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ABSTRACT

This dissertation focuses on the theoretical and computation aspects of
N-dimensional Laplace transformation pairs, for N22. Laplace transforms can
be defined either as a unilateral or a bilateral integral. We concentrate on the
unilateral integrals. We have successfully developed a number of theorems and
corollaries in N-dimensional Laplace transformations and inverse Laplace
transformations. We have given numerous illustrative examples on
applications of these results in N and particularly in two dimensions. We
believe that these results will further enhance the use of N-dimensional
Laplace transformation and help further development of more theoretical

results.

Specifically, we derive several two-dimensional Laplace transforms and
inverse Laplace transforms in two-dimension pairs. We believe most of these
results are new. However, we have established some of the well-known results
for the case of commonly used special functions.

Several initial boundary value problems (IBVPs) characterized by non-
homogenous linear partial differential equations (PDEs) are explicitly solved in
Chapter 4 by means of results developed in Chapters 2 and 3. In the absence of
necessitous three and N-dimensional Laplace transformation tables, we solve
these IBVPs by the double Laplace transformations. These include non-
homogenous linear PDEs of the first order, non-homogenous second order linear

PDEs of Hyperbolic and Parabolic types.



Even though multi-dimensional Laplace transformations have been
studies extensively since the early 1920s, or so, still a table of three or N-
dimensional Laplace transforms is not available. To fill this gap much work is
left to be done. To this end, we have established several new results on N-
dimensional Laplace transforms as well as inverse Laplace transforms and
many more are still under our investigation. A successful completion of this
task will be a significant endeavor, which will be extremely beneficial to the
further research in Applied Mathematics, Engineering and Physical Sciences.
Especially, by the use of multi-dimensional Laplace transformations a PDE
and its associated boundary conditions can be transformed into an algebraic
equation in n independent variables. This algebraic equation can be used to

obtain the solution of the original PDE.



CHAPTER 1. INTRODUCTION AND PRELIMINARIES

1.1 Literature Review

The modern theory of the "Heaviside Operational Calculus” is almost
universally based on the Laplacian transformation. This basis places the
operational method on a rigorous plane and extends the generality of the type
of problems which may be solved by operational methods.

The historical development of operational calculus may be
summarized briefly by stating that it can be divided into the following four
main divisions.

1. The formal theory of operators. This phase begins with Gottfried
Wilhelm Leibnitz (1646-1716) in which he noticed certain striking analogies
between algebraic laws and the behavior of differential and integral
operators. The work was further carried on by Joseph Louis Lagrange (1736-
1813) and his successors.

2. The second period. This period was marked by the development of
operational processes to the following fields:

(i) The theory of finite differences.

(it) The symbolic methods of fractional differentiation.

(iii) The use of symbolic methods in the calculus of finite differences
and differential equations.

The leaders during this period were: P.S. Laplace (1749-1827) [62],
George Boole (1510-1864), R. Murphy (1806-1843), R. Carmichael (1828-1861).
Books embodying the theory were published by G. Boole and R. Carmichael

and most of the theorems presented had their modern shape.



3. The Heaviside period. This movement of the theory was initiated
through the work of Oliver Heaviside (1850-1925) who developed its earlier
concepts and applied them successfully to problems dealing with almost
every phase of Physics and applied mathematics. These methods which have
been proved so useful to engineers are now collected under the name of
Heaviside Operational Calculus [50]. In spite of his notable contributions,
Heaviside's development of the Operational Calculus was largely empirical
and lacking in mathematical rigor. Many electrical engineers hastened to
explain certain of Heaviside's rules. Many papers of this explanatory
character appeared during the period 1910-1925. Prominent workers of this
period were Louis Cohen, E. J. Berg, H. W. March, V. Bush, W. O. Pennel],
and J. J. Smith.

4. The rigorous period. Operational Calculus again started attracting
the notice of mathematicians in the early 1920s Bromwich (1875-1930) was the
first to explain, and to a certain extent justify, Heaviside's methods. He made
use of the theory of Functions of Complex variable [10].

After Bromwich, J. R. Carson contributed substantially to the theory
[16]. He demonstrated that Heaviside's operational method can be fully
substantiated, starting from the Laplace transformation, which expresses

f(p) in terms of the function A(¢), by means of the integral equation

f(p)= p[exp(~pt)h(t)dt. (1.1.1)
In this relation A(¢) is called the original and f(p) the image. Carson's work
exercised a considerable influence on subsequent studies in the field of

establishing Operational Calculus. The credit for drawing the attention of



mathematicians to the Laplace transformation is essentially his.

Van der Pol, in his exposition on operational calculus, also depended
on the Laplace integral. Van der Pol and Bremmer [104] considered the case
where the lower limit of the integral in (1.1.1.) is replaced by -. So that the

transform becomes two-sided and admits the form

F(p)=p[_exp(-tp)h(t)dt. (1.1.2)

Before Carson and Van der Pol, however, D. V. Doetsch had been
using the same idea, though he multiplied by exp(-pt) instead of pexp(-pt).

In this language now customary, he applied the Laplace transformation

f(p)= [exp(~pt)F(t)dt, p>0. (11.3)

to the differential equations of his problems, including the boundary
conditions . He also made an important change in introducing a new symbol
in the “ subsidiary equations, ” as the operational equations are now
frequently called.

Subsequent investigations were almost completely found on the
Laplace transformation. The theatrical side was developed by, besides
Doetsch [45], D. V. Widder in his book, The Laplace Transform [112]. Various
aspects of Operational Calculus are dealt with in the works of Bromowich
and Van der Pol that appeared much later. It is also worth mentioning in
this connecti(;n the works of Vannover, V. Bush, K. F. Niessen, P. Humbert,
M. Harder, H. S. Carslaw [13], L. A. Pipes [75], H.T Davis [35], Ruel V.
Churchill [19], N.W. McLachlan [68], K. W. Wagner, Parodi, Colombo, etc.
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Various refinements of a basic nature are due to P. Lev& and H. Jeffreys.

Operational Calculus made further advances during the forties. While
dealing with the spectral theory of linear operators, A. 1. Plessner [83]
reinforced the foundations of Operational Calculus. V. A. Ditkin [42]
extended the results of Plessner.

In the latter half of the forties, the researches of I. Z. Shtokalo [93], [94],
[95] and [96] in Operational Calculus were published. These extended
Operational Calculus to new classes of linear differential equations with
periodic, quasi-periodic and almost-periodic coefficients.

From the forties to the sixties much work has been done in sharpening
the Operational Calculus for attacking concrete practical problems. For
example, B. V. Bulgakov and I. A. Lurye have investigated the applicability of
Operational Calculus to some problems in mechanics. The work of V. L
Krylov and others deals with the digital conversion of the Laplace transform.
The investigations of M. 1. Kantorowicz are devoted to the applicability of
operational methods in the handling of non-stationary phenomena in
electrical circuits.

The exploitation of the resources of Operational Calculus in the field of
electrical technology is due to M. J. Yuriev, K. V. Krug and E. A. Mirovich;
in radio technology to C. I. Evtyanov; in heat technology to A. V. Likov; and in
mathematical physics to A. J. Povzner.

The theory of automatic control repellents another avenue for the
application of Operational Calculus. Important results in this field have
already been realized by A. A. Andronov and his co-workers. As remarked by

Andronov, Operational Calculus constitutes the very alphabet of modern



automatic and remote control technologies. The applicability of Operational
Calculus in the theory of automatic control has expanded in various
directions, especially in resolving the problems of combustion mechanics. So,
O. M. Krizhanovskii has examined questions related to the use of Operational
Calculus in the analysis of the functioning of an automatic regulator of a
mine-lift. Q. A. Zalesov has used Operational Calculus in the theory of an
overturned mine-cage.

Important results in-the theory and application of operational methods
are due to K. G. Valiv and his co-workers. Some of their research has been
extended by the techniques developed by I. Z. Shtokalo.

Essentially four methods have been used in discussing the Heaviside
Calculus. They are:

(i) Direct use of formal operators.

(it) Complex line integrals.

(iii)The Laplacian transformation.

(iv)The Fourier integral.

The method of Laplacian transformation appears to be the most general and
natural.

In spite of the numerous applications of one-dimensional Laplace
transformation, the idea naturally arose of generalizing the transform
functions of two variables. According to Ditkin and Prudnikov [43] during the
1930s short notes by P. Humbert [54], [55] and by P. Humbert and N. W.
McLachlan [56] on the Operational Calculus in two variables based on the
two-dimensional Laplace transformation appeared. However, T. A. Estrin

and T. J. Higgins [48] pointed out that, “double Laplace transforms” were



introduced by Van der Pol and K. F. Niessen [105]. They used by P. Humbert
[565] in his study of hyper geometric functions; by J. C. Jaeger [58] to solve
boundary value problems in heat conduction; by N. A. Shastri [92]. In the
works of P. Delerue [38], [39] and Voelker and Doetsch [107] the methods of
the Operational Calculus in several variables were successfully applied to the
solution of differential equations by the study of the properties of special
functions. Dorothy L. Bernstein [7] wrote her Ph.D. dissertation on The
Theory of Double Laplace Integral. A few years later G. A. Coon and D. L.
Bernstein [18] published a paper on double Laplace transformation. Also
there are contributions by A. Duranona Y. Vedia and C. A. Trejo [47].

D. A. George explored the use of the Voltera [106] series in the building
block approach to control systems and demonstrated the usefulness of the
multi-dimensional Laplace transform. J. K. Lubbock and V. S. Bansal [64]
applied multi-dimensional Laplace transforms for the solution of non-linear
equations.

In 1962, V. A. Ditkin and A. P. Prudnikov [43] discussed the
fundamental properties of two-dimensional Laplace transformation as the
basis of Operational Calculus in two Variables. Also the two-dimensional
Laplace transformation of functions and its applications were considered in
the books of H. Delavault [37] and J. Hladik [52]. The n-dimensional case is
treated in the booklet of L. G. Smyshlyaeva [98] and the most recent book
written by Y. A. Brychkov et al. [11]. More recently, a number of results on
two-, three-, and n-dimensional Laplace transforms were proposed by R. S.
Dahiya [21], [22], [23], [24], [25], [26], [27], [28], [29], [30], [32] and [33], J.
Saberi-Nadjafi [89], J. Saberi-Nadjafi and R. S. Dahiya [90] and doubtless by



others.

1.2, Explanation of Dissertation Format

This introductory chapter deals with a brief review of literature on one-,
two- and N-dimensional Laplace transformations. Next, we state the
objectives of the present research work and explain the notations and make a
list of all special functions used in this work. In last two sections of this
chapter, we recapitulate the definitions, theorems in one-, two- and N-
dimensional Laplace transformations, and rules of operational calculus .

In Chapter 2, a number of new and useful theorems and corollaries on
N-dimensional Laplace transformation and N-dimensional inverse Laplace
transformation were developed. These theorems are proved according to an
idea obtained from papers of R.S. Dahiya [21] and [30]. Several examples are
given to show these results can be used to obtain new two and N-dimensional
Laplace transformation pairs.

In Chapter 3, we established several new formulas for calculating
Laplace transformation pairs of N-dimensions from a known one-
dimensional Laplace transform. We have given several examples on
applications of these results in N and two-dimensions.

Several initial boundary value problems (IBVPs) characterized by non-
homogenous linear partial differential equations (PDEs) are explicitly solved
in Chapter 4 by means of results developed in Chapters 2 and 3. In the
absence of necessitous three and N-dimensional! Laplace transformation
tables, we focused on two dimensions and solved these IBVPs by the double

Laplace transformations. These include non-homogenous linear PDEs of the



first order, non-homogenous second order linear PDEs of Hyperbolic type as

well as Parabolic type.
1.3. Motivation and Objectives of the Dissertation

The Laplace transform, it can be fairly said, stands first in importance
among all integral transforms; for which there are many specific examples
in which other transforms prove more expedient. The Laplace transform is
the most powerful in dealing with both initial-boundary-value problems
(IBVPs) and transforms.

Before we proceed to a detailed exposition of this section, it is of some
interest to list some of the better known uses of the Laplace transformation
theory in applied mathematics.

1. The solution of ordinary differential equations with constant
coefficient:

The Laplace transform method is particularly well adapted to the
solution of differential equations whose boundary conditions are specified at
one point. The solution of differential equations involving functions of an
impulsive type may be solved by the use of Laplace transformation in a very
efficient manner. Typical fields of application are the following:

(a) Transient and steady-state analysis of electrical circuits. [15], [20],
[59], [681,(69], [106].

(b) Applications to dynamical problems (impact, mechanical
vibrations, acoustics, etc. ) [61], [68] , [69], [102], [20].

(c) Applications to structural problems (deflection of beams, columns,



determination of Green’s functions and influence functions. [14], [68], [69],
[102].

2. The solution of linear differential equations with variable coefficients
[20], [106].

3. The solution of linear partial differential equations with constant
coefficients:

One of the most important uses of the Laplace transformation theory is
its use in the solution of linear partial differential equations with constant
coefficients that have two or more independent variables. Typical physical
problems that may be solved by the procedure of this method are the
following:

(a) Transient and steady-state analysis of heat conduction in solids [14],
[59], [20].

(b) Vibrations of continuous mechanical systems [14], [68], [20].

(c) Hydrodynamics and fluid flow [14], [68], [69], [91].

(d) Transient analysis of electrical transmission lines and also of
cables [15], [14], [106], [108], [68].

(e) Transient analysis of electrodynamics fields [61], [68].

(f) Transient analysis of acoustical systems [68].

(g) analysis of static defalcation of continuous systems (strings, beams,
plates) [14], [20].

4. The solution of linear difference and difference - differential
equations:

The Laplace transformation theory is very useful in effecting the

solution of linear difference or mixed linear-difference-differential equations



10

with constant coefficients [14], [68], [77], [106].

5. The solution of integral equations of the convolution, or Faltung,type:
[15], [45], [20].

6. Application of the Laplace transform to the theory of prime
numbers. _

7. Evaluation of definite integrals, [106].

8. Derivation of asymptotic series [15], [58].

9. Derivation of power series {15], [58].

10. Derivation of Fourier series [58], [68].

11. Summation of power series [58].

12. The summation of Fourier series [78].

13. The solution of non- linear ODEs [74], [76], [79], [80], [81].

14. The use of multi-dimensional Laplace transformations to solve
linear PDEs with constant coefficients::

The usual operational method of solving boundary value problems in
time and space vaﬁables transforms the PDEs and its boundary conditions
with respect to time, the space variables being held constant; solves the
resulting ordinary or partial differential equation by classical means, the
transform parameter being treated as a constant; recognizes the resulting
expression in the transform parameter as the single Laplace transform of
the desired solution; and effects the required inversion. Apparently, the use
of a single Laplace transformation in this manner is not as advantageous as
it is in the solution of ODEs, because an ordinary or partial differential
equation yet remains to be solved after the single transformation.

By the use of multiple Laplace transformations a PDE and its
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associated boundary conditions can be transformed into an algebraic
equation in n independent complex variables. This algebraic equation can be
solved for multiple transform of the solution of the original PDE. Multiple
inversion of this transform then gives the desired solution[32], [33], [48], [58],
[106], [107].

The analytical difficulty of evaluating multiple inverse transforms
(Formula 1.6.2.1 on page 32) increases with the number of independent
variables, to the end that a fairly comprehensive knowledge of contour
integration may be needed to reach the desired solution. The difficulty in
obtaining inverse Laplace transforms using the techniques of complex
analysis lead to continued efforts in expanding the transform tables and in
designing algorithms for generating new inverses from the known results,
using some other techniques.

The primary objective of this dissertation is to establish several new
results for calculating Laplace transformation and inverse Laplace
transformation pairs of N-dimensions from one-dimensional Laplace
transformations. Next we applied these results to a number of commonly
used special functions to obtain a new Laplace transformation in two and N-
dimensions. Specifically, we derived some of the well-known two-
dimensional Laplace transformation pairs, using some of our established
results in Chapters 2 and 3.

In Chapter 4, several IBVPs characterized by non-homogenous linear
PDEs are explicitly solved by means of using some of the developed results in
previous chapters. These IBVPs include non—homogenoué linear PDEs of the

first order, non-homogenous second order linear PDEs of Hyperbolic as well



as Parabolic types.

Chapter 5, summarized the major contributions of this dissertation,
and traces possible direction for future research in this area. A list of

references is included at the end.

1.4. Notations and Special Functions

1.4.1. Notations

We begin this section with the description of notations, that we will use

in this dissertation:

For any real n-dimensional variable % = (x,,%,,...,%,),and for any
complex n-dimensional variable 5 =(s,,s,,...,s,), we denote

;;=(x1",x{,...,x,f) and s’ = (s{)85,...,8,) where V is any real number.
Let p,(x) or p,(s) be the kth symmetric polynomial in the components
x, or s, of x or s respectively. Then for ¥ = (x,,x,,...,x,)and § =(s,s,,...,S,),

we denote

@l) p(x" )=z} +x +. +x = x
i=1

—— n
@2 p(s")=sy+s;+...+s =) 5]
=
@3) py(x; =" +2," + 2k, x Lt
i<j
— n
G p, () =x -2 ..x) =]
Jei
— n
®2) p,(s")=s)-5) s} =Hs}’
J=i

Also we shall write



® ;;=§";

J=
(i) Res =Real part of a complex number s

(iit) Re [pl(s—")]= Real part of a coniplex number (s; +s; +..-+s,)

As usual we denote by N the set of natural numbers, N={1,2,...} and
N0=Nu{0}. By R" we denote the n-dimensional Euclidean space, n eN.
Analogously, we denote unitary space by C”. By subsets R*and R: of R" we

mean
Ri={z:%eR", x>0}
Ri={z:z<R" 720},
Let o be an open subsets of R*. The linear space of all measurable functions
f defined on @ for which the expressions

JIF @ dxydzs...dx, = [|f @)PdZ, peR, p=21,
(0] @

are finite is denoted by L,(w), which is equipped with the norms

1 1

Iz, e = [flf(x)lpdxldxg } [flf(x)lpdx] 1S p<os,

is a complete normed space, i.e., Banach space.

By L[ R " ;exp(—@.%X)] we mean the linear space of all measurable

function f defined on R} for which the following conditions hold:

@ [|f (®)d% are finite
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|f (%)| < M exp(&. %),
for all measurable functions f on R} where M and @ are positive constants.
Next, let us recall the space L,"*(w). The elements f € L,“*(w) are
called locally integrable on o, and it consists of all functions 7 such that

f eL,(a') for every o' such that o'co.

If u(x,y) be a function of two variables x and y, we denote

aU(x,y) _ au(x,y) =
—__ax =u,, —_ay ~ u_y)
Py, Fulxy) _ Fulny) _

axay — Py 5‘x2 ) &yz ¥y

1.4.2. Special Functions

Most of the two or N-dimensional results we have obtained are
involving certain special functions. Following is a list of all the special

functions used in this dissertation;

Fresnel integrals:

COS u

Clx)= 2 ,,)i jo

S - X Slnu
(=)= (:zn)*I

Cosine integrals:

cosu
du

Cix)=-]
cz(x) J’“’ cosu




Parabolic cylinder functions:

n 2

D, (%)= (~1)" exp(&) ;x" [exp(-%£-)1, n=0,1,2,...
7+ 2

D,()=Z- W,y )
x: 474

Exponential integrals:
Ei(~x)= -Jmex (—u)-‘-i—l£ —-m<argx<m
==], €XP ” g

Ei(x) = }[Ei(x+i0)+ Ei(x-i0)] x>0

Error function:

Erf(x)= -7% J; ¥ exp(-u?)du

Complementary Error function:

Erfe(x) = -%j;exp(—f)du

Error function of an imaginary argument:

Erfi(x) = —%—f: exp(u?)du
x2

(n+1)th derivative of Error function:

dn+l E : _1)'1 2 ) i
gy f(x) = ( ;;exxv(—x) L (x)
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d n+l

T B ()= -1y —"37(13(-752)1'1 (x)

Generalized Hypergeometric function:

(@), = (a))p-{a,)m x™
F | Py l=$Xm AT /m X
§ "[(b)q; ,;,(bl)m...(bq)m m!
Where(aj)m=aj(aj+1)(aj +2)..(aj+m-1), j=12,..,p,
(aj)():].‘

nth derivative of a Hypergeometric function:

dn ay; (1), (a )’l (a+n)p
@ e [ q,x]'(b,)n... (5,). F[(b+n) x}

G-function ( Meijer’s G function ):

o

Here an empty product is interpreted as unity, 0<m<gq, 0<rn< p,and the
parameters a,, b, are such that no pole of I‘(bj -s), J=12,...,m, coincides with

any pole of I'(1-a, +5), +=12...,n. Thus (a,, —bj) is not a positive integer. Also

z#0.
There are three different paths L of integration. For more details see

[65 ; pages 143-152].

m

o -’%J 1 1T (“s)ﬁr(l-a-ﬂ)

j=1 Jj=1 s dS
b;,.

2m f[rl (1=b,+s)[ T (g,-s)

J=m+l j=n+l

q

Hermit Polynomial:

H (x)=(-1)"exp(x

Struve function:
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(_l)n(;)v+2n+l
H,(x)= Zr( T DT (v+n+d)

Modified Bessel function:

o0 (_.ix_) v+2n

("(x)=,,§=:0n!F(v+n+l)

Bessel function:

X\ vi2a
PR i il

ST (v+n+1)
Modified Hankel function:
K, (x)== L, (x)=1,(x)
sin(vx)

Whittaker function:

AP

Legender polynomial:

dll

2__ n —
21! 'dxn( 1) ? n—0,1,2,...

P (x)=

Lommel functions:

Sﬂ,v(x)=s#'v(x)+2""I‘(-’-‘—'2"—“)F(“ +"“)[sm(—"i‘-z— )J (x)- cos(

u+l 1 )
s, (x)= x Fol u=v+3 pu+v+3 -2
K VT (= v+ 1)+ v+ ) 55— 4

Sine integrals:

)Y, (x)]



Sitx)= ["S0% g,
0 u

sit)=-[ —-dSi;‘“ u

Heaviside’s Unit function:

0 ifx<a

u(x—a)={1 ifx>a

Gamma function:

I'(x)= J: exp(~u) ¥ Idu

Note: We shall use the following theorem to simplify some of our results in
this work.
Duplication Theorem

Let z be a complex number with z # 0,~1,~-2,..., then
I'(2z) =722 r(z)r(z + %)
Also, we shall use the following , wherever it would be necessary

[(z+1)=2I(2), z#0,-1,-2,...
Ha
sin 7z

r(f)= =, r(#)= 4, r(-) =20, 1(-3)= 4.
Incomplete gamma function:

r(z)r(1-z)=

,2eC

I(a,x)=]7 exp(-u)u®~ gy
Incomplete gamma function:

y(a,x) = J‘: exp(~u) u® du



Note: We shall use the following formulas, wherever it would be necessary.

I'(1,x) = exp(-x),

y(1,x) = 1-exp(-x),
I'(},x2) = ©¥Erfe(x),
7($,2%) = B Erf (x),

%I’(a,x) = -x°"! exp(—x),
% y(a,x) = x°*"exp(—x),

I'(a+1,x)=al(a,x)+x° exp(-x),
y(a+1,x)=ay(a,x)— x°exp(—x).
Logarithmic derivative of the gamma function:

I'(x)
I'(x) "

v(x)=

We denote

u(x,0) = a(x), u0,y)=B(y), u(0,0)=c wherecisa costant
u,(x,0)=06(x), u,(0,y)=05(y)

aﬁd assume a(x), B(y), 6(x) and (y) are Laplace transformable.

1.5. Recapitulations on One and Two-dimensional
Laplace Transformations

1.5.1. One-dimensional Laplace Transformation
Definition of the Laplace transformation;



We define the Laplace transform of f(x) to be the function F(s) given

F(s)= oexp(—sx) f(x)dx (1.5.1.1)

for all complex s for which the integral converges.

The integral on the right of (1.5.1.1) is called a Laplace integral. It is
improper at the upper limit and may be improper at the lower limit. It is
therefore to be understood as

Lm j:exp(—sx)f (x)dx,

w—yoo
d—o

where @ — « and d — o independent from each other.
We denote the right hand side of (1.5.1.1) by L {f(x); s}.Thus (1.5.1.1)

may be written in the form

L{f(x);5}=F(s)= [exp(-sx)f (x)dx (1.5.1.1")

Definition 1.1: The function f(x) is said to be sectionally continuous over the
closed interval ¢ < x < b if that interval can be divided into a finite number of
subintervals ¢ <x < d such that in each subinterval

(i) f(x) is continuous in the open intervalec<x<d

(ii) f(x) approaches a limit as x approaches each end-points from
within the interval; that is, }Hﬂ f(x) and !1'12 f(x) exist.
Note: We shall always use the term sectionally continuous in the range x>0

only. A sectionally continuous function may have infinitely many finite
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discontinuities in an infinite interval, but it can have only a finite number in

any finite interval 0 <x<b forall 20.

Definition 1.2: The function f(x) is said to be of exponential order as x — oo if

there exist constants M and « and a fixed x —value x, such that

|f(x)] < M exp(ax), for x> x,. (1.5.1.2)

If a is to be emphasized, we say that f(z) is of the order of exp(ax) as x — oo,

We also write
f(x)=0(exp(ax)), x — oo,

to mean that f(x) is of exponential order, the exponential being exp(ax), as

X =00,
A consequence of (1.5.1.2) is 1i_r)n|exp(a'x)f(x)[=0, (@ >a). In particular,

when f(x) is of exponential order exp(ax) then it is also of exponential order

exp(a'x), (d >a).

The familiar functions sinkx, x",and exp(kx) are examples of functions

“of exponential order; but the function exp(x?) is not of exponential order.

1.5.1.1. The Original Space £

The Laplace transformation is a mapping of a set of functions f,g,...
defined on the [0,-°) onto a set of functions F,G,... of a complex variable. The
domain of definition of the Laplace transformation is called the original
space and is denoted by Q. The range LQ of the transformation is called the
image space. The members of Q are called original functions, and those of

LQ image functions.
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In the present work, the original space Q( or class Q) is taken to

consist of all complex valued functions f that satisfy the conditions that are

given in definitions (1.1) and (1.2).

Remark 1: The fact that a function f(x) is sectionally continuous or of
exponential order is not alone suffocate to insure that it has a Laplace
transformation. for example expx® is a continuous function but not of
exponential order, does not have a Laplace transformation and f(x)=x? is of
exponential order but the integral fails to exists because of the behavior of the
functioning a neighborhood of x=0.

These two examples show that neither sectional continuity nor
exponential order alone is sufficient to insure that f(x) has a Laplace

transform. However, both conditions taken together do suffice.

Theorem 1.1. If f(x) is a function of class Q, then (1.5.1.1') exists for Re s>a.
In fact, L{|f (x);s}= J: exp(—sx)|f (x)dx exists; that is, J:éxp(—sx)f (x)dx is

absolutely convergent, for Re s>a.

Remark 2: The above conditions for the existence of the transform are
sufficient rather than necessary conditions. The function f may have an
infinite discontinuity at x=0 for instance, that is |f(x)]>«~ as x - 0, provided

that positive numbers m,N and T exist where m<1, such that |f(x)l<-]% when
X

0<x<T. Then if f otherwise satisfies the above conditions, its transform still

exists, because of the existence of the integral



For example, when f(x)= x'*, its transform can be written, after the

substitution of u for (sx)}, in the form

rx-* exp(—-sx)dx = %I-exp(—uz)du, Re s>0.
0 sive
3
The last integral has value 152-; hence

Py

L{x"’}; s} = (g)a, Re s >0.

Theorem 1.2. If f(x) is a function of class Q, and L{f(x);s} = F(s), then

lim F(s)=0.

8=joe

From Theorem 1.2, we conclude that, polynomials in s, sins, coss, exp(s) and

logs can not be Laplace transforms. On the other hand, a rational function is
a Laplace transform if the degree of the numerator is less then that of the

denominator.

Theorem 1.3. (Fundamental Theorem). If the Laplace integral

[exp(=s2)f (x)dx

converges for s=s,, then it converges in the open half-plane Re s> Re s,,

where it can be expressed by the absolutely converging integral

(5 5) [ expl-(s — 5,)]p(x)dlx
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(s 5) [expl—(s - 5,)]p(x)dx
with
o(x)= J:exp(—sor) f(n)dr.

Remark 3: The same conclusion is valid for a Laplace integral which does not

converge at s, (that is, the limit of ¢(x) asx —« does not exist), provided

¢(x) is bounded: |p(x)|< M, forx 2 0.

1.5.2. Two-dimensional Laplace and Laplace-Carson Transformations

Let f(x,y) be a real or complex valued function of two variables, defined
on the region R={(x,y):0<x<»,0<y<~}and integrable in the sense of Lebsgue
over an arbitrary finite rectangle R, , = {(x,y:0<x<qa,0< y<b} .

We shall consider the expression

F(s,,8,;0,b)= j: j: exp(—s,x — s, ) f (%, y)dxdy (1.5.2.1)

where s, = o+iu and s, = 7+iv are complex parameters determining a point
(s1,%) in the plane of two complex dimensions. Let Q;be the class of all

functions f(x,y), such that the following conditions are satisfied for at least

one point (s;,s,):

(i) The integral (1.5.2.1) is bounded at the point (s,,s,) with respect to

the variables « and 3; i.e.,

,F(SI,SZ;a,b)I <M(s,,s;)

for all ¢>0 and 520, where M(s,,s,) is a positive constant independent of a and b.



(ii) At the pcint (s,s,)

lim F(s,,s,;a,b) = F(s,,s;)

Gpon
b—yem

exists. We denote this limit by

F(sl,sz)=L2{f(x,y);sl,sz}=E£éxp(—slx—szy)f(x,y)dxdy (1.5.2.2)

Definition 1.3: The integral (1.5.2.1) is called the two-dimensional Laplace

transformation of the function f(x,y).

Remark 1: If the conditions (i) and (ii) are satisfied simultaneously, we will
say that the integral (1.5.2.2) converges boundedly in at least one point (s,,s,).
Thus the class Q, consists of functions for which the integral (1.5.2.2)
converges boundedly for at least one point (s,,s,). When the integral (1.5.2.2)
converges boundedly, we will call f(x,y) the original function and F(s,,s,)

the image function.
Remark 2: If the function f(x,y) satisfies the condition

|f (x,9)| < M exp(hx+ky),

forall x>0,y 20 (where M,h,k are positive constants), then it is not difficult
to verify that f(x,y) belongs to the class Q, at all points (s,,s,) for which
Res, > h and Res, > k.

Remark 3: If the function f(x,y)=f,(x)f,(y) and the integrals

Fy(s,) = [exp(-s,2)f,(x)dx, F,(s;)= [exp(~5,9)f,(3)dy



exist, then f(x,y) belongs to the class @, and F(s,,s,) = F,(s,)F,(s,).

Theorem 1.4. If the integral (1.5.2.2) converges boundedly at the point
(8105 850 )» then it converges boundedly at all points (s,,s,) for which

Re (s, —5,0)>0, Re(s, —s,) >0.

Definition 1.4: We shall denote by D the set of all points (s,,s,), for which the
integral (1.5.2.2) is boundedly convergent, we call this the region of
convergence of the Laplace integral. We remark here that the convergence or
divergence of the integral (1.5.2.2) for all real values (s,,s,) implies the

convergence or divergence for all complex values (s;,s,).

Definition 1.5: The integral (1.5.2.2) is said to be absolutely convergent if

21_1)1010 J':J':Iexp(—slx - 539)f (2, y)|dxdy = J' : J': exp(~s1x — sp)|f (x, y)|dxdy
b0

where Res, = 0, Res, = 7.
Theorem 1.5. If the integral (1.5.2.2) converges absolutely at the point (sy,s5),
then it converges absolutely at all points (s,,s;) for which Re(s,-s,0)>0 and

SRe(sz —820) >0.

Theorem 1.6. If the function f(x,y) satisfies the inequality (1.5.2.3), then the
integral (1.5.2.2) is absolutely convergent at ali points (s,,s,) for which

Res, > h and Res, > k. Also



[F(s;,8,)| < C M where Res, = cand Res, = 7.

(o—h)z-Fk)
Remark 4: Absolute convergence of the integral (1.5.2.1) at the point (s;q,500)
implies bounded convergence at this point, and also at all point (s,,s,) for
which Re(s; —8,0) 20 and Re(s; - 555) 2 0.

Remark 5: The complete analysis of the convergence of the double Laplace
transformation using the theory of Lebesgue integration is given in Ditkin

and Prudnikov [ 43] and Coon and Bernstein [18] in great detail.

Theorem 1.7. The function F(s,,s,) is analytic in the region D. Moreover,

a””‘" m+n - m,n
Forer Fus) = 0™ [ [ expC-sia—s9)a”y"f (,)dady, (15.2.4

and the function x™y"f(x,y) belongs to the class Q,.

Theorem 1.8. In order that f(x,y) shall belong to the class Q,, it is necessary

and sufficient that the inequality

exp(~aa~bp)[] ff(x,y)dxdy, <M (@20,b20) (15.2.5)

holds for one pair of values (a,8), >0,8>0.

Theorem 1.9. If the function f(x,y) belongs to the class Q,, then the function

fx-u,y-v) forx>u,y>v

,0>0
0 otherwise (,0>0)

Fup(x,9) ={



also belongs to the class Q,, and

[, exp(-sx)dx [exp(-s5,)f,,. (%, y)dy
= exp(-uz - vy) [ exp(-syx)dx [ exp(-s,3)f (x,y)dy.

Remark 6: The existence of the transform of a function in two variables does
not imply the existence of transforms of its derivatives. However, if these
transforms exist, then they can be found in the same way as in the one

dimensional case. We list the following formulas for use in Chapter 4.

Remark 7: If
u(x,0) = f(x), u(C,y) = g(y),
u,(x,9)]_, =u,(x,0)= f,(x), u,(x,)],_, = (0,7 = &,(»)

and if their one-dimensional Lai)lace transformations are F(s,),G(s,),F,(s,)

and G,(s,), respectively, then

Lo{ux,y);81,8:}= J: _[};XP(—W‘ — Spy)ulx, y)dxdy =U(sy,s,) (1.5.2.6)
Lo{usss1,5) = 8,U(sy,52)- Gls) (15.2.7)

£o(8,38,,5) = 5,°U(sy,8,) — 5,G(5,) — Gy (sp) (1.5.2.8)
Loluy;s,,82) = sU(sy,8,) - F(sy) (1.5.2.9)
Lofuyyisis)=5"Uls),5) - ,F(s,) - Fisy) (1.5.2.10)
Lz{u,y;sl,sz} = 815Uy, 85 ) — 8,F(5,) - 8,G(s2) + u(0,0) (1.5.2.11)

The Inversion Theorem: Suppose that f(x,y) has first order partial
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derivatives f (x,¥),f,(x,y) and mixed second order partial derivatives

f5(x,y) and that we can find positive constants @,%,,%, , such that for all

0<x<e0,0<y<eo

|f (x,9)| < Qexp(kx +ky), |foy(x,5)|< Qexpllyx+ky)  (15.2.12)

Then, if
F(s),8)= '[:Eaxp(—slx— $,¥) f(x, y)dxdy
we have
flx,y)= hm (27&)2 :::' J':rexp(slx+szy)F(sl,sz Ydsds, (1.5.2.13)
w,

where o>k and 7> ,.

Definition 1.6: We define the following integral as Laplace-Carson transform

F(s1,89) = 8159 'f: f: exp(—s1x —so¥)f (x, y)dxdy (1.5.2.14)

and we shall write
Flsy,5)=f,5)

by analogy with one-dimensional symbolism

F(s)%f (x)
The function F(s,,s,) is called the image, and the function f(x,y) the

original.

Remark 8: Because the Laplace-Carson transform differs from the Laplace

transform only in the factor s;s,, it is clear that all the theorems and

properties of the Laplace transform can be reformulated for the Laplace -



Carson transform.
Some additional operational properties of the double Laplace
transformation (1.5.2.2) are listed below for further reference in Chapter 4.

Suppose that F(s,,s,) is the image of the function f(x,y) and let

OF (sy,8,) _ oF(sy,8,) - OF(s;,8) _
asl "Fsl(slvs2)’ asz Fsz(sl’SZ)s 36‘1382 "Fsls, (31:32)1
(x,5) (x,y)
'af;axx:_.'y—= fx(x’y)v if‘jéx;'i= fy(x,y).
Then
Lz{"’xf(x,y);sl, 32} = Fal (31,32) (1.5.2. 15)
Lof-3f (%, 9%51,8} = F, (5,,5,) (1.5.2.16)
Lofxyf(x,3);81,5} = F,, (8),5,) etc. (1.5.2.17)
Lz{x—i—i f(x, y);sl,sz} = J“;xp[—(l -$)F(4,8,)dA (1.5.2.18)
1
Lz{mf(x,y);snsz}=J~F(1,32 +A -5 )dA (1.5.2.19)
L2{;1f(x1y);shs2} = J.}(l’sfl)d'l (1'5'2'20)
Lz{if(x, y);sl,sz} = Jm."}‘(l,u)dldy (1.5.2.21)
xy 0 J0
Lz{zlf(g,y);sl,sz} =F(as,,s;), a>0. (1.5.2.22)
L. {expax)f (x,¥%s,,8,} = F(s, - a,s,) (1.5.2.23)
L2{f(y,x);sl,32}=F(s2,sl) (1.5.2.24)
L2{z%f(§-,f);s,,sz} =F(as;,bsp), a,b>0 (1.5.2.25)
Lofexpl y—py)f(x,3);51,8 ) = F(s, + 7,5, +p) (1.5.2.26)

Lz{_[f (é’,y)dé;sl,sz} =-81—F(sl,s2) (1.5.2.27)
0 1
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Fle-E,y-E)E if y>2x
Let g(x,y) = 'Ly , then
[re-gy-0adg if y<=
1

| Lz{ | ?cx-é,y+e>d¢;s1,sz}= -

Lo{glx,y);8y,8) = F(sy,8,).

.
5 F(sy,85)

1 -

L o201~ y-40008 if y>2x
Let g(x,y) = ‘1‘ ) ¢ | then
FhemCEnf-gn.y-mdn if y<z

1

Lalgteosonsl=ooe =y

Fe- [ fy =&, y-§dE if y>x
[fex-&y-dg if y<x

s
L_F(s,,s,).
+ 8y

Let glx,y)= ,then

L2{g(xsy);sl’32} = 8

X py 1
Lz{LLf(f?, n)dédn,sl,sz}= glg1;'(31’82)

1

L{J:f(x- é,y— n)sin&dé;sl,sz} =m—1
1

Lz{":f(x- g y- n)cosédé;sl,sz} —_sl_'"_sz__p(sl’sz)

(s + )P +1

b
F(sy,83), Z> 0.

F(sy,8;)

(1.5.2.28)

(1.5.2.29)

(1.5.2.30)

(1.5.2.31)
(1.5.2.32)
(1.5.2.33)

(1.5.2.34)

For details we refer to Ditkin and Prudnikov [43] and Voelker and Doetsch

{1071.

1.6. Recapitulations on N-dimensional Laplace Transformations

1.6.1. Definition and Basic Properties

As original functions, shortly called originals , of the Laplace

transformation consider the elements of the following space of functions:

Definition 1.7: Let Ez, Z€R" be the set of functions from R” into C with the



following properties:

There exists a point @ eR"such that feL,[R";exp(-Z.%)] and
f(x)=0, xeR"\R7, (1.6.1.1)

That is, if at least one component x; of x is negative.
E. is equipped with the norm ||f "E_ =[], e

sexp(-a.%)]"

Remark 1: Because of property (1.6.1.1) the originals are sometimes written

by means of the n-dimensional Heaviside function 6,in the form

f(®)=6,(x)f,(x), xeR"
we usually omit the factor 6, and we assume that originals f have the

property (1.6.1.1).

Definition 1.8: The n-dimensional Laplace transform of a function from

Rrinto C is defined by means of
F&)=L,{fGxs}=[ [ ...[" exp[-5.2]f (x)dx,dx,...dx,

= j exp[—s.x1f(x)dx (1.6.1.2)
Rn

The domain of definition of F is the set of all points s €C”such that the
integral in (1.6.1.2) is convergent.

Theorem 1.10. Let f € E; and H;={§?§eC " Res> E}, Ha ={§:§eC " EReEZE}. Then

the Laplace integral (1.6.1.2) is absolutely and uniformly convergent on H;. F
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is an analytic function on H: and it holds

D*F()= (-1)P1<‘>L,,{?ff(?c);§} (1.6.1.3)

where %=(k,,k,,...,k,)eN2.
Corollary 1.1. Let f € E- and let the Laplace transform F off be convergent at a

point s, € H;. Then it also converges at Hz, ={s:seC", Res>Res, =5}

Theorem 1.11. Let f,g¢ E; and a,8<C. Then of +pg < E- and

L, lof +Bg;s)=al, (f:s)+BL,(g:s).

Remarks:
1. Instead of E; one sometimes considers a space E- of functions of

L,(R™) with the property (1.6.1.1) and that there exists a point zeR"and a

positive number M such that

|[f@)|<Mexpa.), x2 X

Then for every R} obviously Z c E; ;. Therefore the statements of Theorem
1.7 remains true, if H; is replaced by Hz.:, e¢e R”, arbitrary. The image
F =L ,{f:s} are again analytic on H..

2. Even less restrictive conditions for originals are:

(a) There exists a point @ €C " such that f exp(-a@.X)dx is
RI(W)

convergent for every veR?,

(b) These integrals are uniformly bounded with respect to veR?, i.e.

Jexp(-a.2)f (x)dx{ < M(a),

RY(W)
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where M(a) is independent of v, and

(c) There exists lim J’ exp(—a.x)f (x)dx.

RM(v)

This convergence is called bounded convergence of the Laplace integral

(1.6.1.2). Then one can prove H: to be a domain of absolute convergence of the

Laplace integral (1.6.1.2) and again the Laplace transform is an analytic

function on this domain. For details 'we refer to Voelker and Doetsch [107]
and Ditkin and Prudnikov [43]. Obviously from f € E it follows that L (f;s} is

boundedly convergent on H; and from f e E; it follows that L, {f;s) is
boundedly convergent on H-.

3. Instead of the N-dimensional Laplace transform (1.6.1.2) one is
sometimes calculating the so - called N-dimensional Laplace~Carson

transform:

F(3)=p,(s) [exp(~5.%)f (x)d (1.6.1.4)
R}

Symbolically we denote the pair F(s) and f(x) with the operational relation
FE=f@ or f@=FG).

In this notation some formulas become more simple.

Theorem 1.12. Let f € E; and F(s)=L,{f(x);5}. Then

lim F(s)=0, j=12,...,n ,0;=%Re s;. (1.6.1.5)

g, e



From (1.6.1.5) we get immediately

Corollary 1.2. If s € Hx, and |5| tends to +oo such that at least one of the
quantities o; =Res;,je(1,2,...,n} tends to +eo, then

lim F(s)=0,

[—34o0

]

uniformly with respect to Ims = 7.

Remark 4: Condition (1.6.1.5) is a necessary condition for a function F,

analytic in H, to be the Laplace transform of an original from E:. So, for
example, the functions sin5 and 5%, @ e R” \ R"can not be Laplace

transforms.
As T=Im5 tends to e, the asymptotic behavior is given by

Theorem 1.13.If f € E, ,then

lim F(G; +i7,)=0, 28&, j=12,..,n. (1.6.1.6)

Tj-ot-

So for example exp(—p,(5)) can not be a Laplace transform, though it

tends to zero, if Res; tends to *eo, since it does not tends to zero, if Im o; tends

Theorem 1.14. If a function F, analytic on H;, should be an (absolutely

convergent) Laplace transform, then it must necessarily be

lim F(3)=0, j=12,..,n,

Sj__),,
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ifevery s; tends to infinity within H,, o, > a;, the other variables s,, k=
being fixed (Re(s,) > a, ).

In the above explanation we derived some necessary conditions for a
function F to be an (absolutely convergent) Laplace transform. Sufficient
conditions are difficult to formulate. For details we refer to Brychkov et al.
(11, ch. 2].

1.6.2. The Inversion of the Laplace Transformation

Theorem 1.15. Let feE;, @eR" and let there exist 5x‘-9—f=Djf, i=12,..,n,
j

le - anf

=——"—— and D;feC(R?), D'f e E;. Then at each point of continuity of 7
o, 0%y O%, j

the so called complex inversion formula holds

L {F(3);%} = f(®) =2m)™ [exp(5.2)F(5)ds, & <R’ @ >a. (1.62.1)
(@)

Here the integral has to be understood in the sense of the principal value of

Cauchy, i.e.
fds= tim [P (% dsds,...ds, (1.6.2.2)
@ Bjs- a-ify doy-ifiy  Ja,-if,
J=1,2,.,n

Definition 1.9: The integral at the right-side of (1.6.2.1)) is called the n-
dimensional inverse Laplace transformation of F.

Remark 1: In particular, if F(5)=[]F,(s;), then from (1.6.2.1) we obtain
=1

n

F@=T[rap,

Jj=1



where f; =L,,“{F j;xj}.

Theorem 1.16. Let f € E; and F(5) =L {f(%);5}. Then at each point of
continuity of f we have (1.6.2.1), (1.6.2.2), where the limit has to be
understood in the sense of distributions of the space D'(R"*). For details we

refer to Brychkov et al. [11; secs. 1.3.1 and 2.3.1].

Theorem 1.17. Let f € E;, @ > @. In addition, if F(@ +i7) =L, {f(X);T +i7}
belongs to L, with respect to 7, then inversion formula (1.6.2.1) holds (a.e).

Theorem 1.18. Let F be analytic on H; and lim F(5)=0, if Res; 2, > a,,

8,'—""

Jj=12,..,n, uniformly with respect to arg(s;). Furthermore, let IIF(§)Id§

@
exists for every @>a, i.e. F e L,(@). Then F is a Laplace transform of a

function f € E_, ., € eR’, arbitrary, which is a.e. continuous and fis defined

by the complex inversion formula (2.1).

Remark 2: The inversion formula of the Laplace transform is of more or less
theoretical interest. The complex inversion formula (1.6.2.1) may be of
interest if the integral can be calculated by the method of residues in the one-
dimensional case.

In proving theorems in Chapters 2 and 3, we use the process of the
change in the order of integration of multiple integrals and their conversion
to repeated integrals. For the justification of this process we use the following

theorem due to Fubini as, given by Brychkov et al. [11, p. 8].
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Theorem 1.19, (Fubini). If f/(x,7) € L,(R"xR™), then for a.e. ¥ eR"” we have

f(z,))e Ly(R™) and for a.e. ¥ eR™, f(-,¥) e L,(R"). Furthermore, there exist
the integrals [f(%,7)dy € L, ®")and [f(%,7)d% € L,(R™) and we have
R™ R*

| r&7dzdy= | [ [ f(f,y)df)di= | [ ) f(f,i)dijdj'.
R™* BR™\R* R"\R"
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CHAPTER 2. THEOREMS REGARDING N-DIMENSIONAL LAPLACE
TRANSFORMATIONS AND THEIR APPLICATIONS

In this chapter, we will derive a number of theorems and corollaries for
calculating Laplace transform and inverse Laplace transform pairs of
N-dimensions from known one-dimensional Laplace transformations.
Regarding their application, we provide several examples demonstrating
ways of obtaining new N-dimensional transformation pairs.

This chapter consists of five theorems in two sections. Section one is

divided in two parts. Part one deals with original functions of the form

F{2p,( x-1 )] and describes our formulation of a theorem the involving the

Laplace transform of functions of the form

Pa(x ) F2p (1)), where = 0, 1, 2.

Part two is concerned with image functions with arguments [p,( s* )12, In

this part, we have formulated theorems involving the inverse Laplace

transforms of functions of the form

3 — I < a4
LoD ey (s, LD o (621, ama OLRLGEVT,
pn(sE) pn(sa) P ( s?)

The next section contains theorems which deal with the inverse Laplace

transforms of functions in the form
T

y[(plcsz))-ll 4 AP (27T
o (sHE [y (521!
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The theorems in this chapter are developed according to an idea obtained

from papers of R. S. Dahiya[21 ] and [30 ].

2.1. Theorems, Corollaries and Applications Regarding N-dimensional
Laplace Transformations

2.1.1. The Image of Functions with the Argument of 2p,(x") (Theorem 2.1.1
and Theorem 2.1.2)

This section begins with Theorem 2.1.1, which has three parts. We
present the proof of only the first part in detail; the proofs of two other parts

are provided in brief because all three are based upon similar ideas.

Theorem 2.1.1.
Let (@) L{fx); s} = ¢(s), and

G £’y ) =Fs) forj=0,1,2,
assuming that f(x?) is a function of class Q.

(a) If

@al) le‘*«—;—); =),

4,1
@2) Lix “&(5xs)=n(s),

X

-4 .1 -3, 1 - . -3 u
where x ¢(;C-) and x "£(-5) are alsv [uactions of class Q, and « exp(-sx-;)f(u)

X
1

and u-%x—% exp(—sx— 2%) f(u) belong to L,[(0,02)x(0,0)].
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Then

— N -
Ln{ L Fo[2p1(x'1)];s}= L alm6t?, L
Pn(x2) 22 p,(s?)

wheren=2, 3, ..., Nand %e[pl(s*)] > ¢ and cis a constant. It is assumed that

the integrals involved exist. The existence conditions for two-dimensions are
given in Ditkin and Prudnikov [ 43; p. 4] and similar conditions hold for
N-dimensions, we refer to Brychkov et al. [11;ch.2].

(b) Assume the conditions (i), (i) and (al), and replace (a2) by

-d
®D Lix 628 =L,

X
Then
_ B2 '; —
Ln{ l—I F 1[2P1(x_1)];3}= 72 B0 sy, (1.1.2)
2 1
Pn (%) Pa(s?)

where %e[pl(s%)] > d , a constant, providéd the integrals involved exist for

n=23,...,N.
(c¢) Suppose that the conditions (i) and (ii) hold. If

3.1
(cl) Lix ¢(;);s}=9(s),

© Ltz todys) = .
X

Then



n=2

L,,{ L F2[2p1<F>J;E}=—;lz—;l—aupl(s%))z], (119
Pn(x%) 2% p, (s?)

provided that SKe[pl(s*)] > e, where e is a constant and where x"e(-%) isa
X

function of class Q. Assume that the integrals involved exist forn =2, 3, ...,
N.

Proof (a): From (i), we obtain ¢(s)= _[0” exp(-st)f(t)dt for Re §>Co, where cpis a

constant, so that

-1
x

o6& =2 expt-Lyf (1.1.9)
x 0 x

Multiplying both sides of (I.1.4) by exp(-sx) and integrating from 0 to o, we
obtain

N exp(—sx)x'*¢<%)dx= NI exp(-sx - 2)f (w)du]dx.

The integrand x_% exp(-sx —%)f(u) belongs to L 1[(0,0)x(0,%0)], that, by Fubini's

Theorem, interchanging the order of the integral on the right of (1.1.4) is
permissible. By using (al) on the left and interchanging the order of

integration on the right side of (1.1.4), we obtain

&)= J': fal j: % exp(—wc—%)dx]du, where Re s > 7\.1 and Aj is a constant. (1.1.5)



43

A result in Roberts and Kaufman [87 ] regarding the inner integral in (1.1.5)
be used to evaluate this integral as

32
I: xt exp(—sx —y-)dx = r xt exp(—sx— (221) Ydx

Therefore, (1.1.5) can be written as

E(s)= n* Io- u-* exp(-Zu*s*)f (u)du. (1.1.6)

Using (1.1.6) in (a2), we arrive at

w 3 1
11(s)=_f0 x 2 exp(—sx)é(;-g)dx
1

= 75%,[: eXp(—sx)x-%[J: 't exp(__zi‘i)f(u)du]dx (2.1.7)
x

00 ———

l
= n2 jo *720 7% exp(- x-—)f(u)du]dx
where Re s > A, for some constant 4,.

' 1
- R §
Again, because x ‘u * exp(—sx—%—)f(u) belongs to L[(0,00)x(0,0)], by Fubini's
Theorem, we can interchange the order of integration on the right side of
(1.1.7) to obtain

(97 )2

iz )dx]du. (1.1.8)

1e _1 o _3
n(s)=7r2jo u 2f(u)[fo x 2 exp(—sx— ——"—

Using the previously mentioned result in Roberts and Kaufman [87 ] on the
inner integral in (1.1.5), we can evaluate the integral inside the brackets.

Consequently, equation (1.1.8) becomes
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1l
2

1
n(9)=27x J;u i (u)exp(-27 uisT)du. (1.1.9)
By substituting u = v2in (1.1.9), we obtain
ad '} 2
n(s):Z%n:J'o v %f(vz)exp(—z v%sl)dv. (1.1.10)

Replacing s by [ p,(s*)]z and multiplying both sides of (1.1.10) by p, (s*), we

arrive at

ptsHmltpy(s' ' 1= 2 [ o oM pashenpt-2t vl o, P, (1.1.11)

Now we use the operational relation given in Ditkin and Prudnikov [43 ]:

. _1 2
sﬁl exp(-asﬁl)?(mci) 2 exp(—za—x—) fori=1,2,...,n (1.1.12)
i

Equation (1.1.11) can be rewritten as

1

%]

1 -1
Pa(s)1L(py (57 ))2]———2—1— [ 072 (v%) exp(-2 vpy (1)) dw(1.1.19)
72 p,(x2%)

Using (i) for j = 0 from (1.1.13), we obtain

1
p(Hlm A2 — L Ry2p L

"7T p(x?)

1

Hence,

Fo[zplcﬁn;;}: L nlpi (s,
22 p, (s?)

’ -

L { -
n 1
Pn(x?)




wheren=2, 3, ..., N.

Proof (b): By our using (1.1.6) and (b1), it follows that

. 1
L(s) = n*r [rx *u 4 exp(-sx—gi-)f(u)du]dx., where Re s > ?»1. (1.1.14)
0 ~J0 x

1
1

-1 - 2
Clearly, x “u* exp(—sx—z—:-) belongs L, [(0,00)x(0,%)]; therefore, according to

Fubini's Theorem, (1.1.14) can be rewritten as

3_12

L(s)= 71:% J' - u—*f (u)[r x_% exp(-sx — Szru—‘))dx]du where Re s > A
- 0 [4] P 4x ’ 1

From the tables of Roberts and Kaufman [87 ], we obtain

1

'} o "21 ’21 '41 2
s .’,’(s)=7z_fo ¢ fwexp(-2'u's )du. (1.1.15)

Next, we substitute u = vZin (1.1.15) to obtain

s%{,’ (s)= 21:](: exp(—2lr s*v*)f ( vz)dv. ' (1.1.16)

Réplacing s by [pl(s%)]z, multiplying both sides of (1.1.16) by p, (s%), and using
(1.1.12), equation (1.1.16) reads as follows

1 1

p,,(s%)pl(s2 )¢ [(py(s2))?] ”exp(—Z vpﬁ;i))f( v2)dv(1.1.17)

a2 1 Io
ﬂ'2 pn(x2)

EN ]

Applying (ii) for j = 1 in (1.1.17), we arrive at

-]

™

——2——_—F1[2p1(x—:1')].

n-2

Dy (2 )pl(s2)€'[(p1(s%))2] -
7 2 p,(x?)

BN



Therefore,
n=2 _; —
1 m 2 s2) 3
Ln{ Ry [2p, G55 }= — 2D 11y (512,
P, (x2) P (s?)

wheren =2, 3, ..., N.

Proof (c): Following the same procedure as in parts (a) and (b), from (c1) and

(c2), we obtain

- =1
8(s)= 2—* njo u'f (u)exp(—2% u%s*)du, where Re s > ?\.3.

Now, we substitute = v° on the right side to obtain

8(s)= 2*71: J': v%f(vz)exp(—zr v*s*)dv, where Re s > Ag- (1.1.18)

replacing s by [pl(s*)]z, multiplying both sides of (1.1.18) by p, (s*), and using

(1.1.12), we can arrive at

DO

|~I

2 ® Feea2 1
_.____fo v2f(v*)exp(-2vp; (x7))dv.(1.1.19)

n-2

72 p,(x?)

Pa (53)50(py (s7))2]

Sa

1
2)

If we plug (ii) for j = 2 in (1.1.19), we obtain

%

1
2 ——
Y Rlep ()]

=2 1
T 2 p,(x%)

Dn(s2)8[(py( s"’))2]

sl s
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Hence,
1 s i 3
L. = Fyl2p(x 1) x =—Il—r——=—l—5[p1(sz)],
D, (x2) 22 p (s2)

wheren=2,3,...,N.

Therefore, the theorem is proved.

2.1.1.1 Applications of Theorem 2.1.1

To show the applicability of Theorem 2.1.1, we will construct certain

functions with n variables and calculate their Laplace transformation.

Example 1.1. Let f(x)=x%. Then

I+
341
s

o(s)= Re s>0, Re v>-4;

P o3 reigh oo
F(s)= L{x -x ;s} = ——:;——,ﬁ‘ forj=0,1,2;
J s

I OTGHD oy 5 2 Fes >0, and

46 ey
S
» v L Lyl
(8)= A, +1)r(g; 2L , Rev>-1,Res>0.
s
Therefore,
@)
Ln{ r ! == 5} = 2*zn’zr(%+1)r(%+%)- : L E—
P, )py(x )] 28 py(s7)]



By the Duplication Theorem

=7 T@+D. _— (LD
Pa(s )py(s7)]
I

where Re v>-1, Re [p,(s?)]>0, andn=2, 3,---, N.

Also,
D B, Lyl
L(s) = r(4+1)r‘(‘;i:2)1“( 2o, Rev>-2, Res>0.
S
Hence
b)
C { 1 ) E} _ nn’lzfr(%+1)r(%+§-)r(-”—;§-) 1
n EN=E r2 R A
RS TR X P oy (sH"™
By the Duplication Theorem
Al — - (12)
P,(s )Py (s)]
' 1
where Re v>-2, Re [p;(s2)]1>0, andn=2, 3,---, N.
Furthermore,
» .3
8(s)=%2, Re v > -4,Re s> 0, and
S
v V. 3L, d
8(s)= T+ Dr(‘;:;)r‘(z A 2), Rev>-3,Res>0
S
so that
L 1 ;3l=rTT@s2) 1 (1.3)
L Y ——T’%“’s}—n P W g '
P22 oy (x )] Pa(s oy (sH)]

1
where Re v>-3, Re [py(s2)]>0, andn=2, 3,---, N.
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Remark 2.1.1.1: Actually, the formulas (1.2) and (1.3) can be derived from
formula (1.1) by replacing v with v + 1 and v + 2, respectively. However, for
many other examples these three formulas are different. The validity of the

claim is illustrated by the following examples.

Example 1.2. Assume that f(x)=sin(ax?). Then

1+ 2
¢(s)=£-z-;z—s Iexp(—%;), Re s> 0, and

7 F(-j—;l) . ¢j+1l, -la .
(8)= — sin [ y tan (;)] forj=0,1,2and Res > |Imal.
s +a)’
2071:* a2
E(s) = 5> Res>— Re—. (2.1)
4s+a 4
n0=2¢ s &), Fea>0,%es>0. - (2.2)
{(s)= 3;-’3*_59% (%’?), Rea>0,Res>0. (2.3)
a ;
Sar’ ?
9(s)=——a-—”77, Res>- Re <.
(4s+a ) 4
502328 F o T B _sqomt o511 o ed L7 38 o
3a3 aks, 4’ 1’ a2 a 2 4' 2’ 4’ az a% 2 4’2 ¢ a2 ’
where Rea >0, Re s> 0. . (2.4)
Hence,

(a) From (2.1) forj = 0 and (2.2), we obtain

1
sin[ tan e ] el ) 3 -
Palx Ndplx )+a ] ap,(s’) 2

L
n



where Rea>0, Re [pl(s* >o.

(b) Using (2.1)forj = 1 and (2.3), we arrive at

Pl

sin[2 tan ————-—] 2

L * 21’1(: ) ; ; = .?”_2 pl( *) §_1 [_é2_p12(s*)]’ (2.6)
Pa(x )[4p12(x )+a] 2 p(shH)

where Rea>0, Re [ pl(s’})] >0; and

(¢) From (2.1) for j = 2 and (2.4), we arrive at

-1
sin[£ tan e_]

2 -
L pi(x ) : -

Y a
p,. (:t:*)[4p12 «H+a ]

2 _% 4
( ) ” { [pl(s )] 1F2[2, z, %i "L&(—szi]
pn(s) 30" e
R 1 = 44
P or5.1 1 [ps)lq 3x 12 7.3 3. _[ps)]
+ 1F2[ 2’ 4r a2 ] a [pl(s )] 1F2 4v 2: 4, az ]}a
where Sea >0, Fe [p,(s)]>0. @1

This Theorem can also be used to evaluate N-dimensional Laplace

transformations involving generalized hypergeometric functions.

Example 1.8. Consider f(x)=x" qu[E b;p : kx] Then
L(z+1) (@)p, T+ 1k
=GR G ]

Oifp<q
wherep<q,Re 1> -1 and%s>{9¥ek ifp=q-
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l—-(ﬂr_l) (@) 47+ j+1 47443 |
F(8) = ez . oF pTaT T 4k 3.1
/ =P @), e

where psq-1, Re 1>—%1- forj =0, 1, 2; Res>0ifp <q-1; and

Re (s +2kcosnr)>0(r=0,1)ifp=g-1.

I'(7+ DI (7+d) (@),,7+L7+L:k
g(s)=———r~7x}__2—P+2F"[(b): 1 2;;}
S
0ifp<q
1
where p <q-1, Re 1 > -3 and 9¥es>{9{ek ifp=q"
C(z+ YI(z+HrEer+d 1,1 2.8, 3
TI(S)= (T"‘ ) (12';-2) ( 7""'2) p+4Fq|:§Z;:’1+111+2v1+4:1+4;_skT_:]’ (3.2)
S

where p<qg-3, Re 1>—21-; Re s>0ifp<g~4;and Re (s +2k cosnr)>0(r=0,1)ifp

=q-3.
r nr Lr ) 1 3 5. .3
s

where p<q-3, Re r>—--2—; Re s>0ifp<q-4;and Re (s+ 2k cosnr)>0(r=0,1)ifp

= q-3.
[+ Dr(z+3) (a) ,*L'-f-].,'u--‘i;k2
9(3)=—_—s;:%_'—L p+2Fql:(b): 2 ;T ’
0,ifp<g-1

3
wherep Sq’ly Ret> —_2' and Re s >{9fek, ifp =q-1"

o(s)

I'(z+ Dr(z+2r@2r+2) (@),,t7+L7t+2,7+3,7+5
) - "[(b): predes Aﬁ:’] (3.4)

where p<q-3, %e z->-§’-; Re s>0ifp<g-4;and Re(s+2k cosr)>0(r=0, 1)ifp

=q-3.
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Therefore,
(a) In(3.1) setj =0 with (3.2), we have
c 1 . (a)p’41+1’4r4+3 . -
n 1 27+3 P27q (b) > k_ | §
P xz)[pl(x"l)] P
nTI‘(27+1) (@)p, T+l t+d,7+1,748,
- "1 1 p+étq (b) : 4k
Pn(s2)[py(s2)1*7*2 p;*(s-l)
_ 3.5)
_ —
where p<q-3, Re 1>—-i—'; Re [p(s)]>0if p<qg-4; and Re [pl(s%)+2k cos 7r]>0
(7‘ = 0, 1) ifp =q-3.
(b) From (3.1) forj =1 and (3.3), we obtain
. ) 1 (a)p’4?2,41+4 : .
n Y +2 q (b) : I
D (xz)[pl(x Vi P2
n_z'l“(21+§)- (a)p,1'+1 1:+ r+%,1+%, ;
=T 1. 1 9| (b), 1
Pn(s?)[py(s? )]4”2 Pt
3.6)

T 1
where p<q-3, Re z’>—-§-; Re [p,(s*)]>0 ifp<q-4; and Re [p,(s")+2k cos 2r]>0

(r=0,1)ifp=¢-3.

(c) Using (3.1) forj = 2 with (3.4), we arrive at

47+3 47+5 .
1 ()p, 555,552 5

Ln 21_+§_ P+2Fq (b)q . k_ ;S

pn(x2 )[Pl(x_l)] p 2 (=)
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n-1 3 3 5 .
21_(2“_2) (@)p,T+1,7+5,T+5, 7+, .
= =< p+4Fq (b)q e
( 2 )[p (32 )]4”3 l_ p{"(si)

3.7
where p<q-3, Re 7>-1, Re [pl(s*)]>0 ifp<q-4; and Re [pl(s*)+2k cos mr]>0
(r=0,1)ifp=¢-3.

1 if0<x<g
Example 1.4. Suppose that f(x)= { 0if w>d Then
1"exP(‘ 64) 7( 2 ’8)
¢(s)=——s— Fj(s)=—27% forj=0, 1, 2 and where Re s> —. 4.1)
s 2
Also, we obtain
1
HOE (%)*[1— exp(-£-)], Res>0,
T i
n(s)=—¥[1— exp(-s")], Res>0, 4.2)
s .
P4 3 3
£(8)=—[1~(1+s exp(-s )], Res>0, 4.3)
2s
o 3 3
9(s)=-—%-[1—(1+5;—)exp(—“’7)], Res>0,
2s
b 4 + _2 3
8(s)=——5[4—(s" +2) exp(-s )], Re s>0. (4.4)
8s”

Therefore using Theorem 2.1.1, we obtain the following results:

(a) In (4.1) setj =0 with (4.2), we obtain
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1 -
Ln{ - 1 — Erfl:(gl(;_))%:l, S}
D, (x2)[py (x D2
=1

= [l-exp(-py(sD], (4.5)
2z 2

Dy (s? )pl(s )

1

1
where Re[p,(s")]>0,n= 2,3, ..., N.

(b) Settingj = 1into (4.1) and using (4.3), we obtain

1
Ln{ _11 — [l-exp(-%—z)]; 5}
D, (x2)py(x71)

= _12 — [1-(1+p1(s%))exp(—p1(s%))], (4.6)
_ 2p,(s?) p;(s2)

1
where Re[p,(s)]>0,n=2, 3, ..., N.

(c) We know

3 .,.1.1 1 13, .3 3
7(§,x)—-§7(-é-,x)—x exp(-x)--z-ﬂ: Erfx” -x" exp(-=x). 4.7

Setting j = 2 into (4.1) and using (4.7) and (4.3) we arrive at

1 — — =) _
L, 1—1 %Erf[(——pl(: ))%]—[——-——pl(: )]%exp(————pl(: ))}; s
P (x?)
= ”_r — [4-(2+p,(52))2 exp(-p; (52)}], (4.8)

1 L .1
2% -8 p,(s?) py°(s2)

|

Yy
where ®e [p,(s)]>0, n= 2,3, ..., N.
2.1.1.2. Carollaries

On choosing n = 2, we obtain certain corollaries from Theorem 2.1.1, namely:



Corollary 1. Assume the hypotheses of Theorem 2.1.1(a) except for condition

(ii), which is replaced by

6@ et} = o0
Then
Lz{ 1* Fo[%+?-];él,sz} == 1 n n[(sl’}+sz*)2], Re [s,T +5,71> 0.
(xy) y 2 (3132) ’

Corollary 2. Suppose that the hypotheses of Theorem 2.1.1 (b) except for
condition (i7) which is replaced by

b t,{rens} =F ).
Then
1
Lz{ 1 T F[—2-+-?-]; s,,sz} =St st (sy? + 32%)2], Re [s{zl + 32%] >0.
(xy) * 2(s,85)

Corollary 3. Assume the hypotheses (i), (iii) and (iv) of Theorem 2.1.1 (c) and

replace condition (if) by

1
@i)(e) Lz{x’f (xz);s} =F 2(s).
Then
Lz{ 1% Fz[-2-+3];81,82} = 1 7[(s1*+sz’})2], Re [sl’} +s2*]> 0.
x y 1 1
(xy) 2 (5159)

2.1.1.3. Examples Based Upon Corollaries 1,2,and 3

Example 1.1.1. Let n = 2, from Example 1.1, the following results are yielded
@)

L _%_1_”_?’81,82 =7r%1"(2+ 1)- T 1 - (1.1
() (g +3) (5,5 (s, +5,7)



or .
3 .
1 1
Lz{-—({}%’:f;shsz} =% F(§+ D- I g
(x+y) (518) (5,7 +5,%)
where %e v>-1, Re [s,? +5,71> 0.
®)
1 1 v 3 1
L)) —T———=751%| =7 T(g+2) 1 v
2{(xy)i(%+%)¥rl } 2 2 (5,89)" (5,2 +5,1) :
or

25_[
(xy) i v 3 1
L {———..:‘;31,32} =z [(g+7) T )
2 (x+ y)11 2 2 (slsg)z(sl* +s2*) *

where Re v>-2, Re [sﬁ +sz"1] >0.

()

1 i v 1
L) —T———= 58| =aT+2) T
2{(xy)*(-}+-;;)T } 2 () (strsh™

or

.!il
L2{ () g7y ;31,32} =7t*1'(3+2)~ T : v+3’
(x+y) (3132)2(31*4'32*)

where %e v>-3, Re [s,7 +51]>0.

Remark 2.1.1.2: If we let v = 0in (1.1'), we obtain
1

1 n
LZ{ I 331’32} = Y .
(z+y) (5152) (31* + 32*)

From (1.1") and the following relations

d
Lz{xF(x,y);sl,32} =—";§f(31v32),

Lz{yF(x,y);sl,sz} =£2—f(sl,sz), where f(s},8;) = Lz{F(x,y);sl,sz}

(1.2)

(1.3

(1.1
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We conclude that

g1
L {(x+y) ’sl,sz} /3 (sl+s2+sl s2 ) (1.1lll)
2s52) (51 +8,1)

Example 1.2.1. In Example 1.2, if n = 2, the following results can be obtained

(@)
in[Ltan _.‘“__ 1 X
L sm[ 2(x+y)2 .1:31’32 _(_)z w%_)_ S [_(31%"‘32%) ]
[4(x+y) +a @' 1 a(s;s;) iia
where Rea >0, Re [s;? +5,11> 0. (2.59
®B"
i g - %y 2 2
L, sin[2 2(x+y,2]l;sl’sz 3 _(_s,_+_s_2*_) S [—(31’}+Sz*) 1
[4x+) +a (xp) 1 20" (5,8)" *
where %Rea>0, Re [s,? +5,71>0. (2.6")
()
sin[2tan 22 (-)%7: 75 (sprsd)
I3 2(x+y)2 Tisus = T { (31%4.32»}) o2+ it _sl_*'_252_._]
[4(x+y) +a (xy)’] (8182) 3a a
1 4
511 (st+s,h’y 3 733 (sF+s,? ,
o 1F2[4,2,4 (s +s2 ) 1-37 (l,+szz) lFZ[Z,_2.,2;_Ssl_“’_fz_’_)_]}, (2.7

a

where Rea>0, Re [s? +5,21>0.

Example 1.3.1. On choosing n = 2, we obtain the following formulas from
Example 1.3, namely:
@

47+l 4743
Lz{_(’iy_)mp+2p [gz))p’ 4 "4 7k(x+y)2];8hsz}

(x+y)
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1 1 (a) ‘l'+],1'+ J T+ ,1+3, ok
=g F2r+1). 1 o p+4Fq [ 4 k|
(3132)2 (81* + 32%)4 +1 (b) ’ (s,* “‘32*)

where p<qg-3, %ef>-zl; Re [sl*+sz‘}]>0ifp5q—4; and Re [sl*+s2*+2k cos r]>0

(r=0, 1)ifp=q-3. (3.5")
(b"

1
(xy) (a) ’4r+2’41+4,
Lz{mm [(b),, e k(m‘) $$1:82

N 3 5
i 1 (@p,T+LT+5,7+3,7+2;
- 3. p, 4 ? 4 ’ 4k
T TR+ ) o2 p+aFq [(b) 3 (i3 +8,3)" ]’

(3132) (31’+32 )

where p<q-3, Re 1'>-Z; Re [sl2 +322]>0 ifp<q-4; and Re [sﬁ+sﬁ+2k cos nr]1>0
(r=0, )ifp=q-3. (3.6

(c)

(x+

27+1 4143 4145,
Lz{_w_)mmF [ttt ]}

3 3 5.
=7z*1“(21:+2)~ 1 F (@p,t+LT+3,0+3,742; ’
4 4143 P40 () s (83 +s ‘})‘
(318) (arF +5,1) ’ e
where p<q-3, Re >-1 Re [s{}+sz‘=l]>0 ifp<q-4; and Re [sl%+sz%+2k cos r]>0

(r=0, 1 ifp=q-3. (3.7

Example 1.4.1. Let us choose n = 2 in Example 1.4, we arrive at the following
results in two-dimensions.

@)

1 x+y\}
L Erf[( ) ];slssz
2{(x+y)* 2xy

1
= z [1-exp[-(s,t + 5,1)]], where Fe (s, +5,11> 0. 4.5
(3182) (31* + 32.})
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®")
Lz{ 1 n [1-exp(-

(x+y)’

+y)];31,32}

x
4xy
1

= T [1-+s? +sh)expl~(s;? + 5,1)]], where Re [s} +5,31>0. (4.6)

1
2(3132)2 (31* + 32%)

(b") Because
3
tf i} -
(x+y)° (515)" (s, + 81

then (4.6°) also can be written as

1 X+
LZ{ - exp(——4;yl);s,,s2}

(x+y)°

= 2 [1+(1+ sl‘2l +s2%)exp[-(s1% +sz%)]],

2(3132 )'2' (31* + 82*)4“3

where S [s,? +5,31> 0. (4.6")

(¢") If we choose n = 2 in (4.8), we obtain

Py
Ll L Z (B[] (- 220) L5
2 1|2 4xy dxy 4xy
(xy)

n.3 1

=(2) : - [4-(2+ 5.} +5,H)” expl-(s,F + D],
8(s;55)” (5,F + 5,)

where Re [s,} +5,21>0. (4.8

Remark 2.1.1.3: The results that are established in Examples 1.2.1, 1.3.1 and
1.4.1 are all new formulas in two-dimensions as well as the corresponding

results in n-dimensions.
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2.1.2. The Original of Functions with the Argument [p,(s))]’

The goals of this part of Section One are to obtain the inverse Laplace

318
transformations of functions of the form [—pl(—s——l_)l— nl(p,(s?))%],

Dn(52)

1

l~|

1 5 1 2

P (s?) D, (%)

and establish several new

formulas for calculating inverse Laplace transform pairs of N-dimensions
from known one-dimensional Laplace transform. Regarding the application
of these formulas, we will consider several examples demonstrating ways of

obtaining new N-dimensional transform pairs.

Theorem 2.1.2.
Suppose that (@) L{f(x); s} = ¢(s) and that
(D) L{x*f(x?);s)= H,(s) for k=1,2,3.

-1 =1
Let £(x%), x “¢(2) andx “£(L) belong to the class Q.

@ If
(al) L{ x-*tp(%);s} = &(s) and

@2) L{ x_*é(—g—);s} =1(s),
x

Py
Let x-* exp(—sx — %)f (w) and x* exp(—sx — 2—1:-—) f(w) belong to L ,[(0,0)x(0,)].

Then
I3 <
£, N DT e (50215 f
Dn(s?)
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=— L {H 2 p (e D]+ 4 py O Hpl2 0, (D). (1.2.1)

n=2

7% P, (x?)
It is assumed that the integrals involved exist. The existence conditions for
two-dimensions are given in Ditkin and Prudnikov [ 43; p. 32]. Similar

conditions are also true for N-dimensions . For details we refer to Brychkov et

al. [11; ch.2].

(b) Assume that the conditions (i), (i), and (al) hold. If

b1) L{ )s}— £,

1

suppose that x% exp(—sx—z%)f(u) belongs to L,(0,50)x(0,0)].

Then

y _
s5)] T
g 1 DR b (o213
P, (s?)
—-;2——1——-{3 H1[2p1(x'1)]+4p1(x*1)H2[2p1(x )]

m % p,(x?)
+8[ py (x" )12 Hy[2 p, (D)1}, (1.2.2)

provided the integrals involved exist.

Proof (a): First, we apply the definition of Laplace transform to (i) to obtain
P(s) = J:‘ exp(-st)f (t)dt, Re s>c,, such that

] —7} oo 0o -
I x qb(-l)exp(—sx)dx:_" [J- x %exp(—sx—i)f(u)du]dx. (1.2.3)
0 X (VR X
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The integerand x-* exp(—sx—i;-)f(u) belongs L ,[(0,00)x(0,50)], and thus applying

Fubini's Theorem on the right hand side of (1.2.3) and using (al) on the left
" side of (1.2.3) yields

o - -3 u
E(s)= -[o f(u)[l"O x exp(—sx—;)dx]du, Re s>c¢,, where c1 is a constant.  (1.2.4)

From the tables by Roberts and Kaufman [ 87], we obtain

E(s)= n*s-* j: exp(—2u*s*)f (w)du, Re s>c,. (1.2.5)

Using (1.2.5) in (a2), we arrive at

3
7(s) = n*f: [J: x* exp(—sx —2%—)f (w)duldx, Re s>c,, where ¢ is a constant. (1.2.6)

. RS
Because x* exp(—-sx—z—:—)f(u) belongs to L,[(0,00)x(0,0)], we can apply Fubini's

Theorem on the right of (1.2.6) to interchange the order of integration to
obtain

3
7(s) = n%j: f (u)[j: x* exp(~sx — -zﬁ-)dx]du. (1.2.7)
x

Again, we use Roberts and Kaufman [87] results on the inner integral in
(1.2.7), which brings us to

- 1
s*n(s) = g-’.o Fal1+ 2%u's*] exp(—-2%u%s%)du. (1.2.8)

. I
By substituting u = v into (1.2.8) and then replacing s with [p,(s* I° and

I
multiplying by p,(s*), we obtain
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Pn (s*)[pl (si)]a n[(p,(s* ))2] = ﬂf; uf ( vz)[ 1+ 2* v*pl (s*)] *Dn (s*)exp(—2% v p (s*))dv, (1.2.9)

Using following two operational results given in Ditkin and Prudnikov [43 ]
. —* 2
s? exp(—asg%)f(nx,-) exp(-—f;) fori=1,2,...,nand

2 .
s; exp(—as,-’})?i%x,-'ir exp(—f;) fori=1,2,...,n,
2x '

equation (1.2.9) can be rewritten as

b-l

Pa (s py ()T nl(py(s2)2] = ———rv ([ of (v®)exp(-2up, (x v,
"% p,(x?)

+py (x| VP (V7)) exp(-2up; (x™)dv}, (1.2.10)

From (i) for & = 1, 2, equation (1.2.10) reads

I 1

P (82 Py (s2)B (P (s2))?]

-]

2

2 p,(x?)

wheren =2, 3, ..., N.

Proof (b): From (1.2.5) and (b1), we find
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: 3
(e)=7" LI " exptmse -2y widulds, (1.2.11)

1
F
where Re s > Cye By the assumption %’ exp(—sx—-z—:—)f(u) belongs to

L 1[(0,00)x(0,%0)], apply Fubini's Theorem, the order of the integral on the right
side of (1.2.11) can be interchanged to obtain

3 1
(o= [} £l expose - 2rarau, (1.2.12)

By using the result from Roberts and Kaufman [87 ], we can evaluate the
inner integral in (1.2.12) and obtain

11

*s*)du) (1.2.13)

H b A o 14y 1 3
s C(s):z-[fo [3+6:2°u"s" +8u’s]lf(u)exp(-2"u

Now, we substitute u = v? into (1.2.13) and then we replace s with [pl(s’})]2 and

multiplying both sides of (1.2.13) by p.(s}) to find
pa o el ts ) 1= Z (5[ w70 shempl(-2" o s aw
+6- 2* f; 2 f( vz)pl(s*)p,, (s’}) exp(-2” v*pl(s% )dv

+ 8 J: vzf ( 1)2)[111(;&)]2 D (s*)exp(—2% v*pl(s*))dv}. - (1.2.14)

3 1
If we let -2°v'st =4, fori=1,2,...,n then (1.2.14) can be written

Dn (s—*)[px (s_"')]"{.'[(px (s—’l'))z] = -;5{3]: uf (v?)-5,% exp(4,)- 5,% exp(4,) ... s, exp(4,)dv
+ 6-2*": v%f(vz){[sl exp(4;)- 5,3 exp(4y) ... s,Texp(A4,)] + ...
+ [s, exp(4,)- s exp(4)) ... s,_F exp(A,_,)]}dv+8[ J: v3f(v?)

{[s,? exp(4))s,? exp(4,) ... s,F exp(4,)]+ ... +[s, exp(4,) -5,F exp(4,)
s,,_l* exp(A,,_l)]}dv + 2'[: vzf(vz){[sl exp(4;)- s, exp(4,)
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557 exp(43) ... 5,7 exp(A4,)]+[s; exp(4;)- s; exp(4;)- s, exp(A,)

v Sa3exp(A,)]+ ... +[s,exp(A))- s, exp(4,)-sy% exp(dy) ... 5,3 exp(4,)]}
+{[s2 exp(4,)- s, exp(Ag)- 8,7 exp(A))... s,? exp(4,)]

+[s, exp(4,)- 5, exp(Ay) - 5,7 exp(A,) ... 5,7 exp(4,)]+ ...

+[s, exp(4) -5, exp(4,)- 5,7 exp(A4y) ... spy? exp(4,_p]+ ...

+[5,_1exp(A4,_,)-5, exp(4,)-5,7 exp(4,) ... s,_27 exp(A,_p )]}}dv. (1.2.14"

Now we use operational results given in Ditkin and Prudnikov [43 ]:

. -1 2
s;% exp(~as?)=(mx;) * exp(—fx—) fori=1,2,...,n,
2
s; exp(—as;*):—:ilxi";” exp(-:—x-'-) fori=1,2,..,n,

2
2

x,-"sj exp(-—-) fori=1,2, ..., n.
Ax 4x,-

2
a —2x,-

sﬁ exp(—as,-’})-:-

Equation (1.2.14") can be evaluated as

1

T1 n - —
P () py (s)FP L1 (py (s ))2]=—;_—2L=1-{% [y vf (v®)exp(-20py (x™))dw
"7 py(a?)
+ 4p1(x‘1)J:° v2f(u2)exp(—2vp1(;j))dv
+ 8[py (=™ DB [ v3f(v?) exp(-2upy (x1))dv). (1.2.15)

Using (ii) for & = 1, 2, 3, equation (1.2.15) can be written as

1 1

PP P (P E— e (R 2 G
n T % p,(x2)

+ 4py () Hp[2py (x7 D)1+ 8L py (xR Hyl2 0y (x D1},

Hence,



' T -
Ln'l{——r[pl(s?] ;[<p1<s*z‘»2];3z}
Pn(s*)

= —;;—1—-7—{-3-111[2171(36_'1-)]+4p1(F)H2[2p1(F)]
2
T % p,(x?)
+80py (D)2 Hy[2py (x71)]
2.1.2.1. Applications of Theorem 2.1.2

Next we will provide examples of the applications of Theorem 2.1.2.

Example 2.1. Suppose that f(x)=cosh(ax*); then

2
=Z 8 (@ Erf(-Ey+ 1
#(s)= %exp(4s)Etf( )+s, Re s>0.

2s 23*
Hy(s)="1 (k; Dis-a)* (540" Tfor k=1, 2, 3, and Re s> [Rea], and
1.1 1 0 , ifRea20
Se)=n [:%" RPN ], Ses> {max{O, Re}ifRea <0’
2
15x 4., 1244 s 2s 0 , ifRea20
n(s) = —8—2 [1——2-(-;) s exp(;)W_%.% (—;—)],Iargal <n, Res> {max{o, Re 1) if Ke o < 0"
1057 %, 123 % s 2s 0 , ifReaz20
¢(s) =35 ° [1—5(-;) s exp(;)W_%%(z)],Iargal <z, Res> {max[o, Rel) ifRe a<0”
Hence,
® T ¢ _; 2 -_'% 2
@ Ln'l{ ——t (11t el ), W_%,%ti@l—ffl]];z}

=2 {lop, - aT" +2p, ™+ ol Yoo M2p -0l H 20,67 +a] ),

5% p,(x")

3 0 ifReaz0
where |arga]<x, Re [p (s )]> {max[o, Sie%;-] FRea<o ™ = 2,3 K, N. (1.1)



67

‘ i T u _; 2 —% 2 _
b) Ln“l{ T 3 [1—%%)'[1)1(3’)]‘ exp[m%l)_].w_%%[ﬂplf:‘ )) 13
[pl(s )] pn(s )

{-3- {l2oyc™-a)” +[2py (2 Y +al Y+ ap e {2012 ) -aT” + (20, 4],

1057rip,, (=7)

+ 24 [py O {l2pyx ™ -al™ +[2py x40l ),
I, [o , ifRea>0
where |arga|< 7, Re [p,(s")]> {max[o, Fe<)if e a <0 1.2)
Example 2.2. Replacing f with the following
O fe=do (@’ or

G) fw=z2"F {Eg)’ b 1]

in Theorem 2.1.2, we arrive at the following N-dimensional inverse Laplace

transformation pairs:

. -1 [p(s)] 631 [p(s)] 7.25,
@) (e ([oys] L + 2 1D RS
Dp(s™)
ENUREE S T
ey L e o, 6HI Rl - [Pl‘s LT EE)

—— . 2
- * {[(2P1(x-1))2 +a2]-1 2F1[],—-§;];——=£I.JT—-2—
T Palx’) [2p,(x )] +a
2
+32py(x )[(2p1(x ) +a ] ! 2F‘[E -L 1,___"____?]},
[2p,(x )] +a

where Rea>0, Re [pl(s*)]>|1m d. 2.1)
®)) '1{[”‘“ INCIMED LI [e
Pa(s) @ a

A1
= 2yt 3.9y pro2 18 tmeh'
+a(a)ﬁ( )12[444 a ]



(T 2)F -8 11§2.M_.
EF S -5, R, 173
—— L Clene™ +d'T -1 -__;“____]
n:ﬁip,,(xi) 2 2’ [2p1(x-1)]2+¢12
2
+ 8pyx @y W +a° T 216'1[-2- L—L ]
[2p,(x " +d
2
+ 48y T [2pye ) 40T Pl -3 ——=—1},
[2p,(x )] ra
where Rea >0, Re [pl(s*)]>|1m al. (2.2)
(a)(ii) Ln-l{ - 1 - p+4Fq[EZ)) a+ , & + 0+ ry !a'i- 4l };}
p,,(s"')[pl(s o d 3 oyt

_ 1 F, (@)p,a+2,a+3; 1
T 2a+2 P2 (b) Syl
or r‘(2a+")p,,(x Aoz )] '
(@p.0+d,a+d; J

+8(a+ 1) p+2F [(b) ;[pl(;:)lz

whereps<q-3, Rea>-1, me[pl(s*)]>0 ifp<q-4, and Re [pl(s*)+2l cos 7r]>0

(r=0, Difp = ¢q-3. (2.3)
v -1 1_ (@),,0+% a+8 a+2,a+1L;
w@ o tard ”*‘F"pr ST LS }x}
Pa(s )[pl(s )] [p,(s n
_ 1 3 7 [(a) sa+2,a+d L J
= — 15 p2fyl Bt
27zn!1r’(2a+—)p,,(x oy DI 2P @ oyt
(a) a+—’a+—) 1 .
+4(a+1) p.oF, [(b) 50ty [—p:(:;l)]—’:l
+H(a+D2a+3) poF, ,}:)) Yotz ,a+ —Jnf—’}
’[P;(x )

1
wherep<g-3, Re a>-1, SRe[pl(s’)]>0ifqu—4, and Re [p,(s*)+2! cos 2r]>0

(r=0, 1) ifp = q-3. (24)



2.1.2.2. Corollaries

A number of corollaries can be derived from Theorem 2.1.2 in two

dimensions:

Corollary 1. Suppose that the assumptions of Theorem 2.1.2(a) hold except for
condition ({i) which holds for k = 1, 2. Then

1 1,3
Lz'l{ﬁ—;—sg—’ Tl[(sl*+s2*)2];x,y} =2 {m 2 ]+4(~+~)H2[3+-2—1},
8148y (xy) x Yy Yy

where Re [s? +5,71> 0.

Corollary 2. Assume the hypotheses of Theorem 2.1.2(b). Then

£ el ity o)
3 32
*{EHI[;+—]+4<- —)32[3+-§]+s< )H;,[- —]}

(xy)

where Re [s,} +5,11>0.

2.1.2.3. Example Based Upon Corollaries 1 and 2

Example 2.2.1. Suppose that, in Corollaries 1 and 2 fa)=x qu{gg))" ’Ix] Then
q

the results in Example 2.2(ii) read

L - { 1 4F [(a) ,a+4,_4—€5%7"a_4+9’; 4] J,x y}
2 31*82’}(31* +32*)a+1 Q) sad+ad) |

o+2 o+l ., a+3 a+4 .

_‘5_1
- (xy) gfi{p+2F [EZ)) P T B ,l(x?y) ]+8(a+ D piofy [EZ))p’ 7 g ’l(x?'y) J}
27 T(&D)(x+ y) |
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where p<q-3, Rea>-1 Re [s1%+s2%]>0ifp5q—4, and Re [sl%+32%+2lcos7zr]>0

(r = 0’ Difp=q_3-

1 1 (@),, 244 @26 a4 atl1. ]_
L WY ey A S B S
2 {sx*sz*(s;*ﬁ-sz*)a“ i q[(b)q (s ey’
‘? a+2 a+3, a+3 a+d
s [0 e [ P
27:’F(“T‘“9)(x+y)

at+d aib .,
+4(a+ D(2a+3) pyoF, [EZ))W 7 T ’l(x’i’y) J} where p<qg-3, Re a>-1,

Re [31*+32*]>0ifqu—4, and Re [sl*+sz*+2lcosr7r]>0(r =0, Difp=g-3.

Theorem 2.1.3. Assume that f (xz),s"%q&(%) and x—%éj(:lz-) are functions of

class Q.
Let (@) L{Ax); s} = ¢(s),
@) Ll pdie)=£(s),
@Gii) L[x—%é(:‘;);S) = 6(s),

() L(xf(x);5) = H(s),
where x_* exp(-sx — £)f (u) and x-i exp(—sx— %)f (z) belong to L ,[(0,00) x(0,00)].

Then
-1] p (3) 127 - =
L, -!—-;-e[(plcs ) kxt = H[2p,(x )]. (1.3.1)
Pa(s) T pa(x’)

It is assumed that the integrals involved exist forn=2, 3, ..., N.

Proof: First we apply the definition of Laplace transform to (i) and we obtain

#(s) = j:exp(—st)f (#)dt, Re s>c, where cg is a constant.
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So that
N 2 expl-st)p()dx = NN x ! expl-sx - ©)f @w)duldx (1.3.2)
The integrand x_% exp(~sx - £)f (u) belongs to L,[(0,00)x(0,)], so, by Fubini's
Theorem, interchanging the order of the integral on the right side of (1.3.2) is

permissible. By using (ii) on the left side and interchanging the order of

integration on the right side of (1.3.2), we obtain

oo PO §
E(s)= J'o f(u)["'0 x exp(-sx - L)dx]du, where Res>c, and c¢; is a constant. (1.3.3)

From the tables by Roberts and Kaufman [ 87 ], (1.3.3) reads

50)=0' [ faexpt-utshau. (1.3.4)

Plugging (1.3.4) in (iii), we arrive at
0(s) = ﬂ%_‘: [ J: x_*f(u) exp(—sx-gﬁi)du]dx, Re s>c, and cg is a constant. (1.3.5)
- 1
By hypothesis, = *f(u)exp(—sx—z—‘;-) belongs to Z,[(0,0)x(0,e2)]. Using Fubini's
Theorem, we interchange the order of integration on the right side of (1.3..5).

We then use a well known result in Roberts and Kaufman [87] on the

resulting integral on the right hand side of this relation to obtain

o 22
9(s)=njo s—*f(u)exp(-2ru's*)du, Res>cp. (1.3.6)

By substituting u= b in (1.3.6), we obtain

s%e(s) = 2;:]: vf(vz)exp(—2§vis%)dv, Res>c,. (1.3.7)
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Next, we replace s with [m(s*)]2 and we multiply both sides of (1.3.7) by p, (s%),

we arrive at

pl(s*)p,. (s*)e[(pl (si))z] =2z f: of (vz)p,. (s*) exp(—2?r v*pl (s*))dv.

Using the following known result from Ditkin and Prudnikov [43]:
-1 2
stexp-ast) T (m) ° exp(—2-) fori=1,2,...,n
Equation (1.3.8) can be rewritten as
2

-1 3 -1 n
P1(S%)pn(S%)e[(PﬁS%))z]:ﬁ
ng2 P, (x%)

Using (iv) in (1.3.9), we obtain

_ o~ _
py(sH)p, (D 0l(py (212 ]=—2— HI2p; D).

n z—i’—p,,(x"’)

" Therefore,

n

D, (s2) n? Dy (x?)

2.1.3.1. Applications of Theorem 2.1.3

f: vf (vz)exp(—2vp1(3-c_"i))dv.

I _— —
-1 pils?) 0[(p1(s%))2];§ =——2—_—.H[2p1(x_1)]-
1 n=2 1

(1.3.8)

(1.3.9)

Regarding the application of Theorem 2.1.3, we provide a few examples

demonstrating ways of obtaining new N-dimensional transform pairs.

Example 3.1. Suppose that f(x)= (m)—% cos[—?;x%]. Then

=1
¢(s)=s ‘exp(--L-), Res>0.
as
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é(s)= 11 SRes>—i

a a
§ 3
e(s)—azp S*(as) Rea>0, Res>0.
H (s)— , Re s>2,Im—|
(—)

Using (1.3.1), we arrive at

=y
Ln'l{ 2 (s*’_s ! } —le )
Pn(s7) b3 . p.(x e pflx )+1]
where Rea >0, Re [pl(s%)]>0, n=2,3,-N. 1.1

Example 32. Let f(x)=x Gy, },"(xl‘;i’::'g:), where

h+k<2(m+n), Rea>Re b;+1, j=1...,m. (The same formula is valid if
h<k(orh=kandRes>1) and Re a<Re b; +1,j=12,...,m.)

Then

-1 " 1 .o
#s)=s G:::: (1|a,01,- ,ah) largs| <(m+n-1h-1B)7.

&(s)= s G,::;;z(—la_—baall; %), largs| <(m+n-2h-Ltk+dir.
1s¢-29Vk
'} -a a~1_mn+4

-1l g e el
e(s) T 2 s G’l+4k (_rla 2!a721 2 ,al,-..,ah),
by, orbi
where Ste (1-)+2min e b; >0 (j=12,...,%), e s>0,

,} (1- 2a) (2a-2) m,n+2
H(s)=r Ghizi (7I I;a’alé %) where
19 (]

Re (2-2a)+2min Re b; >0 (j=12,...,k), Res>0.
J

Now we apply Theorem 2.1.3, to obtain
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I 20-1
L -1{ [pl(s )] G:::;:( 4 Ia_'zl',a,b%',%l’ap--.,ah);;}

Y 3 )
pats) pitta’) b
a
2 m,n+2 a-+,a,a,,...,0
= ==Glypp (" 22T 0Th) 2.1)
zrngzp (xl) Mk e bienby ’ (
n

where Re a<1+2min Re b; (j=12,...,k), Re [pl(s*)] >0.
J

Corollary 1. Let n = 2 and assume the hypotheses of Theorem 2.1.3. Then

Tyt
Ly {-s—’;—s;—o[(sl%+sz%)2];x,y} =2 T HIZ+2], Re (s,F +5,%)>0.
51752 (xy)

2.1.3.2. Examples Based Upon Corollary 1

Example 3.1'
Assume that f(x)= (mc)-% cos(2x%). Then from Corollary 1 and Example
3.1, we obtain
bagh) 2 oy
Lz'1 Llrs) +82*) 8 [(s,f +53) Tz, y <2202 9 ("yi (x: 32'): (1.1)
(5,52) -14 (x+y) +x ¥

where Re (s +5,7)>0.

Example 3.2'

In Example 3.2 the Inverse Laplace transform (2.1) in two dimensions

reads



7

(UG bagh)' ™ mava a-3,0,%,%a,...,a
- y -1 g atl
1 2 4 | TRt RN R At ALY h);x,y

Gh+4 k
2 51%82% ' (s,i‘ﬂr,}l‘ * 130003 Up

a n _1
- i{e-heea) @
(xy).i. Yy bl!""bk

where Re a<1+2min Red; (j=12,...,), Re (5,7 +5,7)>0.
J

Remark 2.1.2.1: The formulas (1.1and (2.1") both are new formulas for

calculating the Inverse Laplace transformations in two dimensions.

1
2.2, The Original of Functions with the Argument [ p, (s*)]™*

Our considerations in this section will center on the inverse Laplace

Fo-1 4 -1
transformations of functions of the form 7—[(”‘—(%.-))71 and A—((i:.‘(f—)}?l.
[Pl(s )]a [Pl(sz)]v

The results obtained in Theorems 2.2.1 and 2.2.2, are easily adaptable for
obtaining two dimensional inverse Laplace transform pairs. We have,

therefore, given several new inverse Laplace transformations.

Theorem 2.2.1. Suppose that fis a function of class Q.
If
@) L {f(x);s}=¢(s),
@) -L(s o= y0o,
GiD) L (" Foxtys)= G(s),
(@) L (2" faxdys)=H),
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and suppose that -g-s-{s—*qb(%)} exists for %e (s)>¢,, where ¢, is a constant.

Then

{n+ DGIp G Hl-2px HEIp DD, QD)

-1 R .
Ln {'—'1:;—:7[(,,,(3*)) l];x}= 3 :
[py (T Z p,(x)
wheren =2, 3, ..., N. It is assumed that the integrals involved on the left
exist. The conditions for two dimensions are given in Ditkin and Prudnikov

[43; p. 32]. In general, for n variables, we have the same result under

analogous assumptions.
Proof: First we apply the definition of Laplace transform to (i), to obtain

o(s) = f: exp(=st)f(t)dt, Re s>c,, (1.2)

From (1.2) and (ii), we obtain

s ¥(s)= —¢(3) ¢(—) N (———)eXp(——)f(u)du (1.3)

s (1)
Replacing s with [p1 ( s? )]'1 and multiplying both sides of (1.3) by p,(3), we

obtain

—_ =3 —_— _
pr (3) [p1( st )] : 7[(?1( st ))-1] = ":[’%Pn (5 )-up1 ( st )py (3")]

- exp (-upy( st ) fAw)du. (1.4)

Next we use the following two well-known operational results in Ditkin and
Prudnikov [ 43 ]
2

1 3
—as?)= -2 4 -2 =
s, exp(-as?) 2ﬂ%x exp[ 4x,) fori=1,2,..



3 1 2 _ 5 2
s? exp(-as?) = ﬁ——?—xix,.z exp| ~— |, fori=1,2,...,n,
47t 4x,
to obtain
3
—.1 Tz 1 npn( x )
P, (3) [P1( 5] 7[(171( s ) R guigt . @5)

{(1+ 2n)fu" exp(-uz2 p‘(;'_‘))f(u)du - pl(aF)_“:u’"‘2 exp(—%z- pl(F))f(u)du}.

u2

Substituting v= ” and using (iii) and (iv) into (1.5), we arrive at

3

nelp T o] 2
A(+3 {2 (F)]-20) ] (]}

L;}{ L [[p,@ )]'1};}

[pl(s )]

=Tl_{(n+ [ ]22:6a G,

7° p, (x")
wheren =2, 3, ..., N.

Hence

22.1. Applications of Theorem 2.2.1

We now present some direct applications of the Theorem 2.2.1. Imitially
we consider applications on some functions of n variables and obtain their
inverse Laplace transforms in n variables. As these functions and their

transform functions are usually very complex in nature, we will also
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consider functions having only two variables and their corresponding

transforms.

Example 2.2.1. The functions used for flx) in this example are

% exp(-ax), Re @ >-1, Inx, Hy,(x) andx~ oF [EZ))” (kx) ] Then using Theorem
q?r

2.2.1, the inverse Laplace transformations obtained are given in

N-dimensions in the respective order.

L;zl {(Px(;; ))—H[H o(py (3))_1J- ) [la(pl (s—%))—1 -a- -21}5}

a-n+l
_2 l"(a+n+1p,,(x2) ( a? )
a+n+1 €xp =y
Pl(x )

n2 2 (o + 1)[1’1 («! )]

2

2 2 2
foos g [t remeenn g [l T
14

b (x_l)

where Rea>-n-1, Rea>0, Re [pl(s%)]>— Rea,n =2, 3, ..., N.

L;ll{ 1.? [ln w,(s*)—2J;§}
P1($ )

2ret
L Ly RPE RN S
n’zp,.(x )[Pl(x )]

where Re [pl(s*)]>0, n=23, .. N.

-1 1 2 8n 2 -
——==x—{ o Fy| -1, 1; =——— |~ =—Fo| N+ L2 ——=—|t,x
b {pl(si’){ [ [pl(S’)]z} [p,(sH)] [ [p,(s?)F J} }
n+2 (n+1) n+3 , n+l .,
{(n+1)2p,[ mgti_y ] (n+d) F[ = ]} (13)

n+l
S pa(x ) S pyx )

7 p, x )[px(x—l)] 2
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where Re [pl(s*)] >4,n=223,.., N

-1 o+l a+2, 2
L { 1 (d—%)p+2Fq[(Z)P’ 2’ 2"’ 4k

n : N
oGO @ nGF
2 P
+2k (““)(“2),,[.:11“"', . (@+D,, 223,28, 4 || -
q 3.7 b+1) 2 ; HEll
Hbj P1(3 ) q ’[pl(s )]
j=1

e n+a+l T‘}
2 T )p, (= )

Asa+sl

2+ gy D] T

n+a+1l . 2 n+oa+3 . 2
{(YH' a+l) p+1Fq|:§:)p’_T ’—1-—4}3 :l—(n+-%) p+1Fq[§a))p’ 2 ’———4k— J]:

q ) pl(x_l) b) ; pl(x-l)

wherep<g-1,%ea>-1,n=2,3,.,N,
Re [p,(sH)]> 0ifp<q-2, Re [p,(s?)+2kcos pr]>0 (r=0,1), if p=q-1

1
Se [p,(s)] > Re (4k2) ifp=gq. 14

Example 2.2.1'. We consider the case n = 2 in this example.

Substitutingn =2, 00 = - %and a=1in(1.1), we obtain

-1 i
Ly {-—————-1 - le;x,y}
1+(5,7 +8,2)

1 1
- 5 xy 22y ' _2 2xy |’
Zl‘x(xy)% (x+y)% exP[2(x+y) )[D'i[(xﬂy] :‘ 8 D‘*[(x+y] :|}’

where e [s,7 +5,#]>-1 (1.19

Equation (1.2) in two dimensiouns reduces to the following result.

- 1 1 1
LM ———Iny(s,% +5,7);x,
2 {(sl’i+s2f) 1 2 Yy
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-t Jr7_1+1nx+y], where Re [s, +s,1]>0. (1.2")
' zz’(x+y)’|_ 2 xy

If we take n = 2, then (1.3) leads to the following result.

-1 1 2 16 2
—_— 0P ~2,1 Fol -1,2;—— |1;%, ¥
L2 { (s, +51) {o 2[ (s;? +sz‘2‘)2 J (s + 32*)2 ’ 2{ (5% + 32-’1)2 J} }

-2.5. 9 3.
=% {6 ZFI[ 12,2 :ﬂJ—s 2Fl[ 12,2 rﬂ]}, Where me [31% +S2%]>4. (1.3')
”z(x+y)2 7 yx+y 2 Xty

Takingn =2, a = %a.ndk = %m (1.4), we arrive at

@,,3,5 ; 1
L_.l 1 . F p,4’4 ’
’ {(81*+Sz*)* {,, : q[(b)q ;(81*“2*)2]

. 15"]:[10"1 1 (a+ Dp’%’% ; 1 =
*+s*p+2 1 b+1 ;(S*+ %)2 s
811b; 8 2 q 1 Sy
j;ﬁl !
( )% [ 7 11 '
3(xy @,,%; xy @,,2; 2y
- 7 F P 4 2 _5 F b g ,
47r%1"(-l)(x+ y)%l i q[(b)q ;x+y} B q[(b)q X+ y:l}
4

where Re [sl“} + s2‘=l] >0 ifp<q-2, Re [sl% +32‘=L +coszr]>0 (r=0,1)ifp=q-1, Re [slle +32%] >1

ifp=q. (1.4")

Remark 2.2.1: All results which we have derived in Example 2.2.1', are new
formulas for calculating two dimensional inverse Laplace transforms of
corresponding functions.

The following Theorem is a generalization of the Theorem 2.2.1.

Theorem 2.2.2. Suppose that fis function of class Q.
If
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@) L {f(x);s}=9(s),
@) -2 oD} =G,
G L {x7 F(2e)s} = G(s),

Gv) L {fo (222);s} = H(s),
and assume that %[s_v¢(§)} exists for Re (s)>c,, where ¢, is a constant.

Then
1
-1 Z\\-17 =
Ly {'------—%—v;;A[(pl(s2 ) 1];x}
[P1(3 )]
1 - - =
=-n—_—3.—{(v+n)G[p1(x )]—2p1(x )H[pl(x )]},
2 2
7 pu(x")

provided the integrals involved on the left side of (2.1) éxist for n=2,38,..,N.

The proof of this Theorem is similar to that of Theorem 2.2.1, so that, we

prove Theorem 2.2.2 in brief.

Proof: Using (i) and (if), we arrive at

sVHA(s) = j: [v-Ylexp(-4)f(u)du

Replace s with [p1 ( s* )11 and multiply both sides of (2.2) by p,(5), then

using the two known operational results from Ditkin and Prudnikov [ 43]

which we have used in the proof of Theorem 2.2.1, and then making a change

2
of variable v = uf, we obtain

< o =
Dn (5)[p1(s* N Allp, (s%))-l]%p—"(-’—;——) {(z+n)
(4

J oF exp(cupy(x NFEVIAV-2p,G ) [o? exp(-vpy(x NF2v)dv).
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Hence by using (iif) and (iv), we arrive at

L;l{[pl(s;)] [[pl(s )]-1};}=‘%_]:';{(V+n)a[pl(;_-f )]—2191(::_-T )H[pl(F )]}

z p,,(xr)

222, Applications of Theorem 2.2.2
We can now conveniently apply Theorem 2.2.2 to derive the
N-dimensional inverse Laplace transforms for some functions with

n-variables. These results are discussed as follows:

Example 2.2.2. Consider Ax) = Jglax), then

o(s)= 1 - Re s >|Imal.

2 2.2
(s +a )

2
(v-D+ va s

A(8)= , Res>|Imaj

sv(1+a23 )

(21 2
G(s)= 2 1 ['Hl,],———J Re s> 0.

n+l

2
S

l..(n+3) [ 2

H(s)= ’33 "'+3,1, —:l Re s> 0.

2
S

Plugging in (2. 1), we obtain

P~ v[(pl(s ))” +a"] [p1<s >]"’
[(pl(s )+t12]2




r.(n+1 )

E) n+l

= 2 .
z e T
2 p. e pa ] ?

2 2
(V+n)1F1l:n;1 k——gn_T—J (n+1) lFl[nza ‘—.—a__ﬁ-} ,
nx )

1
| 2.11)

where n =2, 3, 4, ..., N, %e [p,(s*)]>[Ima.

Example 2.2.3. Let Ax) = xJ1(ax), then

e s>|Ima],

¢(s)=

(s? +a%)?

as~"*2[(v-3)+ va?s?] Re 5>|Im ]

A(s)= =
(1+a3s%)2
2ar(";3) nt3
G(S)=T D) ’—? s
s2 H
2al‘(n

+5) n+bd a?
H(s)=——nLT2—1F1—_' -=|, Res>0.
s? ’

Hence from (2.1), we arrive at

1

1 _ 2(.2 2 _
Ln (v 3)pL(s )+va 7
1 5

[P12(82)+a2]2
n+3
2r( ) _n_+3_ a2 ne3 LH'_S. a2
T 3 (v+n)1F122 el 1F122 ——=h
nzpn(xz)[pl(x-l)] 2 ’ pl(x ) ’ pl(x )
(2.1.2)

1
where FRe [ p1(32 )]> [tmal.

Example 2.2.4. Assume that flx) = (F,[, 1 f(—;)zl. Then
T H
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¢(s) = -slexp(s'2 ),Res>0.

AG)=[(v-1sY — 25" "*%]exp(s?), Re s> 0.

(n+1)

G(s) = —=2— n+l 1Fz,[f1 ’sl] Re s> 0.
s2 ’
(n+3)

H(s)=—=2—~ n+3 1F2[J_21 'l],%es>0.

;S

s 2

Using (2.1), we obtain

) 2.t
Lnl{(V—l)(P] ES )_2exp[ 1_% ];}
)

pla(sz) p12(

e |

7 p (& T
Re [pl(sE )] >0,

From Theorem 2.2.2 we easily obtain the following formula for two

] (n+1) 1F2[ 2 ,_I—T] ’ where

(v+n) 1Fz
plx ) 2 px )

1

(2.1.3)

dimensions.

Corollary 1. If n = 2, then formula (2.1) in Theorem 2.2.2 reduces to the

following result.

-1 1
-Al L,y
L2 { (31% + 32%)7 (812 +6‘22) }

-—{v+pod e h-2de Daid+ 1), e [st+st]>0

n(xy)

2.2.3 Examples Based Upon Corollary 1

We provide several examples concerning Corollary 1 and using
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examples given in (2.2.2). We will use these new results in Chapter 4

to solve the corresponding partial differential eqﬁations.

Example 2.2.2',

(@) If we choose a = v =1 in Example 2.2.2 and then using Corollary 1, we

obtain
-1 1
L2{ T 2;x,y}
2
[(sf+322 +1]2
3 3. 5.
=1 2~ 22 2= el
3 7 1, x+y 1; x+y
27 (x+y)
Because

3z 2%y | %y 3,y
F.l2- - F|%- = Fl20-
! 1[1; x+y] ! 1[1; x+y] .1c+y1 12; x+y
the right side simplifies as

L;{ T 11 %Y =—,—3’g-—5 1F1[%f——i], Re [31* +32*]> 0. (2.2.)
[Gsr

R 3 3 2; x+y
+322 Fy 1]2 2’ (x+)’

Similarly in three dimensions, we have the following new result.

2
-1 1 4 (xy2)° 3; 2
L3 T 1 1 3% %2 ="T'__L_3' i1 1:—_+xl—+—— ’
Tz 2e P o z+ze+ay) P oyErERH
[(31 +89 +83 +1]

where Re [sli‘ +53+sd]>0.
Remark 2.2.2: Using (2.2.i) and the following operational relation

-1 1 . _ *ry
L2 {Ef(SIJSZ)rx,y}-jOJOF(gyn)d‘:dn’



where
f(31,32)= L2 {F(x,y),sl,SZ).

We derive the following well known formula

3
-1 1 2 (xy) xy
£ { 3 ;x,y} == —-—exp(—-}
815 [ (81*82* )2 + 1]’ T oxX+y x+y
where Re [sl’-‘ + 32‘}] >0. (2.2.1")

(ZZ) If we choose a =1 and v = 2 in Example 2.2.2 and making use of (2.2.1), we

arrive at
-1 1 1 3. ay 11 .
Lz { 1 1 1 ;x,y} = ——e R i’—m ’ where Se [Sl2 +823]>0. (2.2.11)
Py ry 2 ry 7 7 ?
(s Porl | 2eeen

(¥ii) Taking v = 0 and a = 1in the same example, yields

1

2 3\2

-1 s rse 1 3, X 2 z

Ly Sl %Y [ =T {@+F f,_x:’y ~Ea %’_"‘*yy ’

= 2, 4 2 2 ’ ’
[(312_”22 +1]2 27 (x+y)

where Re [t +s,2]>0. (2.2.iii)

Example 2.2.3'.

(i) We choose v = 3 in Corollary 1 and a = 1. Then we use the result in

Example 2.2.3, to obtain the following new result

-1 1 5xy I, xy g, xy
Ly {[(% 5;x,y}=—,—1 xy 1F §;—x+y + (x+y) \Fy 5;_x+y »
S .

1 - .
) 0 I P

where Re [s? +5,7]>0. (2.3.4)
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i4) Similarly, withv = and a = 1, we obtain

11

-1 1—-5(s§+s2 ¥ 15(x )2 7. 1
Ly s e =28 _F E’-x—’:—_y? , Re [sl’f+s-ﬁ]>0. (2.3.11)
= = - 2 7 3;
[(sf rsl 2 +1]2 2z (x+y)

@iZ) From (i) and (ii) we derive

1

1

_1 2 2 2 .5. . l .

L2 SSI -’;82 5 XY ="TLT{(.‘X+)')1F1[; f-—xy—]-5xy 1F1|:§ ’__xL}})
2 2\ 2 47 (x+y)? pox+y

[(sl + 89 +1]

where %e [s,1+s,1]>0. (2.3.1ii)

Remark 2.2.3: I have given only six new results in Examples 2.2.2' and 2.2.3'

but it is possible to obtain several new results by using Examples 2.2.2 and

2.2.3 One needs to take different values of v and a in these examples.

Example 2.2.4'.
(i) In Example 2.2.4 take v = 1 and then use Corollary 1, to obtain

'['él{ 1 11 expl 1 11 ];x,y}

(sf+s2)  (s2+s2)
3 { [i H xy} [5 y Xy
= —— | 2 -2 =
i 1V Ly VL xe
4”z(x+y)z 2 y 2 y

because

we arrive at



-1 1 1 3xy 3 %y
L2{ T— exp[ 1 ];x,y}=—"r-—-71F2§2.;T;:

(slE + sf ? (81E + sf ? 2n’ (x+)
where Re [sli + szi] >0. (2.4.1)

(i) Now if we take v = -2 in Example 2.2.4 and then making use of Corollary
1, we arrive at

1 1
-1 3 3)2 _ 5 .
I {3(31 +S21) 42 [ 1 2];x,y} =___3_“F2[§ pE. J

1
I I 3
(s; + s; (s: + s; 27 (x+y)

where Re [sl’} + sz*] >0. (2.4.11)

(iit) On substituting (2.4.i) into (2.4.ii) it follows that

n?{ e S ];x,y}

(S;’- + 32; ) (Sf + Sg )2

jor

1 { ; Xy s y Xy
= (x+y) le[Z ]—'2xy le[z y
3 112+ 3,2;x+
27r*(x+y)’ 2 Y 2 Y

where %e [, +s,4]>0. (2.4.4ii)

Remark 2.2.4: The results established in Example 2.2.4' all are new results
in two dimensions as well as the corresponding results in n-dimensions.
Several other new results can be obtained from these examples and corollary

1, by taking different values of v and b.
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CHAPTER 3. FURTHER NEW RESULTS ON N-DIMENSIONAL
LAPLACE AND INVERSE LAPLACE TRANSFORMATIONS

3.1. Introduction
In Chapter 3 we established several new formulas for calculating Laplace
transform and inverse Laplace transform pairs of N-dimensions from known
one-dimensional Laplace transforms. The method we have employed for
developing these results is similar to that used in Chapter 2.
This chapter consists of five theorems presented in four sections. We have
given several examples on applications of these results in N and two

dimensions.

3.2. The Image of Functions with the Argument pl(x—:f)
In this section, first we prove two theorems and derive a corollary from
Theorem 3.2.1. These results are used to compute the image of some special
functions with the argument pl(;c_:i) or (x +y ) in N or two-dimensions

respectively.

Theorem 3.2.1. Suppose that f,x-HC (}]1), and ¢(2x’}) are of class Q.

Let

() Lifaxs)=96),
@) -5 =L,

i) Ll s =0o),
(iv) L {x_*¢(2x*);s} =F(s),
(W) Lixteexh)s)=Ges),
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and let diis-[—s—°¢(§)} exist for Re s > ¢,, where ¢, is a constant.

Then

Pn(x ) pu(s )

for some constant ¢; and n = 2, 3, ..., N and provided the integral involved

exists. The existence conditions are given in Brychkov et al. [11; ch. 2].

Proof: Applying the definition of Laplace transform to (i) yields

#(s) = f: exp(-st)f(t)dt where Re s > ¢,, ¢, 1s a constant. (1.1
From (1.1) and (ii), we obtain
Lo)=-2 59 = o oh-s" Lo (1.2)

Now, replacing s by % in (2.1) and then multiplying the resulting equation by x-

V-1 and taking the Laplace transform in (o, «) we obtain
7(s) = vL (@(x);s) + L {x9' (x);s]

Using formula (30) on page (6) (for n = 1) in Roberts and Kaufman [87], we

obtain

7(s)=(v- DL {¢(x);8) ~ s%L[q)(x); sl=(v-1) f: exp(-sx)¢(x)dx +s L?cexp(—sx) o(x)dx  (1.3)

Replacing s by [pl(s )] and mult1ply1ng both sides of (1 3) by pn(s%), we arrive
at p,(s )ﬂ[pl(s N=(v- l)j Da(s )exp(—xpl(s No(x)dx

+ p,.(s%)pl (s%)J‘: exp(—xpl_(s*))xfp(x)dx. (1.4)
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Next, we use the following results in Ditkin and Prudnikov [43]

st exp(—as,—’})%(m,-'*)exp(—f-:?), s; exp(—asi*)%i%xi'?f exp(—f;i—)fori =12, ..,n.

2r

Equation (1.4) can be rewritten as

p,.(s*)n[pl(s*)]% ;1,__1% f: exp(--"%pl(x"l))q’(x)dx
T p,{x7)
- —_
+-—p;(ill— rx2¢(x) exp(—Z p, (x™))dx
272 p, (x7)"°

2

Now we substitute u= 54— for integrands in (1.5) to obtain

pn(s*)n[pl(s*)]% L I [(v-1 f: exp(—up1(xwl))u—%¢(2u%)du

A

n'rpn (x7)

1, pe TN SN -
+2p,(x )'fo exp(-up,(x )u ¢(2u’)du

Now we use (iv) and (v) in (1.6) to obtain

p.Hnlp, (s*)]§7i={(v - DF[py(x )]+ 2py(x HGLpyx I}

® palx’)
Hence
(v=DFpy(x )]+ 2p,x DCLpx N | o 3
Ln{= B % ol 2R Pix 2 st=—Z—qlp(sh)],
3 3
pn(x ) pn(s )

wheren = 2, 3, ..., N, Re [pl(si)]>c1.

3.2.1. Applications of Theorem 3.2.1

(1.5)

(1.6)

(1.7

As few examples of the use of Theorem 3.2.1, we shall construct certain

functions with n variables, and calculate their Laplace transforms.
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Example 3.2.1. Suppose that fx) = Jo(x) in Theorem 3.2.1. Then

¢(s)=-2—1;, where Re s>0,
(s +1)
s)= vs2+(v-1)

2
s”(s + 1)I

2
n(s) =L{%;s}
(x +1)

_ L{&DT;S}J,L{ 1 }
2 7 2 ¥
(x +1 (x +1)

= (- zl)ﬂ[H ()-Y (s)]——S[H_l(S) Y_,(s)], where Re s>0.

Also,

1 1
F(S) = EL{m,S} Eexp(—)K (—), Rex> 0 Res > 0

£}
G( )=—L ( )K(-’- K, (%
’ {(x+.})i } 1oK@ - Ko@)

Using the result in Theorem 3.2.1, leads to the result

— -1 s —_— = I,
Ln{[4(v—D—pl(x-l)]exp(p’(; ))Ka(p‘(; ))+p1(x-l)exp(p’(; ))Kl(p‘(; ));5}
ns2

A {(v—1)[Ho(p1(s%>)—Y.,(pl(s%))]—pl(s%)[H_l(pl(s%»—Y_l(pl(s%))]}
Pn(s?)

where Re [P1(s*)]> O,n=23..,N. (2.1)

Remark 3.2.1. Letv=1andn =2 in (2.1) we obtain

xX+y X+y xX+y A
L2{ 8xy exp( 8xy )[K ( 8xy J K( 81y )J’sl’sz}
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2 1 1
_31'_ 812 +S22 _ * .} '
= 2{ ;1%32* [Y_l(s,hsz%) H_ (s, +s, )]} (2.1")
where Re [s,? + 571> 0.

We derive the following corollary from Theorem 3.2.1, by choosing v = 1.

Corollary 8.2.1. Assume the hypotheses of Theorem 3.2.1 for v =1. Then

ey — 2 Y
Ln —-————p‘(%)G[pl(x W5t = —ZE—nlpy(s)].
pax’) 2p,(s")

Theorem 3.2.2. Suppose f and x-*qb(-;-) belong to class Q, where ¢ is the one-

dimensional Laplace transform of /.

Let

i) L{ f(x) s}-F () forj=0,1, 2 and let ——{ s i)} exist for Re s >
Co, Where ¢, is a constant.

(a) If x-% exp(-sx—£) belongs to L,[(0,20)x(0,e=)] and the following conditions hold:

(al) L{x_icp(;}); s}= £(s),

@2) -2{ssch}= 100

Then

= i I 2 —=
Ln{vF.,[p,u )1-2p,G Fi[pi( )];5}= I S RN |

Dn (x%) Dn (s’})[m(s%)]v+1
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where Re [pl(s*)] >¢, ¢ is a constant. It is assumed that the integrals involved

exist for n=2,3,...,N.

(b) Assume the condition (i), and replace (al) and (a2) by
(bl) L{x-*tlr(;‘;);S} = ¥(s),
®2) -2 bl =c00,

and suppose that% {sv 7(81—2)} exist for Re s > ¢1, where c1 is a constant.

Then

= st =1 21 _
RIS LESLIS: I AENCHI S L S
2 2.1
pa(sHp(sh]

1
palzh)

1
where Re [p,(s*)]>d, a constant,n = 2, 3, ..., N. It is assumed that the integral

on the left exists.

Proof (a): By the hypothesis and (al) we get
- -4 - =% - N
L(s)= L x  ¢(Dexp(-sx)dx= L x exp(—sx)[fo f () exp(~ ;)du}dx, where Re s > ¢, for

some constant c¢q which leads to

(=" [J’: a exp(~sx - £)f (u)du}dx (2.1)

Next we wish to interchange the order of the integral on the right side of (2.1).
The integrand x-% exp(~sx — £)f(u) €L, [(0,:)x(0,0)], according to Fubini's Theorem

this process is permissible.
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Therefore
()= 'f: f (u)[_": x_)?f exp(—sx —%)dx]du, where Re s > cg. (2.2)

A result in Roberts and Kaufman [ 87] regarding the inner integral in (2.2) is
used to evaluate this integral as

- -} $ -4 14
j x “exp(-sx—%)dx=rm"u " exp(-2u's’).
o

Hence, (2.2) can be rewritten as
(o= [ fwrexpi-2u’syau 2.3)

Equation (2.3) together with (a2) shows that

T QI 3
n(s):—zds-{s n,} L u %f(u)exp(-ﬂ%)du}

- o = '} - oo %
=7r*s l[vfo u *f(u)exp(—g’;—)du—2s 1"-0 f(u)exp(—&;—)du],

so that
v oo = % - 0o *
s “n(s):fr*l:vfo u *f (u)exp(-2—-)du—2s lfo fw) exp(——z-';—)duJ, (2.4)

where Re s > ¢o.

Next, we replace s by [ pl(s*)]'l and then multiply both sides of (2.4) by p,,(s*), to
get
D, (s%)[p,l(s%)]_v—1 n[(pl(s*))_l] = n%v f: u—%p,, (s%)f (u) exp[~2u%p1 (s%)]du

e %1 1
-2 _L pa(s )y (s )F(w) expl-20" py(s™) Jdu (2.5)
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Now, we use the following operational relations given in Ditkin and Prudnikov
[43 ]:
3 SO | ol .
5% exp(-as;¥)=(mx;) ~ exp(-£-) fori=1,2,...,n,

*a -1 _3 2 .
s; exp(—as{})f—in' x; zrexp(—-,“-’,—:‘-) fori=1,2,...,n.

Equation (2.5) can be rewritten as

I T a0 - - -
NG G R (X0 e *fexpl-2u’ pyx Vldu

n”Aern(x )
=, . =
-2t ) i |7 Fwexol-2u* pyx7)ldu. (2.6)
T pyx)

Equation (2.8) with (i) for j = 0, 1, yields to

2o LoDl (ash) ‘]=-fl—_£—{vFo[pl<x Y- 20p,¢ HF oy (2 l)]}.
n
T palx)

Thus
'.il

=y = s —
Lo UFo[P1(x )]-2131;’5 )F1[P1(JC )];:9' - 7 - n[(pl(s*))-l] 2.7
pu(x") )]

Pn (s*)[p,. (s

where Re [pl(s*)]>c andn=2,3,...,N.

Proof (b): A similar method to part (a) can be used to prove part (b). The

outline of the proofis as follows.

Making use of the hypothesis and (b1) yields
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y(s) = n* _f: [ J': :Jc_ir exp(-sx—£)f (u)du]dx, where Re s >¢;. (2.8)

Using Fubini's Theorem to interchange the order of the integral on the right
side of (2.8) and applying a result in Roberts and Kaufman [87] we obtain
¥(s) = zi J': )“(u)s-i exp(—2u*s*)du . (2.9)

Taking into account the condition (b2) we see that the equation (2.9) implies
that

v oo '} =] poo %
s ¢(s)= z*(v- DL f(u)exp(—"’%)du—mz’}s IL u%f(u) exp(Z&-)du, where Res>¢;.  (2.10)

T T
Now, replacing s by [p,(s*)] ' and then multiplying both sides of (2.10) by p,(s*)
and then making use of the same two operational relations in part (a), equation

(2.10) reads

p,,(s% )[pl(s%)]'"g[( Dy (st ))'1]273—1-——-1—-[( v- I)J': f(w)exp[—up, (x)]dx
"% p,(x?)

-2 pl(x_"-i).[: uf(u) exp[—upl(;'_l)]du . (2.11)

Equation (2.11) with (i) for i = 2 and the definition of one-dimensional Laplace

transform, leads to
P (s py (s el py (st

——{-0elp -2 D Y]
7% p (x%)

I T
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Therefore,

Lﬂ{(v— Dglpy ()] -2 EF)Fg[pl(F)];g}
Pn ()
n=1
w2

T A, G (1.12)
Do (s2) p, (s2)]°

where Re [pl(s%)]>d for some constantd,n=2, 3, ..., N.

3.2.2. Laplace Transforms of some Elementary and Special Functions
with n Variables

The following examples will illustrate the applications of Theorem 3.2.2.
We shall consider the function f to be an elementary or some special function to
construct certain functions with n variables, and we calculate fheir Laplace
transforms using Theorem 3.2.2. We will use the two dimensional case of these

examples in Chapter 4 to solve certain types of partial differential equations.

Example 3.2.2. Let f(x)=Jo(2x*). Then

o(s)= lexp(—-l), Res>0,
s s

-j* +Bj+2 2
Fj(s)=£-(—,-5——)exp(—l) IFI[L'?&;E} forj=0,1,2, Res>0.
=j +8js3 S 1 S

4 b

s

Now
3
£(s)= z *,%es>0,
(s+D

so that
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+ 2
T)(s)=1t—(vi-+—2v—;—1—), Res>0.

s”(l+s )1‘r

Hence,

4 1. 1 -1.
n vexp[-—=] ,F, 2:—:%; -%—exp[——(l?;] iy 2:—?‘?;
» py(x > pi(x -

Ln p(x ) 2 — Py{x 1.8
R

_=? .ﬂ%[u[pl_(s_%)]-"’ +V- 1][_1)1(;{)]" .
. HpysH 1 1+ (p, 1) 2 J

Thus

1. 1.
expl- L_T]{o F[’f’ 17]- F['?’ lj] 5 I
Ly ney | aeh] T L e .5 ="11[1’_+(v-1)p12(3%)] 2.1)
p,,(x*)[pl(x")]* pncs*)[1+ pf(s*)]*

where Re Dn (s*) > 0.

Next, with the help of part (b), we have

1
3
7(s)=—= -, Res>1

2(s+1)?
Thus

1
2 (102 -
cls)=Z07H0=3) g sy

25%"2(1+s%)2

Therefore
Ln _1 1 exp{— 1—1 ) (v-9H-2,F, -1 ’—1=la-J is
Py ™) p, (x7) p(x™) 1 g™
a 1 Y -
=7 P1(S’)[v+(9‘“3)P12(3’)], where Re [pl(s*)] >1. 2.2)

2p, (sH) 1+ p,2 (E)F
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Remark 3.2.2: Equation (2.1) in the two-dimensional case forv=0orv =1

reduces to the following new results, respectively.

1.
expl-235 lFl["ff%] d 1
@ Lo y L 1,;* (51,55 b = ;t(sl*-i-se ) — @.1)
<x+y) (3182) [1"'(31*"'32*) ]I

where Re (s, +5,71> 0.

) L exol- 5] {‘F‘[l "*’} ¥ ‘[ 11 ”’]} 2

Pr%r= 3 1 1,243
(x+y) (5152) [ 14 (5,7 + 8,7) ]

using the following result
lFl[l x+y] 1F1[ 1 x+y]_ x?y lFl[é ,x?y]

The last formula can be simplified as

3

Lz{exp[—;:;]xy(xw)* 1F1[2 x+y]shs2} — P (2.1)
(8:52) [1+(slﬁl+sz%) 1

where Re [s,} +5,41> 0.

Using the following version of F y

-j +65j+2 -
Fys)= -r—(—--llpl[-’—ﬂ*—z- -;] forj=0,1,2.

~j +5j+2
L 1

S

The Formula (2.1) turns out to be

1
v, F [2’——]— F[Z’ _—‘:’ *
Ln YL e Y piix ) St = T [‘U+(‘D 1)p12(s )] (2.3)

P (x )[pl(x )]% Da(s )[1+ (s )]
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where Re [p, (s*)] > 0.

Special cases of (2.3) forn =2, v =0 or v =1 turn out to be

3
1 xy T '
Loj—— 1F1[2 "—] 1,32} +, Re [slz +5,71> 0, (2.3")
{(x+y) 1 x+y (515, [1+ (53 +5,0)°TF
3 L. xy ni
L2{xy(x+y) 1F1[§ j——_‘_—};sl,sz} =, Re [s,7 +5,71> 0. (2.3
» xTY (3132) [1+ (31*4'32.}) ]7

Remark 3.2.3: If weletn=2and v=1orv =3, from the equation (2.2) we

deduce the following results, respectively
. (xy) xy
a).Lz{( Do 2L) |
Where gte [Sl* +32*] > 1.
(i) Lo (xy)* xp( xy )1 { [-—il;_fz_]}.sl S b= 375(31-3L ""32%) - (2.2"
. 191 1 ’ .
(x+y) ' X+Yy 2(3182)2[1_‘_(31.}4_32*)2]2

where e [sf +5,7] > 1.

] Sl)sz} - ﬂ(sl% * 32%)[2(31% L 82%) "'*1] ’ (2-2')
4(s,8,) [1+ (sli‘ + s2=) ]

Notice, with the help of (2.2') from (2.2") we arrive at the following result

L (( y) ) p( y ) §1,82 = 7[ %(31*4'32%) —. (2.2m)
+y (8,85) [1+ (sl’f + sz’f) ]I
This is the same as the result (2.109) in Ditkin and Prudnikov [43; p. 140].

Furthermore, with the help of (2.2") and the operational relation (47) in
Voelker and Doetsch [107; p. 159], we derive the following new results.
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LZ{('Z)* -Lexp(- 224 );$1s32}= = , Re [31% "'32*] >1 (2.2v)
X x+y x+y 32.5_[1_’_ (sli' + 32%)2]§
3 1 xy } T
L&) - ——exp(———); 81,89 ¢ = , 2.27)
2 {(y) x+y x+y 12 sAl1+(s? +s2%)2]%

where Re [31% + sz%] >1L
Example 3.2.3. If we let £(x) tobe OFI['];;x], x%J*@x%r) or cos2xt then using

Theorem 3.2.2 we derive the following results

1 1. 1 3. 1 -
. p— v F 2,—-—# F 2 =S
@ @ L»{{plu-l)pn(x*){ 1 l[1; pﬁx'l)}l 1[1; pl(x-‘>} }

a1 1. 2.
S AN Y 1)2F1|:l’ 2,"_1’='J‘_]'.="2F1|:2’ 2 ’_1=‘} (3.1)
n(sHp,sH 15 p2sh| pyish 2 p2(sth)

where SRe[pl(s’})] >1landn=2,3,...,N.

: 3 5 -
SR P N P VR T
p1(x" Y p, (x7) L p, (=) 2p2(xNp,(x?) Lz ;™)

nt - [13; 1 3 2,3 1
e {(V—3) F[ 2 —__-]-—_- F[ ’2’-—==-} s 3.2)
2p,.<s%>p(s%>{ L 2D prahy” 2 5 G

where %e[pl(;;)b 1, n=12,...,N.

H 2; -
@ @)L, -—_—1-=- vlFll:: L -—2,F1[3 - 1_:I .8
py(xDp, (x7) 2 py(x™) T pG
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x*[v+(v—2)plz(§)

ERe[pl(E)b 0,n=2,3,..,N. (3.3

— 2 ?
2p, (s"‘)[1+ plz(s*)]

®) (@) L, — D exp[-—--l 1]— e ,Fl[i‘,— - ];.;
PG p, () p(x™))  pRap, ) LE pi™)

”Ailpla (g)[(v -2)+(v+2)p? (-s?)] _
2, Re [p,(s?)1>0,n=12,...,N. (3_4)

—— —— 3
P, (s? )[1+ PR (s%)]

@) @i L, ——__71———_—l:2+(v—1)p1(;'_‘)expl:—- - Hs
PGP, (D) pi(x™)

- z‘*‘p;(s_*) (v+ 1) +(v- l)p,z(g)

o —C , SRe[pl(;;)b 0,n=23,...,N. 3.5)
Pa(s (1+ plz(s’))

Example 3.2.3'. (Two-dimensions)

(i) Upon substituting n=2 and v=1in (3.1) we arrive at a new result as

follows

3
(xy) % _xy J * [2,%; 1 } :
L,{—2=F 181,80 ¢ = F —_— 3.19)
2 {(x'i'y)% ! 1,:2 Xty v (3132)*(31% + 32%)3 w1 2 ;(sli + 32%)2

where Rels,? +s,%1> 1.

(i) On substitution n=2 and v=2 or v=0 in (3.3), we obtain the following

results, respectively
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3 2;
Lz{ @) g [ ——’fy—:l;sl,sz}= 3z =) Rels,? +s,1>0. (3.3)

21°°1] 5,
(x+y) 25 Xty 4(3132)%[1+(sl"i+32"1)2]

L, __("y)% 1F1[2;— T };31,32 = (st +55?)? , Be [sy? +5,41>0. (3.3")
(x+y)" |&; x+y 2(3132)*[1+(81%+82%)]2

(iii) If we let n=2, v=11in (3.5), we obtain

1 A1 X1 '
L 24 exp(— 34 );s S b= 77(5)% + 5p7) , Rels,f +s,11>0.  (3.5")
2{(x+ y)% x+y) V2 (3132)%[1.,.(31% +8p9)2 €L+ 5

Furthermore if we substitute v=3 and with the help of (3.5"), we arrive at

1 1 L
1 xy ). 3(5,7 + 8,3) "
L exp(— ),s ,S }: 1 ,Rels,? +s,31>0. (3.5
2{x+y 2+y )R el e h?)

The operational relations (3.5") and (3.5") both are well-known results.

Similarly many more double Laplace transforms can be derived by

taking different values of v in (3.1), (3.2), (3.3), (3.4) and (3.5).

Example 3.2.4. Suppose f(x)=x%exp(-bx). Then

- Tla+1)

m, Rea >-1, Res>-Red,

#(s)
E(s)=(2)** T (@ + DT (@ + Dexp(£)Dpg [(2D)], Rear> -1

For v=0,

=_(2yo+ 1 exp(%‘s,) 2y3 1
N(8)=~(H" "M (a+ DI (a+3)(2a+1)- 2 Dy, ol(3)% ],
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where Rea>-1,Res>0 and largl< 7.

Next,

Res>-Reb, Rea>-3.

Therefore, from (2.7) for v=0, we obtain

C P (;-_l) .3
p, )b+ p D1

el aey e+ Dpy(sY) 2 T yT
=" ()3 D BT ol py2 (sHIDp 0o (B} py (5]
Pn(s?)

where Sea>-1, Relp,(s")]>0andn=23,...,N.

Furthermore,

7(s)=-(3)***I'(a+ Nl (a+ e})s‘* exp(%) D gq s [(%)1’r 1], Rea > -1,

for v=1, -

-3 2r(g+ Da+2)2a+2
R :2 Al LA NS SN )

where Rea>-1, Res>0and largti<z.

Also,

_ Ta+2)

W, Res >-Reb, Rear >-2.

Fa(s)

Hence, from (2.12) for v=1, we arrive at

(4.1)
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L2 D (;—_l) . ;
P, (xD)b+ p, (r 1)1+

_ r 3 ? —_ _
=77 (22 -L“l?ﬁ—)exptg,; pEHIDg0 [ py(sD], (4.2)
D, (5%)

where Rea>-1, ‘.Re[pl(s*)]> 0andn=2,3,...,N.

Notice, (4.1) can be deduced from (4.2) by replacing a by a-3. But this is not

always true.

Remark 3.2.4: If we let n=2 in (4.1) we obtain the following new result

L2 ______(x+y)(xy):+a 381,52
(x+y+bxy)™'?

_@®*aira+ s +5h)
(515, )*

explok (s, +5,7)2 ]D_2¢_2[(%‘)%(31% +8,7)1. (4.1)

One can develop many other operational relations from given functions f in

Example (3.2.4) via using (2.7) or (2.12) for different values of v.

3.3, The Original of Functions with the Argument [p,(sH)J!

In this section we will establish Theorem 3.3.1 in two parts. The proof of
part (b) is similar to that employed for developing the result in part (a), so that
we give the proof of part (a) in detail and state the res;ult in part (b) without
proof. Regarding their applications, we used these results to compute the

original of a few special functions with the argument [pl(s_’})]’l or (5,7 +s,7) in

N or two-dimensions, respectively.
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Theorem 3.3.1. Let fand x 3£ (x) be of class Q and let ¢(x) be a one-dimensional
Laplace transform of f.
Suppose

3j4-223+4572+22j~72

@) L{x ® f(x);s} =G;(s) forj=0,1,2,3,4.

(a) If

(al) L{x'%cp(-};);s} = &(s),
d vy 1y
(82) - (™5 = 00s)

Assuming x'%cp(;}) is of class Q and g;{s"’é(-;‘;)} exists for Re s > ¢, for some fixed ¢,.

Furthermore, 23 exp(—sx — &)f () belongs to L;[(0,%) x(0,)]. Then

L,,‘{ 1 e[(pl(s%»-ll;;}

pa(sHpy (s

__ 1 v = =1 ] or g (T2 =
-n‘f*p,,<x*>{2G°[pl(x >]+(v+1>p1(x )Gl[pl(x >] 2L p, (xD)] Gg[pl(x )]}

provided that the integral involved in the left-side exists for n=2,3,...,N.

(b) Assume that the condition (i) holds and let x"}¢(-}) be of class Q, and

replace (al) and (a2) by the following
®D L{ztodys)= 1o,
df (1) _
b2) —a{s 7(8—2)}— a(s).

Then
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—_\-1
(o)
P (8?)py(s7)1"2

= 1 v=3 ooy (x ™)1+ (v-2)p, (x™)G, [ py (x™1)]-2[p, (x™)12G, [p, (x™)]},
a1 P 2
z ¥ p,(x?)

where n=2,3,...,N and provided that %[s‘"y(—;‘,—)] exists for Res>c, for some
fixed c;. Moreover, x¥ exp(-sx—%)f (1) belongs to L;[(0,«)x (0,)] and the integral

involved in the left-side exists. The existence conditions for two as well as n-
dimensional inverse Laplace transformations are given in Brychkov et al.

[11; ch. 2].

Proof: We know that

o(x)= 'l:éxp(—st)dt where Re s> ¢y, for some fixed ¢, ) 3.1)

From (3.1) and (al), we obtain

HOL J.:[ J.o " Fexp(-sx- Lf (u)du}dx. (3.2)

The integrand £ exp(-sx - £)f () belongs to L,[(0,) x (0,%0)], s0, by Fubini’s
Theorem, interchanging the order of the integration on the right-side of (3.2)

is permissible. Hence

E(x)= jo f@l jo ¥ exp(-sx - L)dx1du, Res>c,. (3.2"
A result in Roberts and Kaufman[87] regarding the inner integral in (3.2') is
used to evaluate ihis integral as

E(x)= 1'; J-: O TRE 2u st exp(-2utst)du
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A little calculus yields the result that

o 3 1 o 1
s"*’e(s)=£f—[v_|‘o u T Wexp(F)du+2vs” | w7 f(w)exp(B)du

1

—48’2"- u () exp(Z£=)du], Res> c,. 3.3)

Replacing s by [191(;;)]’1 and multiplying both sides of (3.3) by p, (s—*), we arrive
at

— — —_— =1 w3 — —
[pl(s‘})]""1 Dn (s*)e[( pl(s*)) j,= gi[v fo uIf(w)p, (s*)exp[—Zpl(s*)]du
(3.4)

+2v : fW@)p, (g)p,. (s—{) exp[—2u°}p1 (s—{ Vldu - 4J.0”[ n (.<>'—’L)]2 D (;;)u'*f (u)du]

Next, using the following well-known operational relations

. 2
si* exp(-as,-*)= ﬂ"’}:c,-'?f exp(— L),
. 4x,-
R 2
s; exp(-asH= 2 -‘}x,-'?’r exp(-—),
. 4x,-

o 12 _ 0. 2
si% eXP(—aSg*)T ¢ - 2% n""x{g exp(— ZT) fori=12,..,n.
i

into (3.4) yields the result that

< = <\1ln 3| =
p,.(s*)[pl(s*)]'""8[(p1(s*)) ]=”—;- vj = u"}f(u)exp[—upl(x'l)]du
" zip, (s*)

+2VIO —_— u*xl %exp(——)exp[—upl(x‘l)]u“f (u)du

i p,(x77)

+out j“—-—l—-__-uzx,, Texp(———)up[—upl(x"‘)] uf (w)du
° zip, (")
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_.éi.{%j“‘[("iiﬁ x, % +...+M—flxn”i}exp[—u’}pl(x_'f)]u"}f (u)du

® pn-l(xl%) Dy (xnz)
s2f wehet E"_I-’E;*i} expl—ut p, GOl (wdu
0 DPp_2 (112*) Pn(%1,%)

1

-3, -3 —_
+2f uxy hey b b X2 Xn exp[—u*pl(x“)]u'*f(u)du
Pn-so (x723 ) Pr-2 (x2n7)

D2 (xn- ln%)

2 J ——-==-==—-exp[— 1 uip, (;:)]u—*f (u)duH 3.5)

A little algebra yields the result that
— —_ —_ -1
p,,(s*)[m(s*)]-"-le[(pl(s*>) J

1

Ve 2 -
———{—]| u73f)expl-up,(x)]du
77 p, (x*){2j°

n
n

+(v+Dp, (;c'—l)j: u-%f (w)expl-up, (F)]du -2[p, (F)FJ‘: u%f (u) expl-up, (F)]du} 3.6)

Using (i) for j=0,1, and 2, we obtain

L -1 1 2 ] .
n 1 1 pl(s )

pn(sz)[pl(sznv+1 ]
1

v -1 -1 71y ]
S { =G | P (x7) [+ (V+ 1) py ()G P (27)
7:11“2—1p,,(x%){2 [ ] [ ’

®

-2[p1(F)]2G2[p1(F)], @.7)

where n=2,3,...,N.
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3.3.1. Examples Based Upon Theorem 3.3.1

Example 3.3.1. Suppose that f(x)=x3J,(2x?). Then

¢(x) = ﬁ'exp(-'}):
( )—‘ ’

S (s+ 1)*

n’}(vs +v-1)

O(s)=
s¥(1+s2)F

48

3j%-22j%+45j2-22j+24

Gj (s) (

3j*~22/°+452-22j+24
48
s

34 -22j3 + 45,2 -22]+24)
A

)

48
2

where Res>0. A little algebra yields the result that

1

’—-sli} forj=0,1,2,3,4,

3 -1{[v+(v 1)p12(s’)] Fh=
P, (sh1+ plz(s“)]’

%
F, - ——rre—
{2 ! 1[2 D (x—l)

1

]szF 1[

where Re[p,(s*)1>0, n=2,3,...,N.

Next, we use part (b) to find that

157:*

(s)= 3 Res>0,

8(3 +1

4 1

2 p,&™)

ol

z% p, () p, (x DI

§ 1 }
2 pl(x-l)
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L -1B (s’)[v+(v 7).012(3“)]
n ' X
pa(sh1+ py(shE

: a2 [_

1 1 4;
= +2(v~ 2)F[ 12F[ ] 3.1
= m<x“>] gk pl(x")] % p,G) }
where me[pl(s_’f*)bo, n=23,..,N.

Example 3.3.1'. (Two-dimensions)

If welet n=2 and v=-4 in (3.1), we obtain

L (s +5,1)° 14+ 12(s,F + 5,12
2 [ 3 X,
(5,550 [1+ (s,F + 5,1)27F

3
- 1€57 L | o B 3 _ _xy 4 xy
157r(x+y)2{ exP( x+y]+12{1F1[2, x+y i1 2 x+y||l

Using the following results,

(xy)% ( xy ) 3n(s,? +5,1)
L exp| — 551, S; —~, Rels,? +5,11>0.
2{(x+y)2 x+y o2 4(3152)%[1+(31= +32=)2] ! :
and
b oay | oS5 x|y 4 xy
1F1[2; x+y i 2 x+y —x+ylF1 3 x+y|
we obtain

L. 6(31* + 32’1)3[1+ 8(s,’} + 52%)2] 7(s1% + 32%)
2 _& 4_ 2 l‘ 3 %Y
(3182) [1+ (s 1+822) ]

% .
n_ o) o [4,_ xy J Relsy? +8,31> 0, (3.1)

_"_(x+y)31 13, x+y
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Example 3.3.2. Consider f(x)=1I,(2x?). Then

¢(s)=21exp),
G (s) =4 [1+Hexp(d),

3;
Gy(s) =-§-1F1[1; %jl, Res>0.

37:*

ols) =22 541~ ) Hu(1-5%) -5,

Therefore using (3.7) yields to the following result

st

Pn (s%)[pl2 (g )— 1]% 37r121p,, (; )Py )

3v-7 v-2 1 3 1
. + ——— |exp[——=—=—=]-4,F [ — |7,
{( 2 p1<x'1>], pGh LT p1<x-1>J}

where Re[p,(s2)]>0, n=2,3,...,N.

Example 3.3.4'. (Two-dimensions)
Assuming n=2 in (3.4), we obtain
) _r=B)sd+spt-y | 2(xy)?
(3132)%[(31%4_32%)2_1]% ’ 3n(x+y)

@Bv-T(x+y)+2(v-2)xy exol 2| 4.F 3 _xy
) T+ y P x+y) TULz+y|

Ly

(3.2)

(3.2)
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3.4. The Image of Functions with the Argument 2p,x™)

In this section we derive Theorem 3.4.1 involving four different parts.
However, we give only the proofs of parts (a) and (b) in detail; the proofs of two
other parts are based upon similar ideas, that will not be discussed.

Next we preseﬁt some direct applications of this theorems. Initially we
consider applications on some functions of n variables and obtain their Laplace
transformations in n variables. As these functions and their Laplace
transforms are usually very complex in nature, we will also consider functions

having only two variables and their corresponding Laplace transformations.

Theorem 3.4.1. Let £(x2) and 3 (x) be of class @ and let ¢(s) be a one-

dimensional Laplace transform of . Suppose that x’*qﬁ(—;}) is also of class Q.
Assume that

i) L{x'i?f(xz);s}=1?j(s) forj=0,12,3,4,5.

(a) If

(al) L{x'*qs(-},-);s} = &(s),

@2) L {= F5 Lo} = o),
d [ v

(a3) - {s et} = 4o

Let x'%g(j-)be of class Q and dis[s' Yo() exist for Res> ¢, for some fixed ¢, Moreover,

Py
let x°% exp(-sx —%)f (u) and f (u)x'% exp[—sx—gl;—]u'%f (w) belong to L; [(0,)x(0,%)].

Then
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¢ | vFol2p G- 4py D Fyl2p D]
P (at)

n

1
2

—_ \—1 — .
=— ﬂ[(pl(s%)) } Rel py(s?)]1> A, for some fixed A;, (4.1)
22[ py(s?)1"*!

provided that the integrals involved exist forn=2,3,...,N.

(b) Let us assume the conditions (i) and (al) and keep x'%é(j-) to be of
class Q, furthermore assume that x™* exp(—sx—zﬁi)u-‘l'f(u) belongs to L, [(0,0) x (0, )]

and replace (a2) and (a3) by (b1) and (b2) as follows:

®1) Lstecdys) = o),
®2) -gs-{s-vf(s—’;)} = (s).

Suppose that gs—{s‘ "f(;i—)} exists for Res>¢, for some fixed ¢,. Then

Ln{(v—1>F1[2p1(’x_-f)]-@(F)thzmﬁ];5}
Pa(x™)

n-2

=2 — \-1 -
_ _iﬂ 2 — 77[(171(3%)) ], SRe[pl(s%)] > Ag for some fixed 15. (4.2)
2p, (s2)[ py(s2)1"

(c) Now assume the condition (i) and replace (al), (a2) and (a3) by the
following conditions:

(c1) L{x'*lpe);s} = ¥(s),

(c2) L{x'*r(,%,);S} = k(s),
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(©3) -L{sx(} = 66

1
Furthermore, let us assume that x’%y(f,) is of class Q and exp(-sx - 2.2)f (u) belongs

to L,[(0,%0)x(0,c0)]. Then
c vF2[zp1(5Fl>]-4p1(§3)ﬁ‘4[2p1(;3)],g
n _.l ’
Pn(x?)

n=2 —_— N1 —
=— _l” : = 9[( pl(s% )) }, Re[ pl(s% )1> Ag for some fixed 14,(4.3)
2% p,(s?)[ p,(s2)]"*1

provided that the integral involved exists for n=2,3,...,N.

(d) Next suppose the conditions (i) and (c1) remain true, and thatx'%y(-x%)

is of class Q andx"? exp(—sx - zﬁi)f (1) belongs to L,[(0,0) X (0,)]. Assume %{s"ﬁ(;‘,—)}
exists and replace (¢c2) and (c3) by the following:

(@) Ly} = o),
(d2) - L5 a3} = 1o

Then
¢ | = DFs2p D= 4p TOFs[2p 71
Pa(a?)
n=2 —_— -1 —
T2 1 1
= = == C[(pl(sz )) }, Relp,(s2)1> A4 for some fixed A4, (4.4)
2P, (s%)[py(s?)1¥

provided that the integral involved exists and where n=2,3,...,N. For the
existence conditions of n-dimensional Laplace transformations we refer to

Brychkov et al. [11; ch. 2].

Proof (a): Form the hypothesis and (al), we obtain
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é(s)= Jo [ J; %7 % exp(~sx—£)f (u)duldx. (4.5)
The integrand P} exp(-sx- £)f(u) belongs to L;[(0,0)x(0,%)], so, by Fubini’s
Theorem, we interchange the order of integration on the right-side of (4.5).

Hence
&(s)= J f@) J exp(—sx—-—)dx]du Res>c,. (4.5"

Next we evaluate the inner integral on the right of (4.5') by using a result from

Roberts and Kaufman [87], to get
E(s)= n*j “3f(u) exp(~24 *)du (4.6)

Now we use (4.6) and (a2), to obtain

ats)=n? J: [ j:x'% exp(-sx --2-';—%)u'*f (2)duldsx. 4.7)
Again we evaluate the inner integral on the right side of (4.7) by using a result
from Roberts and Kaufman [87], to obtain

o)== j "t rwexp(-2iutstdu (4.8)
2 0

Using (4.8) in (a3), we arrive at
sV 1p(s) = —’;—{v J.o-u"%f @) exp(—Ziu*s'l)du —of J: s ) exp(——2?f u"‘s‘l)du}, Res>c,. (4.9)
2

Now we replace sby [191(3)]'1 and multiply both sides of (4.9) by pl(s_%), to

obtain

D (s%)[pl (s%)]“’_lﬂ[ Dy (S’L) J vr u f W)p, (s"') exp[—2’fu* o (s"L du
(4.10)

—2%":1;" fwp, (st ) P1 (s’ ) exp[—zgL u%pl(s%)du}.

Next we use the following well-known operational results

sﬁL exp(-—as,-%) %(mi )_* exp(~ ':Tz,.)’

*)

P SR .
S exp(—as,-%)=%n ELx,~ z exp(—f:—_) fori=12,...,n.
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The relation (4.10) reads as
e S T\
Dn (8 p1(s2) Bl | p1(s?)

1
I { vf: u_%f () exp[—2u% p(xH)ldu

a=2 1
T % p,(x%)
~4py D[ u'*f(u)exp[—zu%m(F)]du} 4.11)

Let us substitute »=v? and use (i) for j=0 and 2 in (4.11) to obtain

— —— R |
p,,(s%)[pl(s%)]"V'lﬁ[(pl(s%>) ]

1
Hz = -{VFO[Zpl(x'l)]
2 p,(x%)
-4p1(x"1)F2[2p1(x‘1)]}

Sl

Thus
¢ Vo2 D] py (e D Fp (2017 -
Dn (x%)
s T.\1 I
= = B ( py(s? )) » Relp;y(s2)]> A, for some constant ;.
22 p, (s?)[ py(s?)]"*1

This completes the proof of part (a).

Proof (b): From (4.6) and (b1) it follows that

() = n’}'[:[fo.u_*f wx1 exp(~sx - 2)duldx. (4.12)

The integrand x"%u-%f (w) exp(—sx—zgi) belongs to L 1[(0,) % (0,)], S0, by Fubini’s

Theorem, interchanging the order of the integral on the right of (4.12) is
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permissible. Next we evaluate the inner integral by using a result from Roberts

and Kaufman [87], to obtain
7(s)= ns'*f:u"%f w) exp(—2’} u*shdu. 4.13)

Plugging (4.13) into (b2), we arrive at

s™n(s) = n{J‘: (v-1-2} u“‘ls"]u"%f (u)exp(~ 2%;‘% )du}, Res>e,. 4.14)
< —_
Replacing s by [ p;(s? )1 and multipling by p,,(s%) both sides of (4.14), and
then making use of the operational relations given in (*) from part (a) and

using (i) for j=1,3 we arrive at

p,,(s%)[pl(s%)]"’n[(pl(s%)ﬂ: .

”%pn (x?)
.{(v— DF,[2p; (2] =4 py(x D F5[2 pl(x-l)]}. (4.15)

1

Hence,

c {(v—1)1?1[2191(:?)]—g_pl(F)thznol(F)]_g
" P, (x™) ’
as2 < 1 I
= _1” = n[(pl(sf)) :|, Re[ p,(s2)] > A5 for some fixed A,.
2p, (s%)[ p(s?)1¥

This completes the proof of part (b).

3.4.1 Applications of Theorem 3.4.1

Example 3.4.1. Consider f (x)=°F,L 1;. —x]. Then

P(s) = §~cos(2s_J2L ),

E(s) = (23t p(l)
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7(s)=Fs " dex -'f-D L
27 P 8 -i' 2}"32 )

g5 exp( L W vietstyp (L )oap [
n(s)--zi;s exp(834){v(2 s )D"}(ﬁszJ 3D_,}(2%s2 J},

where Res>0.

Next, we get

where Rels+2exp(#ir)1>0 (r=0,1) andj=1and 3.

Now using (4.2), we arrive at

11 3.
Ln 1 __ (V—1)2F2 i’l’————l_—=— —22F2 ]92:- ]___ ;5
@)p, () L pliG™ 33 piah
pn pl

5,33 4ot 1 203 2,3 -
=ZP s (,s )exp Py 8(8 IN_2Zv D,| & Ss ) -3p |25 (f 2 Relpy(sH1>0. (4.2)
pn(s';) p12(s-}) 2 21 2 21

Example 3.4.1'. If we let n=2, v=3 in (4.2"), we obtain the following new result

in two-dimensions

9 (xy)‘g exp__x_}’__2 - 8..8, b=
2 (x+y)2 x+y » 91992

7:(81‘3‘ + 32*)3 exp[ (31* + 32%)‘1 H 2t D [(SI* * 32*)2 :,— D 1[(_81—*%85)_2:'} (4.2")

(8,5,)F 8 (Fesh 3| of g}

Example 3.4.2, Assume f(x)= 0F3[1 ; ’—xJ Then
1y
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o(s)=1 1F3l:1’]i %],
g(s)=(.£)* F. 1i_ )
SN LLE;

1,.1_,.3.,5; 2 2
1($)=—”54F3 27474 —(—) where, Res> 0.
251 113 =

.e

For v=1, we obtain

11,35, 23718,
"(8)"T 44F3[ 4747 _46% |+55 41"'3[ 274747 _ 452 |b Res>0.

3
LE:

N ol ul.-

Also,
Fy(s)= ;1Jo(-§-), Res> 0.

Now for v=1from (4.2), we arrive at

Ln —nl-'ﬂ-J [ 2 :I,;
™ | peH |

.4 ‘5-; 2’l"3—:§;
44F3[]’2"‘" 4 +54F3[ ez 4 N (4.21)
80, (sHp,2(sh) i p(st ; 1

where SRe[pl(s—*)] >0, n=2,3,...,N.

Remark 3.4.1: If we choose n=2, then we deduce the following new result in

two-dimensions.
L ny(2xy}s’ }= 1
2{x+ y O\ x+y )0 8l(sy8, )5y + 8,1

_l_’g’_S_; 2:231,'9';
{44F3[1,2 4 4. —i—._:,+54F3[ 2 454 m}} (4:2.2)
yg 2 \91 2

3.5. The Original of Functions with the Argument [pl(s—’})]2

This section begins with Theorem 3.5.1 that involves two parts. The
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proof of part (a) that is more complicated than that of part (b) is given in
" detail, so that part (b) is stated without proof. However, this part can be proved
by an analogous process to that employed for developing the result in part (a).
Next, some new inversions formula have been obtained by applying the
results of this Theorem to the most commonly used special functions. Initially
we consider applications on some special functions of n variables. As these
functions and their inverse Laplace transformations are usually very complex
in nature, we will provide also two-dimensional inverse Laplace
transformations having only two variables. Moreover, we will use some of these
two-dimensional inversion formulas in Chapter 4 for solving a certain type of

non-homogenous linear partial differential equations.

Theorem 3.5.1. Suppose that f(x2) is of class Q and let ¢(s) be a one-dimensional

Laplace transform of 7. Assume that x*¢(2) is also of class Q. Let
(@) L{xjf(xz);s}= H(s) forj=1,2,3.
Moreover, let x_’}é(j) be of class @ and x? exp[—sx — 4] (u) belongs to L, [(0,%0) x (0, )].
(a) Assume that
(al) Ysto(dys) =),
(a2) L{s s} = 1o

1
Let x_% exp[—sx - %]u—%f (z) belong to L;[(0,%0) x (0,0)]. Then

2 1 -

L'ln ‘-———r-—[pl(s J 7[(})1(32 )) :’;x =-—--———--1 —

1 n=2 Py
D, (s%) 2% p,(x2)

2 E[20, GO+ py GO H,[20, G+ 4p P GO H, (20, G (5.1)
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provided that the integrals involved on the left side of (5.1) exist for

n=2,3,..,N.

(b) Assume the conditions (i) and (al), and replace (a2) by

(bl1) L{x'%é(f?);s} =17(s).
Keep on the hypotheses that x—%é(x%,) is of class Q and

1
x—% exp[—sx - %-z-lu%f (u) belongs to Ly[(0,) x(0,5)]. Then

(sh) TV = 1
L, (Pl(sz)) e
Pn(s?) T % p,(x?)
{atzp a1+ 2 G Hy 20 GO, (5.2)

It is assumed that the integrals involved exist for n=2,3,...,N.

Proof (a): We begin with using the definition of one-dimensional Laplace
transform for f and making use of (al), to obtain

#(s) = | exp(—su)f(u)du,
. (5.3)

§(s) = r U- P2 exp(-sx —£)f (u)du]dx, Res > ¢, for some fixed c;,
o [ Jo

Next we wish to interchange the order of integrations, (an operation which is

valid,by Fubini's Theorem because x* exp[—sx - £]f (1) € Ly[(0,0) % (0,0)).

Thus
§(s)= J:[_[: x? exp(-sx —%)dx}l‘(u)du, Res>c,. (5.4)

Making use of an operational relation from Roberts and Kaufman [87] in (5.4)

yields
&)= -’!; st Jm F)i1+2utstlexp(-2uts?)du. (5.5)
0
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If we substitute (5.5) into (a2) a little algebra leads to

y(s)= 1‘21{ J: [ J: ¥ exp(-sx - zxﬁ)f (u)du:,dx

+2_r U- 2% exp(-sx - 2ﬁl}-)u%f (u)du]dx}. (5.6)
o | Jo

In a similar manner, which is discussed to change (5.3) to (5.5) yields
sty = -E{ f (1+ 2 utshlexp-2tutst)f(u)du
(/]
+4Jmsexp(.—2%u*s%)u%f (u)du}. b7
0
Now, we replace sbyl[ pl(\-s‘;)]z and multiply both sides of (5.7) by p, (s—*). It follows
that
— —— —_— N2 oo —— 00 —
D (s*)[pl (s*)]* 7[( pl(s*)) J = -f[ J. fwp, sh exp(—2%u*s*)du +ot J‘ f (u)u%p,, sh
0 0
pl(s_’}) exp(-23y¥s? )du]-é- = f (u)u’}p,, (s_%)[pl(s—’})]2 exp(-2fu*st)du. (5.8)
0

Next, a tedious calculation as we did in the proof of Theorem 3.3.1, leads to

— — —\2
P (s py (s 7[(171(3%)) }

—&"I_T-{I:f(U)eXP[—zu%pl(F)]du

7 2 p,(s?)
+2 p12 (F)j: uf (u)exp[—Zu%pl(x_'T)]du (5.9)

S s

Upon substituting u =v? into (5.9) and then using (i) for j=1,2,3, we arrive at

1

s

— — — 2
p,,(s%)[pl(s%)]3 7{(131(8%)) } Py T
% p,(x?)
{.;_ Hy[2p,(x™ D]+ py(x™ ) Hy[2p (7 1)1+ 4p12(x‘1)H3[2p;(x'1)]}-

Therefore
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U <27 _
Ln—l [p—l(s""i)—]—Y[(pl(s%)) J;x =ﬁ
Pn(s2) 72 p,(x2%)

.{%lezpl(ﬁ)]+pl(x_-T)Hz[zpl(x_-T)]+4p12(F)H3[zp1(x—-f)]},. 5.1

wheren =2,3,..., N

3.5.1. Example Based Upon Theorem 3.5.1

@, ;ch. Then

Example 3.5.1. Assume that f(x)=qu[ ®).
q ’

(@), 1
¢(s)=2.F, ®p 1’-9- , where g 2 p, Re s >IReel,
(b)g ;8

) (@),,1.§;
§(s)=%P+qul: mLE £ | where Res>0ifp+1<q,Res>Recifp+1=g,
)

(B), ;s

451 (a)pvlv’g',%i%;
=—— JF
¥(s) 323%1”4 ql: (b)q : s

where p+4<q+1, Res>0ifp+4<q, Rels+2cexp(mr)I>0(r=0,)ifp+d=g+1

Now, we calculate

_r(j+ 1) (a)p!i;—ls":d;4c .
Hj(s)__s_]—-l-l_li*ﬂ q[ (b)q . -;2_ fOI’J— 112|3 )

and where p+2<qg+1, Res>0ifp+2<q, Rels+2jexp(air)l>0(r=0,1) ifp+2=q+1

Therefore, using (5.1) we arrive at

L, 1 F, [(a)p']’%’%’%; ¢ |z
n e —— e +4 ——— y
p.(sHp (11 e ®) 3 pAsh



126

Ln-l — . = p+4Fq,:(a)p’1;%,%,%; - ;;
P (sD)py (st ®)g 5 psh

_ 8 1 ..F (a)p,],-g-; c F (a)p,%,zi C
Cortp Dip DR T L ®) 2G| P @) 5 e
97%p, (x*)[py(x™)] 7 3 py(x7) q 3 P1(x™)

(a)pazy'g; [+4
+6poF q[ (b)q : plz(x—l)”’

(5.1a)

where p+4$q+1,‘.Re[pl(s%)]>0ifp+45q, ‘.Re[pl(s’*l')+2cexp(n-ir)]>o(r=0,1) if p+3=¢
and n=2,3,...,N.

Similarly, if we use (5.2) we obtain the following result

Ln_ 1 p+4Fq[(a)p;Lgv%r%; c ;;
P, (sH)py(sH1* ®)g 5 p st

4 J (@p,14; ¢ [(a),,,%,2; ¢
= e p—— F —_— (42 F ——— |, (5.1b)
9ntp, Hp i | "[ ®) 5 p2N] T @) iR

Remark 3.5.1: Choosing n=2 and c=1 in (5.3.b), it follows that

L, L +4F, @p» L%&’%;———-, L
(3132 )% (sl* + 32*)4 d 7 (b)q ’ (817 + 823 )4

—-_‘g_”_)%._ (a)P’l’%; Xy 2 (a)p,%,2; xy 2 ,
_gﬁ(x_'_y)z {p+2Fq[ (b)q . _‘x+y +2,.0F ®), ; —-——x+y 2 (5.1b")
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CHAPTER 4. THE SOLUTION OF INITIAL-BOUNDARY-VALUE
PROBLEMS (IBVP’S) BY DOUBLE LAPLACE TRANSFORMATIONS

4.1. Introduction

One of the basic properties of the Laplace transform is that it transforms
the operation of taking a derivative into the operation of mere multiplication by
a variable. It thus replaces some of the derivatives in a partial differential
equation (PDE) (depending on which variables are involved in the transform)
by multiples of the function, and therefore (hopefully) reduces the equation to
an easier equation to solve. For example, a PDE in two independent variables
will sometimes, after application of the Laplace transform, become an ordinary
differential equation (ODE). The Laplace transform is not capable of
simplifying most PDEs, but it does help in some cases.

Basically, the idea behind any transform (not just the Laplace
transformation) is this. We have a difficult problem to solve. We apply a
transform to it and produce an easier problem. We solve this easier problem.
Then we have to transform the solution of the easier problem back into the
solution of the original harder problem. This last step is one where most of the
difficulty arises. Inverting the transform may be quite difficult. For the Laplace
transformation it usually requires the use of contour integration in the complex
plane. However there are many problems whose solution may be found in terms
of Laplace transforms for which the inversion using the techniques of complex

analysis is too complicated.
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By the use of multiple Laplace transformations a PDE and its associated
boundary conditions can be transformed into an algebraic equation in N
independent complex variables. This algebraic equation can be solved for the
multiple transform of the solution of the original PDE. The multiple inversion
of this transform then gives the desired solution. The analytic difficulty of
evaluating multiple inverse transforms increases with the number of
independent variables. This still requires a significant amount of effective
techniques of contour integration for deriving the final solution. With the help
of tables given in Voelker and Doetsch [107] Ditkin and Prudnikov [43] Hlaidk
[562] Dahiya [21], [23], [27], [28], [29] and [30] and our results in Chapters 2
and 3, the actual evaluation of the inversion integral is alleviated.

Several IBVPs characterized by non-homogenous PDEs are explicitly
solved in this chapter by means of some of our results developed in Chapters 2
and 3. We shall confine ourselves to the case that the transform is taken with
respect to two variables. In the absence of necessitous three and N-
dimensional Laplace transformation tables, several IBVPs 'characterized by
PDEs are explicitly solved by double Laplace transformations. These include
non-homogenous linear PDEs of the first order, non-homogenous second order
PDEs of Hyperbolic type and non-homogenous second order linear PDEs of
Parabolic type.

We would like to remark that calculations made in this chapter are
formal. However, we are given the conditions for which the transform
equations and the inverse transform equations exist. At the end one can verify
that all the Laplace transform equations performed are valid. Indeed, it can be

checked the original function u(x,y) is such that all previously used operations
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are permissible. We denote Lo{u(x,);s,,5,} =Uls;,s;)and L;{U(sy, s);%, y} = ulx, y)

through this chapter.

4.2. Non-homogenous Linear Partial Differential Equations (PDEs) of
the First Order

4.2.1. Partial Differential Equations of Type

u +u,=f(x,y), 0<x<o, 0<y<eo (4.2.1.1)

under boundary conditions

u(x,0) = ox(x),

42.1.2
u(0,y) = B(y). ( )

Example 4.2.1.1. Determination of a solutionu = u(x,y) of (4.2.1.1) and (4.2.1.2)
for
(a) f(x,y)=(x+y)*, 0<x<oo, 0<y<eo and
o(x) = exp(—x) and B(y) = exp(—y).
(b)f(x,y)=(x+y)'*, 0<x<oo, 0<y<o and
a(x)=xtand f(y)=yt.

© f(x,y)=—"—, 0<x<w, 0<y<o and
(x+y)

a(x)=0= ().
(d) f(x,y)=(x+y)%—(x%+y%), 0<x<e, 0<y<oo and

a(x) =exp(-x) and B(y) =exp(-y) .

n
(e) f(x,y)=( (xy))M%’ neNand 0<x <o, 0<y<eo and
x+y

a(x)=0= ().
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We first present the solutions of parts (a) and (e) in detail, and next the
outline of the solutions of other parts will be provided.

(a) Taking the two-dimensional Laplace transform from (4.2.1.1a) and
(4.2.1.2a) with the aid of (1.5.2.7), (1.5.2.9) and Remark 2.1.1.2 Equation (1.1"),

yields
d ik
SIU(SI’Sz)—'—l—'f'SZU(Sl,Sz)— 1 _7°(s thts szl)
S, +1 s+1 0 2(5,5) (s, +5,%)
and so,
5 +5,+2 ﬁ%(s‘+s +st+s1)
Ulsis,)= + 2L "2 Rels?+s,1]>0. (1.1)

(5 + D+ (s +5,) 205,505 (s.2 +5,8)(s5, +5,)

Now, the inversion of (1.1) can be obtained by using (1.5.2.28)

[lexpl~(x+)+281d¢ ify>x

j expl—(x +y)+2¢&1dE ify<x
{I (x+y-28)dE 1fy>x(1
j'(x+y 2.’,‘)*d§ ify<x

u(x,y)=exp[-(x+y)]+ 2{

After evaluating the integrals and doing the elementary calculation it is found
that

u(x,y)= {exP[—(y x)]“"é"[()’ x)*-(x+y)’] ify>x
expl-(r= Y1+ -y -+ ify<x

(e) Applying the two-dimensional Laplace transformation to (4.2.1.1e)
and (4.2.1.2¢) with the help of (1.5.2.7), (1.5.2.9), and formula 181 in Brychkov
et al. [11; p.300], we obtain
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al2n+1) 1
22 T(n+32) (5} +5,1)2"

(5 +8,)U(s;,5,) =

Hence,

al(2n+1) 1 |
22T (n+32) (sf+5,)" (s, +5,)

U(sy,s,) =

Making use of (1.5.2.28), we obtain that

jx____(x-g)”(y-g)" dé¢ ify>x

ux, y) = O (x+y-26)™H .
J‘-’/(x—é) (y—g) dé ify<x
0 (x+y-28)"+E

Evaluating the integrals after tedious calculation the solution u(x,y) turns out

to be
(")
;_z‘l?r z (-1* ——If——[(x - )2k (x4 y)"_zk-* - (y- x)""\] ify>zx
= (-2k-3)
u(x, y) =+

[(y-x>2"(x+ P i (x-—y)""’l] ify<x

n

2 i)
: (-1)"-—(———
?&Tg (n~2k-4)

Now, with the aid of correspondence results given in Chapters 2 and 3
the similar procedure we have followed, we get the following transform

equations, for parts (b), (c) and (d)

s{} + s} ]+ 1
(5,5, % G, +5,) | (55, ) (5, +5,5)(s, +5,) ’
1
(85 ) (31% + sz%)3 (8, +52) ’
s+5+2 3nt
(5, +1)(s, + D05, +5,)  4(s,5,) (st +5,1)(s, +5,)

() U(sl,s,)ﬂf—[

(e) U(s,,s,) =

(d) U(s,,s,) =

where Re [s,? +5,1>0.
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Therefore,
(b) u(x,y) = (x+y).

30-0t -3t -2 ifys s
() u(x,y)=

2(x-y —tx+ -t ify<x -

—(y— - I a4 iy
(d) u(x’y)=%{56xp[ O=-0]+[ x);+(x+y); 2(x§+yi)] .lfy>x.
Sexp[-(x - Y] +[(x—y) + (x +y)F —2(x* +yh)] ify<x

Example 4.2.1.2, Determination of a solution u = u(x,y) of (4.2.1.1) and (4.2.1.2)
for

-1 -
(a) f(x,y)=(iy-L%gl, 0<x<oo, 0<y<oo, Re >0 and
(x+y)

o(x)=0=B(y).
(b) f(x,)’)=(—x2{:(y—,;§-)', 0<x<o0, 0<y<oo, Re 7>0 and
(x+y)
a(x)=0=B(y).

We discuss only the solution of part (a) in detail; the solution of part (b)
is provided in brief because these parts are based upon similar techniques.

(a) Taking the two-dimensional Laplace transformation of each term of
(4.2.1.1a) and (4.2.1.2a) by the use of (1.5.2.7), (1.5.2.9), Example 1.1.1 equation
(1.1") and formula (1.5.2.20), we get

1 - 1
(5, +8)UGs),8) =7 17‘('1"*‘1)[,2 L 2t 45 2o da _:,17{ a2 A (st + AF)2e dl:l
1

Evaluating the integral, yields
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al(z+1) 5 =8,

8§ + 8,)U(s,,8,) = , Re t>0.
( 1 2 1 2 T (slsz)%(sl% +s2-§')21'+1
Hence,
T (T+1) 5 s
U(s,,s,) = ll N [T lz T T I
T (8, +5,)(85,8,)% (5,2 + 5,7) (8, +5,)(8,5,)2 (5,7 +5,7)

where Re [sﬁ + sz*] >0, Re 7> 0.

Now, making use of (1.5.2.31), we obtain the following inverse transform

T(xy)T T x[(x )( -1 2 2
~ [T =)y - O el = &2 +(y - )= (x- EXy-2)
(x+y)t+i J-o 6 { é y g}
. _ ~7-% .
u(x,9) = (ery=20) dbity<x e 7>0.
~E o= )y - 0 el 802 + (- §)7 1 2= )y~ ©)]
(x+y) °
(x+y-28"HE ify>x

2.1)

Remark 4.2.1.1: If we let7 =1 in (4.2.1.1a), we obtain

__Y—X
S T
a(x)=0=B(y).

Hence, from (2.1) we get

2 (M=) + (= Oy - N x+y=26)HdE ify>x
(x+y)? °

——2 L= 3P+ (= Oy = O+ y~28)HdE ify<x
(x+yy 7

u(x,y)=

Evaluating the integrals, we arrive at
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( ) + y $(y- x)%——;}(y—x)z(x+y)'§—(x+y)%} ify>x
ux,y)=4 **J
2 {-"‘(x y)* (x-y>(x+y)” ’—(x+y)’} ify<x.
(:c+y)a

(b) By an analogous argument, we arrive at the following transform

equation

a2t +1) § — L 3
U(s,,s,) = 2 T(+3) (s1*+s*)2’”’ Re [5,7 +5,2]1>0, Re v>0. (2.2)

The inverse transform of (2.2) can be obtained using Formula (1.5.2.31)

and the well known result in Brychkov et al. [11]

T(xy)® x -1 2 2
——— 7] [(x =&y - &) Hl(x - E)° + (¥ - £)°]
(x+y)™7 Jo y-¢ ¢ y-¢

8- E(y-Olx+y-28"F)dE ify>x
()" % -1 2 2,
e +2flll= )y~ I al(x - )% + (y- )2

~3(x— Xy~ ENCx+y—-28) " H)dE ify<z,

u(x,y) =1

where Re 7>0.

Example 4.2.1.3. Determination of a solutionu = u(x,y) of (4.2.1.1) and (4.2.1.2)

for

fx,y)= exp(— 24 ), 0<x <o, 0<y<es and
X+y

1
(x+y)t
o(x) =sinhx and B(y) =sinhy.
We begin to solve part (b) completely, and next we give the outline of the

solution of part (a).
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We apply the two-dimensional Laplace transformation to (4.2.1.1b) and
(4.2.1.2.b) with the aid of (1.5.2.7) and (1.5.2.9) and Remark 3.2.3 Equation
(2.2™) with (1.5.2.20) , to get

1 1 1 (A2 + 5,3)dE 3 (5,3 +a%)de
WU (sy,8)= I - .
(8, + 820U (84,82 Gi-1) + -1 + o1 “:).i[l+(2.* +5,3)2]2 s ‘[‘:l*[1+ (s + 422
Evaluating the integrals and simplfying, we arrive at
_ 8+ 8y _ 2(815,+1)
Vo0 ) = (T DD 2 —Disy? - Dis, 75)
n’}(s 11g,7)
12 , Rels,? +5,11>0.(3.1)

(8, + 8,850 L1+ (g3 + 5,302

The inverse of (3.1) can be obtained using Remark 3.2.3 Equation (2.2")
with (1.5.2.20) and Example 3.2.3' Equation (3.5") and Formula (1.49) and
(1.59) in Ditkin and Prudnikov [43; pages, 106 and 107]

| [eosh(z + y- 200 - 4 [ —= expl-E= 80 =E)e 5005 s

) o 0 _oryi x+y-2¢
u(x,y) =sinh(x - y) -2 y y(’“‘}' 125) (e By &)
_ j cosh(x+y—2§)d§-—%f —expl— déify<x.
0 °(x+y-2§)'5 x+y-2€

Example 4.2.1.4. Determination of a solutionu = u(x,y) of (4.2.1.1) and

(4.2.1.2) for
Fla,y)=—2 IFI[%;—-&],
x+y)t L x+y
o(x)=sinx and B(y)=siny. 4.1)

Taking the two-dimensional Laplace transformation of each term of (4.1),

using (1.5.2.7), (1.5.2.9) and Remark 3.2.2 Equation (2.3"), we obtain
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1 1 at ' .3
(8, +82)U(sy,85) ~ - = , Re [s,¥ +5,7]> 0.
172 De2 s2+1 s +1 (3132)%[1‘*'(31'*32)2]% 1 2

Hence,

1 Py 1
8,3 +823+2 n?

(8,7 + D+ (5,7 + 1)(s +s)+ 1 2,3 )
1 2 17927 (5,8,) [1+(sl*+sz*) 2 (s, +5,)

U(sy,82) =

Now, using formula (1.4.8) and (1.5.8) in Ditkin and Prudnikov [43; p.106] and
Formula (2.3') in Remark 3.2.2 with the aid of (1.5.2.28), we arrive at the

following solution

r

X - X 1 é;_(x—x)(y—x) .
focos(x+y 2x)dx+fo %IFI[%; ———(x+y—2x) dezfy>x
u(x, y) = sin(x + y) - 21 (x+y-2x) X
Ixcos(x+y—2x)dx+j8’____1__ F 'g;_(x-x)(y—x) dxify<x.
° ITVNL Gey-290)
(Jt:+y-—2.71:)2

Substituting x+y-2&=¢, we obtain

—x _ 2 12 _(r_ )2
sin(y—x)+12~j:+yt *IFI[;;’—t—%—Zl—Jdt ify>x
u(x,y) = 3 .
Sin(x_y)_*__%f:;t"}lpll:z i €2k

1 . }dt ify<x.

4.2.2, Partial Differential Equations of Type

au, +bu, +ecu=f(x,y), 0<x <o, 0<y<oo (4.2.2.1)

where a, b and ¢ are constants, such that ¢>0 and %> Oande==*1

Subject to boundary conditions
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u(x,0) = alx), u(0,y)=p(y) (4.2.2.2)

Example 4.2.2.1. Determination of a solution z=u(x,y) of (4.2.2.1) and (4.2.2.2)
for

(@) f(x,)=(x+y*,and

a(x)=0=p(y),
where & =+1.

(b) fx,y)=(x+y) % and

a(x)=0=p(y),

where € = +1

We discuss the solution of part (a) in detail; the solution of part (b) is
provided in brief because the two parts are based upon similar techniques.

(a) Applying the two-dimensional Laplace transformation to (4.2.2.1a)
and (4.2.2.2a) with the help of (1.5.2.7), (1.5.2.9) and Remark 2.1.1.2 Equation

(1.1"), we obtain

1

= , Re [sl% +s2*]>0 (1.1)

U(81,32)= 1. 1 1
(5132)2 (Slf + 527)((181 + b82 + C)

With the aid of formula (1.5.2.30) and Remark 2.1.1.2 Equation (1.1"), we

get

L[ eXPCE) e ifysa

0 (x4 y)- (14 )T
Jy exp(—=£1) d
1
0 [(x+y)—(1+ &)t

ulx,y)=

n ify<x

o f

Evaluating the integrals, we arrive at the following solution
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o[ —F exp[:%]{w[[c:m]g) ,f([c(ay bx) 4 )} ify>z

ulxy)= “ 7r+ ’ 1 e(x +by) clx+y).2 c(‘;(a : b))
H A AL 4 2 X —ay .
o (a+b)] exl a+b }{Erf([ a+ ] ) f([ bla +b) ¥ )} ify<s,

where a>0, 5>0 andc¢>0.
(b) Similarly, with the help of Formula 181 in Brychkov et al. [11], we

arrive at the following transform equation

1
2r? N
Ulsr,50)= Re [s,3 +5,3 )
152 (as; +bs, +c)(s,? +5,7) e [5,2 +5,71>0 (1.2)

Using Formula (1.5.2.30), we obtain
[ 5 4
a feclx+y) a —clay - bx)
a+bcxP[ a+b ]{(ay—bx) exp[ a(a+b) ]
1 exp[—c(x+y)]+( e J% Erf (c(ay—bx) d
(x+y)? a+b a+b ala+b)
_ cx+ Y .
Erf[(————a+ 5 ) ]}} ify>x
1
2b clx+ y)] b Y —c(bx —ay)
a+bexP[ a+b {(bx—ay) exp{ bla+b) :I
1 —c(x+y) me c(bx—ay)%
Tt e’“’[ a+b ]+(a+b) {E'f(( b(a+b) ) }
—-Erf (M).} ify<x
a+b ’

where a>0, >0, andc> 0.

u(x, y) =+

Remark 4.2.2.1:
(a) If we let a=b=c=1 in part (a), in fact for the following boundary

value problem

1
Up+Uy, +U=———, 0<2x <00, Q< y<eo
(x+y)%
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a(x)=0=p(y),

we obtain a solution as follows

Elﬁ{(x;y)*}—Erﬁ{(y;x)%J ify>x

Erﬁ[(x;y)*]_mﬁ[(x—;lﬂ ify< x.

(b) Substituting a=b=c=1 and & = -1 in the equation (4.2.2.1) , yields

u(x,y) = (2)? expl- %X]

O<x<oo, 0< y<ooand

e+l —U= ,
u uy (x.,.y)'i'
a(x)=0=p(y).
so that,
1 lexp[_(y—x)]_ 1 lexp[_x+y:‘
(y-=x)? 2 (y~-x)* 2
3 3
+(§)*{Ezf[(y ;x) }-Erf[(";y ) }} ify>x
_ x+y
u(x, y) = exp( 3 )+ 1 (=) .

(x- y)%

[
~Jr(gﬁ{En‘[(";y )’}-Erf[(i‘fz—l)” ify<x

4.3. Non-homogenous Second order Linear Partial Differential
Equations of Hyperbolic Type

4.3.1. Partial Differential Equations of Type
U =[(x,), 0<x<0e0, 0<y<e and (4.3.1.1)

u(x,0) = a(x), u(0,y) =B(y), u(0,0)=c, where cis a constant (4.3.1.2)
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Example 4.3.1.1. Determination of a solution uz=u(x,y) of (4.3.1.1) and (4.3.1.2)
for
(@) fx,y)=(x+y% -y, 0<x<oo, 0<y<ooand
a(x)=x*, B(y)=y" andc=0.
®) Fx,9 =+, 0<x<o, 0<y<woand

a(x)=x", f(y)=y" andc=0.

First we begin to solve the part (a) of the problem. Due to similarity of
the procedure, the details of the solution of the BVP in part (b) are omitted.

(a) We apply the two-dimensional Laplace transform to (4.3.1.1a) and
(4.3.1.2a) using (1.5.2.11) and Formula (1.1") in Example 1.1.1 for v=0 with
the aid of Operational relation (35) in Voelker and Doetsch [107; p. 185] we

obtain the following transform equation

1
r r 2
(u+ 1) (v+1) 4 —, Re [31% 32"}]> 0.

U(SI,S2) =
1 4 1
81’“' Sg 8§82 (s + $p%)

Now, using (1.5.2. 32), yields
ulx,y)=x"+y" +4[x? +yal —(x+y)%], Re (u,v)>-1

(b) With the similar process as employed in part (a), we arrive at the

following transform equation

I'(u+ 1)+l"(v+ 1)+ n%

o1 —> Rels,? +5,71>0.

v+l £ 3, 1
So §182 28,28,2(8,7 +85%)

Ulsy,8) =

Next, we apply Relation (1.5.2.32), to obtain
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uz,y)=2 +y" + A+ 9f -y ~Exyf — 21, Re (u,v)>-1L

Example 4.3.1.2. Determination of a solution u=u(x,y) (4.3.1.1) and (4.3.1.2)

for

%
(@) fx,»= (xy)_,!._‘, O<x<o, 0<y<ewo and -

(x+y)

alx)=x", p(y»)=y", ande=0.

(xy)?
(b) f(x’y)= ved 9
eyt

O<x<oo, 0<y<o and
alx)=x", B(y)=y", andc=0.

We solve the boundary value problem given in part (a) completely, the
solution of part (b) is similarly direct.

(a) Making use of the double Laplace transformation on each term of
(4.3.1.1a) and (4.3.1.2a), yields the following traﬁsform equation

I'(u+1s, I'(r+Ds, ir (+1)
st 5™ (8,8, ) (5;+85)""!

515U (s4,8,) =

by virtue of relation (1.5.2.11) and the result of Example 1.1.1 Equation (1.1').

Hence,

I+ CE+D), ZTE+1)

, Re s, +5,11>0, Re (u,7,v)>-1
s %™ (500" (5, +8p) " b

U(sl’ 32) =

Further, if we apply the Relation (1.5.2.32) to the transform equation, we find

that

ulx,y)=x*+y" + J.:j:z;ﬁ)lx—%_‘-dgdn, (1.1)
+
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where, Re u>-1, Re t>-1, and Re v>-1

Remark 4.3.1.1: If we letv be a fixed even number, say 2r, then we can reduce

the solution (1.1) to the form

u(x,y)=x*+y* +Ijo

where, Re > -1, Rre t>-1
Evaluating the integrals, after tedious calculation the solution (1.1) in this case

may be written in the following form

n k
. uCx,y)=xk+y" +42{(§1’ff (:){‘%"% + %(ijﬂx - y%]} } Bl
k=0 p:O
where,Re >0, Re 7> 0.

(b) The solution of part (b) can be derived in a similar fashion, using the

Formula 181 in Brychkov et al. [11], yields the transform equation

=l‘(u+ ) T(t+D al(v+1) 1 Re [s.3 + 5.3 % i
Ulsws) "8 ¥ 515" ToTEE 23) (ss)(s,F +5,H) Y e Lot + 57120, Fe (1,7,1)>-1

Hence,

u(x,y)=x*+y +I J':-(E%dﬁdn, (1.3)

where, Reu>-1, Rez>-1

Indeed, putting v=2(rn-1), a tedious calculation, yields

-t (-D*1(n- 1\‘ " n- k+-} &1 afn+k-1 n+p-k—3
u(x,y)=x"+y*+4 ( [__. —+(x+y) (-1)? Sl yP-y \
Z{ 2k+1 k ) z D ( )

where, Reu >-1, Rer>-1 (1.4)



143

Example 4.3.1.1'. If we letv=2r=0 in parts (a) and (b) of Example 4.3.1.1,

respectively the problem reduces to

@)u,=
oy (x+y)*

alx)=x", B(»)=y%,c=0.
1

®d" u,, = 5
? (x+y)?

a(x)=x*, B(y)=y%, c=0,
Then, we obtain the following solutions for each part, respectively

u(, ) =x* + 5"+ 41+ -Gt yh

u(x, ) =x* +y*+4lxt + 3 4=+ )1

Furthermore, for v=2(n~1)=2, the problem in part (b) reduces to the following

? (x+y)?

u

a@x)=x*,B(»=y%,c>0.

which has a solution

ux,P=x+y*+ 2xy = x>0,y>0.

3x+y)?

Example 4.3.1.2. Determination of a solution u=u(x,y) of (4.3.1.1) and (4.3.1.2)

for

5.
f(x,y)=( xy )glFl[g-’_x?’yJ'o <x<e,0<y<eand
x+y y
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alx)=x*,B(y»)=y%c=0, FRe(u,7)>0. (1.1)

We apply the two-dimensional Laplace transformation on each term of
(1.1), to get the following transform equation |

Fu+bs, I'(z+1s, b3
818U (s1,89) = + + ,
it 1 s P o1+ (sl'} + Sz% )2 ]»}

by virtue of Relation (1.5.2.11) and the Result (2.2.1) of Example 2.2.2'.
Therefore

l"(u+1)+l"(1+1)+ n
5" sy §18,"H 2818p[1+ (sl‘f + 32’3‘)]le ’

U(sy,8) =
Rels,? + $11>0, Re(u,7)>-1

Furthermore, if we apply the Relation (1.5.2.32) to the transform equation, we
find that

A
(xy)? xy
) =xb 4yt i —_— X Re(u, -
u(x,y)=x'+y " exp(ch ]x>0 y>0and Re(u,7)>-1

4.3.2. The Wave Equation

To illustrate the use of some of our results which are derived in Chapters
2 and 3 in wave mechanics, we shall consider the one-dimensional wave
equation in a normalized form

Upe Uy, =f(x,y), 0<x<o0,0<y<oo, (4.3.2.1)

The initial and boundary conditions are

u(x,0) = alx), u(0,y)=p(y)
u, (x,0) = 6(x), u.(0,y) = §(y),and (4.3.2.9)

a(0)= ﬂ(o),
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subject to the following condition of compatibility:

i =7, 0dr+ 8@- 0@+ ZIB@-al]=0.  (43.23)

Example 4.3.2.1. Determination of a solution u=u(x,y) of (4¢.3.2.1) and (4.3.2.2)
for |
(@) flx,y»=0
ax) =2, B(y)=y?
6(x)=1xFands(y)=1y72.

(b) f(x’y)=yn -x"
a) =xt, By =yt
0x)=4xt and 8(y)=1y71.

(©) f(x,5) =xv-2yv—x"yv'2, Rev>1
alx)=x1, (3 = y?
6x)=4x% and 6() =1y

We provide the solution for part (c). By an argument similar to that
employed in part (c) the solution for the two other parts are established in
brief.

(c) Taking the two-dimensional Laplace transformation from each term
of (4.3.2.1a) and (4.3.2.2a) with the aid of (1.5.2.8) and (1.5.2.10), yields the

following transform equation

(5, - 8" WU (s,,8,)— L@)s _L(z) + L@)s, + )

st st st s
_Iv-)I'(v+1) T(v-DI'(v+1)
Slv—lszw-l Slv+182v-1

or, equivalently
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' by o4 _
U(sl,sz)=1“(%)l:s’ ret 1 J+”" DI+ D - et ss,t1>0. (11)

3 1 Iy v+l +1
(5,5, 5:8,(52+85,%) s,"s,"

For the inversion of (1.1) we combine Remark 2.1.1.2 Equation (1.1") with

Formula 87 in Voelker and Doetsch [107: p. 236]. Finally, we obtain the solution

in the form

_ 3 1 vy
u(x,y)=(x+y)?*+ v(v-l)x yY, Rev>Ll (1.2)

Proceeding in the same way as in the establishment of solution (1.2), we can

then show that the transform equations for parts (a) and (b) are as follow,

respectively
AT JRUPS
Ulssy="tits) 1
(s,8,)° 5,5,(8,% +5,%)
n~1.
255
3Yst 4+t i,j=1
Uls,s)="20 e L g
(5,5,)F 5,5, (st +851) (58, (s, +8,)
Therefore,
u(x,y) =z + y)t.
f n+l . 2.0 .
xy L-L y x°y 1-2y
TOTm? l[n+2;x]m2F ‘[n+ l;x]
™y [L-nsy .
+... F(n)F(1)2F1[3 : ;} if y>x

u(x,y) = (x+y)% +Ho . \ i1
Ty gLzl ="y -nx
F(n)I‘(l)zFll: 3; y:, r‘(n—l)l“(z)zFl[ 4 ; y]

xy™*1 L-Lx .
+ "-f——l"(n)r‘(l)2Fl[n+2;y ify<x,
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by virtue of the Results in Remark 2.1.1.2 Equation (1.1'") and the following

inversion formula given in the unpublished monograph by R. S. Dahiya

Lz_l{slk-#_lszk—v_l(sx + 32)_k;x,y}

xl‘-kyv k,k"/i; y
e -
F(u-kIr(v+1)

= u,v>-1

xhyvk kk-v,x £y <
T+ DL(v—R)2 Y p+1y| WY°%

Example 4.3.2.2. Determination of a solution u=u(x,y) of (4.3.2.1) and (4.3.2.2)

for
xv-lyv _ xvyv—l
(a) f(x,y)=———3— and
(x+y) 2
a(x)=0=p(y),
8(x)=x1 and 8(y)="1.
v-1,v - v, v-1
®) flx,="—2L"2F  and
(x+y)'?
a(x)=0=4(y),

8(x)=x"* and é(y)= y_%.

We only present the solution of part (b) completely, the solution of part
(a) is similar to that of part (b), hence the details of that have been omitted.

(b) Applying the double Laplace transform to the terms of (4.3.2.1b) and
(4.3.2.2b) with the aid of (1.5.2.8), (1.5.2.10), (1.5.2.20) and Formula 181 in
Brychkov et al. [11; p. 300], finally we arrive at

Py 1
7 m*  alQ@v+1) |~ dA " dA
(31 32)U(31132) 32% + 81_21 = 22vr(v+%) {J.sl (3’%‘_'_32-.})2%0-1 .[;2 (sl-zL +z"})2v+l}

Evaluating the integrals and simplifying, we get
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zt alr2v+1) s{} —s2* (2.1)

Ulsy,sp) = v : ,
P et 5D+ 2T+ (s +shs +5)

where Re[s,? +s,81> 0.

The inversion of (2.1) will be accomplished from (1.5.28), and Relations
(1.1") in Example 1.1.1 and Formula 181 in Brychkov et al.

x _ v+l _ _ v
J'o v(x+y-26)"* +[(xv+§)(y 3 dE ify>x
wm =4 Gty -25) ) 2.2)
J‘ vix+y-26)""" +[(x~ ;&)(y— &)l dE i y<x.
° (x+y-2&)"7
Substituting x+y-2£=¢ in (2.2), we obtain
G+t -(y-nt - T y:x[t"’ -(x- y)zlvt‘"‘*dt ify>x
u(x,y)= x_y 3 (3.2)
(x+y)% —(x—y)% —ﬁj j[t2 -(x-21t dt ify<x, Rev>0.
x+y
(a) Similarly, the transform equation for part (a) is as follows
_} 1
U(sy,sy) = z + AT v+ D) , Re s+ s.ﬁ] >0,

(518203 (5,7 +83)(s; +85) V(5,850 (5,F +8,7)(s; +8,)

The inversion of Uf(s,,s,) will be accomplished from (1.5.28) and Relation (1.1")

in Example 1.1.1

J"V(x+y—2§)v+[(x—5)(y—5)]"d§ if y>x

ulx,y)=21 ° (x+y—2é)v+*
o .Pv(x+y—2§)"+[(x“‘5)(y'5)]vd§ if y<x
o (x+y-20)"1 ’

Remark 4.3.2.1: One may easily check that the condition of compatibility
(4.3.2.3) holds true for all IBVPs given in Example 4.3.2.1.
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Remark 4.3.2.2: If we let v=1, in part (a) and part (b), we obtain the‘

following solutions, respectively

(x+ 907 = (y= 7 = &[(y = 07 ~ (x+ 9)7]
J —%(x—y)2[(y—x)_% —(x+y)'§] if y>x

u(x,y)= , \ s 3

(x+ )7 _(x-y)7 - L(x - 97 - (x +y)7]

~d(x- PPl =y ~(x+ 9T if yeur.
%[(x+y)*—(y-x)*]-;‘§(x-y)2[(y-x)'%—(x+y)'%] if y>x
U(x,y)=

5[+ ) ~(x- P 1-Lx- 92 G- - H i y<n.

Example 4.3.2.3. Determination of a solution u =u(x,y) of (4.3.2.1) and (4.3.2.2)

for

(a) fix,y)=E0E=Y exP( Y J and
X +y

(x+ y)?f
a(x) =exp(-x), B(y)=exp(-y)
8(x)=0=45(y).
. 5.
=_*=J 2 _ XY
(b) f(xsy)— (x+y).g' 2F1[2; x+y]’ and
a(x)=0=p(y)

8(x) = exp(-x), 8(y)=-exp(-y).

Let us begin to solve the IBVP in part (a). Taking the two-dimensional
Laplace transformation of each term of (4.3.2.1a) and (4.3.2.2.a), with the help
of (1.5.2.8) and (1.5.2.10), and also using the Relation (3.5') in Example 3.2.3'
and with the aid of (1.5.2.20), we arrive at

(5,2 - 8,2)+ (51 - 8) n(s,% - 32%) = 3
(s, + (s + 1) (5,50)F  Jsidresd) (1+£2)?

(31 -89 )U(81,82) =,

or, equivalently
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1 1 T
+ + ‘
(s1+ D052+ D) (s + Dlsp + D1+ 82)  2(s5,5)F (5,7 + 8,01+ (5,2 + 5,1)1(s, +5)

U(sy,82)=

Making use of Relations (1.2) in Ditkin and Prudnikov[43; p.100, (201)]
together with Relation (201) in Brychkov et al. [11; p. 303]. Finally with the aid
of (1.5.2.28), we obtain the following solution

[expl-(e+y-260dt + j — 25)* L(zcxf;(yzgé))) o
(x

u(x, y) = expl—(x - )]+
¥ 1 (x=E)Xy—-¢&)
[~(x+y-2&))d , d
jexp x+y-260de+ [ Ny Xy v 3

if y>x

if y<x

Hence,

2
expl—(y— )]+ expl—(x + y)]— j - (L—Lﬂ-’l—m if y>x
u(xry)=

expl—(x — )]+ expl~(x + )] - j pt (LJt—y)-mt if y<z.

(b) Similarly, the transform equation for part (b) can be obtained

1 47z’l
(s1+ Dlsz +D(s;+82)  g[1+(s? +32%)]% ,

Ufsy,89) =

by virtue of Relation (2.2.i) in Example 2.2.2".
Next, we combine Relations (1.2) in Ditkin and Prudnikov [43; p.100]

and (2.2.i1) in Remark 2.2.2, we obtain the solution in the form
3. 2
(exp[-(y — )]+ exp[—(x + )]} -%J y+ )t'le h ’ t—:%l)—-}dt if y>x
u(x,y) =5 ’

(x-y) _3 L 2 (k- »)? .
—(x— - -3 PR A IR A L PR T .
{exp[—(x — )]+ expl—(x + y)]) Zf(,+y) 2 {1; " if y<x
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Remark 4.3.2.3: It is easy to check that the condition of compatibility (4.3.2.3)
holds true for the IBVPs in Example 4.3.2.3.

4.4. Non-homogenous Second order Partial Differential Equations of
Parabolic Type

44.1. Partial Differential Equations of Type

Upe + 22Uy +Uyy + kU= f(2,7)y 0 <X <00, 0 <y < oo,

where x=0or 1.

Under the initial and boundary conditions

u(x,0) =u(0,y) = u,(x,0) = «,(0,y) = u(0,0) = 0 4.4.1)

Example 4.4.1.1. Determination of a solution u = u(x,y) of (4.4.1) where x¥=1

and u(x,0) =u(0,y) =2, (x,0)=u,(0,y) =u(0,0)= 0, for

(@) fx,y)=(x+y?
(xy)’}
(b) flx,y)=—2
(x+ y)"l
(xy)¥
(x+ y)'w’i

@ fx,y=—2 —expl- ’f’ 1

(x+y)? x+y

(©) flx,y)=

(a) Applying the double Laplace transform to (4.4.1a) with the aid of
(1.5.2.8),(1.5.2.10), (1.5.2.11) and Relation (1.1") in Remark 2.1.1.2, we arrive

at the following transform equation
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1 nils + 8y +(ss)1] 1,3
U(sy,S9) = . 1 , Rels,T+8,7]>0. (1.1a)
P22 sy +82)% +1 2(3132)%(sl‘z‘+32%) v

The inverse transform of (1.1a) can be obtained from (1.5.2.33) via

Relation (1.1") in Remark 2.1.1.2

u(x,y)=‘[:(x+y—2§)* sinédéE (1.2a)

By a simple change of variable x+ y—2¢£ =2¢* in (1.2), we obtain

u(x,y) = 2-*_[((;-) (tz )dt if y>x.

Expanding the sine and making some simplification, we arrive at

2y} %
_ot x+y 2 x+y 9
w(x,y)=2 [cos( 5 )J.(:?) sint®dt - sm( 5 ) J.( %_) 2 cost2dt]1(1.3a)

Using Formula 5 in Prudnikov et al. [84; p. 240], we obtain the solution in the

form

i y-x\_Afx+y
cosx+7r cos( C‘ 5 ) C( 3 J

o) o252

Similarly, to obtain the transform equation for parts (b)-(d), respectively. We

ulx,y) =1 if y>x.

replace relation (1.1') in Example 1.1.1 which is used in part (a), Relations
(1.1") in Remark 2.1.1.2 for part (b), Formula 181 in Brychkov et al. [11; p. 300]
for part (c) and (3.5") in Example 3.2.3' for part (d), we arrive at.

1 v
Uls,, s) = ZTG+D (1.1b)
[(5,+85)% + 1(8,5,)7 (5,F + 5,1)"*!
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al(v+1)

Uf(sy,s5) =
1% 2V T (4)((s, +59)% + 1(s,? +8,2) "1

(1.1c)

Usy,8) = z(s,*+szé)l ) (1.1d)
[(sy + )% + 11+ (5,3 + 5,71

where Rels,? +s,31>0.

Therefore, we obtain the following solutions, respectively

1
2V+1

u(x,y) = I::: 2 —(x- )27 sin(L;y))dt if y>x, Rev>—1

1
2V+1

u(x,y) = J:::t'%jl[t2 —(x-y)T¢ sin(t;(;-"'—-y))dt if y>x, Rev>-1

- 2 _ 2 _
u(x,y)=J.y xt'%exp £ = (x+ ) sin( £ (x+) t ify>x.
x+y 4t 2

Remark 4.4.1.1: Substituting v=0 in parts (b) and (c), leads to

Upy + 22Uy, + Uy + U=

(x+y)?

uu+2uxy+uyy+u=( - )%
x+y

Next, using (1.2b) and (1.2¢), we arrive at the following solutions, respectively
— (5 x+y Y=x\_ofXx+y Y _ i [XtY y=x\ _Afx+y .
ulx,y)=(%) {cos( > )[S( 5 ) S( 5 )J sm( 5 )[C( 3 ) C( 5 )J} ify>x.

1 1 1 x+y y—x xX+y
cos(x + y)— cosy— n’{cos( )[S( ) - S( )]
(x_,_y)'} (y- x)* 2 2 2

sin(x’;y)[c(y;x)—c(x;ym ify>x.

u(x,y) =
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CHAPTER 5. CONCLUSIONS AND FUTURE DIRECTIONS

5.1. Conclusions

The main theme of this dissertation concerns the theoretical and
computational aspects of N-dimensional Laplace transformation pairs, for N>2.
This was mainly done in Chapters 2 and 3. Laplace transforms can be defined
either as a unilateral integral or a bilateral integral. We concentrated on the
unilateral integrals. We have successfully developed a number of theorems and
corollaries in N-dimensional Laplace transformations and inverse Laplace
transformations. We have given numerous illustrative examples on
applications of these results in N and two dimensions. We believe that these
results will further enhance the use of N-dimensional Laplace transformation
and help further development of more theoretical results.

Specifically, we established several two-dimensional Laplace transforms
and inverse Laplace transforms in two-dimension pairs. These are in
agreement with the results in Ditkin and Prudnikov [43], Voelker and Doetch
[107] and Brychkov et al. [11], by taking the function to be the commonly used
special functions.

Several initial boundary value problems (IBVPs) characterized by non-
homogenous linear partial differential equations (PDEs) are explicitly solved in
Chapter 4 by means of results established in Chapters 2 and 3. In the absence
of necessitous three and N-dimensional Laplace transformation tables, we

solved these IBVPs by the double Laplace transformations. These include
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non-homogenous linear PDEs of the first order, non-homogenous second order

linear PDEs of Hyperbolic and Parabolic types.
5.2. Future Directions

Even though multi-dimensional Laplace transformations have been
studied extensively since the early 1920s, or so, still a table of three or N-
dimensional Laplace transforms is not available. To fill this gap much work is
left to be done. To this end, we have developed several new results on N-
dimensional Laplace transformations as well as inverse Laplace
transformations and many more are still under our investigation. A successful
completion of this task will be a significant endeavor, which will be extremely
beneficial to the further research in Applied Mathematics, Engineering and
Physical Sciences. Specifically, by the use of multi-dimensional Laplace
transformations a PDE and its associated boundary conditions can be
transformed into an algebraic equation in n independent variables, this

algebraic equation can be solved to obtain the desired solution.
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