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INTRODUCTION

The structures of a number of alloys of high beryllium content have

recently been determined. lost of these proved to be Mie _ oompounds snd

13
wore found by Baenziger and Rundle (1948) to have the cubie, Ethls struec-
ture. The titanium compound, originally thought to be TiBels, was found by
Baenziger (1947) to be diffaerent from the others, and to be based on a
hexagonal lattice,

Further examipation of the compound by the author yielded X-ray dif-
frection patterns which exhibited a large number of unusual extinctions.
Zero and third layer Welssenberg diagrams, which are representative of the
even and odd layers, taken with rotations around the six-fold axis, are
shown in Flgure 1. The sbsences were sufficiently unusual to warrant an
attenpt at a complste structural determinstion.

The structural investigation presented a nmumber of unusual problems
and these problems led to the study of Fourier transforms and to the devel-
opment of several new types of Fourier syntheges. TIhe theory of these
syntheges ig treated first in the theoretical section. Then, using the
results of this theory, the determination of the orystal structure of

TiBelz is considered,
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Figure 1. &. (hkO) and b, (hk3) Weissenberg photographs of
TiBey,. (The prints have been enlarged.)



THE THEORY OF FOURIER TRANSFORMS

Any property of a orystal which is a funotion of position wlithin the
crystal, may be represented by means of a Fourier series (Bragg, 1915).
This faoct has found considerable use in the determinetion of crystal struc-
tures., OSeveral of the methods evolved are considered in the historiocal
introduotion.

The usual method of utiliging the Fourier series hes been to seek a
Fourler expansion of some partioular physical property and to relate the
Fourier coefficlents to quantitles measured in X-ray diffraction experi-
mente., A somewhat different method 1s adopted here. In the gections fol-
lowing the historical section the usual procedure is reversed, There a
 physiocal property is sought which has, as Pourier coefficients in its
expanasion, certain chosen parts of the observed X-ray data., The treatment
has been oarried out for two speciml cases. The author believed that such
a treatment may be carried out for a number of other cases. In fect, it
may well be true, thet a Fourier synthesis, made with any systematically
chogsen part of the Xeray data will have an sasily interpretable meaning,

which may be found by methods similer to those used here.

Historioal Introduction

In 1915, Bragg first suggested that any funotion of position in a
orystalline lattice could be represented by means of a Fourier series,

Duane (1925) extended Bragg's two dimensional seriea to three dimensions



and derived the series in the following form:
+ ®©
plxyes) = ¢ € ET P(hk2)oos2 w[(hx + ky +22) =~ A(nk2)] .
Here, p (xys) 1s the electron deneity funotion, V, the volume of the unit

oell, d{(hk2), the phase angle, and F(hk £), the strueturs factor, defined

by
N
F(hk 2) = 1£=' ‘F_sexp -2 1(hx-1+ ky‘.«a- Rg’.)

whare rt is the atom form factor of the atom at xx » y$ R zi » (The
parameters, as used in this thesis are fraotional values and take on values
batween zero sud one.)

It will be seen that, in this three dimensional form of the Fourier
expansion of the sleotron density, all of the avallable structure factors
aro used,

In Bregg's originel work one and two dimensional Fourier summations

are derived, If
plxy) = L p(xye) as

pix) = fa‘fo‘p(tyz) dy de

the Fourier expansions of P(xy) and P(x) teke the form

+

£ F(hk0) 0082 W [ hx + ky = d\(hko)]

- ob

p(xy) '%-

y(x) m} _é-: F(h00) cos2 T [hx - d(hoo)] .

>

These forms contain the unusual weight faotor 1/V. This is because P (xy)

and P(x) have been defined in paremeter space rather than real space as



is usuelly done, For more usual forms, see James (1948), and Booth (1948).

In these Fourier projections only a portion of the svailable struoture
factor date is used, Two dimensional projections may be made using the
structure factors represented by any plane of the resiprocal lattice whiech
passes through the origin, One dimensional projections may be made from
any reciprocal lattice line passing through the origin. But in neither of
these are regions of the reoiprocal lattioce used which do not oontain the
origin,

Other physlocal properties, more remotely related to the electron
density funoction, may be expanded in a Fourier serlies, One such gquantity

is the Patterson funotion defined by

P(xyz) = S;flflf(x +tu, y tv,z+w) P(uw) dudvdw,

The Fourier development of this function was found by Patterson (1935) to

have the form

P(xye) '%- Z.-:Z:Z {F(hkn)‘ € o082 T (hx + ky + 232).
The Patterson function has a maximum at x, y, %, whenever there asre maxims
in the electron density funotion at u,v,w, and at x + u, y + v, z +w,
Thus the Patterson maxima ocorrespond to the set of all possible veotors
between the set of maxima in the electron density function, One and two
dimensional projections of the Pabtterson funotion msy be made in the same
manner as the projections of the eleotron density funotion,

For the computation of the Patterson funetion, it 1s not necessary to
know the phase angles o (hk 2), which are not observed quantities. The
pertions of the reciproecal lattice which must be used are, however, the

same a8 in the electron density Fourier expansions.



A somewhat different kind of Fourier synthesis has been suggested by
Harker (1948s). He has shown that a hypothetical disorder may be introduced
into struoture caleulations by using only the reciprocal lattice points one
of whose indices ig & multiple of a emall integer, For instance, if a
Fourier synthesis is made using reciprocal lattisce points whose A index is
even, the }esulting density function at x,y,z, gives an average of the
slectron density funetion at x, y, z, and Xy, ¢ + %. Since this hypo-
thetiocal disorder concept has been used in the determination of the strue~
ture of TiBejp, the d;rivation of the necessary equations is reproduced
here,

The eleotron density at the points x,y,z, and x,y,z + 3, is given by

+ oo
playe) =g £ T £ Fnk Qoxp - 27 i(hx + ky + L¢)
-

+ o0
f(x,y,z + X) *%- f-_iaoi P(hk £) exp - 27i(hx +ky + Qg + %2)
-% Z_iz sxp(~2n ié) F(hk 2) exp - 27i(hx + ky + fz)
3 1 Ry 2
oJa g) " z. -2
plxys) + p(ziyer +3) = ¢ T c‘OZ [_1 + exp( Trl-g)]F(hkf)

exp = 2mi(hx + ky+20Z)

+
3 (pye) + plrayez + 1) - T 2 ZF(hke) exp - 2mi(hx +
A @ven

Xy + 22)0

A similer relation may be shown to exist for the average of the Patterson
function.
The Fourier synthesis in s cell wlth hypothetical disorder is the only

synthesis, whioch has thus far been congidered, which uses a part of the



structure factor data different from that used in the standard Fourier and
Patterson syntheses,

Another recent development has been a suggestion by Konobeevskii (1948)
that the Fourier synthesis of thé electrostatic potential field of the
electrons be made instead of that of the electron density. Unfortunately,
details of the method have not yet been published in a language familiar to
.thc author. The method is mentioned here to oall attention to the fact
that Fourler synthesls nesd not be confined %o the elaotron density or to
the Patterson funeotion.

A mumber of variastions on the electron density and Patterson function
syntheses have been devaloped and used in the interpretetion of X-ray dif-
fraotion data. These are summarized by Booth (1948), None of these
methods offer any innovations as to the portions of the reciprocal lattice

used in making the expansion.

The Fourier Transform

It is convenlient, here, to introduce the concept of the Fourier trans-
form as used by Wrinch (1946)., The Fourier transform of a function, g(xys),

defined in real space, is given by
+ob
wI(XYZ) = f f f g(xys) exp2mi(xX + yY + 2Z) dxdyds
+a—w
where w = j f‘f g(xye) dxdyds.
-
Reoiprocally, the transform of T(XYZ) is given by

+ o0
glxye) = w f f f T(XYZ) exp = 2 mi(xX + yY + gZ) dxdydz,
-



The function T(XYZ) is cmlled the transform of g(xyz) and if x,y,z, are
real space coordinates, X,Y,Z may be identified with the reciprocal space
coordinates of orystallography.

If g(xyz) represents the electron dersity funetion, and is periodie,
then T(XYZ) is different from sero only at a discrete set of points. Those
points are, in fact, the points of the reciprooal lattice coordinates, h, k,
2.3 and T(XYZ) is the structure fastor. In the periodic ocase the last
integral reduces to & swmation over the discrete values of X, Y, and Z,

It has been pointed out (Wrinoh, 1946) that the transform of & periodie
distribution may be considered as made up of itwo parte: first, the transform
of & non~psriocdic part of the distribution (the contents of a unit cell);
and second, the tranaform of a lattice, considered ag a point set, The
first part is given precisgely by the equations above, while the seoond part
is zero except at the points of the reciprooal lattice. In this sense, the
transform of & periodie function is the function T(XYZ) at the points of
the reciproosl lattice and zero elsewhere,

Because of this relation we are able to evaluate the Fourier transform
in the integral form of the above equations, whioch is in many cases easier
to evaluate than the corresponding summation. The transformation of the
poriodieity need not be congidered at all sinoce it loads only to the dig~
ereate form of the reciprocel lattice,

In the next section the Fourier transform coneept desoribed here is
used as a means of interpretation of several special types of data obtained
in the structural work on TiBeys.

The 4wo trensforms, whioh are derived below, proved to be of special

interest in the determination of the TiBejs structure. The first transform



hag been used quite extensively, partiocularly ih the determination of the
probabilitles in the postulated disordered structure., It is especlally
useful here, sinee ths key to the short range order in the structure lies
in the reflections with odd 2 index, The transform of a particular layer
of reflections, with R = 1, for exampls, yields as much information con-
cerning the order as a three dimensional Fourisr synthesis of the electron
density and is considerably easier %o obtain,

The seoond transform is of lessg practical walue than the first, but is
also of considerable theoretical interest. The abstraction of symmetry
elements from the transform has been of use in one case explsined in g
later section, but in gensral there is no advantege in carrying out the
synthesis using this abstraction. The work involved in such a synthesis is

also consideradbly greater,

Transforms of Reoiproocml Lattice Planes

As we have ssen in the historical section, Fourier syntheses have been
made using data based on planes or lines of the reoiprocal lattice passing
through the origin. The restrioction that the line or plane pass through
the origin may, however, be rather simply removed,

Any plane in reciprocal epace is defined by the equation Z = Z1
(constant), if the reciprooel axes are chosen properly. Any line may be
defined by the equations Y = Y;, 2 = Zl. Congidering first the Fourler

transform of a plane in reciprocal space at congtant 2,

D

1@(1!21) - f._f ( g(xyz) exp2 Wi(xX + yY + 22y) dxdyds

hall-

and
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+o0 +R
J g(xye) exp2 Wizl dz = w f fT(XYZl)axp - 2Ti(xX + yY) dxdy,
- ob -

and if g(xyz) is the periodic elsctron density function

\ 1 + ol
f y(xyn) exp2Migljdz * § §°§ F(hk 2 ) exp =2mi(hx + ky).

[}

The replacing of the integration by a summation is a result of the
periodieity of P(xyz) as explained eerliar. ¢ (xyz) is used in place of
g(xyz) end h,k, £, in place of X,Y,Z to emphasigze the shift from s general
funoction defined in real space to the periodic electron density funetion.

Real and imaginary parts of the above equation may be separated to give
\ 1 - R
fo p (xyz) cos2ne f dz =5 i—f F(hk £ )sos2m(h x + ky)
and
\ 1 + ob 1
f ?(xyz) sin2mz £ dz = ¥ Zz F(hk2,) sin2 mi(hx + ky).
0 -

In s similar fashion, the Fourler synthesis along a line in reeiprooal
space oan be obtained. Thus,

+ 00

] 1
- 1
fofof (xyz) cos2 (y + 2, z)dyde = E F(uk) £, JoosZmhx
] ' 1 + Qo
5 f f(xyz) aina'n(kly + £ £)dydz = -F z 1’:‘(hk1 2, )sin2 hx.
o Yo -~ 00
In using these equations in this structural setudy only the cosine sum~
mations were carried out, since interest was ocentered upon stoms lying at
t =0 and z =3 and first layer data was used, In other ceses it might be

useful to oarry out both the sine and cosine sums.

TSimilar formulae have been derived in a different form as an aid in
the preoise location of peaks by Clews and Cochran (1949).
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Iransforms of Points Not Equivalent by Symmetry

It is possible, in many oasges, to find the transform of thet part of
reciproecal space, which contains e set of reciprocal lattice points from
which all points of the reciprocal lattice may be obtained by the operations
of the symmetry elements which are present. In this sectlon, the transform
of rcciprooal lattice points, which with the operations of an n-fold axis
of rotation will generate the entire recliprocal lattice, is derived.

The region in reciprocal space whioh when acted on by an n-fold
symmetry axis will give all of reociprooceal space, is best defined in

eylindricel coordinetes. If in the Fourier transform equations, the sub-

stitution
x= poosQ y=esing
X = Poos § Y = Psin @

is made, the equations become (Wrinoh, 1946)
+ed _ay )
wT(PH2Z) = f f ,(f’ gy pz)exp2'nichos(¢—4>) exp2 mizZ dp dpds
a4 0

glp pr) =w f‘:, jo"f:;’T(PCPz)exp - 2w ipPoos(p~9)

exp - 2wizZ dPdQ dz,
If the n=fold symmetry axis lies in the Z direction in reciprocal

space, the equations
T(PPz) = 1P, d- 2T ,2) o . . . TP, b~ =520 ,2)

are obtained,
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The funotion T*(P$2Z) is now defined by the equations

T (Pdz) = T(PHZ) o< < 2T
(2 d2) $=0 o T
0 elaevhere

T'(P#Z) when repeated by the n-fold symmetry exis, genserates the
function T(P#Z.).

The meaning of the transform of the T' function is now sought, In the
transform of T, the integral over ¢ from 0 to 2T pay be reduced to a sum
of n integruls from O %o 2'72 » oto. Then,

40 10 @
g(fc;vs) -y j‘ S”‘ S- PI(P®Z) exp = 2wipPoos(@-)
Zed 0 o

oxp - 2w izl dPdd dz
teo (%) o

+w L 5 LPT(Pcbz)exp

24 pPoos( -¢)

o Yan
oxp - 27122 dPd $dZ
+ * [ ] »
. 4w 20 o
+w f j g PT(P¢Z)exp - 201l pPooa(p~ )
- (::‘I o]
~ exp - 2 nipl dPddaz,

How, if the tranafermations
¢ - o
¢ e & -

. . .
d)*a ¢" /:‘7:—’(227)

are made in the above equation, where the transformetion d)" is made in the
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i'4h term, the equation becomes

¥

g{p P e) ~w f J?T(P¢z)exp

+ 00

C LY
+w f [P'L’(P¢Z)exp
-~ O o o

+ L) L 4 .

w f f%f;r(mz)axp

exp

The supersoripts have been omitted, since

relations
r(pdz) =« 2(p, d - T ,2), eto.

have been used,

2nipPoos(y - ¢)
2TizZ dPad a2

2wip Poos( @ + 20 -

2TigZ de@ az

$)

2nip Peos( @ + 2=t l2n) - ¢ )

2mizZ dPad dz.

they are unneceggary and the

Fow, introducing the T' funoctlions, defined above, g(g @ 3) beoomes

+ o0

5(_? pe)=w Lm fo:w'(mbz)exp

-0
exp

an o

j IPT' (PP2)exp

+
o
8 ’

*f s s e

L0 29 .ed
+w 5- f [PT' (P& 2z)exp
exp

]

2wip Poos(p - &)
2wizgi dPadaz

21115:Poos(cp+ i -

27isZ dPAd Az

2n1PPccs(<p + =
2wizZ aPdP dz.

$ )

")~ ¢ )
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If now, the transform of T' is denoted by g', so that

T T I
g'ppe) =w f f yoPT'(P¢Z)exp - 2nipPoos(p -P)
oxp - 2wigsd dPAQ aZ

and

-+ abd an Q
g'(f.¢+2,—,{'.z)~wf f rPT'(P¢Z) exp - 2wipPoos(®? % - )
- ob [ (]
exp - 2wizZ drdddz,

g(f #2) may be written in terms of the g'(p @ &) funotion as follows:

27

glpopz) =g'(ppe) +g' (£, @ +%  ,2)+ ... +tg{p,pr R ).

The last equation means that the transform of a function with n-fold
axial symmetry mey be obtained by transforming only that part of the func-
tion which lles between O and 1‘,—1‘ s and subsequantly adding the values
of the g' function at (pq@ 2), (£ , P+ 2% ,2), « « o, (p, P+ ’3;'\-'(111) 28)e
From another polnt of view, the symmetry axis is removed from the recip:;ooal
space i’u_mction and only the part independent of symmetry is transformed.
Then the symmetry axis is replaced in the transformesd function.

These results are resdily applied to the oustomsry Fourier syntheses.
Although the proof has been carried out in eylindrioal ecordinates, the
aotual summation may be ocsrried out in the customary orystallographie
ocoordinates. Since the electron density function is real, only the real
part of the g' funoction need be determined.

As an illustration, g' will be written out for the case in which g con~
tains a siz~-fold symmetry axis. In the hexagonal system, using hexagonal

axes, the region in reciprocal space bounded by the oylindrical coordinates
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0 and 1/3 T , is defined by h end ¥ > O, To obtaln g', therefore, only
poeitive values of h and k are inocluded in the sum. Thus,

+ D

]
gt (xyz) *%’- % Eo Ft(hk 2) exp - 2wi(hx + ky + £ 2),

R

where F' is subjeot to the condition
T (POZ) = 31(PH2) at ¢ =0 or i1

Therefore,

F'(hk 2) = 3¥(hk 2) for h or k = O,

To obtain the value of the electron density function, one sums the values
of g! at the symmetry related points in real space., This is the common
value of p(xyz) at those points,

The g' Fourier summation has been found useful in only one case thus
far. In the hexagonal system, it is sometimss useful in avoiding the
higher indices sntailed in the summation over ell of the points of the
reciprocal lattics. This might be true, for instance, for summations car-
ried out with the help of Beever-Lipscomb gtrips, or in other methods where
an upper limit is set on the frequencies which may be used,

In the preliminary work on the present structure, severesl Fourler syn-
theses wore made using this device. Reflections with indices as high as
(18.12.1) are present in the region in which h and k are positive, The
symnetry equivalent reflsotions, generated by the three-fold axis are
(12,30.,1) and (§0+18+1). Sinoe the I.B.M. card sets uged in the summation
contained no frequencies above twenty, over one-third of the reflections

would have to be omitted in the usual Fourier synthesis. In the synthesis
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with symmetry sbstracted, however, nearly all of the observed reflections
could be used, The work referred to here led to no useable information con-
corning the structure, and hence is not referred to in the structural
determination.

The method has, however, several disadvantages. The summation must be
oarried out over s considerably larger portion of the cell than is usual
end the work involved ig therefore increased. Only in the hexagonal or
monoclinic systems does the method seem to offer any edvantage whatever and
even in these systems it would only rarely seem to offer any advantages

over alternative methods of earrying out the summation,
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THE STRUCTIURE OF Tchlz

As heas been pointed out earlier, the interest in the 215012 gtruoture
arcse more from the somewha’t umisual sppearance of the x-ray diffraction
patterns than from any other reason. In sapite of this, the structure is of
interest as an additional metal structure, which en adequate theory of
mstals should be abls to explain, A few related points are discussed in
the last section of this thesis,

The structure of TiBe 2 has not yet been fully determined. Indeed, in

1
a unit oell of this slze, one might not have expsoted to be able to deter-
mine anything about the struoture had it not been for the remarkable pseudo
csll relation. The structure which is finally suggested (for even this

much is not completely definite) is one in which sach titanium atom lies in
one or the other of two possible positions and there is a definite probabil-
ity of occcurrence of the titanium at each site. The sorrelation that must
exist between these probabilities has not been found., The berylliums are
placed in idealiszed positions and although there must be a displacement
from the ideal positions and although the cause of such a displacement can

bs postulated, the details have not been determined, These depend on the

correlation of the probabilities of the titaniums, which is ne%t known.

Experimental Procedure

A sample of TiBeys was obtained by the heating of %titanium-beryllium

mixtures in the atomic ratio of about 1:16 to about 1400°C, in an induetion
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furnace, One sample obtained in this way had a small cevity in the center
into which extended hexagonal nesdles of TiBelz. There sesemed to bes only
small amounts of a seccnd phase present, so 1t is ressonable that the com-
pound contain only a little less beryllium than TiBeyg. 4An adequate chemi-
cal analysis of the compound itself has not been obtained, bacause of the
diffioulty in obtaining samples known to be the compound in sufficlently
large quentities. These nesdles ware e¢asily separated from the matrix and
several, about 1 mm in length end 0.05 to O.1 mm in diameter were chosen
for exanination by X-ray diffraction. The face development on the needles
proved to be (1010) and orientation about the six-fold axis was an casy
matter,

The following Weiasenberg and Precesslon photographs were made:

Cu K& radiation ~=- Welssenberg (hkO)--.(hks)

(ho )
Mo K& rediation =-- Weissenberg (hk0) -- (hkel0Q)
Precession (hk0),(h0£),(hhg)

Ag Ko radistion -~ Weissenberg (hOXR)

The Cu Ko plotures were taken by the multiple film technique. The
Mo Ko Weissenberg with even £ indioces and the Ag K& plotures were
taken as a series of timed exposures at doubled intervals of from 1/4 to 16
hours., A Phillips diffraction unlt was used for all piotures sxcept the
Ag Ko ones. Here a homemade gas diffraction unit weas used.

Intensities were estimated by visual comparison of five multiple films
(Robertson, 1943) or of six timed exposures. The intensities of all the
Cu K« films, the Mo Ko TWeissenberg films of even £ index, and the (00 .£)

reflections from the Ag K« film were estimated in this way.
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Squares of the structure factors were caloculated from the formula

1=x{F| % ¢
where G is the Lorentz polarigzation factor obteined from tables given by Im
(1943), X is a constant which was used to put all structure factors on the
sama soele, and eventuslly determined to put them on an absolute basis.
Adsorbtion and tempsraturs feotor corrections were not used sinee both were
smell, That the temperature correction is small is shown by the considera-
tion that reflections ocour well past the reciprocal lattice points within
the molybdenum sphere of reflsotion. Relative intensities vary littls on
passing from Cu %o Mo radlation, which shows the adsorbtion correction also
is negligible,

The ehsensces which ocour are quite important and several very intense
diffraction patterns were made, but no reflection which appeared to be part
of the systematic absences appeared on any film, no matter how intense.

Townrds the end of the structural work, when e disordered structure
was suspected, a number of Laue pletures were made with filtered and unfile
tered Mo radiation. A streeking was obtained in the (hkO) reciprocal lat-
tiece plane in geversl directions but no streaking was found perpendicular
to that plane., The Laus disgrams showed considerable evidence of diffuse

scattering but it could not bLe measured with the fecilities availablse,

The Unit Cell and Space Group

All of the diffreotion patterns obtained could be indexed on a hex=-
agonal basis. The (hh2) Precession ploturss yield what are probably the

mogst accurate valuss of the latitice constants, In terms of the repeat
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+

29.44 £ ,01 A. It will be seen that the %o, distance is very nearly one

quarter of the ty,, distence (7.36 % .01). Sincs the two distanoes were

distances along [001] end [110) , these are: ¢

moeasured on the sems film, it seems certein that the differsnce in the two
values is real. The lattice constants &, and o, are equal to %75 and eOOI
respectively., The Weissenberg diffrasction patterns obtained with the orystal
rotated around the o axis all show the diffraction symmetry of Cz, « This
fixes the point symmetry as Deh' Cgys OF D3h' A great many extinotions
ooour but the enly one of possible significance in the determination of the
space group, is (002 ) when £ is odd. In the odd layer lines only those
reflections ocour which lie mlong the edges of the series of hexagons, whieh
are shown in Figure 2 for the reciprocal lattice layer (hkl). The reflec-
tion (0002 ) (odd) oscurs at the center of one such hexagon, end is thus
equivalent to (441), etc, which are alsoc absent., It does not appear,
therefore, that ths absence of (002 ) with £ odd necessarily reveals the
presence of a two-fold sorew axis. The possible space groups are therefors
the followings Dy (C6/mm), Dy (C62), D§ (C6g2) , CL, (Comn), D}, (CEm2),
and 0§, (CB2m).

Division of the Problem

The even layer line Weissenbsrg and Precession diagrams, considered
independently of the odd layers, may be indexed on the basias of a small
pseudo cell, The orientmtion of this pseudo cell with respect to the true
cell is shown in Figure &, The Eg'axia of the paeudo cell is parallel to

6, of the real cell and the angle betwesn a, and A, is 90°., The lattice



2l

°
-]
o
®/s2.0.
Qr2.3.,
[ XX}
° °Ig-‘.,
o 785! O /2.5
Q-a.t Y4l o8 1 ul g3l
e O o o© o
o ¥ 01734
o Tt Xy
(-] o QO Is 1
*r———o—¢ >— O0———0—
a0 For gor T Qe %.0-;

Figure 2. The reoiprooal lattice nmet (hkl). The indicated reflec~
tions are present, the rest, absent.
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Figure 3. The relative orientation of the real and pseudo cells.
The ¢ axis for both cells is perpendicular to the paper.
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constents of the pseudo cell are: A, 4.23A°; Co = 7,33A°, Ths structure
of the pseudo cell can be determined from the intensitlies Qf the refleation
with even £ index, using stendard methods. The real cell structure and

thé pseudo cell structure have been shown to be related as follows: (cf. p.
6) If the value of the electron density function in the real cellet z and
z + % are averaged for all values of x and y, and that value of the electron
density pleced at both 2 and £ + %, the result is a unit cell made up of s
sories of identicel units related by the pseudo ocell primative translations,
Esch of these identieal units is, in fact, a pseudo cell,

In other worda, the resl cell consists of a series of pseudo cell~like
units differing from each other only in the division of a constant eleotron
density (for s given xy) between z and ¢ + %, If the structure of the
pseudo oell oan be determined from the intensities of reflections with even
2 index, only the mature of the division between z and z + } need be deter-
mined to obtain the eomplete structure. In the carrying out of the letter
step the intensities of reflections with odd £ index must be used. Thus
the structural determination resolves itself into two dlgtinet problems:

The structure of the pseudo cell and the removing of the ambiguity between

z and £ + % at the various points in the real cell,

The Struoture of the Pseudo Cell

From the observed density of 2,30 and a cell volume of 111.5 A?, the

weight of the unlt pseudo ocell in molecular welght units is 154. This is
compatible with the formulae TizBeg or TiBejp. Although the experimental

acouracy probably does not preclude TiBall or TiBela, the caloulated formla
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is much c¢loser to TiBe The voluma of the pseudo cell caloulated fronm

12°
the atomic values of titapium and beryllium (from the structures of the
pure metals) is 110 A§ for TiBeyp, and 112 AS for TigBeg. TipBeg seems
quite unlikely in view of the mothod ol preparation but was considered
beoause of the lnadequate chemical analysis.

The Pattersoa function projected on (00l) has been obtained using the

formuls
P(zy) = Z % (P];-E + F'hk) ¢os hx cox ky
+ (F,f - F2) oin nx sin iy,
where Fh-l-c- =0 if hor k=0,

The projection was prepared using the Cuka« (hkO) Weissenberg deta. The
projection (Figurc 4) shows three different peaks with the pesk heights

listed in Table 1,

Table 1

Peak heights from Patierson projection
of pseudo cell on (001)

0 0 690
1/5 2/3 200
1/2 0 500

The posgible interpretations of the Patterson projection in the various

possible plans groups may now be considersd. The projections of the spaoce

1

%, » while D}y yields CJ,

groups D%h Dl Bs c 1, yield the plane group C
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&

Figure 4. Patterson projeation of pseudo aell on (001). The contour
lines have bsen drewn at equal intervals and have not besen

smoothed. The irregularities indicate the approximate
acourgoy of the data.
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1I
and D%h yields 332 « (Patterson, 1935).

The available positions in these point groups sre -
In an :

1: {(a) 00,

2: () 1/5,2/352/5,1/5.

3: (o) 2,0:0,%:3,%.

8: (d) =x0;0x;xx;x0;0X;xx.

(8) Xx3%,X3X,2X32%,X$X,X3X,2X32X,X.

J
In 031

1t (a) 00, (0)1/3,2/3. (c)2/3,1/3.
3: (d4) x,X5x,2x32X,X.
61 (8) X,¥I¥sX=Y3Y=X,X3¥sX3Y~X,¥ X, X~y
In G%i
1: 00,
21 1/5,2/3; 2/3,1/8.
31 x0; Ox;xx,
6: x,y; 'fr‘,x-y; y-x,;z ;,;; V=X, Y5 XyX~¥e
The possible placement of atoms for the improbable formule TipBeg is
considered first, In the first place, if there are two titanium atoms in
the unit cell, they must have the same x y parameters, since if they do not,
they must ocour et 00 and 1/3,2/3 (or 2/3,1/83). 1In the latter case equiva-
lent peaks would appear on the Patterson at xy and at x = 1/3, y - 2/3 and
this does not ocour, With both titaniums at 00 or 1/3,2/3 there 1ls no
arrangemsnt of the berylliums which will give the observed peak heights, and
further, the appearance of the odd layer lines cannot be explained. Thuas

the formula leﬂos may be eliminated., There remains TiBeyy, which is much
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more probeble since the compound was prepared in the presence of a large
excess of beryllium.

The Patterson projection can be interpreted by means of the following
positions in C%R z

Ti in (a) ©00.

2 Be in 2{(a), 00,

6 Be in 2(c) %,030,5:%,3.

4 Be in 2(b) 1/8,2/%; 2/3,1/8.

These positions are also possible in Céﬂ and Cgi. end the only pos~
sible varietion is the displacement of the origin to 1/3,2/3 in Cgﬂ .
This makes no difference in the pseudo ¢ell but must be cénaidered in the
transition to the real cell. | |

The Fourier projection on (001) gives further evidence that these posi-
tions are approximately correct. This projection (Figure 5) was caloulated
fron (hk0) molybdenum X« Weissenberg diffraction data with signs assigned

from the structure factors omlculated from the above positions., The

integrated peak heights on an arbitrary scale are given in Tebls 2,

Table 2

Integrated peak heights from Fourler projection
of pseudo cell on (001)

1/3,2/3 17,806
1/2,0 15,793

These peak heights agree very well with those expected for the postu-
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lated x and y positione., It will be noticed thet the peak at 1/%,2/3 is
partially resolved into three peaks. Sinae there are only two beryllium
atoms at that position, this separation must represent a small deviation
from the pseudo structure which ocours in expanding to the real struoture,
Such a deviation may be large enough to influence the intensities of the
observed reflections of the hkO planes, but not large enough in itself to
oause other reflections to appear. This is true bscause the intensity of a
reflection is proportional to the square of the structure fastor, F. Since
(F +§ )2 =F% + 2P8 + 62, o small change in parameters which changes F %o
F +§ will change the inteneity by 2F§ + J2, For a reflection where

F = 0 the intensity will now be only § 2.

Weissenbergz and rotation pictures around ¢ show that the (hk0), (hkt),
and (hk8) intensities patterns are quite similar and that (hk2), (hk6), and
(hk10) ere also similar but different from the other set. Thus we are led
to postulate a layer structure for the pseudo cell,with atoms lying 1/@
apart in s, Packing congiderations then lead to the following pseudo cell
structure in D%ht

1™ in (a) 000; or (b) 001/2.

2 Be in (o) 00z; O0zs £ near 1/4.

6 Be in (1) 30293 Olzns Jizas 308ps OfTps 33%as with 2, near 1L/4.

2 Be in (o) 1/3,2/3,05 2/8,1/8,0.

2 Be in (d) 1/%,2/8,31 2/3,1/8,%.

Eaoh of the sets can be given an arbitrery paremeter ln some one of
the other possible space groups, but the above parameter sets are the only
onoi whioh explain all the data, The one dimensional Fourier projection

along ¢ oaloulated from Silver X & data shows that most of the atoms near
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1/4 are in faot precisely at 1/2, so z, = 1/4., (Pigure 6) There are small
peaks near 1/4 at 0,22 end 0.28., Beocause hk3 reflections appear to be the
strongest of the reflections with £ odd, and because of the size of the Ti

atom, we take z_ a8 0,28 when Ti is at 000 and at 0.22 when Ti is at 003,

1
In Table 3, observed (002 ) struoture faotors are compared with those calou-
lated for the above struoture, and also with those caloulated with £ at
0,27 and 29, It ies seen that these intensities are not very sensitive to
this 2 parameter, and that egreement is in every ocase quite good if we
except (004), which is the strongest reflection eppesring in the entire
reciprocal lattice., We presume that‘cxtinction causes the discrepsncy in
FOOG'
In Table 4, observed and oaloulated structure factors are compared for
all (hk 2 ) refleotions with .2 even which are observed with Cuk o« radiations.

The (hkd) refleotions are somewhat sensitive to £y, and 0,28 seems to give

the best fit,

The Structurs of the Real Cell

The determination of the pseudo cell in the preceding section has left
an ambiguity in the g parameter of the Hitanium and beryllium atoms at the
x =0, y=0s The titanium atom may ocour at £ = O, or £ = %, the two
berylliums lying 0,28 x 7,38 A, away along the ¢ axis, It is natural then
to assume that in the true unit cell, thls ambiguity will be completely
removed and that emch of the forty-eight titanium atoms in the unit cell
will have & 3 parameter of either O or %. As will be shown leter it is
impossible to explain the structure on this basis. While it is certainly

true that each titanium has a z parameter of 0 or-%, an individual titanium
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Figure 6. One dimensional Fourier projection along o.
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Table 8

Comperison of ecaloulated and observed structure
faotors for (00R ) refleotions

e S R e s
Index Tobe sz 0.28 zy ?-%.291* z; * 0.30
002 11.6 9.1 9.4 9.7
004 26.0 33.1 32.4 31.7
0086 9.8 6.3 7.8 8.7
008 16.2 16,6 14.3 13,3
0+010 4.6 Tl 8.1 748
0s0e12 10.0 9.9 9.2 9.6
04014 §.8 6.2 5.2 7.8

*Booth's correlation faotor, R » ¢ ‘ch! -F } “
Z \“obsl

omitting FOOG for ¢ = 0,29 is 0,14,
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Table 4

Caloulanted and observed structure factors
for the pseudo ocell

Pasudo cell True index : Fobs Foal
index
120+%¢0 dede* 0 15.0 12.6
1ele®e0 12+0+%0 20,9 21.6
240.%0 - 8e8ee0 28.2 23.6
z-1-:~o 16°4°%+0 10,8 8.2
3+0°7%0 12+12%-0 15,3 17.1
2+2+% 24°0°%0 25,9 26.5
3ele*s0 o 20+8+%+0 7.1 6.8
4+0+%:0 16+18+*<0 17.9 16.6
5.2.'00 28+4+%:0 7.8 5.8
4+1:%.0 24412.%:0 9.1 14.3
1+0+%e2 4+4.%2 15.2 13.1
lele®e2 12+0¢%:2 21.6 20,8
2+0¢%e2 8eBe*e2 3.3 - 4,1
2.14%02 16+4+%.2 12,7 8.4
3e0s%e2 12.12.%.2 16,7 16,9
242.%2 2440+%2 642 4.6
3e1e%.2 20+8¢%2 11.8 12.4
4+40s%e2 164180 %2 3.8 ~3.8
3:2+%.2 28e4+%¢2 10.6 6.2
4e1o%2 24.12.%2 9,7 12,6
1000%e4 4+4.%4 7.3 7.3
lele #4 12.0+%e¢ 15.8 16.3
2+0e%e4 8e8e"e4 17.8 159.0
2+1.%¢ 16+4+%e4 7.6 8.2
3:00%.4 12012+%44 11.3 13.6
2,2.‘.4 2400:*04 13.1 21.0
3010*»4 20'8'.‘4 6.7 5.4

440e%4 16+18+% 4 14 .4 13.1

*repressnts the third Bravais-Miller index which ocours
in the hexsgonal sysaten,



34

set, at say (%,0) is not always et z = 0, or at ¢ = 3, but possesses
definite probabilities for lying in one or the other of thess positions.

Az hes been seen, the pseudo cell date give no indiestion of whether a
Ti atom cocurs et z = 0 or 2 --%. The pseudo ¢sll structure, therefore,
gives no indieation of the distribution of titanium satoms betwsen O and .
It is nesessary to use reflections with £ odd to obtain information ebout
this distribution.

The abssnce of (002 ) reflections with £ odd iz conoclusive evidence
that there are equal numbers of titanium at £ = 0 and z = %, Indeed, as
will be seen later, a raeflection whose struocture factor is 1fTi should be
clearly seen at low sin 6 , and a separation of titanium between z = 0 and
£ = % in the ratio of 23126 would give rise to s structure factor of 2894
for all (00 R ) reflections with £ odd. There must, therefore, be twenty-
four titanium at each level.

The relative orientation of the real and pseudo cells are shown in
Figure 3., The pseudo cell net picks out forty-eight points with the real
cell which are equivalent except for the ambiguity in the C, direotion,
The two possible pseudo cell positions for the titmanium atom correspond to
two possible sets of positions in the real cell. The point pogitions 1/3,
2/ ocour in the pseudo cell in the spaoce group B%h, but when these pogi=-
tions ere referred to the axes of the real cell, they are found to ococupy
the positions of th. This happens because the two space groups differ
only in the angle the vertical mirror plane makes with the x and y axes.
In th each of the symmetry connected atomlc sets hes & gero contribution
to Fyoy, and it is therefore impossible to explain the eppearance of (401)

with titanium in these pseudo-oel)l positions.
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There remains, therefore, only the possibility that the titenium atoms
ocour at 00 in the pseudo cell, and atoms may be placed over the pseudo cell
in origins in all of the possible space groups.

All of the possible space groups possess in common a three-fold axig.
It will, therefore, be convenient to discuss the various arrangements of
the atoms in terms of the three-fold sets and the atomie position in the x y
plane are so listed in Table 6. The set A (0,0; 1/3,2/3; 2/3,1/3) is not a
three~-fold position because of the symmetry of the space groups. 3But since
all of the other sets are true three-fold aéts, this one must be too, if
the atoms are to be arranged with twenty-four atoms at £ = 0, and twenty~-
four at ¢ = 3., The relative positions of these three-fold sets are illus-
trated diagrammatically in Figure 7.

A systematio elimination will be carried out, and it will be shown
that none of the ordered arrangements of the titanium atoms in the space

groups of the orystal class D, are capable of explaining the data.

Criterion gg_elimination

From the ealcuiatcd intensities of the pseudo cell refleotions, and
the observed intensities of the reflections with even and odd R indices an
estimate can be obtained as to the numbor of titanlum atoms seattering in
phase to the various reflections of hOR ., Using the obgerved F velue of
(002) and (401), and the oslcoulated F value of (002) we £ind that the oal-

sulated valus of Fe01 is about six or seven,
74 = TBe
Since refleoctions were observed with intensities of less than a hun-

dredth of that of (401), it would seem that for the absent refleoctions
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Figure 7. The relative position of the three-fold titanium sets in
the xy plane. The letters refer to the positions listed
in Table 5.
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Table &

The xy perameters of the three-fold titanium sets

Positlons

Set

A. 0,03 1/3,2/3; 2/8,1/8

Be 1/4,0; 0,1/4; 3/4,3/4

c. 3/4,0; 0,3/4; 1/4,1/4

D. 1/2,0; 0,1/2; 1 %2

E. 1/12,2/12; 1/12,11/12; 10/12,11/12
F. 2/12,1/12; 11/12,1/12; 11/12,10/12
G, 4/12,2/12; 10/12,8/12; 10/12,2/12
H, 2/12,4/12; 8/12,10/12; 2/12,10/12
1. 1/2,1/4; 3/4,1/2; 3/4,1/4

Je 1/4,1/23 1/2,3/4; 1/4,3/4

K. 6/12,1/12; 11/A2,4/12; 8/12,7/12
L. 1/12,5/12; 4/12,11/12; 7/12,8/12
M. 7/12,2/12; 1012, 5/12; 7/12,5/12
X, 2/12,7/12; §/12,10/12; 5/12,7/12
0. 8/12,1/12; 11/12,7/12; §/12,4/12
P. 1/12,8/12; 7/12,11/12;3 4/12,6/12
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(101), (201), (301), end (111), O.6fq to 1.07gy would be a conservative
upper limit on F,

The process of elimination of the ordered structure was carried out
roughly es follows., The oontributions of each of the three-fold sets of
titanium to the real part of the strugturc factors for several reflections
were oaloulated., These are asembled in Table 6 where the symbol thAL

denotes the real part of what we have called the relative sitructure factor,

Table 6

Contributions of the three-fold sets to the
reletive struoture faoctors

1/2 -1 -3/2  1/2+J3 1 -1
0,P -1/2 1/2 1 -3/2 -1/2 -1 -1

2 » Real part Fyqy
fm

It is equal to the real part of the structure factor divided by fpy. This
is similer to Hearker's unitary struoture factor (Harker, 1948b), but it has
not been normalised. For this reason it has been given a different name,.
The structure factors of the possible atomic arrangements which place
twenty~-four atoms at 2 = O and twenty-four at z = } can be obtained by add~

ing structure factor contributlions obtained from Table 6 for those atomic
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sets lying at 3 = O and multiplying by two. The atomic layer at z = 3}

makes the same contribution to the sitruoture factors of the reflection con-
sidered sinoce the astruoture factors of the corrssponding reflesctions in the
reoiprocal lattice layer with £ = O are identioally zeroc,

To aid in the consideration of all the possible arrangemsnts of the
atoms, a rather simple aymbolism has tesn used. This is desoribed in the

next gsection,

The ellmination symbolisn

In Tables 5 and & the oap;tal lettors A, B, eto, have been used to
represent the three-fold atomio sets whioh oocur in the strueture. By BC
will be mesnt the set containing both get B and set C.

In the caloulation to follow the siructure factors of all of the
sbtomic arrangements compatible with the possible space groups are to be
derived. As will be observed in Table 8 most of the three-fold sets oocur
iﬁ pairs having the same oontribution to all of the thg 1g¢ 1t is also
found in the sourse of the oaloulations, that various combinations of the
sets have the same contributions to all of the Ry, ,+,. When several
atomic sets or combinations of atomlo sets have the same oontriﬁution, this
faot will be recognized by enclosing the set symbols, over each 6ther, in
parentheses., Thus é) is uged to rewrdgent sets B or C, whose struciure
faoctor contributions are the same.

Yhen several sets have different struoture fectors, for example the

sets (A) and (5), and either of the sets may be chosen for the layer z ™ O

for the space group under consideration, the set symbols are written over

sach othar in brackets, Thus sets oocourring over each other in parcnthesis
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have a common group of structure fasctors, while those sppesring ebove eaoh
other in brackets have different values for some of the struoture faotors
considered.,

In using the symbollism a series of braocketed terms arranged horiszon-
tally are derived by consideration of the possibilities within each space
group. Then, all of the possible sets of atoms having different structure
factors are read from the array by choosing one set from each bracket,
rejecting any sombinations so obtained, whiech have the same set appearing
twice. There are several set combinations which have the zame structure
faotors, but only one of thess combinations has been listed in the tables.
Should it happen to have structure feetors which are compatible with the
observed dataall other sets having the same struocture factors are also compat-
ible and these are readily found from the original array.

The use of this symbolism will be explained in detail in the considera-

tion of ﬁéh, and this should meke its meening clearer,

Elimination gg_ordared struotures

The various possible space groups sllow the following three, six, and
twelve~fold sets:
1 1 -
Dgn » Cgy » Dg
A, D, BC, EP, GH, MN, IJ, KLOP,
1
%h -
A, D, B, F, 6, H, I, J, ¥4, X, BC, LP, KO,

D3y -

A, B, c, D. EF, GH. IJ. KL, MH, OP.
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The space group Dg canmot be used, sinece titaniun atoms will be placed
over each other at 00,

Since (221) is present Rypy must be different from zero, since the
imaginery part vanishes for each of the three-fold sets independently. An
exemination of Table 5 shows that, if (221) is not to vanish, we must have
three .or four of the sets A, D, G, H, at the same z lavel. We therefore
need to ealcglate the structure fastors for uitomic sels containing either
ADGH, AGH, DGH, ADG, or ADE. The last two combinations can ocsur only in
D%h. -The verious different ways in which the remaining a?omic sets may be
combined will now be outlined. |

In Déh, only thes combination ADGH need be oconsidered, sinoce thers are
only two three~fold sets in Déh and these muast ocour at the same level if
there are to be an even number of atoms at éaoh level, To complete the
layer with ADGH, then, we must choose either KLOP, or any two of BC, EF,
MN, or 1J. We may therefore write the array

[(8c)]  [(e)

(EP) (EF)

(2} (aw)

[avem)]  [(19) (19)
[(xLop)]

The interpretation of the array is fairly obvious in this ocase, since
all of the struétura factors refer to only one combination of sets. The
brackets placed over each other represent a choloe of one or the other set
of breckets,

The combinations chosen from this arrasy are listed in Table 7,

In D%h the leyer at £ = O may contain any of the sets ADGH, AGH, DGH,

ADG, or ADH., With ADGH, must be chosen four three-folds from the gets E, F,
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I, J, ¥, N, BC, LP, KO, Ve may further divide the selection into that of
two gix-folds, one six~fold and two three-folds, or four three-folds., These

choices may be represanted by the array

]
(BC) (KO)J
_

[Capor)) %}’] <§;) (fj;ﬂ
- It J) ( J)
(] (]

& & [B] (@)

G S O]

= I 2] I (] B

Table 7

Relative structure factors for layer of
titanium atoms at z = 0, in D

Sets Bor  Bon Bsoy By Bsn By Ry

ADGHBCEF 5+2 /3 -] 0 3 3-2 /% v} 8
BCIJ ) -d 0 12 0 0 8
BCYN 3-2/% -1 0 3 3+2 /3 0 8
EFIJ «142 /¥ -1 -4 3 12 /3 4 8
EFMN 2 2 -4 -8 2 4 8
TN -1-2 /3 -1 -4 3 -1+42 /3 4 8
ELOP -2 2 4 -6 -2 -4 8

fith DGH, A%H, &DG. and ANH we must choose five three-fold sets from
E, ¥, I, J, ¥, N, B, C, LP, KO, The following arrays represent the ways in

which this cah be dones
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Two six folds
AGH BC) LP N
o e @) fe
AD G I
) &

One six-fold

P(AGH) 1 fese) —(E)_s
5 ¥
(paH) KO B
1
(aD) G M
] cH) i -

No six-foléd

ey | [z aox) | [EF)e) )

P N
CONN CON | (IR
(AD G M (AD G| |(BF ) (uN I
A ] N | I

These vafious pogsibilities are listed in Table 8,

In Dgh the layer at z =.0 may contain ADGH, AGH, or DGH. ADG and ADH
are’not possible in this space group since G and H may not be geparated, We
are lead, therefore, to the following arrays:

With two six~folds

(er)| 2
[(aven) ] g u g [(avox)]  [Cer) &
&Ly (19) &L,
oP OP

Where terms like (EF)(IJ) have been omitted from the second expression,

gince these have already bsen considered in Déh.
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Table 8

Relative structure factors for the layer of
titanium atoms at &2 = O, in D&h

*

Sets Bl Paa Bor B B P B

ADGHBCLP 1 -1 4 s -4 8

BCEI a/2+ /& -5/ 0 15/2 3/2- {3 0 8

BCEM /2 ~1/2 0 /2 5 0 8

BCIN 3/2- -5 0 15 3/2 + 0 8

LPEI ~3/2+ V8 J" 3 0 - /42 -3/2-J8 0 8

LPEM 0 2 0 -6 0 8

LPIN -3/2- /8 % 0 -5/2 -3/2+ £ 0 8

1JME -1 -1 -4 -1 4 8

EFIM 3 i -4 -3/2 3 4 8

MNEI 43 % -4 ~3/2 /g 4 8

AGHBCLPE 5/2+J/8  ~7/2 4 ~3/2 5/2-J8 -2 4

1 i -5 4 3 1 -2 4

¥ 5/2-J8  ~7/2 4 -3/2 5/2+/8 -2 4

AGHBCEIM ) -6 0 3 s 2 4

EFI 842 V3 -5 0 3 $-2 V3 2 4

EFM 9/2+/%  -1/2 0 -3/2  9/2-/% 2 4

1E 3/2+V8  -13/2 0 15/2 3/2-1% 2 4

19 3/2-V8 13 0 /z 3/2+ V% 2 4

MNE 9/2- V8§ -7 0 -3/2 9/2+/% 2 4

MNI 5-2 /3 -5 0 3 3+2VF 2 4

AGHLPEIM 0 -2 0 0 2 4

EFI 2 /% -2 0 -2 /5 2 4

EFY 8/2+/3  -1/2 0 /z 3/2-/3 2 4

108 ~3/2+/E  -1/2 0 ~3/2-/% 2 4

I -3/2-/8 -1/2 0 -3/2 -3+ /% 2 4

MHE 3/2- /3 -1/2 0 -21/2 3/2+J/8 2 4

MNT -2 3 -2 0 -5 2 3 2 4

AGHEF LI 1/2+/8 -1/2 -4 -3/2  1/2-/% -2 4

InE — 1/2-VF -7/2 -4 -5/2 1/2+ /8 -2 4

EFMNI 2 -2 -4 2 -2 4

*Each group has eight letters reprasenting the eight three-fold sete.
Letters which have been omitted ars the same as thoge direotly above,
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Table 8 (continued)

Sets Rijor  Rom Rz01 Reor  Bsm R Razy
DGHBCLPE 3/2+J8  -1/2 0 3/2 3/2-J% -8 4
I 0 -2 0 6 0 -8 4
u 3/2- /8  -1/2 0 32 3/2+/% -8 4
DGHBCEIM 2 -2 -4 8 2 -2 4
EF1 2+2 /3 -2 -4 8 2-2 /3 -2 4
EFX 7/2+V8  -1/2 -4 /2 1/2-/8 -2 4
138 1/2+J8  -7/2 -4 21/  1/2-V3 -2 4
1M 1/2-/8 -1/2 -4 21/8 1/2+V3 -2 4
M 7/2- V8  -1/2 -4 8/2 7/2+J% -2 4
MHNI 2-2J/3 -2 -4 8 2+2 J§ -2 4
DGHLPEIN -1 1 -4 -3 -1 -2 4
EFI -142V3 1 -4 -3 -1=2 /¥ -2 4
EFM 1/2+J% 5/2 -4 -16/2  1/2-J8 -2 4
198 -5/2+J8 -1/2 -4 3/2 -5/2-J% -2 4
I -5/2=- /8 -1/2 -4 3/2 -5/2+J% -2 4
MNE 1/2- V% 5/2 -4 -15/28  1/2+V% -2 4
MNI -1-2/8 1 -4 -3 -1+2 /8 -2 4
DGHEFIJM -1/2+J8  ~1/2 -8 3/2 -1/2-J8 -6 4
IJMNE -1/2-J%  -1/2 ~8 3/2 -1/2+V8% -8 4
EFMNI 1 1 -8 -3 1 -8 4
ADGBOLPE .f JB 1 4 z/z 1- 'Kl -2 4
1 - 4 15 - , -2 4
M 1- /% 1 4 2 1+ /3 -2 4
ADGBCETH 3/2 -1 0 15/2 3/2 2 4
EFI 3/242 /8 - 2; 0 15/2 3/2-2/8 2 4
EFM g+ /3 1 0 3 3- /3 2 4
108 J3 -2 0 12 -J3 2 4
1M - ¥ -2 0 12 JE 2 4
HMNE 3-J3 1 0 3 3+ 8 2 4
MKI 3/2-2J8 -} 0 15/2 3/2+2 /8 2 4
ADGLPEIM -3 5/2 0 -3/2 =3/2 2 4
EFI -faﬁm NEY 542 0 -552 ~3/2-2/8 2 4
EFM (3 4 0 -6 -J35 2 4
1JE -5+ /3 1 0 3 ~3- /5 2 4
1M 3= /3 1 0 3 ~3+/% 2 4
. uE -3 4 0 -8 /s 2 4
MNI -3/2-2J3  B/2 0 -3/2 -3/242J% 2 4
ADGEPIJM -1+ /% 1 -4 3 -1~ /3 -2 4
TJMNE -1 V& 1 -4 ] -1+J§ -2 4
EFMNI % 5/2 -4 =SR2 % -2 4




[({AGH) [(zF))
DGH )

With one six-fold

[_Yazm )(sc)] (&F)
‘ (1)
(lg)

These possibilities ars listed in Table 9,

It has been shown earlier that li’,ri is a conservative upper limit for
the reflections which are systematioally absent. This means that thz { 048
for these reflections and an sxamination of Tables 7, 8, and 9 shows that
in every case at least one of 2101, R201, 3501, or 8111 is greater than
this., Thus, none of the posgible ordered struetures will explain the

observed absences.

é_diaorderod structure.

Since no ordered structure can be found, the structure must bs par-
tially disordered,

There is independent evidence whioch lenda support to the idea of &
disordered struoture. The original Weissenberg patterns themsslves led %o
an early suspioion that the structure was not wholly ordered, since, a& can
be seen from Figure 1, certain of the spots on the odd layer pictures
appear Lo be diffuse,

The Laue diffraction patberns, taken with molybdenum radiation also

give evidenoe of disorder. (of. Experimental Msthods section)., The
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Table 9

Belative struoture factors for layer of
titaniun atoms at g = 0, in "

Sets RBilor  Box Bsod  Beor  Bsor Biny  Repy
ADGHEFEL 2 /5 2 ) -8 23 0 12
IJKL -3 -1 0 3 -3 0 12
MNKL 25 2 0 -8 2/3% 0 12
BCKL 1 ~1 4 3 1 -4 12
AGHEF1JB 1+2/% -4 -2 3 1-2V3 4 4
EFKLB 2+2./3 -2 2 -6 2-2/3% 0 4
EFMNB 4 -2 -2 -8 4 4 4
TXKLB -1 -5 2 3 -1 0 4
IJMKB 1-2 /3 -4 -2 3 1+2 /3% 4 4
KLUNB 2-2 /% -2 2 -8 2+2 /% 0 4
DGHEFIJB 2/3 -1 -6 6 -2/% 0 4
EFKLE 1+2 /8 1 -2 -3 1~2 /¥ 0 4
EFUNB 3 1 -6 -3 -3 0 4
1JELB -2 -2 -2 8 -2 -4 4
IJMNB -2J3 -1 -6 6 2/3 0 4
KLMNB 1-2VF 1 -2 -3 14273 -4 4
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streaking observed in these photographs indicate a streaking in the recipro-
cal lattice in planes perpendiocular to gf. This streaking is ocharacteristie
of a two-dimensional disorder. (Zeachariasen, 1945). The detalls of the
non~-Bragg scattering in these photographs could not be determirned with the
facilitias that were available, so that little olse could be detsrmined
oonoerning the details of the disorder.

Nature of the digorder. It has been found poesibls to explain the

over all intensity patterns quite satisfactorily on the besis of a par-
tially disordered structure in Déh. No reesonable method oould be found by
which the remeining possible space groups could be investigated with respeet
to disordering and little attempt was mede 4o find a disordered struoture
~in other groups. It can hardly be expected that any such structure could
oxplaein the obzerved data any more satisfactorily than does the present
postulated struoturas.

8ince the diffuse, non-Bragg scattering hes not been gtudied and, con=
sequently, the correlation among the disorder sitss are not known, each of
the stomic sets of titanium in Déh must be treated es independent., It 1s
assuned that for each set (one of whose atoms ocours at xy there is a def-
inite probablility, Py» that the set ocour at z = 0, and a probability of
1 = Pyy that 1t ococur at z = %, Since the disorder is probably a two-
dimensional one, the Ti-Be~--Be-Ti ohains ocourring in the ¢ direction are
probably completely ordered along their length, but each chain may start at
either ¢ = 0 or z » } with a probability that depends on its position in
the (001) plane.

Equations for absence. Since the titenium x,y parameters sre all mul=~

tiples of one~-twelfth, the contributions of the titanium to F(hk Q) is
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periodie in h and k for all possible titanium combinations, and this,
together with the symmetry of D:léh allows only sight of the structure fao-
tors in each of the odd layers to be independent. Thus the tltaniua econ-
tribution to the structure factors of the first layer will have only the
values £, R(hk 2 ), where R takes on only sizht distinet values.

The reflectiom {101), (201), (301), (111) and (441) are all sbsent and
R(hk 2 ) for these reflections teke a different form for sach of these
reflections. All other ebsent reflections have the same form for R as one
of thess, 8o these reflections may be taken as representative of all the
absent reflections, If it is demanded that the absent reflections have
goro structure factors, a set of five simultaneous eguations in the eight
probabilities that the oight atomic sets be at 2 = 0 can be obtained. One
of these equations has irrational ecefficients, and the asquating of its
rational and irrational parts yields an additional equation.,

The structure factor for the reflections with odd £ indices may be
written in the fornm

P(hk £) = = h”éyé cos 2 0 (hxy + ky j )

+ f(1 - ng;yg‘, ) oosZTr(hxé + kyy )
F(hkQ) = % f(prdyarl) eoazw(hxé + lqrg- )
where ’-f- = fTi + 2fB. cos 2y and Py .y * the probability that the atom

394

at xé lie at 2 = O,

Y3
The beryllium etoms at 2 = 1/4 and s = 3/4 do not osour in this expres-
sion because their structure factors cancel out preoisely. The berylliums

at z = 0 and £ = } are omitted because although they may not occur over

each other al% precisely the same xy position, they very nearly do, In any
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oase the vanishing of the approximate structure factor as written is & neo-
egsary condition for the vanisghing of the total struobure factor, since the
periodic absences cannot be explained by a cancelling of the periodio
titenium structure fastor contributions by the non-periodic beryllium con=~
tributions., The beryllium structure factors are not periodic unless they
1ie in the ideal pseudo o0ell positions, in which omse their structure fao-
tor contributions would cancel as do those of the berylliums at z = 1/4 and
3/4., The titanium structure factor contributions alone mst be zerc or
very nearly so end they are mssumed to be zero, Hers a part'icular x, ya - is
used to represent the entire atomic set in px@}g .

From F(101) = O

p(1/12, 2/12) = p(7/12, 2/12)
and - p(}, 0) + 2p( /4, 0) + 2p(1/12, 2/12) + p(4/12, 2/12) - 2p(%, 1/4)

- 2p(5/12, 1/12) = 4

from F(201) = O
3p(z 0) - p(1/4, 0) + 2p(1/12, 2/12) - 3p(4/12, 2/12) - 2p(3, 1/4)

+ 2p(5/12, 1/12) = 0 |

from F(301) = 0
ép(0, 0) - 2p(%, 0) + 4p(1/%, 0) - 8p(1/12, 2/12) - 4p(4/12, 2/12)

- 4p(3, 1/4) + 8p(5/12, 1/12) =1

from F(111) = O
6p(0, 0) - 2p(%, 0) - 4p(1/4, 0) + 4p(1/12, 2/12) - 4p(4/12, 2/12)

+ 4p(4/12, 2/12) + 4p(%, 1/4) ~ 8p(5/12, 1/12) = 0

and from F (441) = O,
p(0, 0) + p(%, 0) + 2p(1/4, 0) + 2p(1/12, 2/12) + 2p(4/12, 2/12)

+ 2p(7/12, 2/12) + 2p(3, 1/4) + 4p(8/12, 1/12) = 8
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The squations are consistent, since the coefficient and augmented
matrices are both of rank five, Only the equation F(10l) = O leads to two
equations sinos it is the only one to contain both rational and irrational
cceffloients,

The equations may be solved in terms of two of the probabilities whioh
have been taken to be p(0, 0) and p(%, 0). The solutions are:

p(8/12, 1/12) = 17/30 + 3/10p(0, 0) - 3/6 p(%, 0)

(% 1/4) = 2/10 - 11/10 p(0, 0) + 7/10 p(}, 0)

p(4/12, 2/12) = 1/8 + 3/2 p(0, 0) - (3, 0)

o(7/12, 2/12) = p(1/12, 2/12) = 9/10 + 1/20 p(0, 0) - 7/20p(%, O)

p(1/4, 0) = 20/20 - 16/10 p(0, 0) + 12/10 p(}, 0)

It will be seen that the equations are not sufficient to determine a
unique set of probebilities, The intensities of the present reflections
mst, therefore, be used. Sinoe there are three independent structure fac-
tors among the present refleotions, there will not neqessarily be a set of
probabilities whioh satisfy the above set of equations and also give the
oorrect intensities for the present rellections. It was in fact found as is
shown in the next section that no set of probebilities which put the present
reflections in ths right order of intensities, would satisfy the above set
of equations,

Fouriser transforms. As representatives of the three independent struo-

ture factors of the reflections which are aotually present on the odd layers,
(401), (501), end (221) will be used.

Normally it is not possible to carry out a series of Fourier syntheses
with all of the possible permutations of the signs of the structure feotors

beocause the number of perpmbtations is far too great. In the present case,
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however, this is possible since only three independent sign assignments need
be applied to the first layer data. This procedure necessitates the assump=
tion that eny deviations of beryllium atoms from their ideallzed positions
will not affect the assignment of signs,

It is diffioult to see how the small possible displacements of the
pseudo cell berylliums could cause e sign reversel from that required by
the titaniums and yet fall to cause an absent reflection to appear, so
there will be only four possible variations in the signs of the structure
factors of the appeering first layer reflectionas. Changing all the 'eigns
of the first layer structure factors will have the effeoct of adding % to all
of the ¢ parameters in the struoture and will yield the seme structure with
the origin displaced by & in the z direction. Therefors, the sign of (401)
mey arbitrerily be teken as positive, and the verious combinations of posi
tive and negative signs be teken for (501) and (221). These sign combina~
tiong may be represented schematically by

(401) (501) (221)

1 + - -
11 + + -
Il + - *

Iv + + | +

The varlous possible atruotﬁre factor combinations represented above will
be referred to by the Roman numeral whigh precedes i%, 8ign combination
and structures derived from this sign assignment will be referred to by the
same Roman numeral. Thus, structures I will have the structure factor of
(401) and related structure factors positive, and the structure faetors of

(501) and {601), and the structurs factors related %o them, negative.
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First layer Fourier syntheses were made with each of the possible sign
combinations. The sums were carried out first with the three-fold exis
abstracted as outlined in the theoretical ssction and later, by inoreasing
the frequencies of the International Business Maohine card set to thirty,
in order to include a majority of the reflections obtained with Cu K«

X~-rays. In the latter case the following formula was used:

o R
R(xy) = Eo %(F'hzk +F’hkﬂ)cos 2whx cos 2 wky

- 3 'F'hkz) sin 2Whx sin 2mky

"Wk 2
wi*!;ler"m-:"Q =0 if hork=20

The values of the peak heights for the four summeations are given in Table
10, The sums of all of the peak heights for each of the struotures is also
included, for reasons discussed below,

The interpretation of the first layer transforms is particularly
simple in this oase. In the theoretical saction, the formula

R(xy) = 5; p(xys) 0082 2,z de
has been derived, where £, is the £ index of the layer for which the
synthesls is made. In the present structure the problem is to distinguish
between titanium atoms at z = O and titanium atoms at 2 = %, If in the
above integral the function P(xyz) is ahifted by & = &, (i.e. if plxyz) is

replaced by [ (x,y,8 + %), the integral becomes
I
R (xy) = on (x,5:,x + %) cos2 7 0 2z dz
(4]

3/1_
= [ pGws) coszm( s + L)as
- R(xy) ir & 1is odd.
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Table 10

Peak heights from the F(hk 1) Fourier syntheses
and the probabilities deduced thereform

o o
e -

Structure I
Sets Atomie position Peak heights Probability that sst
igat g =0
A 00 . -531 1/4
B,C 1/4,0 919 3/4
D 0 987 3/4
1,J £/ 1650 1
¥,N 1/12,2/12 -1180 1/8
K,L,0,P 5/12,1/12 -176 %
E,F 1/12,2/12 72 =
G,8 4/12,2/12 -1284 , 1/8
Welghted sun 180
Struoturs II Probability that set
Sets Pegk heights is at 2 = Q
A 531 8/12
B,C 881 8/12
D 2011 1
1,d 1312 10/12
M, N ~-1618 1/12
X,L,0,P -698 3/12
E,P ~366 5/12
¢,H 332 7/12
Woighted sum 762
Struoture I]:II.l Struoture IV'
Sets Paak heights Peak heights
A 1687 2761
B,C 1637 1299
D 207 1281
1,J 906 568
M,N 666 228
K,L,0,P -257 -695
E,F ~586 -1024
G,H -1284 =210
Weighted sum 10898 CELS

"o probabilities have been deternined for these structures.
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If the structure were perfectly ordered, one would expect poaks of only
two kinds at titenium sites, equal to each other in absolute magnitude but
the one the negative of the other. It is readily apparent from Table 10
that this is not the oase.

Although the structure is not entiraly~ordorod, it still must be true
that there are as many titanium atoms at ¢ = 0 as at & = %, For this
resson the sum of R(xy) over all the titanium sites must bs gzero. This
consideration eliminates the sign assignments III and IV. In the two
remaining syntheses, probabilities may be assigned to each titanium set
which will explain the observed peak heights. The probabilities have been
essigned by making use of the fact thet the peak heights are proportional
to sziyi = 1. These probsbilities are also listed in Table 10, In both
oages the maximum peak has been assigned a probabllity of one, and the
probabilities have been rounded off to give a g6t of small rational frao-
tions.

It will be seen that neither of the two trial probabllity combinations
satisfy the conditions for the vanishing of the structure factors of the
absent reflections. In particular p(7/12, 2/12) + p(i/12, 2/12), for
either of the struotures,

In Table 11 the pertinent struoture factors are evaluated for the two
casag, 1t is obvious that the first get, obtelined from the p's derived
from the sign oomﬁination F(401) positive, F(501) negative, and F(221)
negative gives the better ocorrelation with the observed data. Not only do
most of the struocture fastors of the absent reflections vanish but the

structure faotors of the present reflections sre put in the observed order,
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Since the Fouriler synthesis of the first layer datea is a new method, a
three~dimensional Fourier summation 9(xy0) was nade as a check using all
of the Cu Kol date with the sign assignment I, which gave the best fit

above. The peak heights from this summation are given in Table l2. The

Table 11

Comparison of the relatlve struoture faotors for
the two disordered struotures, I, and II

Sﬁructﬁri_i | Struoture 11 B Obgaerved pressnce
B0y -0,2 1.30 absent
Bogy 0 «~0.76 absent
Rzo1 0 =046 absent
R4y 7 7.28 present
Rgo1 -1.72 -0.26 present
Ri11 046 0.16 absent
Rapy 1,76 346 present
Rsq1 0 0 absent

probebilities obtainod from the F(hkl) synthesis are also included and they
will be seen to pargllol the peak heights, They are not proportional %o
them, as might have been expeocted, This is due partly to an incorrseot
baokground in the three~dimensional synthesis and partly to a lack of cor~
relation between the various layers which went into the three~dimensional
synthesis, This lack of correlation arises beocause the streaking of the
odd layer refleotions appears differently in the (h0Z), used for correla~

tion, than it does in the (hk 2 ) films. The sgreement between the prob-
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abilities and the peak heights seems to be good enough, howaver, to confirm
the postulaeted probeabilities.
Structure I, then, seems to satisfy all of the requirements of the

observed data, That the agresment is fairly good, in spite of the lack of

Table 12

Three-dimensional Fourier S8ection  (xyO)
for the sign assignment I

Sets Probability that

Atomie position Peak helghts get 1s at ¢ = O
A 00 6500 1/4
1/3,2/8 4600 1/4
B,C 1/4,0 9000 3/4
D 1/2,0 : 8960 3/4
1,J 1/2,1/4 16000 1
M,N 7/12,2/12 4800 1/8
K,L,0,P 6/12,1/12 7100 1/2
E,F 112,212 6600 1/2
¢,H 4/12,2/12 4200 1/8

refinements is shown by the comparison in Table 13 whers oaleulated and
obgerved struoture factors are recorded for three of the odd layers,
Adjacent raflections are, in most cases, placed in the observed order
with approximately the correot intensity ratios., It could not be expeoted
that reflections farther apart would exhibit agreement between the observed
and calculated structure factors and they do not, DBecause the extent of
the variation of the observed structure faetor from the calculated value
within each layer seems to depend on R more strongly than might be expected,
some minor adjustment of the g parameters of the berylliums at £ = O and 3

or 1/4 and 3/4 might be indicated,
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Table 13

Caleulated and observed structure
factors for Struoture I

B e O e e e e A P et e o oo
Index F ¥

obs oel

2e24%e1 40 «100
Sele*el 40 -93
4.0+%e1 123 249
5oo-:-1 63 -90
e 87 ~54
7-00*01 65 ~-8b
8+0e*el 167 222
8ele*el 42 -81
8¢20*-1 43 -85
BeBe*el 45 -78
6e6+%e1 42 -82
Tebe*sl 42 -76
8:‘0*‘1 152 201
90‘0:‘1 47 -73
10e4+%e1 48 -76
11.4+%) 52 -68
12+4 %] 52 176
13e3+%e1 0 -83
1&-2':-1 0 -7
1245071 54 -62
15e1+%01 0 -62
12‘6-:-1 56 -85
1640+ %1 47 163
12-7-:01 80 -80
17+00%e1 47 -0
100100%¢1 63 ~63
11-9«:‘1 83 -§9
12+8¢%1 134 158
18¢0e% 1 50 -62
13:8s%e]) 50 -57
19+0+%01 53 -58
1448¢%¢1 53 «-80
20:0e™s1 133 147
1508+ ™1 54 -54
2061¢%s} 49 -54

Srepresents the third Braveis-Miller index,
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 Table 13 (oontinued)

Index Fo'bs Fcal
20¢2+%.1 49 -56
16+84¢%1 100 141
17+7+%:1 49 -53
18e60™01 49 -56
20+3+%01 49 -52
19e5e*e1 49 -52
16+9+%e1 0 -52
20+&+%01 142 137

16+10+%01 0 -54
2144761 52 ~50
22+40%1 0 -52

16:12:%) 20 131

1712+%1 20 -48
2404e%}) 89 i26
18e12+%¢) 20 -50
240507} 0 -48

19¢12e%] 20 -45
2406e%0] 0 48

20012+%9) 82 119

21e11+%0) not observed wdd
24¢7+%e) not observed w44

22+10¢%¢} not observed -47

23 +ge*el not observed wdd
24+8+%e1 not observed 116

20+13¢%e1 20 -43

2e2e%ey 47 ~100
Fele*eg 47 -93
4400%e3 232 249
§e0e" 3 108 -92
GeQe¥ 3 128 -98
7e0e”e3 137 -89
8eQe*eg 372 234
Sele*es 88 -86
8e2e%e3 92 -93
BeBe*e3 93 -85
GeBe%e3 58 -88
Tebe™e8 68 -82
Bed "3 239 218
Ged %3 60 -80
10+4+%+3 51 -84
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Table 13 (continued)
Bttt o e e e e e et Y o it e e St o bt e e

11¢4+%3 38 ~77
124-:-3 179 204
13+8+% 8 36 -76
14020%3 36 -81
12¢5% 3 36 -76
16+1+%:3 36 -75
1z.su:-3 47 -80
16+0+%43 179 198
12+70%:8 43 -73
1760 ¢¥3 aT -78
10+410+*.3 43 -77
11-9{-3 43 =72
1248+ o3 209 190
1800-:08 37 ~76
138+%.3 43 -89
19¢0+%:3 37 -89
14-80:08 43 -T74
2040+% 202 82
1508:"a§ 43 isv
2041473 43 -37
202+%68 43 -7
16-8-:-5 204 177
177%:3 43 -36
18+6+%+3 43 -70
2003:%e3 43 ~66
19+8¢™e3 43 -85
1s~9-:-s 43 -65
20+4%e3 204 173
1ae10-:-s 30 =70
21e4e” 8 0 -62
2244073 0 -85
1612 %3 37 162
17012+%8 37 -59
24 ¢4 %3 153 156
18+12+%43 22 -62
2405Q*03 0 -57
19-12-:4»3 37 -57
24+ 6o%e3 0 -80
20¢12+%3 177 160

2111e%e3 097 -85
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Table 13 (continued)
T e e e e e e ey

24+7+%3 0 -56
22-10-:-3 103 ~59
23¢ge* 3 106 -55
2448¢%e8 174 144
20e15+%e3 30 ~54
28¢0¢% 3 21 150
2e2+%45 54 -54
Sele¥ep 57 -50
¢,.o.:.5 192 138
Ge0e™ep 83 ~50
§e0e™ep 83 -53
7e0s%eH 81 -50
e.o-:-s 171 132
Bele®eb 52 | -49
ge2+™:B | 57 -52
8e3+% 05 67 -48
Ge8e*ef 58 -50
7¢6+% 68 . 47
3.4.:-5 267 126
Gedo*eb 74 -46
10+8+*4B 69 -48
11+4+%+8 61 ~44
2ede*. 201
iz-s-"‘sg ) fi;'.
1402+%.8 0 47
12¢5¢%+5 65 -43
15-1.:~s 0 -43
12+6+%5 71 -45
16+0+* 5 37 112
12¢7¢*e5 77 -4)
17+0¢%e5 29 -4}
10-10-?5 \ 87 -43
11+9+%5 87 -40
12¢80%:5 275 108
18+0¢%e5 32 -43
138" 5 68 -40
194045 37 -40
14.8+%5 48 -42
20.0¢%.5 300 103

15+8.% .5 0 -39
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Table 13 (continued)
oo e e e e e e e e e et i e

20e1e*e5 77 -38
20.2-:‘5 71 -41
16+8+%:5 153 103
177+* <5 24 ~38
18¢6+%¢p 32 -40
20e3+%e6 65 -38
1965”5 57 =37
wos-:-s 0 ~38
20e44%, 9

160100*‘2 g "gg
21e4+% 5 79 =36
22¢4+"%e5 65 -37
16+12+%+5 163 93
17:12* 6 T 68 ~34
24¢40%§ 210 90
18¢12+%+p 63 . -36
245+%¢p 0 -84

19¢129%:5 62 -34
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The real test is, however, that this structure explains the absences
and no other structure has been found which will do this. It must be
sdmitted that other disordered struotures may exist which will explain the
data equally"woll. There might bs, for instance, disordered structures in
eny of the other possible space groups which would do this, Without fur-
ther knowledge of the diffuse secatiering without which no idea of the rela-
tions between the verious probabilities san be obtained, there seems to be
little use in $rying to proceed further., The absences are explained by the
present structure and no other structure ocould do that much better,

Further refinements., The structure, as it now stands, is admittedly

only a rough approximation. If the disordered structure, which has been
postulated is correct, there is little immediate hope of refining the
beryllium positions., It was seen from the pseudo cell Fourier projection
(Figure 5) that certain of the beryllium atoms must show small displecements
from their ideal pseudo cell positions. These displacements ocertainly
depend on the relative positions of adjacent titanium atoms, If the titan~
iums were perfectly ordered, size considerations alone might make it possi-
ble to find aecourately the beryllium displacement. As matters stand now,
the magnitude of thie displacement can be found from the Fourier projection
but the direction of an individual displacement camnot be found and could
not be unless the correlation among the titanium probablilities were known,
If the beryllium which is displaced is consldered more carefully, it
will be seen that it may exist in at least four situations, namely: sur=-
rounded at its g level by none, one, two, or three, titaniums, If the
beryllium is at the center of the triangle of surrounding titanium sites,

it will be too close to any corner containing a titanium. It is unlikely,
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then, that three titaniums will surround a beryllium end therefore also
unlikely that no titaniums will surround it, Esoh of these berylliums is
probably surrounded, therefore, by one or two titanium atoms et the corners
of the titanium site triangle and must move eway from the titaniums. The
Fourier (Figure B ) shows the berylliums to lie at 2.5 A from some of the
pseudo cell corners and atomic radili are consistent with this being e
beryllium titeniuwn distance,

If the oorrelation among the tiﬁanium probabilities could be found,
the pogitions of the beryllium satoms at each of these gites could be found.
This could be done, also, by & trial and error procedure using the observed
intensities of the odd layer lies, but such a procedure would involve
hundreds of parameters and is impractical unless those parameters could be
guessed in advance. But such & guess involves the ocorrelation of the
titenium probabilities mentioned before., The ideal beryllium positions

pust, therefore, he regarded as the best approximation that can be made.
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DISCUSSION

The finel struoture is repressnted schematically in Flgures & and 9,
The fractions in Figure 8 are the probabilitlies, deduced earlier, that the
titanium atom ooourring over that xy position ocour at z = O, Figure 9
shows one~half of a pseudo cell portion of the real o¢ell with the titanium
atoms in ordered positions. The portion shown has a height of %oo and the
complete pseudo sell portion is obtained by the operation of horizontal
mirror planes at 2 = 0 and ¢ --%. In the true cell, similarly ordered
pseudo oell portions will occur throughout the structure, with various
orientations and with the pseudo osll origin either et £ = O or z = 5, The
immediate surroundings of the wvarious kinds of atoms are, however, similar
throughout the structure. Figure 5 also shows these surrounding atoms
around one of the titeanium atoms and around one each of the three crys-~
tallographically different beryllium atoms.

Without further knowledge of the relative posltions of the titanium
atoms, little ocan be said conoerning the reasons for the unusual disorder
appearing in the struoture. There, at least, is some rationality in the
titaniun positions, since if they are to ocour with the given xy parameters
and in two layerssparated by £ = %, thers is no ordered structure whioch
will preserve the ocorrect titanium~beryllium distances in the xy plane, As
was pointed out earlier, the three titanium atoms surrounding the beryllium
atom at the pseudo cell position 1/5,2/3 camnot all have the same z para=~
meter if & reasonable titanium-beryllium distance is to be maintained. A

number of the ordered structures which were examined in some detail in the
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Figure 8., A schematic representation of the titanium positionas in the
final structure. The titaniums occur over the indicated
positions at z = 0 or z = %, and the fractions are the

probabilities that the atom at that xy position occur at
z =0,
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Figure 9. One half of an ordered pseudo c¢ell portion of the real
cell, The coordination polyhedra of the various atoms
are also shown. The larger circles are titanium atoms,
the smaller, beryllium.
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courge of the elimination of the ordered struoctures contsining this forbid-
den grouping of titanium atoms in the same laysr, A4ll of the possible
ordered structures could not be examined in such deteil but if this grouping
oscurs in ell of them the structure is disordered becausse no ordered struc-
ture wili preserve the correct interstomic distences,

Wie mey conjecture that the various probaﬁllities in the partially dis-
ordered cell arise through & partial ordering of some completely disordered
gtructure., Indeed, the sharp reflections alone Z?hﬂ even layers and (401),
(801), etc./ oan be explained by e disordered structure in which the titan-
ium at 00 and at positions, ell of whose parameters are multiples of l/@,
are at z = 0, and the other titaniums have & probability of 1/4 for ocour-
ring at z = 0, This structure mekes the structure factorg of all absent
roflections gerc and, in eddition, yields & zero structure factor for (501),
(221), and the refleotions related to these, The finel structure might,
then, represent the grestest amount of ordering the systen could achieve
while ﬁaintaining the proper interatomic distances.

In Table 14 are given the numbers and distances of atoms within the
" true cell, Some of the distances found mey be explained very nicely if the
bond orders are chogsen properly, Bach titanium is bonded to eight beryll=~
iums, two et 2,18 A end six at 2,66 A, The sum of the titanium and beryll-
ium coordination number twelve metallic redii is 2.59, while the sum of
their éingla bond radii is 2.21 A, (Pauling, 1947). These considerations
lead to a titanium velency of four (6/12 + 2 = 4), The beryllium at
0,0,0.29 has six beryllium stoms at 2,13 A, which is near the coordination
number twelve distance. There is also the one titenium at the single bond

distence, 2,13 A, so this beryllium hes a valency of two,
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Table 14

Neighboring atoms and interatomie distances”
e e e e e e e e et e e e

Each Ti at 000 has:

2 Be (at 0,0,0.29; etc.) et 2,13 Aj

6 Be (near 1/3,2/3,0; eﬁo.) at 2,55 Ag

12 Be (at 3,0,1/4; eto.) at 2.80 A,
Each Be at 0,0,0,29 hass

1 Ti at 2,13 A

6 Be (at ,0,1/4; eto.) 8t 2,13 A;

12 Be (near 1/3,2/3,0; eto.) at 3.3¢ A,
Each Be near 1/3,2/3,0 has:

lor2 71 at 2,65 A;

4 or 2 Be (at 0,0,0.29; oto,) at 3,34 A

2 or 4 Be (at 3,0,1/4; eto.) at 2.2 A

4 or 2 Bs (et 3,0,1/4; ete.) at 2,3 A,
Each Be at 1,0,1/4 hes:

2 Be (at 0,0,0.29; eto,) at 2,13 Ag

2 Be (near 1/5,2/3,0; eto,) at 2.2 A;

2 Be (near 1/3,2/3,0; etc.) at 2.3 A;

4 Bs (at },%,1/4; eto.) at 2.12 Aj

2T et 2.8 A,

*The positions given refer to the pseudo oell.
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The berylliums at %01/@, etc,., lis in e haxagonal net perpendicular to
6,, and are nearly olosest packed within this net., In addition, each one
is bonded to four other beryllium atoms, two above and two below at a
slightly greater distence, Thus, these berylliums have a oocordination
number of about ten and the distances are compatible with this,.

Finally, the berylliume near 1/3,2/3,0 seem to be less strongly bound.
It is possible, sinoce the direction of the shift of these berylliums with
respect to the titanium atoms is not determined by the data but is merely
assumed, that some of these berylliums are bound more strongly to one of

the adjacent titanium atoms., This again is pure oocnjecture.
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SUMMARY

The gtructure of the metallic compound TiBela has been investigated.

The compound was found to crystallize in the hexagonal system with latiioce
constants, &, » 29.44 & .01 A, o, = 733 & 01 A, The Laue diffraction olass
is Dsh and the space group of the postulated disordered structure is Déh
(¢6/mmm)

The intensities of reflections with even £ index have been used to
establish a pseudo oell structure from which the various interatomic dis-
tances have been determined. The pgoudo cell contained an ambiguity, since
it dd not distinguish between the points x,y,%, snd x,y,2 + L. This
ambiguity is only partially resolved in the final struoture, for it was
found that only a paftialiy disordered structure would explaln the absence
of the large number of extinot reflections. All possible ordered struc-
tures in eny of the possible space groups were systemeatically eliminated
end only one disordered structure was found whish would explein the absences
in DY,

The short reange order of the struoturs has been sxpleined satisfactor-
ily but, while the long range partial disordering may be made to sppear not
too unreasonsble, no truly satisfactory explanation of the details of the
digordering has been found.

A study of Fourier transforms was of help in the struetural determina~
tion., The most important result of this study was the development of & new

method of Fourler synthesls, using data obtained from & single layer line,
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other than the seroth. The interpretation of puch syntheses was found to
be quite simple in the present structural detsrmination and is used to find

the postulated structure.
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