ()_(n — ), with X, = n71 3, X; and § = EX;.
Then, the above description of the MBB method suggests that the MBB version of T,, be given
by T = /n1(X —6,,), where we write X = ny' -, X7 for the bootstrap sample mean and
where 0, = E,(X). Throughout this dissertation, we use P., E., and Var, to denote, respec-
tively, the conditional probability, the conditional expectation, and the conditional variance,
given X,. An alternative definition of the MBB version of T}, of (1.4) is given by resampling
[n/€] blocks from {Bj,- -+, Bn}, and using the first n out of the [n/{]-{-many resampled val-
ues. However, the difference between the two versions is asymptotically negligible. To simplify

the proofs of the main results, here we shall use the version given by (1.5) based on b complete

resampled blocks.

Next we define the MBB version of the p-th sample quantile and of its centered and scaled
version Z,, for a given p € (0,1). Let F denote the MBB empirical distribution function,
ie, Fr(z) = ny' Y™ I(X} < z), z € R. Then, the MBB version of the sample quantile

€, = F71(p) is defined as & = F*~1(p). Similarly, the MBB version of the centered and scaled



sample quantile Z, = /n(&, — &) is given by

Zy= (& - &), (1.6)

where &, = F~1(p), & = F,”' (p), and F,(-) = E.F*(-). Note that in the definition of the MBB
version of Z,, we center & by &,. As in the case of the sample mean (cf. Lahiri (1992)), this
appears to be the analogous centering constant for the bootstrap sample quantile. Because
F} is a valid distribution function for each set of resampled {X7,..., X} }, the function

F,(z) = E,F*(z),z € R, is also a valid distribution function. Hence, &, is well-defined. Let
Gn(z)=P(Z, <), z€R, (1.7)

denote the distribution function of Z,. Then, the MBB estimator of G, (z) is given by the

conditional distribution of 77, i.e., by

Gn(z)=P(Z; <2), z€R. (1.8)

Furthermore, the MBB estimator of the asymptotic variance 72 of Z, (cf. (1.3)) is given by

the conditional variance of Z;, i.e., by
2 = Var.d(Z2). (1.9)

In the independent case, properties of the bootstrap approximation for the sample quantile
have been studied by Efron (1979, 1982), Bickel and Freedman (1981), Singh (1981), Ghosh et
al. (1984), Babu (1986), Hall and Sheather (1988), Hall and Martin (1988), Hall, Diciccio and
Romano (1989), and Falk and Janas (1992), among others. For weakly dependent processes,
properties of various block-bootstrap methods (for smooth functions of the data) have been
studied by Lahiri (1992, 1996a, 1996b, 1999), Biihlmann (1994), Naik-Nimbalkar and Rajarshi
(1994), Hall, Horowitz and Jing (1995), G6tze and Kiinsch (1996), among others. See Lahiri
(2003) for a detailed account of results on bootstrap methods in the dependent case. In
this dissertation, we investigate the properties of the MBB method in the case of nonsmooth

functionals, the sample quantiles.



1.2.2 Stationary Processes and Mixing Conditions

We now introduce some measures of dependence between the observed random variables.
Suppose that random variables {X;};cz are defined on the same probability space (2, F, P).
The sequence {X}icz is called (strictly) stationary if, for any positive integer k, any ¢,,- - -tx €
Z, and any h € Z, the distribution of (X, 44, -+, Xt+n) is the same as the distribution of

(Xt X)) Let F = o(X;:m <i<mi€Z),—o00 <m<n<oo e, F is a o-algebra

generated by the random variables X,,, -+, X,. For n > 1, we define
a(n) = sup sup |P(AN B) — P(A)P(B)|
m€ZL AEFT_BEFT, .
and

- su |P(AN B) ~ P(A)P(B)]
o(n) = mer AETTOO,I?E.'F“ P(A)

mtn
The sequence {X;};ez is called uniformly mizing or ¢-mizing if ¢(n) — 0 as n — oo, and it
is called strongly mizing or a-mizing if a(n) — 0 as n — oo. In this dissertation, we shall
focus on the situation when the observations are from a a-mizing process with polynomially or
exponentially decaying coefficients. It is easily seen from the definitions that ¢-mixing implies
o-mixing.

As a convention, we assume throughout this dissertation that, unless otherwise specified,

limits are taken as n — oo.

1.3 Dissertation Organization

This dissertation is organized as follows. In Chapter 2, we investigate consistency properties
of MBB approximations to the distribution of the scaled and centered sample quantile of
weakly dependent data. Strong consistency of the MBB estimators of the asymptotic variance
of the sample quantile is established in Chapter 3. In Chapter 4, a Berry-Esseen Theorem
for sample quantile under weak dependence is discussed. Chapter 5 gives a refinement of the
result in Chapter 2 by examining the rate of convergence of the MBB approximation. Finally,

conclusions are addressed in Chapter 6.



CHAPTER 2 MBB DISTRIBUTION APPROXIMATION

2.1 Introduction

In this chapter, we investigate consistency properties of block bootstrap approximations for
sample quantiles of weakly dependent data. Under mild weak dependence conditions and mild
smoothness conditions on the one-dimensional marginal distribution function, we show that
the moving block bootstrap (MBB) method provides a valid approximation to the distribution
of the normalized sample quantile in the almost sure sense. More specifically, we show that
the MBB approximation to the distribution of the centered and scaled sample quantile is
strongly consistent under a mild polynomial strong mixing rate. For the proof, we develop
some exponential inequalities for block bootstrap moments and some almost sure bounds on
the oscillations of the empirical distribution function of strongly mixing random variables,
which may be of some independent interest.

Sample quantiles have been extensively studied in the literature. In the i.i.d. set up, Ba-
hadur (1966) introduced an elegant representation for the sample quantiles in terms of the
empirical distribution function, which is usually referred to in the literature as Bahadur repre-
sentation for sample quantiles. The Bahadur representation allows one to express asymptoti-
cally a sample quantile as a sample mean of certain (bounded) random variables, from which
many important properties of the sample quantile, e.g., the central limit theorem, the law of
iterated logarithm, may be easily proved. Under dependence, Sen (1972) gave the Bahadur
representation for sample quantiles for the sequence of ¢-mixing random variables. Babu and
Singh (1978) established a Bahadur representation for sample quantiles under the assumption
of a-mixing with exponentially decaying coefficients. A Bahadur representation result given by

Yoshihara (1995) requires that the random variables are from a bounded, o-mixing sequence



with a polynomially decaying rate.

For those situations where a Bahadur representation for sample quantiles exists, consistency
properties of bootstrap approximations to the distributions of the sample quantiles will also
follow from consistency results on bootstrapping the empirical process. We refer to Arcones and
Giné (1992), Biihlmann (1994), Naik-Nimbalkar and Rajarshi (1994), and Radulovi¢ (1998)
for some details of bootstrapped empirical processes. This chapter is focused on investigating
the properties of the sample quantiles under a more general weak dependence assumption, say,
o-mixing with polynomially decaying coeflicients. It appears that no Bahadur representation
result is available under this dependence structure . Here, we shall use the central limit theorem
for triangular arrays under weak dependence (cf. Lemma 2.1) to obtain a central limit theorem
for the sample quantile under fairly weak conditions. A machinery for the empirical distribution
function and sample quantile is built to prove the consistency of MBB approximations to the
distributions of the sample quantiles.

The rest of this chapter is organized as follows. In Section 2.2, we investigate the asymptotic
normality of the centered and scaled sample quantiles based on weakly dependent observations.
The consistency property of the MBB approximation to the distribution of the normalized

sample quantile function is discussed in Section 2.3. A small simulation study is presented in

Section 2.4.

2.2 Asymptotic Normality of Sample Quantiles Under Weak Dependence

We first introduce some basic notation. Let C, C(:) denote generic constants in (0, co) that
depend on their arguments (if any) but not on the variables n and z. For real numbers z and
y, write 2 A y = min{z, y} and z Vy = max{z,y}. Let Z, N denote the set of all integers and

the set of all positive integers, respectively. For a random variable X and a real number ¢, we

define

Q=

(E1X]%)

ess.sup.(X) if ¢=o0.

if gell,00)
1Xllq =



For random variables X and Y, we write X =?¢ Y if X and Y have the same probability
distribution. Recall that unless otherwise indicated, limits are taken by letting n tend to
infinity.

We now present a result that will be used to establish the asymptotic normality of sample
quantiles based on strongly mixing observations. It is an extension of Theorem 1.7 of Bosq

(1998), from sequences of random variables to triangular arrays.

Lemma 2.1 Suppose that {X, ;:j € Z}nZl is a double array of zero-mean real-valued (row-
wise) strictly stationary strong-mizing process with (row-wise) strong-mixing coefficients ax(-),
n > 1, such that for somey > 2 and C > 0, E|X,,;|Y < C and a,,(j) < Cj™P, j>1, n>1,

where 3 > '7772 If

n—1
ol = nll)rrgo 2(: )Cov(Xn,l,Xn,H_j) >0,
j=—(n—1

then we have
n .
j:l Xnv]

—0 -4 N(0,1).

Proof: Note that by Davydov’s inequality (cf. Corollary 1.1 of Bosq (1998)), we have

n—1
o = Jim_ > E(Xn1, Xnisj)
j==(n-1)
n—1 v y=2
< nlhnéo X(: 1)2.772 (20 (5)) 7 1 X2 |l 1 X 145 1y
1=—(n—
n—1
: Y B\ Z2 | 2/
< ¥ aZee)T o
j==(n-1)
< m)

since 8 > v/(y — 2). Thus, 6% is well-defined here.

For any two sequences {an}n>1, {bn}n>1, We write ap ~ by, if limy, o0 @ /b, = 1. Let

r~logn, p~n/logn—n/* g¢~nl/t (2.1)
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We then construct blocks of variables as follows

ipHG=1a i+a)
Vn,j: Z Xn,ia VT;’]': Z Xn,i, for j:l’...’r,
i=(j~1)(p+g)+1 i=jp+(j—1)g+1

and
R, = (Xn,r(p+q)+1 +et Xn,n)I(r(p+ Q) < n) .

By Theorem 3 of Bradley (1983), there exists a triangular array of independent random
variables, W, 1, -+, Wy, , such that W, ; =d Vagy3=1,---,r. Here we use X =2 Y toindicate
that the random variables X and Y have the same distribution. And for all 7 € {1,---,r}, for

every € > 0

PWay = Vagl > ) <18 (L2l )™ (0 )7 22)

We define

Vi 4+ Var  Waa oo+ Way

Atn = o/n EN
A _Wn,1+"'+Wn,r
2n — U\/—ﬁ
Vrlt,l +oee V'ri,r
Agp = — (2.3)

By equation (2.1) and Bonferroni’s inequality and Minkowski’s inequality, we have
Y
”annv)%’“ 2
< . LIRSV - Iy+1
P81t > < r18(2200) ™ (aule)™

r-18 (p—f-———lff/”ﬁl/'m ™ (ana)

1 __ X X 2y 3.2y
< pr 18- C2v¥1ie™ Z¥FI p2(27+1) .C27+1q 527-}.1

IN

= o(1) (2.4)

We now use some moment inequality (cf. Yokoyama (1980)) and Liapounov’s central limit
theorem (cf. Chapter 27 of Billingsley (1995)) to prove the asymptotic normality of Ag,. It

can be shown that if v’ is close to 2 and 2 < v’ < v,

Ean,jlry, < C,p71/27j =1,---,r,
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where C’ is a positive constant. For details, we refer to Yokoyama (1980).

It can also be proved that (cf. proof of Theorem 2.1 below)
EW?2,; =EV?,=0o’p(1+0(1)).

Then

: EW, ;" Cp'1?
’ <O|r ———7] =o0(1
5 e <0 7 ) =0

=1
indicating that the triangular array {W, ; };7:1 satisfies Liapounov’s condition. Thus we apply

Liapounov’s central limit theorem to {W, ;}7_; and get

A _<Q>1/2,Wn,1+---+wn,r
2n — Uﬁ

m —¢ N(0,1). (2.5)
By (2.2)-(2.5) and Slusky’s lemma, Lemma 2.1 will follow if we can show the following

Azn =0,(1), R, =o0p(1).

Note that by the same arguments above, we may show that

'nl,,l ++V’rll,r
o.\/qr

—% N(0,1).

Hence
_ V,f,l-l--"-i—V,'w qr

ABn o_\/m; _; = OP(l) .
Finally, if r(p + q) < n,
Ean ++Xn'n.2
P(R, > ¢) X, (pM):gn al
_ oin-rlptq) —1)(1+0(1))
o?n

= (1),

and conclude that R, = o0,(1) by Chebyschev’s inequality. Thus we complete the proof of

Lemma 2.1. O
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Now, we are ready to give conditions for the asymptotic normality of the centered and

scaled p-th sample quantile
Zn = \/ﬁ(én - ﬁp)a

for a given p € (0,1). Recall that, &, = F;'(p) and &, = F~'(p). The proof is based on

Lemma 2.1.

Theorem 2.1 Suppose that F is differentiable at &, with a positive derivative f(£,) > 0 and
that a(n) < Cn=P for some C >0 and 8 > 1. Then,

Zn = \/"—i(én - Ep) —)d N(O,Tgo),

where T2 is as defined in (1.3).

Proof of Theorem 2.1: For a real number z, define Y;(z) = I(X; < z), 7=1,2,---. Then
Yi(z),Ya(z), - - - is a strictly stationary sequence with mean F(z) and auto-covariance function
R;(z) = Cov(Y1(z),Y14j(z)), J € Z. Further, by Billingsley’s inequality (cf. Corollary 1.1
of Bosq (1998)), |R;(z)] < 4a(j) < 457°, j € Z. Thus,

@)= Y ConlI(Xs <2, I(Xip; <o) = 3 CoolVi(e),Yass(@))  (2.6)

J=—00 j=—00
converges absolutely. Let Y,(z) = L3°% Y;(z). Then, Y,(z) = Fy(z), where F,(z) is the

empirical distribution function of the sample Xy,---, X,,.

By the stationarity of {X;},

Var(VaYa(z) = %Var (i m(m))
1

i
Q
3
[
o~
8
o
——~
&
=
j—
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Note that by Kronecker’s lemma,

o2(@) ~ok(@)] < LI+ Y lillRse)]
izn )=—(n—1)

IA

o
]
2
=

+

S|

N
S,
2
=

implying that ¢,?(z) converges uniformly to 02 (z). Thus, we have

lim Var(y/nY,(z)) = Jim 0,%(z) = 0% () uniformly in z. (2.7)

~>00

Next we show that o2, (x) is continuous at & = £,. Because a(n) = O(n=?) for some 8 > 1,

it follows that for any ¢ > 0, there exists a positive integer N such that

o0

> a(j) < €/12.

l7l=N+1
Also note that for any j, R;(z) is continuous at z = &,. Then for the same ¢, there exists a

d > 0 such that for arbitrary real number z; satisfying |z — &,| < &, we have

N N
Y Ri(z) = Y Ri(&)|<¢/3
j=-N j=—N
Hence,
N N 00
loZ,(z1) — 02.(&) < | D Ri(zr) = > RilG)|+ Y IRi(=)l
j=-N j==N li[=N+1
+ Y. IRi(&)]
lil=N+1
< €/3+2 i 4a(3)
lil=N+1

< e,

which shows that o2, (z) is continuous at z = &,.

Next, et z, = &, + z/y/n. Then, for any z € R, by the uniform convergence of al(z) to

o2 (z) and the continuity of 02 (z) at z = £,, we have

Tim Var(VaFa( +2/vA) = lim 02(z,) = 02,(&) = 0% (say). (2.8)



14

We define Y, ; = I(X; < z,) — F(z,), j€Z, n=12,---. Then
ElVail" <1 ¥y>0, n> L.

And the variables {Y,,; : j € Z} is a strictly stationary c-mixing process with coefficients
an(7) satisfying

an(j) < dalf) <4C;F, j>1,n>1.

Now applying Lemma 2.1 to the array {Y,; : j € Z},>; and using (2.8), we have

VilFa(en) = F(ea)) _ ZiciYos o e )

Ooo Toor/T

Also note that by the differentiability of f at &,

Vn(p— F(zn)) = —2f(&)
for any z € R. Hence, it follows that

P(Fo(&+2/vm)>p) = P (ﬁ(Fn(mn) — Flen) | VA(p- F(mn))>

O Ooo

- q)(xf(fp)/aoo) .

By similar arguments, for any z € R,

P(F. (& +z/vn) > p) = @(zf(&)/00) -

By the definition of én,

P(Fp(& + 2/v/n) > p) < P(Vn(én — &) < 2) < P(Fp(& + /7)) > p)
Thus, it follows that
V(én — &) = N(0,0%/1%(&)) -

This completes the proof of Theorem 2.1. 0

Note that the conditions imposed on the dependence structure of the X;’s and on the
marginal distribution of X; here are fairly non-restrictive. Asymptotic normality of Z, for
mixing random variables under stronger conditions also follows from the results of Sen (1972),

Babu and Singh (1978), and Yoshihara (1995), who obtained Bahadur-representations for

sample quantiles.
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2.3 Validity of the MBB Approximation

In this section, we consider the validity of block bootstrap approximation to the distribution
of the sample quantiles under dependence. The following main result asserts the consistency

of the MBB approximation for the distribution function of Z,.

Theorem 2.2 Assume that 0 < p < 1 and that ' has a positive and continuous derivative
f in @ neighborhood N, of &, with f(&,) > 0. Also, suppose that a(n) < Cn=® for some

C € (0,00) and B > 9.5, and that £ = O(n'/?>7") for some n € (5/(2+48),1/2). Then,

sup [P (vA(€; — &) € 2) - P(Vléa - &) < o) = o(1) a.s.

zeR

Theorem 2.2 shows that the MBB method provides a valid approximation to the distribu-
tion of the centered and scaled sample quantile Z,, in the almost sure sense under a polynomial
strong mixing rate and under a mild condition on the block length £. Note that for 8 > 9.5,
5/(2+48) < 1/8. Hence, for any 8 > 9.5, the MBB approximation remains valid for block sizes
¢ that grow to infinity at the rate O(n3/8). Furthermore, Theorem 2.2 allows the block size
{ to grow at a rate O(n!/27¢) for an arbitrarily small € > 0, provided that 8 is appropriately
large (viz., 3 > [5(€)~! — 2]/4). In the independent case, validity of Efron’s (1979) bootstrap
for the sample quantiles was established by Bickel and Freedman (1981) and Singh (1981).
Theorem 2.2 is an extension of the basic consistency result to the case of weakly dependent
random variables for the MBB method.

As in the case of block bootstrap methodology for smooth functions of the data, per-
formance of the block bootstrap distribution function and variance estimators of Z, critically
depends on the block size £. There has been some work on the choice of the optimal block length
in approximating the distributions of statistics based on sample means (cf. Hall, Horowitz and
Jing (1995)). We shall discuss the optimal block length and the optimal rate of convergence
of Theorem 2.2 in Chapter 5.

The main tools used for proving the strong consistency result are (i) an ‘exponential in-

equality’ for sums of block variables (i.e., for block-bootstrap moments, cf. Lemma 2.2, Section
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2.4), and (ii) a bound on oscillations of the empirical distribution function of strongly mixing
random variables under a polynomial strong mixing condition (cf. Lemma 2.5, Section 2.4),
which may be of some independent interest. For proving Theorem 2.2, we shall first develop

some results which are presented in the form of following lemmas.

Lemma 2.2 (An ezponential inequality for sums of block variables). Let {X;}icz be a sequence
of random variables (not necessarily stationary) on a probability space (Q, F, P) and let {{} =
{€y}n>1 be a sequence of positive integers satisfying 1 < £ < n/8 for all n > 1. For each
n>1, let {W,; : 1 < j < N} be a collection of zero mean random variables such that Wy
is o({X;:j < i< j+£—1})-measurable for all 1 < j < N, where N =n — £+ 1. Also, let
{dn}n>1 C N and {€,}n>1 C (0,00) be two sequences of real numbers with 2¢ < d,, < n/4 for
all n € N. Then, for any q € [0,00], there exist positive constants C, k = 1,2, depending only

on q, such that for all n > 8§,

P( ]éwnj' > Ney)

Caln/dy)%e )

< —
< Gy eXp( w%’2+[n/dn]1/2wn,oo€n

.29
2¢+T

+C1 - [n/dy] - max {1, %Lf}ﬁ%[a(dn /2)]

where wn, o, = maxi<j<N ||Wajlle, @ € [1,00]. Forgq = oo, the exponents q/[2¢+1] and 2q/[2q+1]

are interpreted as 1/2 and 1, respectively.

Proof: Let K, = [N/d,] and Sp(k) = 00, WajI((k—1)dn+1 < j < kdy), k=1,...,Kp.
Note that for any 1 < k < k +r < K,, the variables S, (k) and S,(k + r) are functions of
{(Xj:(k=1)dp+1<j<kdy+£-1}and {X;: (k+r-1)do+1<j < (k+r)dy+£~1An},
respectively and are separated by [(k+r — 1)dy, — (kdn + £ —1)] = [(r — 1)d,, — £+ 1]-many X;
variables. Let K,; ={k € N:kisodd,k < K.} and let Ko = {k € N: kis even, k < K,.}.
Then, by definition,

N

Z Wai = S, (k). (2.9)

i=1 =1 k€K ;
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For each 7 € {1,2}, by Theorem 3 of Bradley (1983), as in the proof of his Theorem 4, there

exist random variables {S2(k) : k € K, ;} such that
(i) SO(k) =2 S, (k) for all k € Ky,
(i) {S%(k):k € K,:} are independent,
(iii) for any € € (0,(1S.(k)|lq),
P(

for every k € K, ;.

S() = Sa(k)] > €) < 18(——“5"(616)”")5#[04(«1“ — o))zt (2.10)

Next, note that by Minkowski’s inequality, for any a € [0,00], ||Sn(k)|la < dnwy,, for all
k=1,...,K,. Hence, by (2.9), (2.10), and by Bernstein’s inequality for sums of independent
random variables (cf. Shorack and Wellner (1986), pp. 855), we have

P( liWnJ’ > Nen)

< BrULE sl v
< Y| X st]> News2)
i=1 k€K
Ky
Z (15908) = $0B)| > == A St
02[N5n]2
S Crexp ( - [dnwn,2]? + (dnn,co) (N en) [Kn ]_1/2)

Wn,q

C\K, 1,
+C4 (max{ p

) (s - D),

n

which yields Lemma 2.2 after some simple algebra. This completes the proof of Lemma 2.2. O

The next result is an extension of Bernstein’s inequality, from the independent set up,
to the situation where the random variables are strongly mixing. It can be proved by easily

modifying the proof of Theorem 1.4 of Bosq (1998).
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Lemma 2.3 Suppose that {X,; : j € Z}p>1 5 a double array of a zero-mean real-valued

row-wise strictly stationary a-mizing random variables with mizing coefficients an(+), n > 1.

)

Also, suppose that there exists a constant ¢ > 0 such that
E|Xuil* < FRE X P <o, n>1, k=34,
Then for each n > 2, € > 0, each integer ¢ € [1,n/2] and every k > 3,

d

2k

< ge? + anlk (l n )m
>me | Samexpy—gpoar o T alken q+1J ’

> Xn;

i=1

where
=22 4+2(14 ¢ ith m3 = E|Xn|?
= q 25m2 + 5ce ) wt L 1rggagxn il

_k_
2E+1

az(k) = 11n (1 + mlz ) ,  with my = 22X X5l -

Proof: For each integer ¢ € [1,n/2],let r = | 7 }. We define the blocks as the following

g
Zn,j = ZXn,(i—l)r+j’ J=1,-r R, = (Xn,qr+1 + -t Xn,n)f(qr < ’ﬂ) .
1=1
(2.11)
Then, by Bonferonni’s inequality

a0

n
> X
J=1

4 4
> ne) <3P (|Zw-| > ?’;f) +P (|Rn| > %ﬁ) . (2.12)
J=1

Note that for any random variable X, arbitrary ¢t > 0, a € R, we have, by applying Markov’s

inequality
P(X > a) = P(e'® > €' < e EetX | (2.13)

Let t = ¢/(bmZ+ce)(n—qr), then te(n—qr) = ce/(5mi+ce) = § < 1. We now apply inequality

(2.13) to R, with ¢ given as above and a = ne/5
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P (Rn > n_e) < e te/S petlin

—tne o °

< e ine/5 <1+Z;{E|Rn|s>

< —-tnc/5 (1+Z n—qr s P QS'm%)
~tne/5 2 2,2 1
€ 1+t(n—qr) m2-~1—_—5

< ex 9t 14—

= TPATEGmI 1 ) 5(5m2 + ce) )

Hence,
P<1R|>’—’E><2 TR Py SR (2.14)
"5 )" 5(5m3 + ce) P 5(5m3 + ce) '

Next, let co = my + 2¢/5, then, by Minkowski’s inequality
X, i=1yrt1 + Collk > co = [[Xn,i—1)r41lle > 2€/5 > 0.

Thus, by Lemma 1.2 of Bosq (1998), there exists a triangular array of independent random

variables {Y,,;}7_; such that Yy ; =4 X (i-1)r+1 and
k
1 Xn (i=1)r+1 T Collr | 2+ _2k_
( 26/5 (e (r)) 77

(1422 (o ()

which together with Bonferronni’s inequality and Bernstein’s inequality, leads to

(lZ gl > 47:,€> (lZlYnz\ > 2QG> zq: <|Ym — Xn,(i-1)r41l > ?5£>

o 2 o )

2
ge
2 - . .
+2exp < 5Gmi T ce)) (2.15)

Thus, Lemma 2.3 follows from (2.12), (2.14), and (2.15). O

IN

2¢
P (IYn,i - Xn,(i—l)r—{—l! > g)

IN

IN

IA
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Lemma 2.4 Assume that a(n) < Cn=F for some C € (0,00) and 8 > 1 and that £ = o(n'/?).

Then we have the following
(i) $uPsci | Fa(@) — Fu(2)] = O(t/m), a.5.
(ii) | Fa(t) = F(t)| = O (n™ 7+ 4% logn) a.s. t € R

(iii) €, =€, + O (n"%+‘S log n) , =640 (n‘%” log n), a.s.
for any 8 € (5/(2+48),1/2), provided that § > 2;

(iv) Moreover, if 3 > 9.5,

Fo(€n) = p+0(n Y (logn)™?), F.(é) =p+0(¢/n+n"Y(logn)"?) a.s.

Proof: For z € R, Let Y;(z) be defined as before, i.e., Y;(z) = I(X; < z). Define the block

average

i=1

| =

Note that U, -, Uy are conditionally i.i.d.. Hence,

F.(z) = E, -iiI(X;‘ < z)}

£—1
> (e—1i) (K(m) + Ynoi1 (1'))} . (2.16)

Then for every 2 € R,

|Fa(2) = Fu(2)| =
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1 £—-1

I+~ -

=1

n— N
N

£-1
9~
N

_o(h) s

Hence, (i) is proved.

IA

Y, (2) (£ = 1) (Ye(@)| + [Yo—is1 (2)])

IN

Next we use Theorem 1.3 of Bosq (1998) to prove (ii). Let

9
0= ——— = ~1/2+6 = 1-26 -1/2
orss " logn, g¢=[n"""(ogn)”/"|+1,n>2.

Then
—qé? < (log n)3/2

8§ = 8
<1+ é)l/? _ O(n1/4—5/2(10g n)”l/Q)

Therefore, we have by Theorem 1.3 of Bosq (1998),

P(|Fu(t) ~ F(t)] > €¢) < 4exp (—%ﬁ) +22 (1 + %)1/2 “ ([;—qD

3/2
texp (_%)

+0 (n1/4-5/2(10g n)—1/2 . n1—26(10g n)—1/2 . n—z‘w(log n)—ﬁ/z)

= O(n™) + O (n?/4=52=2%5 log m)~(+0/2)

IA

= O(n~%) 4 O(n " (logn)~U+8/2)y

implying

ST P(|Fu(t) = F(t)] > 7 /**logn) < oo
n=2

Thus (ii) follows from Borel-Cantelli lemma.
Next consider (iii). Fix a 6 € (5/(2+ 40),1/2), and let v = —(3/2 — § — 26p3) and
er = n~/?*t(logn),n > 3. Note that the lower bound on § implies that v > 1. We apply

Lemma 2.3 to the double array

Xnyj:I(XjS€p+€1)_F(£p+€1)’ ]EZ,TLZL



with ¢ = o~/ (logn)1/2,

2

Thus Lemma

k

2.3 leads to

i

INA
8

3
1l
w

gk

3
Il
w

I
gk

3
I
w

22

g = |n'"%(loglogn)| + 1,n > 3. Then, with p, = F(§, + €),

ms = pp(l = pn)y, M= pl:L(l —pn) + (1l - pn)k' Further,

a Cn? (loglogn)™?

IN

it G
95m2 +be
az (k)

—C(log n)(loglog n)

Cn3/* ¥ (log n) =12,

IA

P(|Fa(&p + 1) = F(§p +e1)| > ¢

9 2k
qge n TE+1
[“1eXp{ 25m§+5e}+“2(k)a" <L;+1J> ]

[0(n72) + 0 (n¥*~5(1og m)~1/2) - =TT . (10g log n) 77

[O(n-—Z) +0 (n—’Y+5k2—+15ﬁ(10g n)—l/? (log log ,n) 2—:?’;‘1‘5)]

< oo, Dby taking k sufficiently large.

Hence, it follows that

o0

n=3

P(fn“§p>fl) <

gk

P(F,(& +e) <p)

3
1t
45

I
]38

P(Fp(§p+a) = F(§+a) <p—F(& +a))

3
1l
@

ok

P(Fo(§p+e) — F(§p +e) < _52}\1} f(z)er)

3
I
w

gk

P(|Fn(&p +€1) = F(§p+e)| > ¢)

AN
8 i
w

(2.17)

This proves the first part of (iii). To prove the second part, note that by (i) and the condition

£ = o(nl/?),

o0

[e.e]

ZP(gn‘£p>€1) .<_ Zp(ﬁn(fp"‘fl)gp)

n=3

n=3



23

< ZP n(&p+ea) S C¢/n) +p)

< ZP(|FH(5P+€1) — F(&+e)| > ¢
n=3

< 0.

Thus (iii) follows from Borel-Cantelli lemma.

To show (iv), first we prove that

o0

> P(Fu(&) = pl 2 n*(logn)™?) < oo

n=2
Let ¢, = n~1/2(logn)=2, 6, =n"%Blogn, n, =n"%2"¥1ogn)=3, m, = [6,/1,], and

Ly =&+ &+ (r+1)m), r=-—mg,---,my Then

I = [&p = 6n, &p + 6] (U Im)ﬂ

r=—mp

if n is large enough. Note that for j > 1 and for any n > 1,

P(X1=X;,X1€Z,) < Y. PX1=X;,X1 €L X;€l,)

< _Z” [(P(Xy € 1)) + dalj - 1)]

> [(dim)* +4a(i - 1)), (2.18)

re=—mn

IA

where di = maxzen, f(z). Also, note that for 8 > 9.5, 5—_:’—45 < %. By part (iii), with § = 1/8,

we have
oo

ST P(€n = & > 6n) < o0

n=2

Hence, by (2.18) and the inequality above,

P(FTb(én) }_ p + €n)

R

3
1
o

Nk

P(X(np)) = = X({n(p+en))))

3
Il
o

[P(X(fnsl) € Tos X(ngl) = -+ = X(inpten))) + PX () £ Tn)]

gk

3
I
N
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S P(3i,je{l,---,n} with j—i>ne —2, suchthat X;=X;€Z,)

n=2

IN

+0(1)

3
|
—

P(Xi=X,,X; € I,) + O(1)

I
K
]

3
i
[ &)
i
—_
.
v
Y
2
o™
3
|
[ %)

NE

3
|

P(Xl = X1+k,X1 € In) +O(1)

Nk

3
1l
I\
-
1f
—
-
1
—
3
a
3
=
|
Y

nP(Xl = Xj,Xl € In) +O(1)

8
NE

3
H
o
<
Il
-
3
&
3
=,
[
—_

< 22 (Z} n| D ()’ + Y da(G-1)[+0(1)
n= j: NeEn 1 r=—Mn r=—mMn

n?(2my, + 1)(din,) +Z Z n(2m, + 1)4a(j — 1) + O(1)

n=2 j=[ne,]~1

CA2 Z n~1(logn)™? + CE n7nn(nen)_ﬁ+1 +0O(1)

n=2

= )+ CZ n~3%log n)[n=%2"1/8(log n) 3]~} [n'/? (log n) ~?]~F*1

Mz

3
i

IA

IN

O(1) +C Z R18/4=(5=1)/21og 1) 2+26
n=2
< o0,

provided that g > 9.5.

Likewise, we may show that

w ~

EP(Fn(fn) Sp_fn) < 00.

n=1 i
Hence, by Bore-Cantelli lemma, we have, for § > 9.5,

Fo(€) = p+0(n~Y*(logn)~?) as.
Using part (i) and similar arguments, we get
Foén) =p+0(/n+n"V?(logn)™?) as.

This completes the proof of Lemma 2.4.
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It follows from the proof above that, unlike in thei.i.d. case, the MBB empirical distribution
function F}(z) for a given € Ris no longer an unbiased estimator of the empirical distribution
function based on the original sample, and the bias depends on the choice of block length £. In
fact, the bound on Lemma 2.4 (i) can be refined as O(v/¢/n) (cf. Gétze and Kiinsch (1996)).

It is known that, when the observations are independent,
=& +0(n Y2 (loglogn)'/?), F,(t) = F(t) + O(n~?(loglog n)}/?).

Lemma 2.4 (ii), (iii) extends these results from the ii.d. set up to the weakly dependent
case. The bounds in those results may be modified to be in the uniform sense by blocking
the random variables, applying the exponential inequality within each block, and then apply-
ing Bonferroni’s inequality to the union of all those blocks. However, we do not pursue such
extensions. These results stated above are sufficient to establish the consistency of the MBB

approximations.

Lemma 2.5 Assume that the a-mizing coefficient of {X;}iez satisfiesa(n) < Cn=f  n>1,
for some positive constant C' and for some 3 > 7.5. Also, suppose that the marginal distribution

function F(z) is continuously differentiable with derivative f(z) in an open neighborhood N,

of &, such that
0 < dy =inf{f(z) : 2 € N} < dy =sup{f(z):2 € N,} < 00.
Then
An = sup |Fe) = F(e) = Fa() +9l = O(n™/?(logn)™%)  a.s., (2-19)

where I,, = [€, — n~%%log n, &, + n=*/logn].

Similar results were obtained by Sen (1972) for ¢-mixing processes and by Babu and Singh

(1978) for a-mixing processes with exponentially decaying coefficients. Lemma 2.5 relaxes the
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weak dependence condition by exploiting the exponential inequality of Lemma 2.3.

Proof: The proof is based on Lemma 2.3, Bonferroni’s inequality, and Borel-Cantelli lemma.

Let
Men =& +Ten, r=0,%£l,-- ,£dp, €= n_l/g(logn)—Q, d, = [nl/s(log n)3] .

We define

Ar,n = Fn(nr,n) - F(nr,n) - F’n(fn) +p1 g(:l?) = FTL(‘T) - F(CC) - Fn(é-p) +p

Then for all 2 € [, Wrt1,0),

9(z) < Fa(rtrn) = F(rn) — Fu(§) +p
< Argpipnt (F(r41,0) = F(nrn)]

S Ar+1,n + d2€n .

Likewise, g(z) > A, , — doep.

Thus,

A, = sup |Fo(z) — F(z) — Fo(&) + pl < max A, + daey, .
z€ln jri<dn

Hence it is enough to show that

—dins%)édn [En(nrn) = F(ep) — Fo(&p) + 9|l < en as. (2.20)

For r = il? t 7———tdn7 we define ‘/j(r) = [I(XJ S nf‘,n) - I(X] S fp)]sign(r), .7 = 17' N,
(

where sign(t) = 1 or —1 according as r is positive or negative. Then er) follows a Bernoulli
(prm) distribution with p,, = EV\") = |F(n, ) — F(&)|- Further,
dln_l/z(log n)_2 < Pron < d2n~3/8 logn

E]Vj(r) - pr,n]k = Pr(l = pr)[(1 - pr,n)k—l +p(:’;1]

< k'E(Vv](r) - pr,n)2 A 2pr,n ’ (221)
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for any integer k > 2. We now apply Lemma 2.3 to the row sum of the triangular array
{\71-(1") :1<j < n}p>1, where
(/j(r) — Vj(v") — Prms

withe=1, e= n—1/2(log n)‘2, m% = prn(l —prn), and mﬁ = pru(l = pra)[(1 _pr,n)k—-l +
pE71]. Choosing ¢ = [n®/3(logn)7]  leads to

0" o1y &
a = —_ S
! q 25m%+5ce

“1(logn)~*
an3/8(] “T+921(1 n_{
n(logn)™ 2|1+ 25dan—1/2(log n)~2 4+ 5n=1/2(log n)~2

IN

< O(n*¥(logn)™");

and
Py
+
a(k) = 1ln|1+ 5m’; )
1
5{2py n] 4T
< lln |14 —F7———
hS nil+ n=1/2(log n)_z)
1
5(dyn=3/8 log n) *+7
s Hefls n=1/2(logn)=2
< O (na/g(log n)2 . (n”3/8 logn) 2k1+1) :
Also
qe? n%/® (log n)"n "' (log n)~*

LN . .
25m2 4+ 5ce ~  50dan—3/8logn + 5n~1/2(logn)~2 ~ Cy(logn)*,

for some C; > 0, if n is sufficiently large. In view of the inequalities above, by Lemma 2.3 we

get

2 2k
ge n 2k+1

S A, k
exp e o) T az(k)n (LH 1J>

O(n®/3(logn)~7) - exp{—Cy(log n)?} + O (n3/2 (logn)? - (n~3/3log n)ﬁ)
—3. =2k
-C (nS/S(log n)_7) Ozt

IN

IN

= 0 (w3 (log m) B+ - (n=/498/%(log ) )57 )
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Hence, by Bonferroni’s inequality,

_ _ -1/2 -2
P(_max  Fa(en) = Flirn) = Fal6y) + 71> n™' /% (logn)~?)

_ L~y
= Py, 2V

> "2 (log n)_2>

< 2dnp(%]f:lv,5j} > "2 (log n)~2)
p=

< 2n'%(logn)®. 0 (n%_ié

? (log )9+ - (n™/498/5(1og n) ) 757 )

Then we have, for 3 > 7.5 and k sufficiently large,

Z P ( max | Fn(n:.n) = F(1lrn) = Fu(&) + 2| > n~*(log ")_2) <00,
n=1

—dn<r<dn

So Borel-Cantelli lemma yields (2.20). This completes the proof of Lemma 2.5.

(2.22)

Lemma 2.6 Let {Wy}n>1 be a sequence of random variables that converge in distribution to

a random variable W with a continuous distribution function G(z). Then

sup |Gr(z) — G(z)| = o(1),
z€R
where G,,(z) is the distribution function of W,,, n=1,2,---
Proof. For any positive integer m, we set

tpm =G Y k/m), k=1,---,m—1,

Tom = —00, Tym = “+00.

Then, by the continuity of G and the definition of convergence in distribution, for £ =

1, ,m—1,
|Gr(tkm) — G(zkm) — 0.

Note also that (2.23) holds trivially for the cases, £ = 0 and k& = m.

For z € (Tk—1,m, Th,m),

Gn(z) — G(7) € Gn(zkm) — G(2) < Gn(Tkm) — G(Tem) + 1/m,

(2.23)
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similarly,

Gn(z) = G(z) > Gr(Tk—1,m) — G(2) > Gn(ZTh-1,m) — G(Zk—1,m) — 1/m.

Hence, for ¢ € (zg—1,m: Zkm), k =1,---,m, we have
|Gn(2) = G(2)] < max |Gn(2km) = G(Tem)| +1/m. (2.24)
Lemma 2.6 follows from (2.23) and (2.24). ad

Proof of Theorem 2.2: By Lemma 2.6 and Theorem 2.1, it is enough to show that for

every = € R,
|P.(VR(E;, = &) < @) — @(2f(&)/00)| = 0(1), as. (2.25)

For1<i< N and z € R,let U;(z) = %Zg;})l(XH_j < z),and let Y;(z) and U}(z) be defined

as before, that is,

Yi(e) =I1(X; < z), Ui(z)=

| =

I4
ZI(X&_1)€+.7'S$)’ izlv”"na izl,---,b.
j=1
Write
in=6+a/Vn.
Then we have

P(Fy(Eata/vn)2p) = P(F;(dn) = EF;(En) 2 p— EuF(80))

b
- P (% S (U (&0) = B3 (30)) > p - ﬁnm)) .

=1

Then by the Berry-Esseen theorem (Feller (1966))

P(F2(3) > p) - ® (ﬁ(p”(i") _ ”’) <
Var Uy (2y,)

3E,|Us (2,) — EJUr (80)]3
Vb(Var Ut (8))3/2

Similarly,

3EL|UT (4n) — ELUY (&)
< .
Vo(VarUr(2,))3/?

P*(F,:(:in) > p) — ¢ (\/I;(Fn(jn) - p))

Var Uy (&)
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Since Pu(F3(8n) > p) < P(vA(E; — &) < 2) < P(Fi(8n) 2 p),

ey <o) | YOUR(E) —p) || o BEUL(80) = ELUF (20)]°

Therefore (2.25) will follow if we can show that

Vb(Fu(&n) — p) - 2f(£,)/000  as.
Var Ul ()

and
E\Ui (&n) — EUS (&5)[°
Vo(VarU; (20))%?

Hence, it is enough to show the following three relations.

=0 a.s.

() vV/r(Fu(3n) —p) = zf(€) as n— o0 as.

[}

(i) zVar Uf(2,) = 05, as n—o00 as.
(iii) 2B |UT (8n) — ELUF(82)P =0 as n— o0 as.

STEP I. Proof of (i):  Note that (i) trivially holds for 2 = 0. Hence suppose that x # 0.
Choose n sufficiently large so that |z] < logn. Also note that for 3 > 9.5, Lemma 2.4 (iii)

implies that
lén —&| = 0(12_3/8 logn), |&n,—&l|= o(n_3/8 logn), a.s.

Thus, Lemma 2.5 yields
|Fa(2n) = Fu(€:) = F(&n) + F(&)| = O(n"Y*(logn)™%)  as.,

which, together-with Lemma 2.4, leads to

Fo(8,) —p = [Fa(@n) — Fa(Ga)]+ [Fu(€n) — 1]
= [Ful(in) — Fo(&) + O(¢/n)] + O(¢/n + n~"/*(log n)™?)
= [Fa(én) — Fa(&) = F(&n) + F(€)] + [F(#a) — F(£)]
+0(£/n +n~?(log n)~2)
= O(n*(logn)™?) +[F(&x) - F(€x)] + O(¢/n +n™"/(logn)~?)

= f(én)m/\/ﬁ—i—o(n_lﬂ) a.s. (2.26)
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where ¢, € (én A, EnV &,). Hence, by part (iii) of Lemma 2.4 and the assumption that f(z)

is continuous on A, (a neighborhood of &), v/n(Fu(2,) — p) = 2f(&,) + o(1) a.s. Thus, (i) is

proved.

STEP II. Proof of (i1): By definition,

Var. (U7 (&r))

DA F (@) . (2.27)

Let &g = ﬁ. Note that § > 9.5 implies §y < %. Given £ = O(n%‘") for some n € (do, -;—), we

fix a 8y € (8o, A %) and define two sequences of real numbers {1 }n>1 and {z,2}n>1 by
Ty, = §p - n_%+517 Tn,2 = fp +n” %+617 n>1. (2'28)

Note that by Lemma 2.4 (iii),

NG
= & +0(n 7t logn) (2.29)

for every 8 € (0o, §). Hence, by (2.28) and (2.29), there exists a set A € F with P(4) = 1 such

that for every w € A, there exists an integer n, € N such that for all n» > n,,

Tny < Tp(w) < T2, (2.30)

which, together with (2.27), implies that for all n > n,,,

N
Var Ui (@) < (N7V Y UR(@n2) = Fa' (1))
=1

and
N ~ 2
Vara (Ui (@n) 2 (NTVY UR(@an) - B (3n2) -
i=1
Since n/bf — 1 as n — o0, it is enough to show that for {zn} = {zn1}, {Tn2},
N ~ 2
¢ (N"lef(zn) - F, (zn)) — 02 as n— oo as. (2.31)
=1

. (F’nZ(lL‘nyg) - F’n?'(xn,l)) = o(l), as m—o00 as. (2.32)
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First, we consider (2.32). Note that by Lemma 2.4, Lemma 2.5, equation (2.28), and by

the smoothness of F in a neighborhood of &,

E‘Fn(znﬂ) - Fn (Tn,1)l

IN

Oy (Tn,2) — Fu(zni)| + 20sup|F,(z) — Fn(z)l

[PAN

U[Fn(n,2) — Fu(€p)] = [Fa(an1) — Fu(&p)ll + O(ez/")
OFn(@n2) — Fa(&p)] — [Fan2) — F(&)]|
HU[Fn(2n,1) = Fn(&p)] = [F(zn1) — F()]

+H|F(2n,2) = F(zn,1)| + O (& /n)

IA

< 20-0(n"Y2(logn)~2) + Cl|zn s — Tn 1| + O /n)
= O(n~%(logn)"2) + O(tn=7+%) + O (£2/n)

= o(l) as,

since £ = O(n%“”) = o(n%“‘sl). Hence, (2.32) follows.

Next consider (2.31). It is easy to verify that
N 5 2
£- (N"l ZUE(:En) - F, (xn))
i=1
N ~
= (N [Ui(en) = F(aa)]? = €Fu(zn) — F(z,)]*. (2.33)
1=1
By Lemma 2.4 (i),
2| F, (2,) — F(an)| = O(%?/n) = 0o(1) a.s.
Also, note that by (2.7) and (2.28),

(E[Uy(z,) — F(z,)]? — 02 as n—oo. (2.34)

Hence, to prove (ii), it remains to show that
N o~ o~
N7 Wi — EWni =o(1) as., (2.35)
1=1
where Wy; = {Ui(z,) — F(z,)]}?. To prove (2.35), we now apply Lemma 2.2 with W,,; =

V~Vn]‘ - EI;an. It is easy to check that for this choice of W,,;’s, wn o < £ and by (2.34), there
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exists a constant C' > 0 such that
wio = E(Ui(es) — F(ea)]?)?
< LE([Ui(zn) — F(za)])
< C¢.

Hence, with d,, = n!/2 and ¢ = 2, by Lemma 2.2, for any ¢ > 0, we have

N
P(IN"VS Wi = EWni] > €)
=1
B Caln/d,)* € )
Cl+ [n/d,)1/2Cle

< C’lexp<

= Cjexp ( - C’(e)n3/4€'1> + C(e)n%'%éﬁé,

L

which is summable over n, as £5 = O(niv) and B > 9.5. This proves (2.35) and hence,
completes the proof of STEP IL

STEP III. Proof of (iii):  Observe that, by STEP II,

na/n ./ n /o 2n/n ./ %/
—,,a‘CE*ivl(xn)—E*Ul @) < %EAUI () = EuUT (£0) 12
pVn

- VarUj (&)

270, 1+ o{1)

— 0 almost surely.

Hence, STEP III is proved, and so the proof of Theorem 2.2 is complete. a

2.4 Simulation Study

For the simulation study, we here focus on investigating the behavior of the MBB estimators

of the sampling distribution of the scaled and centered sample quantile Z, = /n(&, —&,). For

simplicity, we consider the following three models:
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(i) AR(1): Y = 0.4Y;_; + &;
(i) ARMA(L,1): Y:— 0.4Y;_1 = € + 0.3€:—1;
(ilf) MA(1): Y; = € + 0.3€;_1.

In all three models above, we assume that {¢;} are independent N (0, 1) random variables. For
each model, we considered four different values of the sample size n, n = 80, 140, 300, 500. A

brief description of the simulation procedure goes as follows.

Step 1: For a particular model, generate 20, 000 samples of size n and compute the values of

Gn(z) = P(Vn(én = &) < ).

Step 2: Generate 500 data sets of size n and for the m-~th data set, compute the conditional

quantile én,m and the 500 replicates of the MBB version of &,, denoted as

S:wn(l)’ T ’fvt,m(500)v

and then evaluate the corresponding estimate of G, (z):

1 500

Gnm(z) = S IV (5) — nm) < @)
j=1

500

X

P(vn(€, - &) < ),
form=1,---,500.

Step 3: Find the bias and variance of the MBB estimator:

500
1

1as(G,(z)) 200 m=1[ m(Z) ()]
X ] 500 | _ ,
Var(Gn(2)) = 155 m=1[Gn,m(x) — Gn(2)]
SD(Gn(z)) = Var(Ga(z))

MSE(G.(z)) = [Bias(Gn(2))]?+ Var(Gn(z)

RMSE(Ga(z)) = MSE(Gu(z))/(Gn(z))?
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where
500
1

Gn() = o5 mz=1 Grm ().

For AR(1) model and ARMA(1,1) model, we did simulations with block length varying
from 1-15 for all four sample sizes: 80,140,300 and 500. It turned out that MBB estimation
of the sample quantile of the MA(1) model is very different from the other two models in that
much larger block lengths are needed to get good estimations. We simulated MA(1) model
using 15 block lengths between 3-17 for sample sizes 80 and 140. The block lengths used for
sample sizes 300 and 500 are between 20-34 and between 30-44, respectively.

Numerical results are presented in the form of tables and graphs below. As described
in the simulation procedure, for each choice of the sample size n of a given model, the true
value of G, (z) = P(\/_ﬁ(fn — &) < z) in the case of the median, is simulated from 20, 000
samples. The MBB distribution function estimates of G, (z), with a number of block lengths
are calculated from 500 replicates. For simplicity, our simulation study is focused the cases
z=0and z = 1. The SD(-), MSE(:), RMSE(-), and the histograms for MBB estimators
of G, (0) and G,(1) are all based on the same 500 data sets generated from the given model
(cf. Models (i)-(iii}). Tables 2.1-2.6 show the simulation results of the MBB approximations
of G,(z) at z = 0 and = = 1, with the block length that results in the smallest MSE among a
range of values. For example, in AR (1) model (i) estimation, when the sample size is chosen
to be n = 80, the MBB approximation of G,(0) with block length £ = 7 gives the smallest
MSE among the results simulated with block length from 1 to 15 (cf. Figure 2.3), and the
bias, SD, MSE, RMSE are —0.0397, 0.0332, 0.0027, 0.5078, 0.0053, respectively. The
corresponding histogram of the 500 MBB estimates is given in the top left of Figure 2.1. The
rest of the tables and histograms are presented in the same manner. Figures 2.3, 2.4 show
respectively, how the MSEs of the MBB distribution function estimators of G,(0) and G,(1)
for the AR(1) model vary with different combinations of of sample sizes and block lengths.

For all the MBB distribution estimators of the given models, as the sample size increases,

the MSEs get closer to zero under all three models, which supports our theoretical findings.
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Table 2.1 Distribution approximation of G, (0) for AR(1) Model (i) in the
case of the median, based on 500 MBB replicates.

n /£ Bias SD MSE  True G,(0) RMSE
8 7 -0.0397 0.0332 0.0027 0.5078 0.0105
140 1 -0.0290 0.0224 0.0014 0.5068 0.0055
300 13 -0.0195 0.0245 0.0010 0.5025 0.0040
500 9 -0.0159 0.0245 0.0008 0.5032 0.0032

Table 2.2 Distribution approximation of G, (0) for ARMA(1,1) Model (ii) in
the case of the median, based on 500 MBB replicates.

n_ ¢ Bias SD  MSE True G,(0) RMSE
80 7 -0.0403 0.0361 0.0029  0.5022  0.0115
140 1 -0.0204 0.0245 0.0010 05010  0.0040
300 13 -0.0206 0.0245 6.0011 0.5006 0.0044
500 9 -0.0212 0.0245 0.0010  0.5042  0.0039

Table 2.3 Distribution approximation of G, (0) for MA(1) Model (iii) in the
case of the median, based on 500 MBB replicates.

n ¢ Bias SD MSE  True G,(0) RMSE
80 7 -0.0471 0.0424 0.0040 0.4990 0.0161
140 9 -0.0430 0.0332 0.0029 0.5019 0.0115
300 31 -0.0292 0.0316 0.0018 0.4974 0.0073
500 37 -0.0235 0.0265 0.0013 0.4999 0.0052
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Table 2.4 Distribution approximation of G(1) for AR(1) Model (i) in the
case of the median, based on 500 MBB replicates.

n Bias SD MSE  True G,(1) RMSE

4
80 6 -0.0114 0.1091 0.0120 0.7098 0.0169
140 5 -0.0133 0.0922 0.0087 0.7110 0.0122
300 8 -0.0075 0.0775 0.0061 0.7064 0.0086
500 5 -0.0021 0.0671 0.0045 0.7084 0.0064

Table 2.5 Distribution approximation of G, (1) for ARMA(1,1) Model (ii) in
the case of the median, based on 500 MBB replicates.

n Bias SD MSE  True G,(1) RMSE

14
80 5 -0.0310 0.1269 0.0170 0.7659 0.0222
140 1 0.0101 0.0959 0.0093 0.7687 0.0121
300 2 -0.009 0.0854 0.0074 0.7690 0.0096
500 4 -0.0141 0.0742 0.0057 0.7658 0.0074

Table 2.6 Distribution approximation of G, (1) for MA(1) Model (iii) in the
case of the median, based on 500 MBB replicates.

n £ Bias SD MSE True Gn(1) RMSE
80 14 -0.0246 0.1304 0.0176  0.8294  0.0212
140 11 -0.0337 0.1109 0.0135  0.8283  0.0163
300 22 -0.0221 0.1015 0.0107  0.8282  0.0129
500 36 -0.0179 0.0889 0.0082  0.8292  0.0099
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Figure 2.1 Histograms of distribution function estimates of G, (0) for AR(1)
model (i) in the case of the median. All the histograms are based
on 500 MBB replicates. They are from different combinations of
sample sizes and block lengths: (1) n = 80, £ = 7 (top left); (2)
n = 140, £ = 1 (top right); (3) n = 300, £ = 13 (bottom left); (4)
n = 500, £ = 9 (bottom right).
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Figure 2.2 Histograms of distribution function estimates of G,(1) for AR(1)
model (i) in the case of the median. All the histograms are based
on 500 MBB replicates. They are from different combinations of
sample sizes and block lengths: (1) n = 80, £ = 6 (top left); (2)
n = 140, £ = 5 (top right); (3) n = 300, £ = 8 (bottom left); (4)
n = 500, £ =5 (bottom right).
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Figure 2.3 Block length impact on the MSE of the distribution function
estimation of G,,(0) for AR(1) model (i) in the case of the median,
based on 500 MBB replicates. The solid and dotted lines are for
sample size n = 80, and n = 140 respectively, while the dashed
lines denote respectively the MBB approximation with sample
size n = 300 and n = 500. In each case, the block length varies
from 1 to 15.
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Figure 2.4 Block length impact on the MSE of the distribution function
estimation of G,,(1) for AR(1) model (i) in the case of the median,
based on 500 MBB replicates. The solid and dotted lines are for
sample size n = 80, and n = 140 respectively, while the dashed
lines denote respectively the MBB approximation with sample
size n = 300 and n = 500. In each case, the block length varies
from 1 to 15.
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Figure 2.5 Histograms of distribution function estimates of G,(0) for
ARMA(1,1) model (ii) in the case of the median. All the his-
tograms are based on 500 MBB replicates. They are from differ-
ent combinations of sample sizes and block lengths: (1) n = 80,
£ =7 (top left); (2) »n = 140, £ = 1 (top right); (3) » = 300,

= 13 (bottom left); (4) n = 500, £ = 9 (bottom right).
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Figure 2.6 Histograms of distribution function estimates of G,(1) for
ARMA(1,1) model (ii) in the case of the median. All the his-
tograms are based on 500 MBB replicates. They are from differ-
ent combinations of sample sizes and block lengths: (1) n = 80,
£ =5 (top left); (2) n = 140, £ = 1 (top right); (3) » = 300, £ = 2
(bottom left); (4) n = 500, £ = 4 (bottom right).
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Figure 2.7 Block length impact on the MSE of the distribution function
estimation of G, (0) for ARMA(1,1) model (ii) in the case of the
median, based on 500 MBB replicates. The solid and dotted lines
are for sample size n = 80, and n = 140 respectively, while the
dashed lines denote respectively the MBB approximation with

sample size n = 300 and n = 500. In each case, the block length
varies from 1 to 15.
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Figure 2.8 Block length impact on the MSE of the distribution function
estimation of G, (1) for ARMA(1,1) model (ii) in the case of the
median, based on 500 MBB replicates. The solid and dotted lines
are for sample size n = 80, and n = 140 respectively, while the
dashed lines denote respectively the MBB approximation with
sample size n = 300 and n = 500. In each case, the block length
varies from 1 to 15.
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Figure 2.9 Histograms of distribution function estimates of G,(0) for MA (1)
model (iii) in the case of the median. All the histograms are based
on 500 MBB replicates. They are from different combinations of
sample sizes and block lengths: (1) n = 80, £ =7 (top left); (2)
n = 140, £ = 9 (top right); (3) n = 300, £ = 31 (bottom left); (4)
n = 500, £ = 37 (bottom right).
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Figure 2.10 Histograms of distribution function estimates of G,(1) for
MA(1) model (iii) in the case of the median. All the histograms
are based on 500 MBB replicates. They are from different com-
binations of sample sizes and block lengths: (1) n = 80, £ = 14
(top left); (2) n = 140, £ = 11 (top right); (3) » = 300, £ = 22
(bottom left); (4) » = 500, £ = 36 (bottom right).
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Figure 2.11 Block length impact on the MSE of the distribution function
estimation of G,(0) for MA(1) model (iii) in the case of the
median, based on 500 MBB replicates. The plot on the top is
for sample size n = 80, while the one at the bottom denotes the
MBB approximation for sample size » = 140. In both cases,
block length varies from 3 to 17.




MSE of Dist. Est.80
0.018 0.020 0.022

MSE of Dist. Est.140
0.0135 0.0145 0.0155

49

Distribution Estimation

MA(1): ma=0.3
4 6 8 10 12 14 16
block.length
4 6 8 10 12 14 16
block.length

Figure 2.12 Block length impact on the MSE of the distribution function
estimation of G,(1) for MA(1) model (iii) in the case of the
median, based on 500 MBB replicates. The plot on the top is
for sample size n = 80, while the one at the bottom denotes the
MBB approximation for sample size n = 140. In both cases,
block length varies from 3 to 17.



MSE of Dist. Est.300

MSE of Dist. Est.500

0.0014

0.0030  0.0040

0.0020

0.0026

0.0020

50

Distribution Estimation
A(1): ma=0.3

20 22 24 26 28 30 32
block.length

Distribution Estimation
MA(1): ma=0.3

block.length

Figure 2.13 Block length impact on the MSE of the distribution function
estimation of G,(0) for MA(1) model (iii) in the case of the
median, based on 500 MBB replicates. The plot on the top is
for sample size n = 300 with block length varying from 20 to 34,
while the one at the bottom denotes the MBB approximation
for sample size n = 500 with block length varying from 30 to
44.
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Figure 2.14 Block length impact on the MSE of the distribution function
estimation of G,(1) for MA(1) model (iii) in the case of the
median, based on 500 MBB replicates. The plot on the top is
for sample size n = 300 with block length varying from 20 to 34,
while the one at the bottom denotes the MBB approximation
for sample size n = 500 with block length varying from 30 to
44.
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CHAPTER 3 MBB VARIANCE ESTIMATION

3.1 Introduction

In this chapter, we investigate consistency properties of the moving block bootstrap (MBB)
estimator of the asymptotic variances of the normalized sample quantiles based on weakly
dependent data. In order to get critical values used for constructing confidence intervals or
doing hypothesis testing, one needs to estimate the asymptotic variances. As pointed out
earlier, traditional resampling methods, such as the Jackknife method does not provide a
consistent estimator of the asymptotic variances of the sample quantiles. However, under mild
weak dependence conditions and mild smoothness conditions on the one-dimensional marginal
distribution function, we show that the moving block bootstrap variance estimator is strongly
consistent.

As indicated in Section 1.1, for both i.i.d. and weakly dependent situations, the asymptotic
variances of the normalized sample quantiles involve the value of the unknown (marginal)
population density evaluated at the unknown population quantile. There have been a variety
of density function estimation methods. Among those are kernel density estimation, histogram
estimation, and spline estimation method. In the i.i.d. set up, a simple consistent estimator

of 1/ f(&,) was proposed by Siddiqui (1960), and Bloch and Gastwirth (1968). It is defined as

Sm,n = (n/2m) (X'n,,r+m - Xn,r—m) ’

where r = r(n) = |[np| + 1, m = m(n) — oco. Here X, ; denotes the k-th order statistics.
This variance estimator is based on the difference of two order statistics that are 2m apart.
m is a smoothing parameter. Hall and Sheather (1988) studied the distribution of the sample

quantile studentized by using the Siddiqui-Bloch-Gastwirth estimator of 1/f(€,). Another
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alternative is bootstrap variance estimation. In fact, one of the most appealing characteristics
of the bootstrap method is its ability and simplicity to produce variance estimation in some
complicated problems by use of Monte Carlo simulation technique. In terms of theoretical
development, Ghosh, Parr, Singh and Babu (1984) established the strong consistency result
of Efron’s bootstrap variance estimator of the sample quantile based on i.i.d. observations.
Further, Hall and Martin (1988) found that the exact convergence rate of Efron’s bootstrap
quantile variance estimator is of order O,(n~1/4).

We note that, compared to the independent case, the asymptotic variance of Z,, = \/ﬁ(fn -
&p) under dependence is more complicated, involving the infinite sum

> Cov(I(X1 £ &), I (Xin1 < &)
1€Z

of lag-covariances and the density function of X; at &,. Even for a direct plug-in estimation
of the asymptotic variance, it is evident that the user would have to employ different non-
parametric functional estimation techniques for the numerator and the denominator of 72 (cf.
(1.3)), and specify smoothing parameters for each component (cf. Chen and Tang (2004)). In
comparison, the MBB provides a unified way of approximating both parts of the asymptotic
variance consistently using a single smoothing parameter, viz., the block-size variable ¢, for a
wide range of possible values of £ and under very weak smoothness conditions on F.

The layout of this chapter is as follows. In Section 3.2, we establish the consistency result of
MBB estimators to the asymptotic variance of the scaled sample quantile. A small simulation

study is presented in Section 3.3.

3.2 Consistency of the MBB Variance Estimator

The main result of this section shows that under some mild conditions, the MBB estimator
72 of the asymptotic variance of the centered and scaled p-th sample quantile is strongly
consistent. Recall that 72 is the conditional variance of the MBB version of the centered and

scaled p-th sample quantile based on block length £, i.e.,

"3 =Var.(Z;),
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where Z* = /n(£*x - &,) is defined as in (1.6) of Chapter 1. Also, recall that a(n) denotes the
strong mixing coefficient of the stationary process {X,}nez as defined in Section 1.2.2. The

main theorem of this chapter is stated as follows.

Theorem 3.1 Assume that a(n) < Cn? for some C € (0,00) and § > 9.5, and that { =
O(n/2=") for some n € (5/(2+ 48),1/2). Also assume that for 0 < p < 1, F has a positive

and continuous derivative f in a neighborhood N, of & with f(&,) > 0, and

E|Xh|* < o0 for some a>0. (3.1)
Then
2= Van(Va(g; — &) 2 1% e,
where
2= 3 Conl(I(X: < F7 (), I(Xip < F7 () ]/ 1H(F 7 (9)

Theorem 3.1 shows that under some mild conditions, the MBB estimator 72 of the asymp-
totic variance of the centered and scaled p-th sample quantile is strongly consistent. This is an
extension of the important result of Ghosh, Parr, Singh and Babu (1984) on strong consistency
of bootstrap variance estimator, from the i.i.d. set up to the weakly dependent case. Note that
unlike the distribution function estimation problem treated in Chapter 2, for the consistency
of the MBB variance estimator, we impose a mild moment condition, given by (3.1). It can
be shown that (3.1) is a necessary condition for the validity of Theorem 3.1, i.e., the MBB

variance estimator need not be consistent if (3.1) fails.

For proving Theorem 3.1, we need two lemmas that are standard facts from probability

theory. We include them for the sake of completeness.

Lemma 3.1 Let {Wy}n>1 be a sequence of random variables that converges in distribution to a

random variable Wy. Let r be a positive integer. Ifsup{E|W,|"**:n > 1} < oo for some ¢>
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0, then forany 1 <s <,

E|Wo|* < 00, and E|W,|° = E|W|*.

Proof: For s € [1,r], by Skorohod Embedding Theorem (cf. Billingsley (1995), Theorem
25.6), there exists a probability space (2, F, P) and a sequence of random variables {V}, s}n>0
defined on (Q,F, P) such that V, ; has the same distribution as W] , for all n > 0 and

Vin,s = Vo5 for each w € Q2. Then, we have

Jim. sup /|vn,s[>t|V“'SldP = Jlim igle|Vn,s|I(IVn,s|>t)

= lim sup E|W, |’ I(|W,|° > t)
t—00 nzl

< lim sup (E|Wa| )" (W, > £1/%)

t1/ ¢ my00 n>1

s/(r+¢)
= lim sup / |W,|"tedP
t1/500 n>1 \J|Wy|>tl/e

= 0.

The last equality follows from the condition sup{E|W,|"*¢ : n > 1} < co and the monotone
convergence theorem (cf. Billingsley (1995), Theorem 16.2). Thus, {V4 s}n>1 is uniformly
integrable and converges to random variable Vj ;. Then Theorem 16.14 of Billingsley (1995)
implies that

E\Vos <00, and E|V, | — E|Vyl.

Hence,

E|Wo|* < 00, and E[W,|° = E[Wy|*.

Lemma 3.1 is proved. ]

Lemma 3.2 Let {X,}iez be a strictly stationary sequence with E|X;|* < oo for some a > 0.

Then

(Xl + 1 Xmyh/n/* =0 as.
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where X (1) = min{Xy, -, Xn}, Xny=max{Xy, -, Xn}.

Proof: The proof uses standard arguments as in Gosh, Parr, Singh, and Babu (1984). They
showed the same result in the ii.d. case. Note that (cf. Corollary 4.1.3, Chow and Teicher

(1997)) for any random variable X and any r € (0, 00),

STP(X| > M) < EIXIT <Y P(la] > 0ty
n=1 n=0

Then, for every € > 0,
P(IX4] > entl) < Blem1 X4 < oo,

s

n=1

since F|X;|* < oco. And, by stationarity,

3" P(Xal > en?®) = 3" P(1Xy]| 2 en!/?) < o0
n=1 n=1

Thus, Borel-Cantelli lemma implies that, for any arbitrary € > 0, | X,| < en!/® a.s., except for

finitely many n’s. Hence,

(I X)) + IX(n)])/nl/a —0 a.s.,

which concludes the proof of Lemma 3.2. 0

Proof of Theorem 3.1: By Theorem 2.1 and Theorem 2.2
Vg = &) =7 N(0,0%/17(&)) as.
Hence, by Lemma 3.1, it suffices to show that for some § > 0,
it;};{E*|Z;|2+5} < oo as., (3.2)
where Z2 = \/n(&; — &) . For 2 > 0, we define
HY(z)=P.(Z} > ), H;(x)=P.(Z;<-z).

Then,
E*}Z;Z|2+5:/ PA|Z52 > 2)de
0
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_ /°° P.(122] > «M/#)da
0
= (2+6)/ x1+5P*(|Z;:| > z)dz
0

(2+9) [/OOO e HY (2)de + /OOO AR (x)dx] .

Hence (3.2) will follow from
/OOO A (2)de < 0 as.
By Lemma 3.2 and part (iii) of Lemma 2.4, we get
1zl = W& - &)l
< Gl 4 P 4 0t Pl — Gl
= 2n!/2. o) + n*/? . 6(1)
= o(n'/?*V/%) as.,

which implies that, almost surely,

For 1 < z < 00, we have

Hi(z) = P& > & +a/vn)

Pu(F;(%n) < p)

IN

Pu(Fy (&) = Fu(#n) < p = Fa(in)) -

By (2.26), for 1 < z < logn, n sufficiently large

p—Fuldn) = ——j—ﬁf(en)w(n—”z)

< —d1% + o(n~1/?)

x
< —A— as.,

n

HX(z)=0, forall z> nsta , provided n is large enough.

(3.3)

(3.6)

where 0 < dy = inf{f(z) : 2 € NMp}, 0 < A < dy and €, € (€n A &, En V &,). Hence, for

0 <z <logn, (3.5) and (3.6) yield that, for n large enough

HY(z) < Pu(F;(&n) = Fala) < —Az/v/n)

< P|F;(80) = Fal@n)| 2 Az/Vn)  as.
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We now apply Corollary 1 of Fuk and Nagaev (1971) and then use Taylor’s expansion to get

an upper bound for A} (2). Recall that

Ul (z) =

|

{
SN I(Xp;<m), i=1,---,b.
i=1

And for notational simplicity, we write U* = U7(%,),t = 1,...,b. By (ii) in the proof of

Theorem 2.2,

62 = %Var*(Ul*) — 02 as n— 00 as. (3.8)

Hence, using Taylor’s expansion of the function g(y) = log(1 + y) around y = 0, we get,

uniformly for z € [1,logn], and sufficiently large n ,
Pu(|Fy(8n) = Fu(24)| 2 Az/+/n)
b
x
= P, *— EUY| > bA—
(5ot - 2o 264 %
Azb
Axb N
— | —= +bVar. (U _—
NG <\/ﬁ +ovar (Ul)) log (bVar*(Uf) t 1)}

1=1
Az/n Az\/n  né? Alz
oA (5 B )

INA

[e)

il

gl

—

| o
8
<

IA

I
Q
@
e

o

< (Cexp

< Cexp {— /;rw; + 0(1)}
A?z?
{ } a.s., (3.9)

where the last two steps follow from (3.8) and the condition £ = O(n!/2-7),

Next, let an, = 20001/(1/2+ 1/a)(2+ 6) logn/A, with A as in (3.6). Then, a, < logn for

sufficiently large n. Define

an . nlf2+1/a )
Iy = sup HF ()2 tidz, Ip= sup/ HY (2)2'*dz .
np1J1 n>1Jan

We have, by (3.4),

sup [ HF(2)<1/@+8)+ L+ 1.

n>1J0
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By (3.7) and (3.9),

I, = su o f;['l' 2 1+5d < o _A2..2 2 146 _
1 nzgl) 1 () a;_ig}; 1 exp{ Az /(4000)}37 dz =0(1) a.s.

Next, note that H;f(z) is nondecreasing in = € (0,00). Then

nl/241/a
I, = sup 0 (2)z*toda
n>1Jan
nl/2+1/a
< sup HY (a,)e* oda
n>1Jan
pl/241/a
< su exp{—A%a2/(02) 2T
< s f p{-A%a}/(0%)}a!+ds
nl/2+1/a 2
— 2
= i?l)/an exp{—A (000\/(1/2+1/a)(2+5) logn/A) /(GZO)}x1+5dx
pli241/a
_ Sup/ = (1/241/0)(248) , 148 4,
nZl Gn
< C(5) as.

Therefore

o ~
sup/ HF(2)e'dz < 00 as.
n>1J0

Similarly, we may show that

sup [ H7(z)e'td(z) < o a.s.
n>1J0

Thus (3.3) is proved. This completes the proof of Theorem 3.1. O

We conclude this section with several remarks.

Remark 3.1 Note that in addition to the regularity conditions of Theorem 2.2, we require
the moment condition (8.1) for the validity of Theorem 3.1. It can be shown that, as in the
independent case, (strong) consistency of the MBB variance estimator does not hold without

the moment condition (3.1).

Remark 3.2 It is worth noting that, unlike the distribution function estimation problem, the

centering of the bootstrap sample quantile &}, at £, is of no importance. This is because the
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MBB variance estimator, being the conditional variance of Z7, equals niVar.(€)), which does

not involve the centering variable &,.

Remark 3.3 In this work, we focus on only one of many available block bootstrap methods,
namely, the MBB method of Kinsch (1989) and Liu and Singh (1992). It is not difficult to
show that the conclusions of Theorem 3.1 and Theorem 2.2 also remain valid for the circular
block bootstrap (CBB) method of Politis and Romano (1992) and the nonoverlapping block
bootstrap (NBB) method of Carlstein (1986) under ezactly the same sets of conditions on the
marginal distribution function F and on the block size {. Indeed, for the CBB method, analogs
of Theorem 3.1 and Theorem 2.2 can be proved by using the main steps used in the proofs of
Theorem 3.1 and Theorem 2.2 and using an estimate of the difference between the MBB and
the CBB moments (cf. (5.10), pp. 129, Lahiri (2003)) involving certain indicator variables.
The proofs for the NBB method are simpler (because of the absence of the extra dependence
of the overlapping MBB blocks in the NBB blocks). In this case, Theorem 3.1 and Theorem
2.2 follow from straight-forward modifications of the arguments presented in Section 3.2 and

Section 2.3. We omit the routine details.

Remark 3.4 We also mention that, like the sample mean, resampling a single data value at a
time, as done in Efron (1979) for independent data, fails to provide a valid approximation for
the sample quantiles under dependence. In view of the dependence of the asymptotic variance of
Z,, on lag-covariances of arbitrarily high order (cf. (1.8)), it is clear that the MBB, the CBB,
and the NBB methods with a bounded block size can not account for all such lag covariances

and will, therefore, be inconsistent.

3.3 Simulation Study

For the MBB variance estimation, we use the same models as in the MBB approximation
to the distribution which was studied in Chapter 2. We also follow the similar simulation

procedure as well.
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Step 1: Select a model and generate 20, 000 samples of size n and simulate the values of
ol =n-Var(é,)

Step 2: Generate 500 MBB data sets of size n and for the m-th data set, compute the 500

replicates of the MBB version of én, denoted as

E;,m(1)7 T agv’;,m(soo) )

and then evaluate the MBB estimate of o2:

500
1

2n®) = 11 Enl) - Em)]

Jj=1
~ n-Vard€), m=1,.--,500,

where
500
1

é:).,m = '566"12 f;,m(J) .

=1

Step 3: Find the bias and variance of the MBB estimators:

Bias(62(0) = 55 Y (63(0) —03)
e

Var(h(0) = 555 2 [07m(0) - 52O

SD(()) = /Var(62(4))

MSE(@2() = [Bias(62(0)]* + Var(52(6))

RMSE(82(f)) = MSE(52(£)/(02)?,

where

) 1 .
O =55 Y 62n(0).

The simulation for the MBB variance estimation is based on the same 500 data sets used in
the distribution function estimations treated in Chapter 1, and the results are here presented
exactly in the same manner as that of the MBB distribution function estimation in Section

2.4. Again, as we may see from the tables and graphs below, the numerical results support



62

the consistency result of the MBB variance estimator of the normalized sample quantile under
weak dependence.

It is also worth mentioning that the optimal block lengths may differ for different estimation
problems. There have been some studies about the choice of the optimal block length. See
Lahiri et al. (2003), Hall et al. (1995), and Biihlmann and Kiinsch (1999). Here, we consider
the effect of different block size on the MBB variance estimators for the three models described
above. It appears that the optimal block size greatly depends on the model. For the AR(1)
and the ARMA (1,1) models, a relatively smaller block size (between 1-6) tends to perform
better, while for the MA(1) model, a choice of block length in the range 7-9 for n = 80 and

n = 140 seems to have small MSE values.
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Table 3.1 Variance estimation of o2 for AR(1) Model (i) in the case of the
median, based on 500 MBB replicates.

n ( Bias SD MSE True 02 RMSE
80 3 -0.6523 1.3011 2.1184 3.3911 0.1842
140 4 -0.5366 1.1794 1.6789 3.4533 0.1408
300 5 -0.3873 1.0467 1.2456 3.4800 0.1029
500 6 -0.3092 0.9449 0.9884 3.4813 0.0816

Table 3.2 Variance estimation of 02 for ARMA(1,1) Model (ii) in the case
of the median, based on 500 MBB replicates.

n £ Bias SD MSE Trueo? RMSE
80 1 -0.1171 0.8170 0.6812 1.8954 0.1896
140 1 -0.1612 0.7187 0.5426 1.9064 0.1493
300 1 -0.2202 0.6223 0.4358 1.9331 0.1166
500 2 -0.1678 0.5833 0.3683 1.9354 0.0983

Table 3.3 Variance estimation of 02 for MA(1) Model (iii) in the case of the
median, based on 500 MBB replicates.

n £ Bias SD MSE True 62 RMSE
80 9 0.0291 0.6813 0.4652 1.0859 0.4284
140 7 0.0797 0.5688 0.3299 1.1061 0.2983
300 22 0.0224 0.5220 0.2730 1.0900 0.2505
500 36 -0.0016 0.4973 0.2473 1.0856 0.2278
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Figure 3.1 Histograms of the variance estimates of o2 for AR(1) model (i)
in the case of the median. All the histograms are based on 500
MBB replicates. They are from different combinations of sample
sizes and block lengths: (1) n = 80, £ = 3 (top left); (2) n = 140,
£ = 4 (top right); (3) n = 300, £ =5 (bottom left); (4) n = 500,
£ = 6 (bottom right).
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Figure 3.2 Block length impact on the MSE of the variance estimation of
o? for AR(1) model (i) in the case of the median, based on 500
MBB replicates. The solid and dotted lines are for sample size
n = 80, and n = 140 respectively, while the dashed lines denote
respectively the MBB approximation with sample size n = 300
and n = 500. In each case, the block length varies from 1 to 15.




120

0 20 40 60 80

100 150

50

66

(=]
o
(=]
©
(o]
[3o]
[=]
<
o
(oY
o -

0 1 2 3 4 5 0 1 2 3 4
arma.var.80 arma.var.140
o
)
[w)
e
o
n
o ——
0 1 2 3 4 1 2 3 4
arma.var.300 arma.var.500

Figure 3.3 Histograms of the variance estimates of o2 for ARMA(1,1) model
(ii) in the case of the median. All the histograms are based on
500 MBB replicates. They are from different combinations of
sample sizes and block lengths: (1) n = 80, £ = 1 (top left); (2)
n = 140, £ = 1 (top right); (3) n = 300, £ = 1 (bottom left); (4)
n = 500, £ = 2 (bottom right).
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Figure 3.4 Block length impact on the MSE of the variance estimation of o2
for ARMA(1,1) model (ii) in the case of the median, based on 500
MBB replicates. The solid and dotted lines are for sample size
n = 80, and n = 140 respectively, while the dashed lines denote
respectively the MBB approximation with sample size n = 300
and n = 500. In each case, the block length varies from 1 to 15.
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Figure 3.5 Histograms of the variance estimates of o2 for MA(1) model (iii)
in the case of the median. All the histograms are based on 500
MBB replicates. They are from different combinations of sample
sizes and block lengths: (1) n = 80, £ = 9 (top left); (2) n = 140,
£ =7 (top right); (3) n = 300, £ = 22 (bottom left); (4) n = 500,
£ = 36 (bottom right).
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Figure 3.6 Block length impact on the MSE of the variance estimation of
o2 for MA(1) model (iii) in the case of the median, based on 500
MBB replicates. The plot on the top is for sample size n = 80,
while the one at the bottom denotes the MBB approximation for

sample size n = 140. In both cases, block length varies from 3 to
17.
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Figure 3.7 Block length impact on the MSE of the variance estimation of
o2 for MA(1) model (iii) in the case of the median, based on 500
MBB replicates. The plot on the top is for sample size n = 300
with block length varying from 20 to 34, while the one at the
bottom denotes the MBB approximation for sample size n = 500
with block length varying from 30 to 44.
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CHAPTER 4 A BERRY-ESSEEN THEOREM

4.1 Introduction

This chapter proves a Berry-Esseen Theorem for sample quantile of strongly-mixing random
variables under a polynomial mixing rate. When the process {X,}:ez is strongly mixing (see
Section 4.2 for a definition) at a polynomial rate and F is differentiable at F~!(p) with a

positive derivative f(F~1(p)) > 0, it is known (cf. Theorem 2.1) that
Va(F (p) - F7H(p)) = N(0,72) (4.1)

as n — 0o, where 72, is defined as in (1.3).
The main result of this chapter (cf. Theorem 4.1) refines (4.1) by specifying the rate of
normal approximation to the distribution of \/n(F;1(p) — F~1(p)). More precisely, it is shown

that under appropriate regularity conditions set forth in Section 4.2,

sup |P(/a(F7 (p) = F71(p) < @) = 8(2/700)] = O(n™/?) as n— o0 (4.2)

Thus, as in the independence case, the rate of normal approximation is shown to be
O(n~1/2) as n — oo, and hence, the Berry-Esseen Theorem holds for the sample quantile
for strongly mixing random variables under the conditions of Section 4.2. This is in marked
contrast to the case of the sample mean of strongly mixing random variables, where a Berry-
Esseen Theorem with the rate O(n“l/ 2} of normal approximation is not available. The best
possible rate for sums of strongly mixing random variables with an exponentially decaying
mixing coefficient is only O(n~1/2(log n)°) for some suitable ¢ > 0 (cf. Tikomirov(1980), Das-
gupta(1989)). For processes satisfying stronger forms of dependence conditions like S-mixing
or ¢-mixing, (cf. Donkhan (1984)), a generalization of this result is recently obtained by Ben-

tkus, G6tze and Tikhomirov (1997) for U-statistics, but still with the rate O(n~'/2(log n)°) for
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some ¢ > 0. Although validity of the Berry-Esseen Theorem with rate O(n~1/2) for sample
sums of strongly-mixing random variables remains unsolved, Theorem 4.1 below establishes
the desired optimal rate O(n‘l/ %) for the sample quantile, as in the independent case (cf. Reiss
(1974)). The proof refines and adopts some of the arguments developed by Gétze and Hipp
(1983) and Lahiri (1993, 1996a) for deriving Edgeworth expansion for sums of strongly mixing
random variables and also crucially exploits properties of the probability integral transform
F;71(-) of the empirical distribution function (edf) F, that allows one to approximate the
distribution function (df) of F!(p) in terms of those of (normalized) sums of certain lattice
random variables. The rest of this chapter is organized as follows. In Section 4.2, we state the

conditions and the main result. Technical details are provided in Section 4.3.

4.2 Conditions and the Main Result

We establish the main result of this chapter under a general framework introduced in the
seminal paper of Gotze and Hipp (1983). Suppose that the random variables {X; : i € Z} are
defined on a probability space (R, F, P) and that {D; : i € Z} is a collection of sub-o-fields of
F. For —o0 < a < b < oo, let DY = o({D; : i € [a,b]N Z}) denote the o-field generated by

{Di,a < i< b,i € Z}. We shall make use of the following conditions:
(C.1)
(i) F is differentiable in a neighborhood N, of £, with derivative f(z) such that
0 < inf{f(z):z € N} <sup{f(z):z € Np} < o0,
where &, = F~1(p).
(i) 02 = Tiez Cov(I (X1 < &), I(Xi41 < &) € (0,00).

(C.2) There exist constants d € (0,1) and og > 12 such that, for all n > 1,

a(n)

sup{|P(ANB) — P(A)P(B)| : A€ D_,B € DX,,i € Z}

IN

i (4.3)
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(C.3) There exist constants d € (0,1) and Gy > 12 such that X! is Di*"-measurable, and

t,n n

forall t € Z and n € N,

B(n) = E|X; - X] | < d7In %0 (4.4)

(C.4) There exist constants d € (0,1) and 7o > 12 such that for all m,n,r € Nand A € DI}

r—m?

|P(AID; :j # 7) = P(AIX;: 0 < |r— | S m4n)| < d 'm0 (4.5)

(C.5) There exist d € (0,1) and sub-o-fields C;,i € Z, of F such that for every i € Z,
o(Dj:j#i)Vo({X;:j#i}) CCiand

P(Gi(&) =1) <p-d, (4.6)

where G;(y) = P(X; < y|C:), y € R.

We now comment on the conditions. Condition (C.1) is a standard condition that is
frequently used to ensure a nondegenerate normal distribution of the p-th sample quantile
under dependence. In the independent case, (C.1)(i) is also almost necessary; see Bahadur
(1966). Conditions (C.2)-(C.4) are similar to the conditions introduced in Gotze and Hipp
(1983) for deriving asymptotic expansion for sums of weakly dependent random vectors, where
the right sides of (4.3)-(4.5) were assumed to be exponentially decaying functions of n. The
reduction to the polynomial case here heavily borrows on the arguments of Lahiri (1996a) which
proves Gotze and Hipp’s (1983) results under similar polynomial decay conditions. Condition
(C.2) is a strong mixing condition in the auxiliary o-fields D;’s which, together with condition
(C.3), imposes an approximate strong-mixing structure to the given random variables { X;};ez.
Condition (C.4) is an approximate Markov condition and in particular, it is satisfied, if {X;}icz
is an m-th order Markov process for a fixed m € N. Condition (C.5) is a regularity condition
that says that the conditional distribution of X; given {X; : j # ¢} and {D; : j # i} has

positive mass beyond &,. It can be shown that (4.6) is approximately equivalent to requiring
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that for some € € (0,1),
PI(X: < &) =1IC) < p (0.7)

on a set A; with P(A;) > e. Indeed, if P(Gi(§) = 1) = p, then it can be shown that the
conditional distribution £(J(X; < &p)|C;) is degenerate at 1 on a set of probability p and
it is degenerate at 0 on the complementary set of probability ¢ = 1 — p. As a result, the
conditional characteristic function of X; given C; becomes identically equal to 1 in absolute
value on all of Q, and the factorized conditional characteristic function of the scaled sum
Sy = n~1/2 T=1 (I(X; £ &) — F(&p)) no longer provides a useful bound on the discrepancy
between the distribution functions of S, and N (0,0%). However, once this degeneracy is ruled
out at &, by condition (C.5), it is possible to derive a suitably small upper bound on the con-
ditional characteristic function of the scaled sums n~1/2 Y =1 (I(X; < y) ~ F(y)) of the lattice
random variables uniformly over y in a neighborhood of &, (cf. Lemma 4.3 in Section 4.3). We
exploit the arguments of Gotze and Hipp (1983) and Lahiri (1993, 1996a) in conjunction with
this bound to establish a uniform O(n~1/2)-order bound for the sums of such lattice variables.
Note that in the independent case, if we take D; = 0(X;),j € Z and C; = o({X; : 1 # j}),
then G;(&,) = P(X; < &IC;) = P(X1 < &) = p and hence condition (C.5) easily holds. Below

we consider some important examples and verify conditions {C.2)-(C.5).

Example 4.1. Suppose {X;}icz is m-dependent for some m € ZU {0}, i.e.,, c({X; : 1 < k})
and o({X; : i > k+ m + 1}) are independent for all k¥ € Z. Then, we take D; = o(X;) and
C; =o(X;:1+# j), j € Z. Then, it is easy to check that conditions (C.2)-(C.4) hold with
X}, =X foralli € Z, me N and ag,B0,70 arbitrarily large. Furthermore, in this case,

condition (C.5) reduces to
P(P(Xo < &IXi: 0< il <m) =1) < p. (4.8)

We claim that (4.8) or equivalently (C.5) holds if there exists a set A € F with P(A) > 0 and

€ € (0,1/2), a < &, < bsuch that G = the conditional distribution of Xq given {X; : 0 < {¢| <
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m} puts at least € mass on (e — ¢, a] and on (b, b+ €] on the set A4, i.e.,
Go((a—€,a]) > €, Go((b,b+¢€))>e€, forall weA. (4.9)
To see this, note that (writing Gg also to denote the distribution function),
p= F(&) = EGo(&) = P(Go(&p) = 1) + EGo(&p) (0 < Go(&p) <1) . (4.10)

Thus, P(Go(&) =1) < p.

If possible, suppose that (4.8) does not hold, i.e., p = P(Gg(&p) = 1), Then, by (4.10),
EGo(&p)1(0 < Go(&p) < 1) =0,
which implies P(Go(&,) € (0,1)) = 0. Consequently,
P(Go(&p) = 0) = 1 - [P(Go(&p) € (0,1)) + P(Go(§) =1)] =1 -p.
But then

P(A) = P(AN{Go(&) =0}) + P(AN{Go(§) = 1})
< P({Go((a — € a]) > e} N {Go(&y) = 0})
+P({Go(b,b+¢]) > e} N {Go(&y) =1})

= P(¢)+P(¢)=0,

which contradicts the fact that P(A) > 0. Hence, the claim is proved.

Example 4.2. Let X; = f(Xoi),? € N, where f is a Borel measurable function and {Xo;}ien

is a stationary homogeneous Markov-process satisfying
|P(a; A) - P(y; A)] < 1 (4.11)

for all z,y € R and A € B(R), the Borel o-field on R, where P(-;-) denotes the transition

probability function. Further suppose that £(Xo1|Xo: : ¢ # 1) = L{X01|X00). Then by (iii)
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on page 219 of Gotze and Hipp (1983), conditions (C.2)-(C.4) hold with D; = o(Xo;), and
X;r,m = X; for all j € Z and with oag, Bo,vo arbitrarily large positive real numbers. For

condition (C.5), we take C; = o({Xo;: 1 # j}),j € Z. Let A= f~1((—00,&,)). Then,

G(&) = P(X1 £ &[Xoi 1 i # 1) = P(f(Xo1) £ & Xoi 1 i # 1) = P(Xo1 € A|Xoo) -
(4.12)
Next, we write B; = {w : P(Xoo(w); A) = 1}, Bs = {w : P(Xoo(w); A) =0}, and B3 = {w:
P(Xoo(w); A) € (0,1)}. Note that, by (4.12), P(G(€,) = 1) = P(Bi) and at least one of By, By
is empty because of (4.11). So condition (C.5) holds if P(B;) = 0. Otherwise, if P(B;) = 0,

then we have the following;:
P(B3)=1-P(B1)21-p>0,

implying
d= P(z; A)Po{dz} > 0,
Xoo(Bs)

but then
p = P(X1<&)=P(Xo1 €A

= / P(z; A)Py{dz}
R

/ P(z; A)Po{dz} + / P(z; A) Po{dz)
Xoo(B1) Xoo(Bs)

= P(B)+d,

where Py is the marginal distribution function of Xg9. Hence condition (C.5) holds.

We conclude this section with presenting the main theorem of this chapter.

Theorem 4.1 Under the conditions (C.1)-(C.5), we have

iténglP(\/ﬁ(Fil(p) - F71(p)) < 2) = ®(2/700)| = O(n/?) = o0.
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4.3 Technical Details

In the proofs below, we write C, C(+) to denote generic constants with values in (0, o) that
may depend on the arguments (if any), but not on the variables, n,z,y. Also, unless otherwise
mentioned, we take limits by letting n — co. By the definition of the sample quantile, for any

y € R,

P(Fa(y) > p) < P(F;'(p) < y) < P(Fa(y) > p)- (4.13)

Hence, we consider the sum of ) i~ ; I(X; < y) for y in a neighborhood of £, and study the rate
of convergence of the upper and lower bounds in (4.13). The first result gives an expansion for
the log-characteristic function of a scaled sum of a general strong-mixing sequence {W;};cz of

random variables in a neighborhood of the origin.

Lemma 4.1 For each n > 1, let f, : R — [=1,1] be a Borel measurable function such that

Efa(X:) =0, Blfa(X:) = faX] )| < Ck™ foralli € Z, k € N and

n

n"lVar(Z (X)) =1. (4.14)
1=1
Then, for any € € (0,1/4)
5
t r
sup |log Fexp(¢tSy,) — Z —(f——?—xm
t€An T

r=2

< Cen 251 + sup [61a(2)]%)
t€An
+C(e)(sup ‘Hn(t)l—s) . n2e(aovﬁo) . {n—1/2—a0/4 + n—l/2—ﬁ0/4}
t€An
for allm > 1, where A, = {t € R : |t| < (logn)'/*(loglog(n + 1))/*} and where, with

Wii = fu(X),i € Z,n > 1,8, = n~ V2% Wy, Ho(t) = Eexp(utSn),t € R, Xrn is the r-th
cumulant of Sy, and 01,(t) is as defined in (4.19)below.

Proof: For any random variables Vy,---,V,, p € N, set
0 17
Ki(Vi,-- V) = a1 Ba, log Eexp(stSn + z1Vi+ - 2pVo)|, .y o

(4.15)
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Then, using Taylor’s expansion of the cumulant generating function log E exp(:tS,,) around

t =0, we get

5 (Lt)r n—1 (k)

logEeXP(’/tSn) - Z Xrn| < Z Z |)Cnt(Vj1, M) V?G)l ) (4.16)
k=0

r=2

r!
for any t € R with |E exp(:tS,)| > 0, where n = n(t) € [0,1], V; = tW,,; /+/n and for a given k,
the summation }:(k) extends over ji,---,J¢ with maximal gap k. Note that by Lemma 3.1 of
Lahiri (1996a) (with ¢, = 1,¢ = 0), for any ay,- -+, a, € R, with |a;] < 1,7 > 2,

IKo(a1Sn, -+, arSn)| < C(?‘)n'("_”/{;{:1 K~ e(k/3) + Bu(k/3)]

=0
< ClyrDh, (@17)
provided ag > 7,8y > r, where By, (k) = k=% k € N.
Fix ¢ € (0,1/4) and let a, = n'/4~¢. Then by (4.16) above and by Lemma 3.2 of Lahiri
(1996a), (with ¢, = 1), as in the proof of his Lemma 3.6 (cf. (3.9)), we have, for ¢t € A,,

Un (k)

Z Z l’cﬂt(‘fjla tre 7‘/36)|
k=0

IA

i": ne(k+1)°-C- a7 (L4 9 {(L + 01n(nt))° + (1 + B2n (nt))°}
k=0

IA

Cle)agn™ - (L+ [tI)[1 + |81a(8)° + [Ha ()8 {n73%/ 4 n=3%/4)] - (4.18)

bua(t) = |Ha@®]™ max{|Bexp(S)|: 1< 1< LI < 4,1C {1, ,n})
62n(t) = |Ha(t)|™' (L2 a(m) + nfu(m)} + ¢ (m)
G(m) = Clt|(n~*m)/?, (correcting for a typographical error in Lahiri (1996a))
m = n®*¢ and L=loglogn. (4.19)
Here, for I C {1,---,n},1 > 0, S¥ = In-Y2t "0 W,;, with 3*O ranging over all j €

{1,---,n} such that |j — i| > Im for all : € I. Next using Lemma 3.3 of Lahiri (1996a) with

K =L,m=3Kn°¢ and ¢, = 1, for each k € (a,,n), as in the proof of (3.10), page 217 of
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Lahiri (1996a) (again correcting for the typo, (1 + ||t||"/?), with (1 + ||¢[|")n""/2), we get

n—1 (k)
> D Kn(Vir, o, Vi)l
k=an+1
< ConP (L |t Ha(pt) 76 - L2F
. Z n(k + 1)%[a(kn™¢) + nBy (kn™¢) + Ct(3kn_‘)L}
k=an+1
< CO+ [HO) Ha(mt)| ¢ - a7 - L2F - {n**0a(f720) 4 . nFo . q3=F0) 4 p=e/4}
< C(€) - |Hp(nt)| "¢ p2e(@oVBo)  n-1/2 {n—ao/‘i +n-nP/4} (4.20)
for all t € A,. Hence, the lemma follows from (4.16), (4.18)-(4.20). O

Remark 4.1 It is possible to obtain a bound on the difference between E exp(:tS,) and its
s-th order Taylor’s expansion Y . _o &:!er,n for an integer s > 3 by suitably modifying the
arguments in the proof of Lemma 3.1. It can be shown that for a small § > 0, a O(n=/2-%)

bound on the difference is assured, if the strong-mizing exponent g satisfy
ag>s+4+9/(s—2). (4.21)

By minimizing the right side of (4.21), we get s = 5, which explains the reason behind consid-

ering the 5-th order Taylor’s expansion in Lemma 4.1.

Lemma 4.2 Let Wy;’s and S,, be as in Lemma 4.1. Then,

(i) For any a € (0,1/2), there exists a Co = Cy(0w, Bo, Yo, @) such that for all n > Cy,

—t2

|H.(t)] < Coexp (T[l —~ Co(log n)‘2]>

+Con!~%{n=%0 4 n~ %0 n” "} (log n)C0

uniformly in |t| < n1=9)/2(logn).
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(1) There exist €9 € (0,1) and Cy = Cy(ag, Bo,Y0) € (0,00) such that for all n > C1,
|, (£)] > €0 exp(—t2/2) — Cy(log n)C1[n=o0/2 4 pl/4 . p=Fol2 4 p=0/2)
for all |t| < eglog n.

Proof: Let m = m;(logn)~2 and m; = n®(logn)~6. Let [, 1,---, i be the integers defined
on page 218 of Lahiri (1996a)with I = {1,---,n} and I = {m; +1,---,n ~ my}. Also, let

P = J[{exp(tWai/vn):j € Lli =gkl Sma}, k=1,

B = [[{exp(tWy;/v/n):j€l,1j—jsl >mi}, forall k=1,---,1},
where I = {1,.--,n}.
Then, the arguments leading to (3.11) of Lahiri (1996a) (with ¢, = 1, R = 1) yields

|Ha ()] = IE(fI [4)B|
k=1

l
< CTI EIETHD; : j # jo)l + Clla(m) + Iv(m) + fu (m){m +n'/2[t[}]  (4.22)
k=1

forall n > 1,t € R.

Next note that by (4.14) and the stationarity of X;’s,

mi
ml_lVar(Z Whj) =1

Jj=1

n—1 4 n '
< 2 3 BWoWaganl+ — 3 5l EWmWa(i)

. 1%

j=mi1+1 J=1

i ) . 1 X . ) )

< | Y {04(1/3)+ﬂw(9/3)}+‘T;E]{O‘(J/3)+ﬁw(ﬂ/3)}

J=mi+l Jj=1
< Clao, Bo)[my®*! + my®*! 4 m?) (4.23)

Hence, by (3.12) and the arguments following it on page 219 of Lahiri (1996a), and by (4.22)
and (4.23) above, it follows that for all n > C{ao, Bo),

}
[1 IE@kD; - 5 # ji)]

k=1

2
Cexp (—-%{n_IZmll(l - C(ayp, Bo)ml"l) - C’n_3/2l|t|m?/2}>

IN

IN

Cexp (—g[l — C(a, ap, Bo)(log n)'2]) , (4.24)
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for all |t| < n(1=2)/2(log n), where in the second inequality, we make use of the fact
2mil =n[l—O(n 'my +mi'm)] as n— oo. (4.25)

Hence, part(i) of the lemma follows from (4.22) and (4.24). Part(ii) can be proved by retracing

the arguments on pages 221-222 of Lahiri (1996a), with ¢, = 1. O

For the next lemma, let C be a sub-o-algebra of F, G(y;-) = P(X; < y|C), A1(y) = {w:
G(y;w) = 1}, and Ag(y) = {w : 0 < G(y;*) < 1},y € R. Also, let g(y) = P{w : G(y;w) =
1}) = P(Ai1(y)),y € R. Let Uy (t) = (ae* + 1 — a) denote the characteristic function of a
random variable Y with P(Y =0)=1—-4a,P(Y =1) =a,a € (0,1).

Lemma 4.3 If g(§,) < p, then there exists 6,¢ € (0,1) such that for allt € R,
sup FE|E{exp(atl(X; <y)[CH <1 - (1—|T()])0.

|y"£p|S5

Proof: By definition, for all y € R

F(y) = P(X)<y)=E{P(X1<y[C)}

/ Gly;)dP
A; (y)U42(y)

= /Az(y) G(y;)dP + g(y) (4.26)

Note that A;(y1) C Ai(yz) for all y; < yo and that G(-;w) is a valid distribution function for

each w € Q. Hence it follows that
(i) g(*) is nondecreasing, and
(ii) g(-) is right continuous on R.

Indeed, for any sequence y, | ¥ € R, {w : G(y;w) = 1} C Nu>1{w : G(ynjw) = 1} by
the monotonicity of G(y;-) in y and the reverse inclusion follows from the right-continuity of

G(y;w) in y for each w, proving (ii). Since F(§,;) = p, by (4.26),

9(&) <p. (4.27)



82

First suppose that ¢(&,) < p. Then by the right continuity of g(-), there exists a é; > 0 such

that
9(& +60) <p—do. (4.28)

By (i), this implies that g(y) < p — & for all y < &, + do. Since F is continuous at &, there

exists a 0 < &; < &g such that
F(& — 1) > p—d0/2. (4.29)

Next, write Az(y;e) = {w:e < Gy;w) <1 -}, Ay ={w:G(y;w) > 1—-€},e € (0,1),y € R.
Note that A4(y;€) 4 A1(y) as € | 0 and A4(y;€) C As(y + h;e) forall y €e R,h > 0,¢ € (0,1).

In particular, for any y € R,

lim G(y;)dP = G(y;-)dP = P(A1(y)) = g(y) (4.30)

€0 J A4 (vs¢) A1(y)
Hence, by (4.26), and (4.28)-(4.30), there exists 0 < € < §o/8 such that for all y € (§, —61,& +
51))

P(A3(y;€))

v

/ G(y;-)dp

As(yse)

6w - [ Glui)1G(w:) < 9dp

- [ GG 2 1 - 9aP

Fl) = ¢~ [ Gl&+8) (G (& +31;) 2 1 - 9dP
F(fp — &) —€— [g(5p+ 1) + €]

[p— d0/2] — 2¢ — [p — do]

8o/4. (4.31)

fl

v IV v

(l

Next, writing W (t) = |ee? + 1 ~ ¢|,t € R, and G(y) = G(y;-) for notational simplicity, by
(4.31), for y € (& — 61,&, + 61), we have
E|E(exp(utl (X1 < y))|C)]

= E|G(y)e+ (1 -G(y))]
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= B[l -4G()(1 - G(y)) sin*(t/2)|/?

< PAS(5;9) + Elyyg - 11— 4G(y) (1 - G(y)) sin’(¢/2)] /2

< P(AS(y;9) + |1 = €(1 — ) sin(/2) [V P(As(y; €)

= 1= (1 W) P(As(y;€)

< 1-(1-1%.(t)])bo/4. (4.32)
Lemma 4.3 is proved. 0

Lemma 4.4 Suppose that condition (C.2) holds and that {Y;};>1 be a sequence of zero-mean

real-valued random variables such that
(1) Y; is D?f:— measurable for all § > 1 with 1/k+k/n = o(l) as n — co
(i) there exists a constant ¢ > 0 such that

ElY;|' < dTHEY] <oo; j=1,-+-,ml=3,4,--

Then for each n > 2, each integer q € [1, ﬁri—l]’ each ¢ > 0 and each s > 3,

2s

2 L8
ge n 2s41
< —_— -
>ne) _alexp{ 5% §+5c€}+az(s)an<[q+1 2kJ> :

2%
7=1

a0

where
a=224+92(1+ i th  m2 E|Y;|?
= 22— —_— w — X
! q 25m3 + 5ce )’ M &lgagxn Yil™

- ,  with mszlrélJ;LSXnHYsz.

az(s) = 11ln (1 +

Proof: Since the proof of this lemma follows the same line as in that of Lemma 2.3, we only
give an outline. For details, see the proof of Lemma 2.3. We define the blocks of random

variables as follows:

q
2= "Yiciyrsr F=1,r Rh= g+ -+ Yo)l(gr < mn).

=1
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where ¢ € [1,n/(2k+ 1)], r = |n/(¢+1)|. Then, by equation (2.14),

, ne €2 ge?
P (|Rn| > -5—) S 2 (1 + W) exp (—m) . (433)

And by Lemma 1.2 of Bosq (1998), there exist random variables {W;}_, such that W; =¢

Yv(i—l)r-{-j? 1=1,--,4¢, and

2s

> ) <0 (1 2) (o)

(4.34)
Hence, (4.33), (4.34), Bonferroni’s inequality, and Bernstein’s inequality lead to
4ne 2qe a 2¢
<IZ’I > —~) < (IZWI > ) +ZP(IY(2 Drtg = Wi > g>
1=1
5m 7T
< a0 22)™ (o ([57-24))
+2exp | — 9c’ 4.35
P 5(5m2 +ce) | (4.35)
Thus, by (4.33) and (4.35)
“ . . Ane
PIPDoYj|>ne| < ZP |Z|>— + P(|R, [>3)
7=1 =1
)
r- —_—
S q Qn 1
+r-2exp| — ac’
P 5(5m2 + ce)
€2 g€’
2 (14 —Of SR L
+ ( + 5(5m2 + ce)) P ( 5(5m3 + ce)) ’
which completes the proof of Lemma 4.4. O

Lemma 4.5 Suppose that conditions (C.1)-(C.8) hold. Then for any § € (5/(2+ 4ay),1/2),
P(|v/n(én ~ &)| > n’logn) < Cn™1/2,

for some constant C > 0.



85

Proof: Let ¢, =n""/?*t9logn, 2, = £, + €,. Then we have by (4.13)

P(\/ﬁ(fn -&) > n® log n)

< P(Fu(zn) <p)
< P ('71; zn:[](Xz <z,) = Fzn)] <p- F(zn)>
1=1
<P (% SU(X < 2) - Flaa)] < —Aen)
1=1
< P (] S H(X; <zy) = F(zn)l] > Anen) ) (4.36)
1=1

where A = sup{f(z) : # € N,}. It is easy to check that for any ¢ € Z, any = € R and any

€ > 0,

E|I(X; < 2) - I(X], < 2)]

INA

P(Xi§$<Xlk)+P(Xi>$2X;,k)

IA

P (min(Xi,sz) <z< max(Xi,X;kD

INA

P(X;— 3| < o) + P (1Xi = X],| > o)

[F(z + ) = F(z — eo)] + g EIX; — X[, (4.37)

IA

Hence, by conditions (C.1) and (C.3) for 3(n), there exists 8o > 0 such that for all [z —&,| < do,

and i € Z, k € N, (with ¢g = k=% in (4.37)),

EI(Xi<a)-I(X], <o)l <A 20+ d'n70 = 24+ d7 )k
(4.38)

Thus, for |z — &| < &, k = [n(=8)/Fe ],

IS BU(X], < 7) - F@)|
=1
< SIBU(X], < 2) - I(X: < o)
< Y B} <0 - (X <e)
1—1
< n-(2A4d7 k%
< Ane,/3, (4.39)
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and

: (' SUX < )~ 10K < ] > A7§€n>
1=1

E| S (X <o) - I(X], < )]
Ane, /3

Sy EJI(X; <) - I(X], <o)
Ane, /3

n- (244 d- )k P

Ane, /3
324+ d71) (-9
An~1/2+8Jog n
< Om~Y?y. (4.40)

IA

IA

IA

<

Next, let Y; = I(Xz‘T,k <z)- EI(XI]C <w),i=1,2,--- with 1/k+ k/n = o(1) as n — oo.
Then it can be seen easily that {Y;};>; satisfies the conditions of Lemma 4.4 (with ¢ = 1, m} =

E’](XI,C <z)(1- E’](XZ/,C < z)). Applying Lemma 4.4 to the sequence {Y;};>; with
k= |n0-=9/Bo| = An~ Y (logn)/3, ¢ =|n'"%(loglogn) + 1],
and exploiting the arguments in the proof of Lemma 2.4 (iii) will lead to
P (| if(XZk <z) - EI(X], <a)| > n- An7'/* ¥ (log n)/3>
i=1

= P (]Zn:YZ] >n- An“1/2+5(logn)/3>

=1

< O(n~Y?). (4.41)

Note that there exist some &; < &g such that (4.37)-(4.41) hold uniformly for z satisfying
|z — &,| < &1 since the bounds in those relations depend on z only through the moments of
I(X], < ).
Hence, we have by (4.39), (4.40) and (4.41)
P (] Z[](Xi <an)— F(z,)]| > Anen>
1=1

< sup P [Z[](X;k <z) - EBI(X! <o) > Anen/3>
e—tpl<sr \'izt ’
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+ sup P (‘ Y H(Xi< ) - (X!, <) > Anen/3>
lo—pl<8 32 ’

< Cn'2, (4.42)
where C} is a positive constant. Thus, (4.36) and (4.42) lead to
P(vn(é, — &) > nllogn) < CynY/2.

Similarly,

P(Vn(&, - &) < —ndlogn) < Cyin~Y2,

Thus, Lemma 4.5 follows. 0

Proof of Theorem 4.1 By (3.1) and Lemma 4.5, it is enough to show that

sup |P(Fa(y) > p) = @(y/7e0)| = O(n™/?) as n— o0,
Iy—ﬁpISn_l/Q"“s logn

(4.43)

Forz € R,let z, = &,4n~ 2102 02 (z) = nVar(F,(z)) and S,(z) = v (Fu(z)~F(z))/on(z).

By the smoothing inequality (cf. Lemma 2, page 538 of Feller (1971))

| |<51i1f P(Fp(z) <p)-® <\/ﬁ(p0;(f)(xn)))‘

< sup  sup|P(S.(zn) < y) — (y)
|z|<n’logn yER

1 7 |Eexp(itSn(z,)) — e=/2| 1 1
[ /_W; i dt+24\/2_7m\/ﬁ} L (4.44)

where x € (0,00) is a constant (independent of z), to be specified later.

An

i

< sup

]r]Sn‘S logn U

Let 4, be such that
li71nl>iolcl)f inf{c2(€, + ) : |z| < 8} > 0% /2, (4.45)

and 0 < &, < &g, here &y is as in (4.38) in Lemma 4.5. Note that (4.45) holds, because

o2 > 0, F is continuous at & and sup{} 52, [Cov(I(X; < 2),1(X;41 < 2))| : z € R} <

oo

CYy2,lo5/3)+8(5/3))] = Oasn — oo. Let N, = {a : |z — §[ < &}, and let X, »(2) denote
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the r-th cumulant of S, (z) = /n(F.(2) — F(z))/on(z),2 € Np. Then, we have by (4.38), for

any i € Z, there exists C' > 0 and 0 < ,, < d, such that for all |2 —§,] < b4, and 7 € Z, k € N,
EI(X;<z)-I(X], <z)| <Ck™P. (4.46)

Without loss of generality, let 6. = 8. Also, let W (z) = [I(X; < z) — F(2)]/o,(z),1 €
Z,n > 1,z € Np. Then, by (4.45), (4.46) and the condition (C.3), {Wy(z) : i € Z}n> satisfies
the conditions of Lemma 3.1 uniformly in 2 € N,. By Lemma 4.1 and Lemma 4.2 (ii) above
and the induction arguments used in the proof of Lemma 3.28 of Gotze and Hipp (1983), it

follows that there exists €; = ¢; (o, Bo) € (0,1/4) such that for all 0 < € < ¢,

5 r
sup sup |log Fexp(ttSy( Z Xrn (2
z€Np 12<logn o !
< C(e)[71_1/2'6‘+{60exp(~( /—_log n)? /2) —6,,2¢(0 Vo) {n—1/2 a0/4 4 p=1/2- go/4}]
< Cfe e/, (4.47)

for all n > Cy, where C is as in Lemma 4.2(ii). Note also that |e* — 1| < |z|el*l. Hence, for

[t|* < logn, by (4.17) and (4.47), there exist constants C; and Cj such that

L2

‘Eexp(LtS (z)) —e"2

5 5
< ’Eexp(LtS — exp {E "(rh)” Xrn )}l + lexp {Z(Lt)’"(r!)‘lxhn(m)} — ezt
r=2 r=2
5
= exp{}:(ct ) (@ } exp {log Eexp(etSy( Z "(r)” Xr,n(x)} - 11
r=2 r=2
1,2 >
ek loxp {Zut)"(r!)-lxr,n(m)} -1
r=3
< Cy-Cle, eo)n /2700 4 Crem5® . p= 22, (4.48)
Thus,
sup / |E exp(stSp(z)) — e~P 12|t dt
z€MNp Jt2<logn
< sup / {C()C(G, eo)n_1/2”c(e) + C’ge”%t2 -n”1/2|t|3} t]~1
t2<logn

z€Np
< Cn"l/Q,
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for all n > Cy. On the other hand

/ et = o(n~1/?),
t2>logn
so it remains to show that

su

Eexp(etSy (2))|[t|1dt = O(n~1/2), 4.49
SR [ e EOPUS @D (n711?) (4.49)

To this end, we split the set of t-values in (4.49) into the sets By, = {t € R : (logn)!/? <

[t| < n7/16} and By, = {t € R : 27/ < |¢t| < &n'/?}. Then, using Lemma 4.2(i) with

Whj = Whj(z), € N} with a = 1/8, we have

sup |EexptS, (z))||t|~dt
"L‘ENP By
nT/16

2Co / exp(—t2/2) - exp(Cot? (log n)~2/2)[¢|~Ld¢
(logn)l/2

IA

n7/186
+2C) (/ |t|—1dt> (log n)%0 . p=1/2-1/8
(log n)t/2

7/16

y exp(—t2/2)|t|”1dt+/l exp(—t2/4)[¢|"\dt
ogn

+2Co(log n)Cotin—1/2-1/8

logn

IA

2Cy [exp(C’o/Q) /(

logn)

= 0(n'1/2) .

Next, note that (1 — u)'/? < 1 —1/2u for all 0 < u < 1. Hence, there exists xg = ko(d,€) €

(0, 00), depending on § and € of Lemma 4.3 such that for || < kg

1—(1 =T () = (1—38)+6(1—4e(l—e€)sin?(t/2))'/?
< (1~ 8) +6(1 — 2¢(1 — €)sin?(t/2))
< 1-C(e 02, (4.50)

Also, for a bounded random variable y and o-fields G, C G; C F, E(Y|G1) = E{E(Y|G2)|G1}

a.s. (P). Hence, setting kK = g in Bgy, and using (4.22) (with a = 1/8), we have

sup / |E exp(etSy (z))]|t| "~ dt
xENp Bon

i
< sup / 1 EIETK(@)|D; : 5 # i)l de
T€Np J Bon 14
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+C[n1~—a(n—a(ag/\ﬁo/\'yo)) . (10g n)C(ao,ﬁo,'yo)]

!
< 2logn -sup { H FEIE(Tk(2)|C)] : t € Byy,z € Np} +o(n"Y?)
k=1

= 2logn -sup{E|E(exp(:tI (X1 < 2)/y/n)|C)| : t € Ban,z € M} + 0o(n™Y/?)
< (2logn) - sup {1 —Cl(e,9) - t2/n}l + o(n~1/?)
t€Ban

= O(logn -exp(—=C{(e,8) - n~Y3 . 1)) + o(n~1/?)
= o(n~Y?), (4.51)
where I = n/(2m1)(1 4 o(1)) = n'=*(log n)°(1 + o(1)) (with @ = 1/8) and where the variables

I'y(x)’s are defined as in the proof of Lemma 4.2 with W, = Wj(z),z € N,. Hence, (4.49)

follows, and this completes the proof of the Theorem. O
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CHAPTER 5 ACCURACY OF MBB APPROXIMATION

5.1 Introduction

This chapter gives a refined version of Theorem 2.2 in Chapter 2, and studies the rate of
bootstrap approximations to the distribution of sample quantiles. The main results of Chapter
5 show that, under the assumption of exponentially decaying strongly mixing coefficients, the
rate of convergence of the moving block bootstrap (MBB) approximations to the distributions
of the centered and scaled sample quantiles is of order O(n~1/4(log n)(log log n)/4).

It is known that, in the i.i.d. set up, the accuracy of the bootstrap approximation to
the unknown sampling distributions of many regular statistics such as smooth functions of
sample means, is of order o(n~1/?) (cf. Singh (1981), Babu (1986)). Thus, in these situations,
the bootstrap works better than the classical normal approximation which has the accuracy
of order O(n~1/2). For the weakly dependent case, the second order property of the block
bootstrap methods have been studied by several authors. See Lahiri (1991, 1996b), G6tze and
Kiinsch (1996). However, for approximations to the distributions of irregular statistics, such as
sample quantiles, the bootstrap approximation is inferior to the classical normal approximation.
Singh (1981) showed that the exact rate of convergence of the bootstrap approximation to the
distribution of the sample quantile based on i.i.d. observations is O(n~/4(loglog n)'/?).

In thei.i.d. case, smoothing techniques have been introduced to improve the performance of
the bootstrap approximation to the sample quantile. Hall, DiCiccio and Romano (1989) showed
that, if the distribution function is sufficiently smooth, smoothing appropriately can improve
the bootstrap estimator of the distribution of sample quantile to the order of O(n~1/2%¢) for
any € > 0. For other works in this context, we refer to Falk and Reiss (1989), Falk and Janas

(1990), and Janas (1993). However, as we may see from this chapter that, unlike thei.i.d. case,
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smoothing may not improve the performance of the MBB approximation to the distribution
of the sample quantile based on weakly dependent observations. This is mainly because, in
the weak dependence case, the rate of approximation for the denominator of the asymptotic
variance (cf. (1.3)) of the sample quantile may not be improved, though that of the numerator
can be improved as in the i.i.d. case. Details are provided in the following section. We next
state the main theorem and prove some auxiliary results which will be used to investigate the

convergence rate of the MBB approximation.

5.2 MBB Approximation Rate

Throughout this chapter, we assume that {X;}.cz is a sequence of a-mixing strictly sta-
tionary random variables with exponentially decaying coefficients, i.e., there exist constants
C > 0,0 < p < 1 such that a(n) < Cp", for any integer n. As in the previous chapters, we
use F' and f to denote, respectively, the corresponding marginal distribution function and the
marginal probability density function of the random variables. We also follow the notation
that are used in the first four chapters. In particular, for p € (0,1), §, = F~(p), £, = FY(p),

& = F(p), £, = F’n_l(p) (cf. Section 1.1, 1.2), and for all z € R,

£
1 .
Uz(z) = ZZI(X(“’I)K‘*'JSIE)’ i=1,---,b,
=1
1 14
U’L*(x) = ZZI(X6_1)£+JSI), i:l’.-.’b,
Jj=1
n-1
a:(fv) = Var(v/nF,(z)) = ;1; Z Cov(I(Xy < z),I(X14; < 7)),
j=—(n-1)
oi(z) = Y. Coo(I(X:1<2),I(Xi4j<2). (5.1)
Jj==o00

Again, P,, Var., and F, represent respectively the conditional probability, the conditional
variance, and the conditional expectation, given (Xy,---,Xy,). Here, we define 62(z) as the

conditional variance of VEU}(z), i.e.,

N
¥ L WVE@)? - Fa) (5:2)
=1

62 (z) = Var, (VEU} (z)) =

where N =n — £+ 1. Now, we are in a position to state the main theorem of this chapter.



93

Theorem 5.1 Suppose that the MBB block length € satisfies £ = o(n'/?) and that there ezists a

neighborhood of €,, say Ny, such that o2 (z) (cf. (5.1)) is positive and has a bounded derivative
on N,. Suppose also that there exists d € (0,1) such that
P(Gi(&) =1) < p—d,

where G;(y) = P(X; <y|X;:j#1). And
0<do=inf{f(z): 2 €N} <sup{f(z):z €N} =di1 <o (5.3)
0 <inf{f'(z):z € N} <sup{f'(z):z € NVp}} < . (5.4)

Then, under the assumption of a-mizing with ezponential decay rate, we have

ilelﬁlp*(\/ﬁ(ﬁﬁ —&) <2) - PVn(én - &) <2)| =6, as., (5.5)
where
6n = O™ + £n~Y2log n + n~14(log n) (log log n) /%)
Thus, a wide range of choice of block length £ will lead to 8, = O(n~/*(log n)(log log n)/4),

which is the optimal rate of convergence.

Theorem 5.1 indicates that, under suitable choice of the block length, the MBB approxima-
tion to the distribution of the normalized sample quantile of a-mixing sequence with exponen-
tially decaying rate, has the accuracy of order O(n=1/4(log n)(loglog n)/4). This conclusion
is almost identical to the approximation result of the bootstrapped sample quantile based on
ii.d. observations (cf. Singh (1981)). Note that the first two terms of the right hand side of
equation (5.5) both involve the block length £. Here we explain briefly why this is so. Details
are provided in the proofs given below. The first term £~! is due to the bias of 62(z) for
estimating o2 (z). Note that by (5.13) and sup,eg |Fn(z) = Fu(2)| = O(€Y/2n71) (cf. Gotze

and Kiinsch (1996)), one may get
E& (z) = E(WIU,(2))? - LEE,’ (z)
= [Var(VEUi(z)) + £F?(2)] — LE(Fy(z) + O£ n71))?
= [07(z) + LF?(z)] — Llok(z)/n + F2(z) + O (£ ?n~Y)]

= 0% (2) +O(L™" + £, (5.6)
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uniformly in @ € R. The second term £n~'/?log n is due to the random quantity &, occurring
inside of the conditional variance of vZU}(-). Note that by Lemma 5.1 (ii) and Lemma 2.4

(iii), for |z| < logn,
dn=Cntan =6+ 0 7 £ 07V 210gn)  as. (5.7)
Hence, we have, by (5.6), (5.7), and the smoothness condition on o2 (z),

Var Ul (&,) = ago + O(Z"1 + 63/2n_1) +¢. O(Bl/zn"1 4 n"l/zlog n)

= 02 +0( ' +tn"Y?logn) as. (5.8)

On the other hand, it can be shown as in (5.22) that, under the exponentially mixing condition,

Va(Fa(€n + an71?) = p) = 2 (&) + O(€/*n 1 4 n™ /4 (log m) (log log n)'/%) a5,
(5.9)
So, for appropriate values of the block length £, the accuracy of the MBB approximation to
the distribution of sample quantile is dominated by equations (5.8) and (5.9) , since by Lemma

5.5, (5.23) and (5.28)

supIP (VA - &) <) = P(Vnlén — &) < 2]
= sup [PV — &) <o) - P(Va(én — &) < )

jr|<logn
<  sup (@ (———xf(fp)) -9 Vo(Fn(Er) — 7) +0(n 1?2 as.
 |el<logn Oco Var Ut (2n)

Note that the above term O(¢n~/?) is from (5.27). It can be shapened to be of order
O(£~1/2p1/2) by using the similar arguments as in Lemma 5.4. Here, this term is dampened
by the term O(¢n~1/2logn) in (5.8).

As in the ii.d. set up, if the marginal distribution function F is sufficiently smooth, kernel
smoothing can improve the right hand side of equation (5.9) to be of order O(£}/2n~1/2 4
n~1/2+¢(log n)), for arbitrary ¢ > 0. However, smoothing can not reduce the order of the right

hand side of equation (5.8).
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For proving the main theorem, we first present the following lemmas. The first three lemmas
give some asymptotic properties about the deviations of the empirical distribution function and

the sample quantile. These are extensions of the results of Babu and Singh (1978).
Lemma 5.1 Suppose that (5.3) holds. Then, almost surely

(i) supgen, | Fu(2) — F(2)] = O(n~*/*(loglog n)'/?) ;

(it) supogycy |t (1) = F7H(8) = O(n™'/2(log log n)'/?) ;

(i6i) SUPse(F(ayweny) | Fn (Fr ' (8) — t] = O(n=%/*(log n)'/* (loglog n) /%) .

Poof: Note that under condition (5.3), F is strictly increasing on N,. Then, F,(z)
F,(F~'(t)) with t = F(z). Hence

I

sup |Fn(z) — F(z)| sup |Fu(F7H(t)) — ¢
z€Np te{F(x):x€Np}

sup |En(t) — ¢
te{F(z):x€Np}

sup |E,(t) - t|
0<t<1

IA

< en Y% (loglog n)1/2,

where the last inequality follows from Lemma 3.4 of Babu and Singh (1978). c is a constant.
Here we use E,,, E! to denote, respectively, the empirical distribution function and the sample
quantile function of the uniform distribution defined on (0,1). So Lemma 5.1 (i) is proved.
For the proof of 5.1 (ii), see Lemma 4.2 of Babu and Singh (1978).

We now prove (iii). Note that

sup |Fu(F (1) —t] = sup |Fo(FTHE' (1)) — |
te{F(a)weNy} te{F(a)weN)

= sup | Ea(E;1 (1) ~ |
te{F(z):x€Np}

< sup |En(E7(4) -t
0<t<1

= O(n~%*(log n)"/*(loglog n)'/%).

Here, we used the arguments on pages 538-539 of Babu and Singh (1978). a



96

Lemma 5.2 Under the conditions of Lemma 5.1, we have

sup |Fo(z) = Fu(&) — F(z) 4+ p| = O(n~¥*(log n) (loglog n) /%) a.s.
lz—¢€p|<2n—1/2 logn

Proof: By modifying the arguments on page 539 of Babu and Singh (1978) and applying

their Lemma 3.3 (an exponential type of inequality) with
b, = n~%*(logn)(loglogn)/*, b= 2dyn"?logn, D = 2dynb,,
where d; = max{ f(z) : ¢ € N}, we have

sup |En(t) = En(p) — t + p| = O(n™%/*(log n)(log log n)'/*) ,
[t—p|<2d1n—1/2 logn

which implies

sup IFn(-T)—Fn(fp)-—F((IJ)-l-pl

|e—€p|<2n—1/2 logn

= sup |Fu(F(F(2))) — Fu(FH(F(&))) - Fz) +p|
|c—épi<2n—=1/2 logn

= sup |En(F(2)) — En(F(&)) ~ F(z) + pl
|z—£p|<2n—1/2 logn

= sup ’ |En(t) — En(p) — t+p|
|F=1(t)-F~(&)|<2n~1/2 logn

< sup |En(t) — En(p) — t + p|

[t—p|£2d1n~1/2 logn
= O(n~%*(logn)(log log n)*/4).

We complete the proof of Lemma 5.2. O

As we may see that, the above three lemmas and the lemma below are actually refinements
of Lemma 2.4 and Lemma 2.5 in Chapter 2 by imposing stronger conditions on the dependence

structure of the stationary process.

Lemma 5.3 Under the conditions of Lemma 5.1, we have

(i) 1Fa(€n) = pl < O(€/?n" 4 n=3/4(log m)!/*(loglog n)'/*) a.s.
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(ii) |€, — &) < O(8*/2n~t 4 n~1/%(loglog n)'/?) a.s.

Proof: We may refine the result of Lemma 2.4 (i) (cf. Gotze and Kiinsch (1996)) as

sup |Fn(z) — Fu(z)| = O(8/?07 1) as. (5.10)
rER

Then, there exists a constant C'; > 0 such that
sup |F,(z) — Fp(z)| < Cif*n71  as.
z€R

Thus, by the definition of quantile function, we have

~1

F-l p—-Ci 0 Y < E, 7 (p) < FoM(p+ Cie/%n7Y)  as. (5.11)

So (5.10) and (5.11) lead to

Fo(F7 (p— C1fM?nY)) — 1t/ 2n!

()
< F(F7'(p+ G2t + Cie2nt as,,

E(F,

IN

which, together with Lemma 5.1 (iii), gives

‘Fn(én) - pl
< CUPpml L |Fy(F- (p — Cif 20~ 1)) — p| V | Fu (B (p 4+ CL£Y 20~ 1)) — pf
< 201812071 + O(n~3*(log n) /% (log log n) /%)

il

O 0~ + n=3/4(log n)*/%(log log n)*/*)  as.

Here a V b = max{a, b}. So (i) is proved.
Note that, by condition (5.3), the mean value theorem, and Lemma 5.1,
IF (p£Cit o) ~ &) < IR (p£Cul ) = FH (p £ Cut 7))

HE (p£C1enY)) — F1(p))

IN

O(n‘l/z(log log n)l/z) + dilel/zn_l
0

= O@Y*n~' + n~/?(loglog n)'/?). (5.12)
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Hence, Lemma 5.3 (ii) follows from (5.11) and (5.12). This concludes the proof of Lemma 5.3. O

In Chapter 2, we showed that Var.Uf(3,) — 02,(£) = o%. The next lemma gives a

refinement of this result.

Lemma 5.4 Under the conditions of Theorem 4.1, if the block length £ = o(n'/?), then we
have

Var Uy (&n) = 02, + O + a2 logn) .

Proof: Let oZ(z) and 02 (z) be defined as in (5.1). Then

n—1

on(z) = Y, (=lil/n)Cov(I(X; < 2), I(X14; < @)

j==(n-1)

= S ConI(Xy <), I(Xys < ) — 3 ConlI(X1 < o), I(Xyy; < 2))
j=—o0 ljl=n

_% Y ilCov(I(X1 < 2), I(X1yj < 2))

j=—(n-1)
= o2 (z)+0(n7Y), (5.13)

since, by Billingsley’s inequality

S Cou(I(X) < ), I(X1as <)) < 3 4ali) = O(n~™),

lgl=n |7|=n
for any m > 1, and

ni: |71Cov(I(X; < 2),1(X145 < 2)) < 00.
j=—(n-1)

We next exploit the similar arguments as used in Chapter 2. Let

1logn, ng=E&+2n" 2 logn.

Tn1 =& —2n

By Lemma 5.1 and Lemma 5.3, there exist constants C3,C4 > 0 such that

1€n —&,] < Can~?(loglogn)'/?, |€, - &,| < Can~?(loglogn)'/? a.s.
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Then, there exists a set A € F with P(A) = 1, such that, for any w € A, there exists a
positive integer n,, and for all n > n,,, |z| < logn, |#.(w) — &} < 2n"'/?logn. Recall that

&n =&, + an~/2. Then, we have

Zpi1 < Ep(w) <apg for n>mn,, |z|<logn as.

Thus,
1 ~ 2
VarUp (3,) = FZUE(@L) — F," (%)
=1
1 N 2 bt 2
S N Z Uz (xn,2) - Fn (xn,l)
1=1
1 Y B
= N‘Z[Uz(@“w) — F(20,2)]* 4 2F (20,2) Fn(n,2)
i=1
—FY(zn0) — B (2ny) as (5.14)
And
1 X ~ 2
Var Ui (én) > NZUZ‘Z(%,I) ~ F (20,2)
=1
1 .
= ]_V" Z[Ui(xn,l) - F’(xn,l)]2 + 2F(mn,1)Fn(xn,1)
=1
—~F? (Tn1) — Fnz(mn,g) a.s. (5.15)

By Lemma 5.1 and Lemma 5.2, we have

=)

|2F(wn,2)ﬁn(xn,2) ~F? (Tn,2) = Fn (2n1)|
2 —~

55 (@n2) = B (20,0) + (Fr(@n,2) = F(2n2))?

INA

IN

2 Fa(2n,2) = Fa(zna)l+ (Fu(zn2) = F(2n,2))”

| Fy(2n2) — Fu(zn1)| + 0?07 as.

!

And
[Fn(@n,2) = Fu(@n1)l = |[Fa(@n2) = Fu(&p)] = [Fn(2n) — Fa(6)]l
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IN

|Fn(@n2) = Fulp) = Flanz) + F(&)]
HEn(@n1) = Ful&p) = Flans) + F(&)]

+|F(2n2) — F(Tn,1)]

IA

2. O(n—3/4(log n)(loglog n)1/4) + di|tn2 — Tn

= O(n ?logn) as.

Thus,

=~ 2

C2F (21.2) Fr(2n2) = FX(€n2) — ' (2n1)| = O(¢n™?logn) aus.

Likewise,

~ 2

02F (201) Fo(2n1) — F2 (1) — By (zng)] = O(n " Y2logn)  as.

We now evaluate
(N~ 12 (o) — Flzn )] j=1,2.

Let

Wn,i - E[Uz(mn) - F(Z'TL)]Q’ @ = 17 U 1N’ and {l‘n} = {xnyl}’ {xn,Z} 3

then,
N
IN~ 12 ((Zn,5) a:nyj)]2 = N_IZWn’i.
t=1
By (5.13) and the condition on o2 (z), we get
EW,ni = ElUi(en;) - F(en;))”
= ak(z) + 07
= 0% (&) +O0(n™?logn) +0(£71)
= 02 +0(n"Y2logn+£71).
Note that wpeo = [|[Whn,illeo < 4, and

wi,z = EWﬁ,l = E(K[Ui(wn,j) - F(mn,j)]2)2

IA

LE(€Ui(n,5) = F(20,3)])

IA

Csl, forsome C5>0,

(5.16)

(5.17)

(5.18)

(5.19)
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On the other hand, (5.19) indicates that, there exists some positive constant Cg such that
wi,z > |EVVn,1|2 > Cs.
We next apply Lemma 2.2 to triangular array {W, ;} with

a=1, q=2, d,=(logn)? e =" (logn)?,

and get
N
P <IN—1 Y Wii— EW,i| > en>
=1
Ciln/d,)?€
< * _ 1 n
B ¢ =P { w72z,2 + [n/dn]l/an,ooen
+C*[n/dy] - max{1, —22}2/5[a(d,, /2)]*/°
€n
< Crexpl- Cin?(logn)~*tn~?(log n)®
- Csl+ nl/2(logn)=1 - £ - £1/2n~1(log n)3
CE 1 2
+C*n(logn)™2 - (C’;/Qflﬂf_l/zn(log n)‘3)2/5[Cp—pL2)—]4/5
C* (10g n)2 1/5 2(log n 2
= O — 1 4/5 % ~1[5_ 7[5 ~16/5 - 20eEm)
exp{ Cs + 0120172 (log 1)? + CHPC*Cy n' " (log n) P
< O(m™), ¥Ym>1.

Then, Borel-Cantelli lemma implies

N
’N‘l Z Whi— EWp,l <€ = ﬁl/zn”l(log n)3 a.s.,
=1

which together with (5.19) leads to

N
NI Wi = EWny+O((Y*n7 (logn)®)
=1

= o2 +0U 1+ 1Y %logn) as. (5.20)
Hence, by (5.14)-(5.18) and (5.20), we have

WVar,Ui(2,) = o4+ 0+ 0" Y2logn) + O(fn~?logn)

= o2 4+00 '+ tn~Y?logn) a.s.

Lemma 5.4 is proved. 0]
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The last lemma below investigates the tail behavior of the MBB estimator of the sample

quantile.
Lemma 5.5 Under the conditions of Theorem 4.1, for any m > 1, we have

P.(Vnl& = &) > logn) =0(n™)  a.s.

Proof: Let §, = &, + n~Y%logn, then
P(Vn(E - &) >logn) = P& > & +n?logn)
< P(Fp(n+n"?logn) < p)
= Pu(F;(8n) = Fuln) < p~ Fu(dn)

= P* (% . [Uz*(z?n) - E*(Uz*(gn))] S P n(@l)) . (5'21)

Ve

Recall that

Bn =& +an7? sup|Fu(z) = Fu(z)| = O(€/*n7Y)
r€R

which together with Lemma 5.1, Lemma 5.2, and Lemma 5.3 leads to

Fu(Bn) —p = [Fa(@n) = Faé)] + [Ful&n) — 7]
= [Fa(2a) = Fa(&s) + O/ 271
+O (0?01 + 034 (log n) /% (log log n) /1)
= [Fn(&n) = F(&n) = Fa(6a) + F(&)] + [F(n) ~ F(&a)]
+O (0?0~ + n=3/4(log n)/*(log log n)'/4)
= 2.0(n"%*(logn)(loglog n)**) + (f(&,) + O(n~?log n)) - xn~1/?
+O (201 4 =34 (log n) /2 (log log n)/4)
= zf(&)n V200 It n~3/*(log n) (loglog n)/%) a.s. (5.22)
By equation (5.22) and the condition of Theorem 5.1, £ = o(n!/2), there exists Co > 0 such

that

Fn(gn) S C’On_l/2 logn, a.s.
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for |z| < logn. So, we have, by (5.21), Lemma 5.4, and Bernstein’s inequality

b
P.(v/n(&, - gn) >logn) < B (Z[Ui* (@) — Ex(Uf (9n))] < —Cobn_l/zlog n)

=1

b .
< P (Z[@l/QUi*(gn) — B0 (§2))]] > ColM 2012 log n)
i=1
b
= P. ( STIE2U; (Gn) — Eu(£°U7 (40))]] > Cob*/?log n)
1=1
1/2 2
< 2expd-— A[COb ~IO§ n]
43 iy LE[U (Gn) — Fu(gn)]% + 2Cob /2 log n
C2b(log n)*
= 2
exp{ 460V ar Uy (9,) + 2Cob /2 log n
C3b(logn)?
= 2
eXp{ ¥ o(1)) + 2Cob' 2 log n
C’z(log n)?
= 2
eXP{ 4(o )) + 2Cob~1/2log n
< -y, Vm> 1, as.

We finish the proof of Lemma 5.5.

Proof of Theorem 5.1 By Lemma 5.1 and Lemma 5.5, it suffices to show that
sup |P(VA(E — €2) < 0) = P(/aln — &) < 2)| = O + &0~V logn) s,
jz]<log n
We see, from the proof of Theorem 2.2 that

\/E(Fn(i'n) - p)
Var Uf(2n)

3E.|U3 (3n) = Bl (&)1
Vb(Var.U; (2,)7

P.(F; (&) >p) — @ (

and by the Berry-Esseen Theorem for sample quantile (cf. Theorem 4.1 of Chapter 4)

sup
z€ER

Pt~ &) <o) - @ (2LED)| <o

OO0

Therefore,
sup |P.(V(E; - &) < 2) = P(Val(én - &) < z)]

lz{<logn
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<  sup |® <ﬂ(§l’l> ) (\/l_’(ﬁn(jn) *AP))
|z|<logn Too Var Ui ()
+ sup 3E*'Uik(£'n) - E*Ul*(ii’n),B + O(n—-1/2) . (5.23)

jz|<logn \/B(V(”'*Uik('fn))a/2

We have, by equation (5.22),

Vi (Fn(@n) — p) = 2 (&) + O£ 0712 4 n~Y4(log n) (loglog n)'/%)  a.s.
(5.24)

By Lemma 5.4

1 1
=— 40+t Y logn) as. (5.25)
WVar U (&,) e

So, (5.24) and (5.25) imply

Vb(Fn(én) — ) = 2/ (%) +0O(£! + ¢n~1/2 logn+n—1/4(logn)(loglog n)l/q) a.s.

Var Uy (i) Too
(5.26)
Note also that
VI . n ny/n . . (a
;Q—E*|U1 (n) — ELU; (mn)la < bz\/—[fE*l(A (2n) — EWUY (mn)|2] = O(gn_lﬂ) .
(5.27)
Thus
EU; (20) = BUF @) _ B - BolU7 (80) = BUREE _ 1oy
\/E(VGT*Uf(i'n))3/2 (EV(M“*Uf (in))3/2 B .
(5.28)

Hence, we have, by (5.23), (5.26), and (5.28),

sup |P.(va(& — &) < ) — P(Vn(é — &) < 3)

[z[<logn
0(6”1 n In~32 log n + n—1/4(10g n)(loglog n)1/4)

I

+0O(tn~ Y% + O(n~1?)

= O™ +tn~?logn + n~/4(log n)(loglog n)/*)

and £ = Cnl/4(logn)~1/2, C' > 0, gives the optimal rate O(n~1/%(logn)(loglogn)'/4). We

complete the proof of Theorem 5.1. N
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Note that we may sharpen the right hand side of (5.28) to be of order O(£}/2n=1/2), by
borrowing on the same arguments as used in Lemma 5.4. However, the result from (5.28) is

sufficient for handling our problem here.



106

CHAPTER 6 CONCLUSION

In this dissertation, we first establish the strong consistency results for the moving block
bootstrap (MBB) approximations to the distributions and variances of sample quantiles based
on weakly dependent observations. The consistency result of the MBB distribution function
estimation is studied in Chapter 2. Theorem 2.2 of this chapter indicates that, under the
assumption of a-mixing with polynomially decaying rate, if the one-dimensional (marginal)
distribution function F has a positive derivative in a neighborhood of £, = F~*(p), p € (0,1),
the MBB method with the block length in a wide range of possible values provides a valid
approximation to the distribution of the centered and scaled sample quantile Z,, = \/n (én -&)-
The consistency of the MBB distribution function estimator is also supported by the numerical
results from a small simulation study presented in Section 2.4. In the independence case,
validity of Efron’s (1979) bootstrap for the sample quantile was established by Bickel and
Freedman (1981) and Singh (1981). Thus Chapter 2 extends this basic consistency result to
the case of weakly dependent random variables for the MBB method.

In Chapter 3, we investigate the validity of the MBB estimation of the asymptotic variance
of the normalized sample quantile. It is proved that, under the same set of conditions as re-
quired for the valid MBB distribution function approximation, if the random variables satisfy a
fairly non-restrictive moment condition, the MBB variance estimator of the normalized sample
quantile is strongly consistent (cf. Theorem 3.1). This is an extension of the consistency result
of Ghosh, Parr, Singh and Babu (1984) from the i.i.d. set up to the situation where the ran-
dom variables are weakly dependent. We note that the asymptotic variance of Z,, under weak
dependence involves both an infinite sum of lag-covariances and the one-dimensional density

function evaluated at the unknown quantile &, (cf. (1.3)). The MBB resampling procedure
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captures both the effect of the dependence structure of the a-mixing stationary process and
the effect of the nonlinear nature of the sample quantile, and thus, provides a unified way of
approximating both parts using only one smoothing parameter, say, the block length £.

In Chapter 4, we present a Berry-Esseen Theorem for sample quantiles based on a-mixing
stationary random variables with polynomially decaying rate. It is pointed out that the classical
normal approximation to the distribution of the sample quantile under weak dependence has
accuracy of order O(n=1/2).

The accuracy of the MBB distribution function estimation to the sample quantile un-
der weak dependence is investigated in Chapter 5. We show that the rate of convergence
of the MBB distribution function estimation of G,(z) = P(y/n(€, — &) < z) is of order
O(n~'/4(log n)(loglog n)/4). This slow convergence rate is not unexpected considering that,
in the i.i.d. case, the exact rate of convergence of Efron’s (1979) bootstrapped sample quantile
distribution estimation is of order O(n~Y/4(loglogn)/?) (cf. Singh (1981)). However, unlike
Efron’s i.i.d. bootstrap approximation, smoothing may not improve the performance of the
MBB distribution function estimation of sample quantiles based on weakly dependent observa-
tions. Thus, in terms of distribution function estimation of sample quantiles under dependence,
the classical large sample approximation method outperforms the MBB method.

In the end, we discuss some possible future investigations along the line of this dissertation.
As indicated in Section 2.1 of Chapter 2, the Bahadur representation allows one to express
sample quantiles in terms of empirical functions which are more easily handled with. This
idea was initiated by Bahadur (1966) for i.i.d. random variables. Sen (1972) and Babu and
Singh (1978) established, respectively, the Bahadur representations for sample quantiles of
¢-mixing random variables and the Bahadur representations of a-mixing random variables
under exponential decay rate. Based on our knowledge, the most recent result for a Bahadur
representation is due to Yoshihara (1995). He proposed a Bahadur representation for sample
quantiles of bounded random variables under the structure of a-mixing with polynomial decay
rate. It is of interest to extend Yoshihara’s result to situations where the random variables are

not necessarily bounded.
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It is known that, in several respects studentizing before bootstrapping improves the accu-
racy of bootstrap distribution approximations (cf. Hall (1992)). Indeed, in the i.i.d. set up,
Janas (1993) showed that studentizing sample quantiles by means of a kernel density estimate
can improve the rate of the bootstrap approximation significantly. In weak dependence case,
due to the complexity of the variance structure, the procedure of studentizing a sample quantile
will be more complicated. The impact of studentizing on the MBB distribution approximation
of sample quantiles based on weakly dependent data remains unknown.

It follows from Theorem 3.1 in Chapter 3 that, the MBB variance estimator of sample
quantiles is strongly consistent. In the i.i.d. case, Hall and Martin (1988) showed that the
exact rate of bootstrap variance estimator of sample quantiles is of order O,(n~1/4). Under
dependence, the performance of the MBB variance estimator depends crucially on the smooth-
ing parameter, say, the block length £. Further investigation of the convergence rate of the
MBB variance estimator for sample quantiles under weak dependence will be desirable.

It is known in the literature, the MBB approximations are very sensitive to the choice of
block lengths. There have been several studies about the choice of block lengths for the MBB
approximation. Among those are Hall, Horowitz and Jing (1995), Biilhimann and Kiinsch
(1999), and Lahiri, Furukawa and Lee (2003). The optimal choice of block lengths for the

MBB sample quantile estimations also needs further investigation.
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