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ABSTRACT

An eigenvalue problem for a Sturm-Liouville differential operator containing a parameter
function and being studied on a given domain is a model for the infinitesimal, vertical vibration
of a string of negligible mass, with the ends subject to various constraints. The parameter
function of the Sturm-Liouville operator encodes information about the string (its density),
and the eigenvalues of the same operator are the squares of the natural frequencies of oscillation
of the string. In an inverse Sturm-Liouville problem one has knowledge about the spectral
data of the operator and tries to recover the parameter function of the same operator. This
thesis deals with the recovery of the parameter function of a Sturm-Liouville operator from
knowledge of three sets of eigenvalues. The recovery is achieved theoretically and numerically
in two different situations: a) when the three sets correspond respectively to the vibration
of the whole string fixed only at the end points, and the vibrations of each individual piece
obtained by fixing the string at an interior node; b) when the three sets correspond respectively
to the vibration of the whole string fixed only at the end points, and the vibrations of each
individual piece obtained by attaching the string at an interior node to a spring with a known
stiffness constant. Situations when existence or uniqueness of the parameter function is lost

are also presented.



CHAPTER 1. INTRODUCTION

1.1 A short history of direct and inverse Sturm-Liouville problems

In general, by an inverse spectral problem one means: ’infer properties of a body from its

natural frequencies of vibration’. Such problems occur

e in determining the structure of the earth from the vibrations induced by the earthquakes,

e in designing structures, such as the space station, where certain resonant frequencies are

to be avoided.

In one-space dimension, direct and inverse spectral problems have been mostly studied
for special kinds of second and fourth order differential equations (e.g. —u” + ¢(x)u = Au,
(a(s)w) + Aa(s)w) = 0, v + (A(z)u') + B(x)u = Au) associated with various boundary
conditions. In multi-space dimensions, the eigenvalue problem

—Au+ q(z)u = Au, on a bounded domain €,
ulpq =0,
for the Schrédinger operator received the most attention.

An important category of direct and inverse spectral problems are the Sturm-Liouville
problems. A Sturm-Liouville differential operator with potential function ¢ € L?(a,b) has the
canonical form

LDy(z) = —u" () + q(x)u(z), = € [a,b].

There are several pairs of boundary conditions associated with this differential operator. In the
most general form of separated boundary conditions, we write the pair of boundary conditions
as:

u'(a) — hu(a) = 0 = u'(b) + Hu(b).



Here h and H are positive, real numbers and are allowed to be oo, with the understanding that

h = 0o means u(a) = 0, and H = oo means u(b) = 0, respectively. The boundary conditions
u(a) =0 = u(b)

are called Dirichlet boundary conditions. Other names are associated with other boundary
conditions (e.g. Dirichlet-Neumann for u(a) = 0 = u/(b)).

By a direct Sturm-Liouville problem with Dirichlet boundary conditions, one means the
problem of finding the eigenpairs of the Sturm-Liouville differential operator L9 with domain
D(L@) = {u € H?(a,b)|u(a) = 0 = u(b)}, knowing its potential function g.

By an inverse Sturm-Liouville problem, one means the problem of finding the potential
function ¢ from knowledge of the spectral data of the Sturm-Liouville differential operator
L) The spectral data can take various forms giving rise to various inverse spectral problems.
For example, the spectral data can be two sequences of numbers expected to be the Dirichlet
eigenvalues and Dirichlet-Neumann eigenvalues of the Sturm-Liouville operator L@, or the
spectral data can be again two sequences of numbers, expected this time to be the Dirichlet
eigenvalues, say {\,}n>1 and the sequence of L? norm of the rescaled Dirichlet eigenfunctions
of the Sturm-Liouville operator L(? corresponding to these eigenvalues (i.e. {H%HQ}nzl,
where u, (x) is the Dirichlet eigenfunction corresponding to the Dirichlet eigenvalue \,,).

Above, we used the notation H?(a,b) for the Hilbert space
{u € C*a,b)|lu'(z) = c +/ v(s)ds, for some ¢ € R and some v € L*(a,b)}.

with the norm:

HUHH2(a,b) = \/HUH%%Q,[)) + ‘|ul‘|%2(a7b) + HUNH%%Q,I))-

Similarly, the Hilbert space H'(a,b) is defined as
H'(a,b) = {u € Cla, b]|u(z) = c—l—/ v(s)ds, for some ¢ € R and some v € L*(a,b)}.

These two spaces will be used in Chapter 3.
The theory of direct Sturm-Liouville problems started around 1830’s in the independent

works of Sturm and Liouville. There is however a modern approach: with complex analysis



and compact self-adjoint operators theory one can prove the existence of the eigenpairs of the
Sturm-Liouville operator and obtain useful characterization of the eigenpairs: countably many
eigenvalues, completeness of the set of corresponding eigenfunctions, asymptotic formulas of
eigenvalues and eigenfunctions, etc.

The inverse Sturm-Liouville theory originated in a 1929 paper of Ambartsumyan. If ¢(z) =

0 a.e. on [0,1] in the Sturm-Liouville problem

then all the eigenvalues \’s are the elements of the set {(n7)%n > 0}. Ambartsumyan [1]
showed the reverse: if {(nm)%n > 0} are all the eigenvalues of the above Sturm-Liouville
problem, then ¢ = 0 a.e. on [0,1]. This led to the natural speculation that one can recover
the coefficient function ¢ from only one sequence of eigenvalues. This conjecture turned out
to be false. In general, a single spectrum is not enough to uniquely determine the function
q. Borg [3] in 1946 gave the first definitive result about uniqueness of coefficient function ¢
(in some papers, this is called potential). Uniqueness results under various hypotheses (i.e.
when various kinds of spectral data are known) followed later due to the fundamental paper of
Gelfand and Levitan [7], 1951. In the study of Sturm-Liouville problems they introduced the
use of the so-called Gelfand-Levitan transformation operator. This is a Volterra type integral
operator connecting the solution to one initial value problem for the Sturm-Liouville differential
equation with the solution to another initial value problem of similar form. For example, if
v(x) solves

—v" + p(x)v = Av, in (0,1)

v(0)=0

v'(0) = «,
and u(x) solves a problem of the same type but with p(z) replaced by ¢(z), then the two

solutions can be related as follows:

u(z) =v(x) + /OI K(xz,t;p,q)v(t)dt, = € [0,1],



where the function K (z,t;p,q) is the solution to a precise hyperbolic boundary value problem
(see [13, Theorem 4.18, page 154]). The right hand side of the identity above defines the
Gelfand-Levitan transformation operator. In solving the inverse Sturm-Liouville problem,
proving the existence of the coefficient function ¢ turned out to be a much more delicate issue
than it was proving its uniqueness. It was not until 1968 that a complete resolution of necessary
and sufficient conditions on the spectra for the existence of an L? potential ¢ giving rise to
those spectral values was proved by Levitan. Other proofs of existence can be found in several
1980’s papers of Trubowitz and co-workers. Another important question was the following:
How well can one numerically reconstruct the potential ¢ when only a finite amount of spectral
data is known? Gelfand and Levitan [7], Hochstadt [11], Rundell and Sacks [20], [21] are some

of the papers where numerical algorithms for this purpose were developed.

1.2 The work of Pivovarchik 1999

An important reference for this thesis is a 1999 paper of V.N. Pivovarchik [16]. In [16] the
author studies an inverse Sturm-Liouville problem using three spectra: given three sequences
of real numbers with well designed properties {\p}n>1, {tn}n>1, {¥n}n>1, find a real valued,
L?(0,a) function ¢ such that these three sequences are the Dirichlet eigenvalues corresponding
respectively to the following three boundary value problems for a Sturm-Liouville differential

equation:
—u” + q(z)u = A, in (0,a)
u(0) =0 = u(a),

a

—v" + q(x)v = pv, in (0, %)
0(0) =0 = u(3),

—w" + q(x)w = vw, in (%,aq)
w(g) =0=w(a).
Pivovarchik proved existence and uniqueness of the solution to the above inverse three spectra

problem, but his approach is rather theoretical and not implementable on a computer.



1.3 The contributions of this thesis

One of the main contributions of this thesis is to give an alternative, simpler and computer-
implementable proof for the same inverse spectral problem. The essential difference is that
while Pivovarchik [16] constructs two potentials, ¢; defined on (0, §) and ¢y defined on (5,a)
using for each potential one pair of sequences of numbers, where the two sequences of each pair
are expected to be two sets of eigenvalues, here two potentials are constructed, ¢; defined on
(0,5) and G2 defined also on (0, §) using for each potential one pair of sequences of numbers,
but this time each pair contains sequences that are expected to be one sequence of eigenvalues
and one sequence of norming constants in the sense of Péschel-Trubowitz. Then ¢» is reflected
about the line z = § to produce g2 on (§,a) which is finally pasted together with ¢1 to give
the complete ¢ on (0,a). The existence part of the proof is a constructive one, suitable for
numerical implementation and it only requires notions of the direct Sturm-Liouville problem
on a finite interval and some knowledge of entire functions of exponential type and functions
of sine type from complex analysis. The uniqueness part of the proof is based only on the
uniqueness of a solution-pair to an overdetermined hyperbolic problem.

Some background material on the mathematical modeling of a vibrating string is given in
Chapter 2. The existence and uniqueness mentioned above, along with the constructibility of
the potential ¢, are discussed in Chapter 3. Situations where existence or uniqueness of the
potential ¢ is lost are presented in Chapter 4. Two generalizations are discussed in Chapter 5:
the case of the interval [0, a] broken at an arbitrary interior node ap where a boundary condi-
tion of the same type as for the main case (i.e. Dirichlet boundary condition) is prescribed,
and the case of the interval [0, a] broken at an arbitrary interior node ay where a mixed bound-
ary condition (i.e. Robin boundary condition) is prescribed. Complete explanations about
implementing the algorithm for reconstructing such a potential from three finite sets of real
numbers are presented in Chapter 6 and some numerical results are given in Chapter 7.

Other contributions of this thesis include the proofs of the Auxiliary results in Chapter 3

and Chapter 5, and the proof of Lemma 2 in Appendix.



1.4 A motivation for the inverse three spectra problem

The study of reconstructing a potential q from three sequences of real numbers is motivated
by a practical situation: an inaccessible string, fixed at the end-points and of negligible mass, is
set into infinitesimal vibrations. To simplify, we assume that the string vibrates only vertically.
The first few of its countable many frequencies of oscillation are measured by a special device.
Assume next that the string is clamped at its mid-point. Then each half of the string is set into
vibrations with its own frequencies. Again, the first few frequencies of oscillation of each half
of the string are measured. From these three sets of real numbers obtain information about
the string (for example, its density). The potential function ¢ which appears in the Sturm-
Liouville problem we are studying contains such information. Some details about how the
potential function g of a Sturm-Liouville problem with Dirichlet boundary conditions encodes
information about the vibrating string fixed at the end-points are presented in Chapter 2.

Note that in theory three infinite countable sets of real numbers are needed to reconstruct
g, but in practice only finite sets are available to us. Even so, numerically we can obtain an

approximation of such q.

1.5 Inverse problems on graphs

Another motivation for the stated problem comes from the theory of inverse eigenvalue
problems on graphs. Consider a graph G defined by the edges e;, j = 1,..., N and vertexes
vg, k= 1,...,M. On each edge e; a potential ¢; is defined, and vibrations of the edge are
specified by u; defined on e;. Conditions at the vertexes are of two types. At an external
vertex vg, i.e. a vertex contained by only one edge, a standard boundary condition is specified,
such as u;j(vy) = 0 for definiteness. If vy is a vertex where edges ej, j € J meet, then the

so-called Kirchhoff conditions must be satisfied,

wjy () = wj,(vg), ji,72 € J

Zu’(vk):Q k=1,...,M

jeJ



where the derivative is in the direction toward the vertex. The eigenvalue problem thus consists

in seeking A such that
uj + (X = gj)u; =0, on e; (1.5.1)

together with the above boundary and matching conditions.

If we specialize to the simplest nontrivial graph, consisting of 2 edges meeting at one vertex,
regard the two edges as being e; = (0,a0), e2 = (ap, a), take the boundary conditions at the
exterior vertexes 0, a of Dirichlet type, then the matching conditions at ag amount to the
requirement that u, u' are continuous, where u = u; on e; may be regarded as a function on
[0,a]. It then follows immediately that u is simply an H? solution of u” + (A — ¢)u = 0 on [0, a]
where ¢ = g; on e;.

Thus, the three spectrum inverse problem may be viewed as that of determining the po-
tential on each edge given the Dirichlet spectrum for each edge ({fin,vn}) plus the spectrum
for the entire graph ({\,}). This formulation may clearly be extended to more complicated
graphs, in which case the data would always consist of N + 1 spectra, one for each edge e;
and one more for the entire graph. Such inverse spectral problems in more complicated special
cases have been studied by Pivovarchik [17]. A variety of other inverse eigenvalue problems for

graphs have also been considered, e.g. Yurko [24], Belishev [2], Freiling and Yurko [5].



CHAPTER 2. MATHEMATICAL MODELING OF THE VIBRATING
STRING FIXED AT THE END POINTS

In this chapter we explain how the vibrating string fixed at the end-points gives rise to
a Sturm-Liouville problem with Dirichlet boundary conditions. We also present the physical
interpretation of the coefficient function in the Sturm-Liouville differential operator and of the

eigenvalues of the same operator.

2.1 The vibrating string and one type of Sturm-Liouville equation

Consider a string fixed at the end-points € = 0 and & = &y with negligible weight compared
with the tension in string, which at time 7 = 0 is at equilibrium (i.e. it lies along the line n = 0).
We assume that the tension in the string is constant and the string is set into infinitesimal,
vertical vibrations from its equilibrium position. See Figure 2.1.

Let U(&, 7) describe the position from equilibrium (line n = 0) at time 7 > 0 of a point-
particle on the string which at 7 = 0 is at location £&. Then Newton second law of motion for

an infinitesimal element of the string with length 0¢ takes the form:

(p(f)é{)a;_g(ﬁm) =Tsinf({+ 6, 7) — Tsinf(£, 7), on n-axis, (2.1.1)

since the weight of the string element was neglected, and
0="TcosO(&+0,7)—Tcosb(E,T), on E-axis, (2.1.2)

since we assumed only vertical vibrations, so there is no horizontal acceleration. Here

0*U

W(iﬁ)



1 axis

£ axis 50

Figure 2.1 The infinitesimal, vertical vibrations of a string fixed at the
end-points

is the acceleration of the point particle £ at time 7 > 0, hence the acceleration of the string
element 6&; T is the tension in string (acting tangentially to the string); and 6(§ + d¢, 7) and
0(&,7) are the angles between tension vectors and the horizontal line n = 0 at time 7 > 0 and
locations € + ¢ and € respectively (hence these are the angles between the string, or correctly,
between the tangent vectors to the string and the horizontal line). Note that the string at time

7 > 0 takes the position described by the function

§—=U(E7)

Then it follows that

tan@(&, 1) = (Z[é

(& 7).

tan@(§ + 66, 1) = %g({ + 66, 7).
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Because the vibrations are small we can write:
sin@(& + 06, 7) = tan0(§ + ¢, 7), and cosO(§ + &, 7) ~ 1

and

sinf(&,7) ~ tanf(§, 1), and cosf(&,7) ~ 1

Thus equation (2.1.2) is trivially satisfied, and equation (2.1.1) becomes

277 U o6&, T — U T
<(£)>8 (6.7) = e (€ + 552 o (& )‘

(2.1.3)

Because 6¢ is an infinitesimal element of the string, equation (2.1.3) becomes:

2 2
(@)a (€)= See.n). (2.1.4)

Next, try a solution to equation (2.1.4) in the separable variable form:

U 1) = o(&)v(r). (2.1.5)

Insert equation (2.1.5) into equation (2.1.4) and get:

(22) st ) = "0t (216
or equivalently
¢"(€) Y'(7)
= . (2.1.7)
(29) o)~ 90)
Equation (2.1.7) is satisfied only if its both sides are equal to the same constant.
¢"(§) Y'(7)
=C. (2.1.8)
(42)0te) ¥
From (2.1.8) we have that
% PE)
#'(6) = 2o (6) (21.9)

Multiplying both sides of equation (2.1.9) by ¢(¢), integrating from & = 0 to £ = & and using

integration by parts in the integral on the left side, we get:

50 _
/ ¢(6)F (€)de = C / P o()a(e)de. (2.1.10)
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Using the boundary conditions
$(0) = 0= ¢(%),
derivable from (2.1.5) and the fact that the string remains fixed at the end-points at any time,

equation (2.1.10) will produce

B o (2 ae éo@ )
[ wera = c [T 2R (21.11)

Equation (2.1.11) clearly tells that C' is a real, negative number, since p(§) > 0 and T > 0, as

density and tension. Let A = —C' > 0. Using equation (2.1.8) we obtain:

¢"(€) + X+ p(€)(€) =0, £ € [0,&] (2.1.12)

where (&) = p(§)/T', and
(1) + Mp(1) =0, T > 0. (2.1.13)

Equation (2.1.13) is easily solvable and we get:
Y(1) = Cy cos(VAT) + Casin(VAT). (2.1.14)

Equation (2.1.12) is of Sturm-Liouville type, but not in the canonical form.

2.2 The canonical Sturm-Liouville equation

We shall put (2.1.12) in the canonical form for the reason of an easy mathematical manip-
ulation in the subsequent work and of revealing the connection between the string properties
(density p(§) and tension 7T') and the potential function g(z) of the Sturm-Liouville operator.

We make a change of dependent and independent variables:

§ <z, and §(§) < u(z),
by the formula:
P(§) = o(z)’ (2.2.1)

where the functions = z(£) and v(x) are at our disposal to choose. From equation (2.2.1) we

calculate:

¢'(&) = v2(z) -2/ (8). (2.2.2)
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It is wise to choose z(£) and v(z) such that simplifications in equation (2.1.12) when coming

to replace ¢(§) by u(x) occur as much as possible and as soon as possible. Therefore choose:
2 (€) = v*(x). (2.2.3)
By equation (2.2.3), equation (2.2.2) becomes:
#(6) = ()v(x) — ulz)/(2), (2.2.4)
from which we further derive
¢"(€) = (u'(z)v(z) — u(@)"(2)) - 2'(€). (2.2.5)

The reason of choosing a quotient in formula (2.2.1) is now visible: the first order deriva-
tive of u(x) will not appear when in equation (2.1.12) we go from ¢(&) to u(x). Now use

equations (2.1.12), (2.2.1), (2.2.5), and (2.2.3) to write:

(u”(x) _ V@) cu(x) + A pLe) u(m)) 03 (z) = 0. (2.2.6)

vi(x)
To help us uniquely determine z(&) and v(z), in addition to equation (2.2.3), a second equation
is now seemingly:

o (z) = 7(6). (2.2.7)
Using equation (2.2.7) in equation (2.2.6), after dividing equation (2.2.6) by v*(x), and intro-

ducing the function

q(z) = : (2.2.8)
we obtain the most venerated canonical Sturm-Liouville equation:
—u"(z) + q(z)u(x) = Au(z). (2.2.9)
We summarize now our choices of z(£) and v(x):

7'(€) = v?(x), by equation (2.2.3),

v (z) = p(€), by equation (2.2.7).
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Further manipulation of (2.2.3) and (2.2.7) gives us:

2'(§) = V/p(8), (2.2.10)

v(z) = +/p(&). (2.2.11)

Integrating equation (2.2.10) we obtain:

3
v=a(e) = [ Vi (2.2.12)

which by inversion gives us £ = £(x), and so

v(z) = /(). (2.2.13)

Thus we have to solve an ODE for the unknown function u(x) over the interval [0, a], where

x =0 corresponds to £ =0, and z = a = 050 \/p(€)d¢, corresponds to & = &p.

2.3 Relationships between the properties of the string and the parameters

in the canonical Sturm-Liouville equation

Now it is clear why we said that the potential function ¢(z) in equation (2.2.9) encodes
information about the string: equations (2.2.8) and (2.2.13). There is one more parameter
which appears in equation (2.2.9) and which ought to be paid attention to. This is A firstly
introduced in equation (2.1.12). We now make the following connection: A appears in equa-
tion (2.1.14) which contains the functions sin and cos. These are periodic functions with period
2. Therefore the function v is periodic with period 79 = 27/v/A. Hence v/A = 27 /7 has the
form of a frequency. Due to this reason we call v/, the frequency of oscillation of the string.

On the other hand, equation (2.2.9) can be written in the compressed form:
LWy =\, (2.3.1)

which means mathematically that \ is an eigenvalue of the Sturm-Liouville operator L(?). We
can now conclude that the eigenvalues X’s of the Sturm-Liouville operator L9 are closely

related to the frequencies of oscillation of the string v/\’s.
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2.4 Physical interpretation of the direct and inverse Sturm-Liouville

problems with Dirichlet boundary conditions

With the explanations in Section 2.3, the mathematical statement ’obtain information
about the potential function g(z) of the Sturm-Liouville operator L% from knowledge of the
eigenvalues of L(?’ has the physical meaning ’obtain information about the density function
p(&) = p(&)/T of the string from knowledge of the string’s frequencies of oscillation’. Also,
from this work we learned that, if the string vibrates in one mode (i.e. with frequency ﬁ),

then by (2.1.5), (2.1.12), and (2.1.14) the position of the string at time 7 is given by
U(E,7) = 6(€) (01 cos(VAT) + Cy sm(fm) , for all £ € [0, &), (2.4.1)

where {\, ¢(§)} solves (2.1.12), or equivalently {\,u(x)} solves (2.3.1), with the changes of

variables

=

8(6) — u(x)
as described in (2.2.12), (2.2.1), (2.2.13), and p(&) = p(&)/T. It means that {\ u(z)} is
an eigenpair of the Sturm-Liouville operator L% with domain {u € H?(0,a)|u(0) = 0 =
u(a)}. The direct Sturm-Liouville theory insures that the operator L(? has countable many
eigenvalues {\,|n > 1}, and that the corresponding eigenfunctions {u,(z)|n > 1} form a
complete, orthogonal set in L2(0, a). It follows by (2.2.1), (2.2.11), (2.2.10) that {¢,(&)|n > 1}

form a complete, orthogonal set in the weighted space
) o y
L3(0.60) = {ol [ 16(€)1 - 3)de < o0},
endowed with the inner-product
o B
<X >p= | P(E)x (&) - p(&)de.

Therefore, the position of the string at any time 7 > 0 is determined from all frequencies of

oscillation {\/A,|n > 1}, by superposing solutions of type (2.4.1) for each A = \,,. That is

U, m)=> énld) (Cl,n cos(v/AnT) + Caom sin(\/m)) , for all £ € [0,&)]. (2.4.2)
n=1
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The sets of constants {C} »|n > 1} and {C4 ,,|n > 1} are determined from information about the
string at 7 = 0 (e.g. U(§,0) and %—g(f, 0)). They will be the generalized Fourier coefficients (up
to some constants) of U(,0) and %—g(f, 0) respectively, in the basis {¢,(&§)|n > 1} of L%(O, &o)-
Hence, if the properties of the string are known (i.e. the 'weighted’ density (&) = p(§)/T),
then the pairs {¢n(§), Ap }n>1 Will be known and therefore the position of string can be found at
every instant, via equation (2.4.2). This is essentially what the direct Sturm-Liouville theory
says. In the inverse problem, one has knowledge not of the position of the string at every
instant, but of the spectral data (the frequencies of oscillation and some information of how

the string vibrates in all modes of oscillation, i.e. {A,|n > 1} and some information about

2
the {¢n(&)|n > 1}, for example {(Hifl‘(loLf) |n > 1}) and wants to find out the density of the

string.
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CHAPTER 3. EXISTENCE, UNIQUENESS, CONSTRUCTIBILITY OF
THE POTENTIAL FUNCTION ¢

This chapter is devoted mostly to proving existence and uniqueness of a potential function
under proper restrictions on spectral data and elaborating the algorithm for reconstructing
such a potential. We make the observation that the space l’g is needed in this chapter and
therefore its definition is included next.

Definition: The space l’; is the space of all real sequences {7, },>1 such that

o0

Z(nk'yn)Q < 00.

n=1
Notation: We shall use in this and next chapters the following notation for the mean value
of the function p defined on [«, 5]:

B
o= 5= [ wlo)is

3.1 Under which conditions a potential function exists?

The following theorem was proved by Pivovarchik in [16]. However, an alternative proof is
presented in Section 3.4, whose main aspects are motivated by the computational method to

be developed in Section 3.3.
Theorem 1 Let a > 0 and let M, My, My be three real numbers such that

M, # M (3.11)
M:M1<2FM2. o

Let {\,Jn > 1}, {pn|n > 1}, and {vn|n > 1} be three sequences of real numbers, strictly

increasing, such that neither two of them intersect and satisfying the following asymptotic
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formulas:
nm 2 )
An = (—) + M + ¢, as n— 0o, where (¢n)p>1 € I3, (3.1.2)
a >

nm\ 2

f, = </2> + My +cl, asn — oo, where (cl)n>1 € 13, (3.1.3)
a >
nm\ 2

vy = </2> + My + 2, as n — oo, where (c2),>1 € 13, (3.1.4)
a >

and having the following interlacing property:
0< A <pp and 0 < A <y,
and for every n > 1 the interval (An—1, \n) contains exactly one element of the set
{pm|m = 1} U{vm|m = 1}.

Then there erists a real-valued potential ¢ € L?(0,a) such that {\,|n > 1}, {un|n > 1} and
{vn|n > 1} are the Dirichlet eigenvalues for the Sturm-Liouville problem with potential q over

the intervals [0,a], [0, 5], [$,a] respectively.

Observation: All the above hypotheses are needed to prove existence. The second condition
of (3.1.1), the asymptotics with the remainder sequences {c,}n>1, {ck}n>1, {€2}n>1 in l2 in
place of I3, and the interlacing property are necessary conditions for the existence of such a

potential (see the discussion in Section 4.1 and respectively Remark 3.1 of Section 3.7).

The proof of Theorem 1 is postponed to Section 3.4.

3.2 Preparatory material

The scope of this section is to give the reader the opportunity to get the intuition of how
to construct the potential function needed in Theorem 1. In order to achieve this we assume
that such potential exists and gather useful information. Facts from the direct Sturm-Liouville
theory pertaining only to this specific three spectra problem will constitute the subject of the
following subsections. It will be seen that the construction comes in a natural way. This section
is fundamental for developing the numerical algorithm and elaborating the proof of existence

and uniqueness of a such potential.
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3.2.1 The fundamental set of solution to the canonical Sturm-Liouville differential

equation
Consider in general a real-valued function p € L?(a, 8). Denote by C(-;p, ) and S(-;p, \)
the H?(a, 8) solutions to the canonical Sturm-Liouville ODE:
—u"(z) + p(z)u(z) = Mu(z), = € (a, B), (3.2.1)
satisfying the initial conditions:
u(a) =1, /(o) =0, (3.2.2)

and respectively

u(a) =0, v(a) =1, (3.2.3)

These notations are suggestive: if p = 0 then the solution to the initial value problem consisting
of (3.2.1) and (3.2.2) is
cos(VA(z — )),

and the solution to the initial value problem consisting of (3.2.1) and (3.2.3) is

sin(vVA(z — a))
7 :

By attaching a subscript 1, or 2 to the functions C(-;p, ) and S(-;p,\) we mean to refer to

the solutions to (3.2.1) with initial conditions (3.2.2) and respectively to (3.2.1) with initial

conditions (3.2.3) over the first half [0, §] and respectively over the second half [§,a] of our
interval [0, a]. Next, we make the observation that C(-;p, A) and S(-;p, ) form a fundamental

set of solutions to (3.2.1).

3.2.2 The use of the fundamental set to represent a solution

Next, let q; and g2 be the restrictions of ¢ to the subintervals [0, §] and [g, a], respectively.

Then take the reflection of g2 over the midpoint 2 = § of the interval [0, a] and obtain

G@2(z) = q2(a — z), for z € [0, §].
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Since S(+; ¢, A) is a solution to equation (3.2.1) where p = ¢ over the interval [0, a], it will also
be a solution to the same ODE over the interval [§, a], where ¢ is actually gz. Therefore it can
be written as a linear combination of the fundamental solutions of equation (3.2.1) over the

interval [§, a], where p = q|[2 o) = go
S(w;q,A) = k1C2(w; g2, A) + kaS2(x; g2, A), for all z € [3, al. (3.2.4)

The values of the constants ki and ko are obtained by taking x = § in formula (3.2.4) and

using the initial conditions for Cs(-; g2, \) and Sa(+; g2, A). Hence we get:

S(x:0,0) = S(5:0. N Calai a2 ) + 8 (550, N Sa(ai a2, ), forall € [,al. (3:2.5)

Further we claim that
S(z;q,\) = S1(x;q1, A), for all z € [0, §]. (3.2.6)

This is so because both S(-;¢,\) and S1(-; g1, A) satisfy the ODE (3.2.1) on the interval [0, §],
where p = q|[0’%} = q1, and the same initial conditions at z = 0. Therefore, equations (3.2.5)

and (3.2.6) give us:
a a
S(xz;q,\) = Sl(i;ql,)\)Cg(a:;qg, )+ S{(i;ql,)\)Sg(:v;qg,)\), for all z € [, qa], (3.2.7)
which by taking x = a becomes:

a a
S(a;g,\) = S1(5; a1, \)Ca(0; 02, M) + 51(5; 1, A)S2(a; g2, \) (3.2.8)

3.2.3 A crucial result

Next we prove a result very useful in the subsequent work, whose generalization is presented
in the Appendix.

Looking at the formula (3.2.8), we observe that one term contains Si(§;q1,A) and the
other term contains the derivative S7(%;q1, ), both being quantities that correspond to ¢.
Not the same thing can be said about the quantities that correspond to ¢2. Hence, the idea

of casting (3.2.8) into a symmetrical form comes into mind: discover a pair of transformations
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to replace Ca(a; gz, A) by a derivative similar to S7(§;q1,A), and Sa(a;qz,A) by a function
similar to S1(§;q1,A), keeping in mind that the two new quantities must correspond to the

same function. This intuition laid down the foundation for Lemma 1.

Lemma 1 The following hold:
Sa(aiq2,N) = S1(53 @2, ), for all A€ C, (3.2.9)
Cola; go, ) = Si(%; G2, \), for all A € C. (3.2.10)

Proof of Lemma 1: First we prove formula (3.2.9). Let A € C be chosen and fixed. Let us

introduce the following notations:
¢(x) = S1(z; G2, A), for x € [0, §],
Y(x) = Sa(a — x;q2,A), for x € [0, §].

Since Si(-; @2, A) is the solution to the initial value problem consisting of (3.2.1) and (3.2.3)

with p = @2 and [a, 8] = [0, §] we can write that

—6"(2) + @a(x)p(x) = Ap(x), for z € [0, 8], (3.2.11)
and the initial conditions
#(0) =0, (3.2.12)
¢'(0) =1.

Since Sa(-;q2,A) is the solution to the initial value problem consisting of (3.2.1) and (3.2.3)

with p = ¢o and [«, 8] = [%, a] we can write that

=85 (& a2, A) + @2(8)S2(&: a2, A) = AS2 (&5 a2, ), for € €[5, al. (3.2.13)

If z € [0,§] then a — € [§, a], and we can replace £ in equation (3.2.13) by a — x and using

our definition of ¢ above, we obtain that
—p"(x) + @) (x) = Mp(x), for z € [0, ], (3.2.14)

because

' (x) = SY(a — x;G2, \), for x € [0, g1,
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and

G@2(z) = q2(a —z), for z € [0, §].
The final conditions for 1) are
¥(3) =0,
v(g) = -1
due to our definition of ¢ and the initial conditions for Sa(+; g2, A). Multiplying equation (3.2.11)

(3.2.15)

by ¢ (x) and equation (3.2.14) by ¢(x) and subtracting we arrive at:

—¢"(2)1(x) + ¢(z)¢)" (x) = 0, for z € [0, 5],

which is equivalent to
a4
dx
Here W[¢, ] is the Wronskian of the pair of functions {¢, 1} defined as follows:

(W[g.4)(x)) = 0, for z € [0, §].

Wi ul(2) = o(z) ¥(z)
¢'(z) ¢'(z)
Therefore
W(,])(z) = const, for z € [0, 2],
and hence

Wo.,¥1(0) = W, ¥(3):
This means
60) () | | 9(8) (3
$0) V) | |93 ¥E)
which by using our definitions of ¢ and ¥ and formulas (3.2.12) and (3.2.15) reads

I

0 Sa(a;qe,N) S1(5:42,A) 0
1 —S5(a; g2, \) S1(%:G2,N) —1

Obvious calculations give further the desired formula (3.2.9). Finally, formula (3.2.10) can be
proved similarly by introducing the functions:

qb(ﬂl’) :Sl(x;(j%)‘)v for z € [Oa %]7

w<$) :CQ(G—.%';QQ,)\), for z € [07 %] O
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The identities (3.2.8), (3.2.9), and (3.2.10) yield
a ;. a ,a a
S(aig,A) = S1(5341, V)91 (53 @2, A) + 515501, M) 91(53 62, V). (3.2.16)

Formula (3.2.16) turned out to be of crucial importance in elaborating the proofs of existence

and uniqueness, and in developing the algorithm for constructing a such potential function q.

3.2.4 Integral representations with Gelfand-Levitan kernel

Another useful thing is the following general result well known in the direct theory of Sturm-
Liouville problems (see [13, Theorem 4.18 and Example 4.19, pages 154-157)): if p € L?(0,8)

is a real valued function and A € C, then

S(z;p,A) = S.III(\?LE) + /Oz K(:B,t;p)sm(\/\gt)dt, for z € [0, 4], (3.2.17)

where K (-, -;p) € C(Ay), called the Gelfand-Levitan kernel, is the weak solution in the triangle
Ap={(,)0<t<z<p}
to the Goursat problem:
W:m:(CEat) —th(.fﬂ,t) —p(m)W(x,t) =0, (I‘,t) € Ao,
W (a,z) = 3 [o p(s)ds, z € 0,4, (3.2.18)
W(z,0) =0, x € [0, 5].

Since p € L?(0, 3), it follows that the function

fla) =3 [ plo)ds, a < 0.0

is an H'(0,3) function such that f(0) = 0, and therefore by Theorem 4.15 of [13, page 147],
there exists the partial derivative K,(-,-;p) and so we can differentiate with respect to z

in (3.2.17) and using (3.2.18) we obtain:

S'(x3p.N) = cos(Vz) + K(,23p) Sm(\?x) + /Ox Km(:c,t;p)sm(\/\gt)dt,
= cos(Vz) + <; /Oxp(s)ds> sm(\?m)
+/0 Kol tp)— 7=—dt. (3.2.19)
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Now take x = ( in (3.2.17) and in (3.2.19):

Sin(\ft)dt (3.2.20)

sin s
S(B;p, ) = (\\/gAﬂ)Jr/U K(B,t;p)
and

B sin p sin
s’(ﬁ;p,»:cosmﬁn(; / p<s>ds)-<\?5>+ / w,t;p)%’”dt. (3.2.21)

Formulas (3.2.20) and (3.2.21) are two integral representation formulas with Gelfand-Levitan

kernel that we often refer to in the subsequent work.

3.2.5 The eigenvalues and the zeros of the characteristic function of a Sturm-

Liouville problem

Another useful general result is that the Dirichlet eigenvalues of the Sturm-Liouville oper-

ator L(®) over the interval [a, §] are exactly the zeros of the function

called the characteristic function of the Sturm-Liouville problem with Dirichlet boundary con-

ditions:
—u"(z) + p(z)u(z) = Mu(z), = € (a, B)
u(a) =0 =u(pB).

This is seen as follows: if A is such an eigenvalue, then there exists an eigenfunction u # 0
in H?(a, 3) associated with it. That is, u satisfies the ODE (3.2.1), and u(a) = 0 = u(3). It
follows that u'(«) # 0 (otherwise, since u satisfies the ODE (3.2.1) and u(«) = 0, u would be
identically zero, which violates the fact that u is an eigenfunction). So the function ﬁ is well
defined and satisfies the initial value problem consisting of (3.2.1) and (3.2.3), whose unique
solution is S(-;p,A). Hence S(B;p,A) = 5/((@) = 0. So A is a zero of S(B;p,-). Conversely,
if A\ is such a zero, then by the fact that S(:;p, A) is the solution to the initial value problem

consisting of (3.2.1) and (3.2.3), it follows that {\, S(:;p,\)} is a Dirichlet eigenpair of the
operator L(®) over the interval [o, 3.

Also, the Dirichlet eigenvalues of the above mentioned operator form a countable set (see

Lemma 4.7(b) in [13, page 136]).
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3.2.6 Two important properties of the characteristic function mentioned in Sub-
section 3.2.5

The function

AeC— S(B;p,A)

mentioned in Subsection 3.2.5 is an entire function of A\ (see Analyticity Properties, part (a)

in [18, page 10]). Its zeros are simple zeros (see Lemma 4.7(c) in [13, page 136]).

3.2.7 Three sets of identities necessary later

Using the result of Subsection 3.2.5 with ([«, 5], p) replaced by ([0, al, q), ([O, %],ql), and

respectively ([%,a],qg) we obtain:

S(a;q,\n) =0, n>1, (3.2.22)
a
51(5;(11,!%) =0, n>1, (3.2.23)
and
Sa(a; q2,vn) =0, n > 1. (3.2.24)

Due to (3.2.9), the identities in (3.2.24) become:

Sl(%;(jg,yn) =0, n>1 (3.2.25)

3.2.8 Two more sets of identities necessary later

Using (3.2.22), (3.2.23), and (3.2.25) in (3.2.16), and the fact that
{pm|n > 1} N{wp|n > 1} = ¢, (3.2.26)

we obtain two more identities necessary later.

S(a; q, pn)

UL g1 ) = Lln) >, 3.2.27
1(2 q1, Y ) 51(%;Q2,Mn) ( )
and
. S(a;q,vp)
(L Gy ) = B Vn) s 3.2.28
(33 @2 ) S1(%;q1,vn) ( )
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Note: The requirement that the sequences {u,|n > 1} and {vy|n > 1} do not overlap is

needed to insure that the denominators in (3.2.27) and (3.2.28) are nonzero. If, for example

a
Sl(§;Q17Vm) = 07

for some m > 1, then v, would had been a Dirichlet eigenvalues of the potential ¢; over the
interval [0, §] (by the discussion in Subsection 3.2.5), hence v, € {un|n > 1}, violating (3.2.26).

Note: While formulas (3.2.27) and (3.2.28) are not standard results in the theory of direct
Sturm-Liouville problems, they need to be in this section because they contribute to fulfilling
the goal expressed at the beginning of Section 3.2 as it will be seen in Subsections 3.2.11

and 3.2.12.

3.2.9 Asymptotics of eigenvalues and mean values of the potential

Next, since ¢ was assumed to be the real valued potential function in L?(0,a) having \,’s,
a

pn's and v,’s as its three sequences of Dirichlet eigenvalues over the intervals [0, al, [0, §], and

respectively [5,a], then by the direct theory of Sturm-Liouville problems we can write:

2 1 a
An = (T) + - / q(s)ds + dp, as n — oo, where (dy)n>1 € lo, (3.2.29)
a a Jo >
nr\ 2 1 5
fn = <a2> + af2 . /0 q1(s)ds + db, as n — oo, where (d}),>1 € I (3.2.30)
nt ) 2 1 bl
" <a/2> i a/2’ /0 G2(s)ds + d,, as n — oo, where (d7)n>1 € Iy (3.2.31)
Comparing (3.2.29), (3.2.30), and (3.2.31) with (3.1.2), (3.1.3), and (3.1.4) respectively, and

using the fact that all six sequences (¢;)n>1, (¢)n>1, (¢2)n>1, (dn)n>1, (dL)n>1, (d2)n>1 con-
verge to zero because the first three of them are l% C ly and the last three of them are Iy

sequences, we see what the three means are supposed to be:

M = 2 : /Oa q(s)ds = [q], (3.2.32)
M, = a}Q - /0 ? u(8)ds = [q1], (3.2.33)

My = ;2 - /0 ? o(s)ds = [] = [aa] (3.2.34)
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3.2.10 Interlacing of the three spectra

Let {\,}n>1, {#tn}tn>1, {¥n}n>1 be the Dirichlet eigenvalues of the real valued potential
g € L*(0,a) on the intervals [0,al, [0,%], [%,a], respectively. Denote by {6,,},>1 the set of

{tn}n>1 U{vp}n>1 arranged increasingly. Then the following interlacing property holds:
D<M <O < X<Og.. M 1<0p_ 1< A,<b,....

Furthermore, for each n > 1, in the relation 6,1 < A\, < 0,, either all three quantities are
different, or else all three are equal. This is discussed in Chapter 4, Section 8 of [6]. If an
equality happens, then that is equivalent to one overlap of the three sets { A, }n>1, {tn}n>1,
{vn}n>1. Hence, N relations of the form 6,,_1 = A, = 6,, mean N overlaps of the three sets.
If the non-overlap of the three sets {\,}n>1, {tn}n>1, {Vn}n>1 is assumed, then an alter-

native proof of the interlacing property
M<H <A< <. ..< 1 <O 1< Ay <0, <...

is shown in Remark 3.1.

3.2.11 Goursat-Cauchy problems

Replacing ([0, 5], p) with ([0,a],q) in (3.2.20) and using (3.2.22) we obtain that K(a,t;q)

satisfies the system of integral equations:

0=S(a;q,\n) = M +/ K(a,t;q)wdt, n > 1. (3.2.35)
0

Vn VAn
Now from (3.2.18) with ([0, 5],p) replaced by ([0,al],q), and using (3.2.32) we have that

K(a,t; q) also satisfies the conditions:

K(a,0;q9) =0,
( ) (3.2.36)
K(a,a;q) = 3 [y q(s)ds = %L,
Formulas (3.2.35) and (3.2.36) are important pieces in reconstructing the potential function ¢

from the three sequences {\,|n > 1}, {un|n > 1}, {vy|n > 1}, as it will be seen in Section 3.3.

Similarly, one obtains that K (§,t;q1) satisfies the system of integral equations:

a sin(y/fin $) /‘5 a sin(y/fint)
0=81(2:qu,pin) = —YE2) 7 (@ ) 2 gy > 1. 3.2.37
1(5391, #n) N ; (5o tiar) Vi ( )
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and the conditions:

K(5,0;q1) =0
(5.0:0) . (3.2.38)
K(%v %7QI) = % f02 QI<s)d8 = ayla
and K(3,t;2) satisfies the system of integral equations:
a sin(\/v, %) 5 _a sin(/vnt)
0= 51(=; =~V "2/ K(=,t;go)—Y—2dt, n>1 3.2.39
1(27%71/11) \/ﬁ +A (27 7Q2) \/—n , =2 ( )
and the conditions:
K(gvo;q~2) = Oa
2 . (3.2.40)
K(5,5:42) = % o’ G2(s)ds = “'242.

Next, using (3.2.21) with ([0, 5], p) replaced by ([0, %]a(h) and respectively by ([0, %]752), for-
mulas (3.2.27), (3.2.28), and formulas (3.2.33), (3.2.34) one obtains that K,(§,t;q1) satisfies
the system of integral equations:
. M . ng a . nt ; .
ool i) + <a 1> sin(y/fing) e Koy S Sl
0

2 4 T Vin S1(53 G2, n) ™
(3.2.41)

and K,(§,t; ¢2) satisfies the system of integral equations:

a a-My\ sin(y/vng) 3 a  _  sin(y/vpt) S(a;q,vp)
/o — . s = > 1.
COS( v 2>+ ( 4 > /7Vn +\/0 K:E(27t7QQ) /7” dt Sl(%;q17Vn)7 n =
(3.2.42)

It means that the pairs

a a a - a ~
{K(iat;QI)QKx(§at;Q1)} and {K(§,t;q2);Ka;(§,t; @)}

are known pairs of functions, as solutions to the above systems of integral equations. (It will
be seen later in this chapter that these systems of ‘'moment equations’ have solutions and the

solutions are unique.) This implies that the pairs

a a a ~ a ~
{Kx(57t§QI);Kt(§at5QI)} and {Km(iat; QQ)§Kt(§7t§ G2)}
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will also be known pairs of functions. Call them {g1(t); f{(t)} and respectively {ga2(t); f5(¢)}.

All these tell us that K(z,t; 1) solves the Goursat-Cauchy problem (3.2.43):

( Waz(z,t) = Wig(x,t) — qu(z)W(x,t) =0, 0<t<z<§
Wz, 2) =3 Jy a1(s)ds, 0<z<g
W(,0) =0, 0<a<y (3.2.43)
Wa(5,1) = a1(t), 0<t<
Wi(5,t) = fi(t), 0<t<e,

and K (z,t;G2) solves the Goursat-Cauchy problem (3.2.44):

(

Waz(z,t) = Wi, t) — Go(x)W(x,t) =0, 0<t<z<§

W(z,x) = 3 J§ Ga(s)ds, 0<z<g

W(z,0) =0, 0<z<? (3.2.44)
Wa(3,t) = g2(t), 0<t<g

Wi(5,t) = f5(t), 0<t<e

3.2.12 A non-linear map

The problems (3.2.43) and (3.2.44) are equivalent to saying that ¢; and g are solutions to

the non-linear equations

F(p) = {g1(t); f1(t)} (3.2.45)

and respectively

F(p) = {g92(t); f5(1)}, (3.2.46)

where the non-linear map F' is defined as follows:

a

peLX(0.3) = L*(0.35) x L*(0. )
by
F(p) = {K. (5, t:p), K5 69}, (3.247)

where K (z,t;p) is the weak solution to the Goursat problem (3.2.18) with [0, 5] replaced by

[0, 3]-
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3.3 The algorithm

Our goal is to obtain the Cauchy data {g1(¢); f1(t)} and {g2(t); f5(t)} from the three known

sequences of numbers A,’s, u,’s, v,’s and then find ¢; and ¢s as solutions to the non-linear

equations (3.2.45) and (3.2.46). Let f(t), fi(t), f2(t) solve the systems of integral equations:

sin(\/fing) 3 sin(y/fnt) "
—r +/0 )= =0,z 1, (3.3.2)

Sm(yyng) + /2 fg(t)mﬁdt =0, n>1, (3:3.3)

respectively. By the discussion in Subsection 3.2.11, more precisely (3.2.35), (3.2.37) and (3.2.39),

(3.3.1)

we know that f(t), fi(t), f2(t) are expected to be K (a,t;q), K(5,t;q1) and K(§,t;G2). There-

fore we can use (3.2.36), (3.2.38), and (3.2.40) in designing their Fourier series representation.

The best representations are:

f(#) (g)HZansm( ), (3.3.4)

n=1
1) .
t+ > ol sin <a/2t> , (3.3.5)

) n=1
fa(t) = (%2) t+ i alP sin (Z;t> : (3.3.6)

Note: The integrals

are known quantities, therefore the only unknowns in (3.3.1), (3.3.2), and (3.3.3) are the Fourier
(1), (2);

coefficients a,,’s, ay, s, and «y, '’s, respectively.

Now we make the observation that in practice, one does not solve the infinite systems of

integral equations in (3.3.1), (3.3.2), and (3.3.3), since we know only finitely many of \’s, u’s,
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and v’s. If the first N, N1, Ny elements of the sets {A,|n > 1}, {u,|n > 1}, and respectively
{vn|n > 1} are known, then in (3.3.4), (3.3.5) and (3.3.6) use only the first N, N;, and
respectively Ny terms of the sums, and in (3.3.1), (3.3.2), and (3.3.3) use only the first N, Ny,
and respectively Ny equations. Each new system of equations becomes a squared linear system
to be solved for the coefficients o’s, a(!)’s and a(®)’s respectively. Having f(t), f1(t) and fa(t)

determined in this way one can construct the functions:

S(\) = sin(\/\?a) + /Oa f(t)smigt)dt, for any A € C (3.3.7)
SMN) = Sm(f@ + /0 : fi(t) Smi‘gw dt, for any A € C (3.3.8)
S@ ) = Sm(ﬁ” + /0 : fo(t) Sini?t)dt, for any A e C. (3.3.9)

Hence, the quotients

S(pin)
S(Q)lz#n)’ n Z 1
S(vn) n>1

5D ()

are well determined. Next, let g1(t) and go(t) solve the systems of integral equations:

COS(\/lTn%) n (“ '4Ml> : Sin(\/%”g) " /02 gl(t)Wdt - m n>1 (3.3.10)

and respectively

COS<M%) N (a.i\/fz) _ Sin(\\//VL:TnQ) +/02 gg(t)smi/\i—:»nt) dt — Si()lgi), n>1. (3.3.11)

By the discussion in Subsection 3.2.11, more precisely (3.2.41) and (3.2.42), we know that

g1(t), g2(t) are expected to be K.(§,t;q1) and K.(5,t;G2), respectively. Hence we can take
advantage of this fact and of the boundary conditions in (3.2.18) with ([0, 5], p) replaced by
([0, 51, ql) and by ([0, 8], ¢2) respectively, in designing their Fourier series representation. We
have the following calculations:

a
KCC(§7 07 ql) = 07
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and
a a a a 1 a
K = —Ki(=, —; — - —
x(272’(I1) t(2727Q1)+2 Q1(2)
a a q(3) .
= —Kt(§7§§Q1)+ 22 , SInce qi :CI|[07%]
a a midq
= K
t(2727QI)+ 92 )

and similarly for K,(§,0;¢2) and K,(3, §;G2), where midq = ¢(§). Having in mind that f;(t)

and fa(t) are expected to be K(5,t;q1) and K(§,t;q2), we can develop the following plan:
27

o if midg = q(§) is known, then obtain first f{(§) and f5(§) (this can be done numerically

by applying a centered difference scheme to f1(t) and fa(t) on a grid of [0, §]), then write

midq
ai(t) = (fl(a)/>t—|—25 sm< ) (3.3.12)

midq
g2(t) = (f2(a)/> t+ Zﬁ sin < ) , (3.3.13)

e if midg = ¢(5) is not known write:

iﬁf} sin ( /;)ﬁt> , (3.3.14)

and

i (2 sm( /;)Ft>. (3.3.15)

Then depending on the case, insert (3.3.12) or (3.3.14) into (3.3.10), and (3.3.13) or (3.3.15)
into (3.3.11) to solve for B1)s and 3@)’s. The same discussion as before applies for numerical
implementation (i.e. when only finitely many of \’s, u’s and v’s are available). Finally, the
pairs {gi1(t), f1(¢)} and {g2(t), f5(t)} are used as Cauchy data to obtain two functions over the

interval [0, §]. Call them ¢; and g2. More precisely, ¢ is the solution to the nonlinear equation

F(p) ={g:(t), fi(H)},

and ¢o is the solution to the nonlinear equation

F(p) = {g2(t), f5()},
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where the mapping F is defined as in (3.2.47). Numerically, both of these equations are solved
by a modified Newton method (see [20, page 166]). Also, a complete description of the modified
Newton method can be found in Section 6.2. We mention that the successive approximation
method (see again [20, page 166]) can also be used to solve the above non-linear equations.

And, as the last things to do, define
q@2(z) = G2(a — x), for x € [§,qa],

and then take

3.4 Proof of Theorem 1

Let f € H?(0,a) be the solution to the system of integral equations

/ ' F(t) sin(v/Apt)dt = —sin(y/Aua), forn > 1, (3.4.1)
0

satisfying the conditions
f(0)=0
flay =31,

The existence of such a solution is justified as follows: since {A\,|n > 1} is a strictly

(3.4.2)

increasing sequence of real numbers satisfying (3.1.2), by choosing an arbitrary real valued
sequence {ky}n>1 such that

kn:%—i—ifn, foralln > 1,
n

with ¢ € R and {k,}n>1 € I we can find a unique real valued function Q € H'(0,a) having
these two sequences as its sequences of Dirichlet eigenvalues and respectively norming con-
stants, in the sense described in [18, page 59]. The existence and uniqueness of @ in this space
is assured by [18, Problem 6(c), page 61]. From the direct Sturm-Liouville theory (see again [18,
Problem 6(c), page 61]) it follows that the sequence {\,|n > 1} of Dirichlet eigenvalues for the

potential function Q € H'(0, a) satisfies the asymptotic formula:

An = (%)2 + [Q] + ¢én, as n — oo, (3.4.3)
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for some sequence (¢,)22, € I3. Comparing (3.4.3) with (3.1.2) we obtain that
QI =M, (3.4.4

because the sequences {¢, }n>1 € l% Cly and {¢,}n>1 € l% C ly converge to 0, as ls sequences.

Also, from the direct Sturm-Liouville theory (see Subsection 3.2.5) we have that
S(a;Q,A\n) =0, for all n > 1. (3.4.5)
Using (3.4.5) and (3.2.20) with 8 =a, p = Q, A = \,, we get that:

sin(v/Ana) + /Oa K(a,t; Q) sin(y/Ant)dt =0, n > 1. (3.4.6)

Also, taking z = a in the two boundary conditions of (3.2.18) with 8 = a, p = @, and

using (3.4.4) we get that
K(a,0:Q) =0 (3.4.7)
K(a,a;Q) = *3L.

Equations (3.4.6) and (3.4.7) tell us that K(a,-; Q) is a function which satisfies (3.4.1)
and (3.4.2).

The fact that K(a,-;Q) is an H?(0,a) function follows from the fact that K(-,-; Q) is the
weak solution to (3.2.18) with 8 = a and p = Q, the fact that Q € H'(0,a) and the proof
of Theorem 4.15 in [13, pages 147-149]. (Following the proof of Theorem 4.15 in [13, pages
147-149] we observe that the second weak derivatives of w(§,n) exist due to the fact that the

function
1 €
SEILE
2 Jo
is an H? function because Q € H'(0, a), and hence after the indicated change of variables
(w,1) < ()
W(z,t) = w(&,n)
the weak derivative

1+t 1-t¢ 1+t 1t 14+t 1—t)>
2

1
Wal1,0) = § (e 1500 = 2wy A5
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exists and is an L? function.)
Thus, the existence of a solution to (3.4.1) and (3.4.2) in the indicated space is shown. The

uniqueness of such a solution follows due to the fact that the set

{sin(v/Ant)|n > 1}

is complete in L?(0,a). The completeness of this set is proved in Auxiliary result 1.

We also infer:
f=K(a,-Q), forall Q € H'(0,a) having {\,|n > 1} as its Dirichlet eigenvalues. (3.4.8)
Next, let f; € H%(0, 5) be the solution to the system of integral equations

/0 " (1) sin(Vnt)dt = —sin(ym ), for n > 1, (3.4.9)

satisfying the conditions:
f1(0) =0
fi(3) = =4,

The existence and uniqueness of the solution f; in H?(0,

(3.4.10)

a

5) are shown analogously to those

of f. The completeness in L*(0, %) of the set

{sin(y/nt) tn>1

is proved in Auxiliary result 1. By arguments similar to those for f we also have:

fi= K(%, 5 @Qn), for all @y € H'(0,%) having {us|n > 1} as its Dirichlet eigenvalues.

(3.4.11)
We shall use (3.4.11) to show that:
/ * A1) sin(y/mt)dt + sin(\/zg) £0, for all n > 1. (3.4.12)
0

Suppose not. Then

/2 f1(t) sin(y/vmt)dt + sin(\/um%) =0, for some m > 1.
0
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This along with (3.4.11) and the integral representation of the characteristic function S1(§; Q1, )

(see formula (3.2.20) with 8 = § and p = (1) imply that

a _sin(yVm$) 3 _a . sin(\/Unt)
51(§7Q1,Vm) = \/ﬂz—i_/o K(i,t,Ql)Wdt
- }m@m(%;) + [7 nsinymta)
= 0,

which tells that v, is a Dirichlet eigenvalue of the Sturm-Liouville operator with potential
@1 € H'(0,%). Since the set of all Dirichlet eigenvalues of this operator is {u,|n > 1} it
follows that vy, € {un|n > 1}, which contradicts the hypothesis {unn > 1} N {vpn > 1} = ¢.
Hence, (3.4.12) is shown.

Now, let fo € H?(0, 5) be the solution to the system of integral equations

/2 Fo(t) sin(\/ont)dt = —sin(\/zg), for n > 1, (3.4.13)
0
satisfying the conditions:

f2(0)=0

fa(4) = “.

The existence and uniqueness of the solution f» in H2(0, §) are shown analogously to those

(3.4.14)

of f and fi. The completeness in L?(0, §) of the set

{sin(y/vpt)|n > 1}
is proved in Auxiliary result 1. By arguments similar to those for f and fi; we also have:

fo= K(g, Qo) for all Q2 € HY(0, 5) having {v,|n > 1} as its Dirichlet eigenvalues.

(3.4.15)
In a similar way to (3.4.12), formula (3.4.15) is used to show that:
/2 fa(t) sin(\/unt)dt + sin(w/,u,ng) #0, for all n > 1. (3.4.16)
0

Next, define the functions S(\), SM(X), and S@(\) by the formulas (3.3.7), (3.3.8),
and (3.3.9), respectively. Using (3.4.1) and (3.3.7); (3.4.9) and (3.3.8); (3.4.13) and (3.3.9)
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we obtain that:

S(An) =0, forall n > 1, (3.4.17)
S () =0, foralln > 1, (3.4.18)
S@(v,) =0, for all n > 1. (3.4.19)

Also from (3.4.12) and (3.4.16) we have that:

SW () #0, for all k> 1. (3.4.20)
and
S@ () # 0, for all k> 1. (3.4.21)
Hence the quotients:
M, forall m > 1,
S (i)
and
S(vn)
m, for all n Z 1,

are well-defined.

Next, construct the following two sequences:

k!l =1In <(—1)"%> ,n>1, (3.4.22)
and
k2 =1In ((—1)" S%Z’;i)) ,n> 1. (3.4.23)

In view of applying Corollary 2 of [18, page 116] to the pairs

{{innz1, {kptnz1} and {{vntnz1, {k)Inx1},

we need to prove that {k.},>1 and {k2},>1 are [3 sequences of real numbers. They are real
valued sequences due to the interlacing property of the set {u,|n > 1} U{vy|n > 1} with the
set {A,|n > 1}, and the asymptotic formulas (3.1.2), (3.1.3), (3.1.4), properties mentioned in

the hypotheses of Theorem 1.
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A precise explanation of the fact that {k.},>1 and {k2},>1 are real valued sequences follows
now. From (3.3.7) with (3.4.8), from (3.3.9) with (3.4.15), and from (3.2.20) with ([0, 8], p) re-
placed by ([0, a], Q) and respectively by ([0, 51, QQ), and from (A.0.10) with (o, 8], 9, {Zn}n>1)

replaced by ([0, a], @, {\n}n>1), because A,’s are the zeros of the function
AeC—5(a;Q,N),
and respectively by ([0, 51, Q, {Vn}n21)7 because v,’s are the zeros of the function
a ~
reC— 51(5; Q2, )\)

we obtain:
SN _ S@@ N
S@ () S1(%; Q2. N)
ol ()" e =)
3 | B} (ﬁf (vn — A)

= 8]] An = A, (3.4.24)

for any Q € H'(0,a) having {\,},>1 as its sequence of Dirichlet eigenvalues, and for any
Q, € H 1(O,%) having {v,}n>1 as its sequence of Dirichlet eigenvalues. Formula (3.4.24)

and the interlacing property of A,’s, un’s, vp,s give us, by looking at the sign of each factor

of (3.4.24):
S(p) S(p2) S(us3)
<0, >0, =<0, ...,
S@ (1) S@ (u2) S@ (u3)
which is equivalent to
n S(Hn)
(—].) m >O, for allnz 1.

This shows that {k!},>1 is a real valued sequence. Similar arguments apply to {k2},>1.

Next, we show that

i(nk;)Q < 00 (3.4.25)
n=1

and
> (nk})? < oo (3.4.26)
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We elaborate only for {k},>1, but similar arguments apply to {k2},>1. From the calcula-
tions done in Auxiliary result 4, more precisely from formulas (3.6.30), (3.6.32), (3.6.35), (3.6.36),

(3.6.38), and (3.6.39) we have the following estimates:

(_1)”M — (_nnﬂ
8(2)(:“71) wo
IR sk ol 3 M (0
(175 — (152 + 2+ (537) " G n)
= % % + % (ﬁ)%‘v(ﬂn)
S B A ) () @alim)
B B e e L € M B
B B2 ) () @)
= 1+ BT Qni}lat (2zn)2 (@(pn) = (=1)"D2(kn))
Wz 55 4 (—1) (52)” Da(un)
- 14+ §n?n + (5%)° (@(1n) — (—1)"@s(p1n))
B 33 (17 (35) el
~ 1+ %"62% T (ﬁf (d{(“"Z_ (_1)%32(/%))
M12—nM2

a? ) Olptn) = (Z1)"alin) 0 o (3.4.27)

" <2Tr2(M1 ) n
using the definitions of 1, and e, right after formula (3.6.29), the definitions of M, Mj,
Ms given in Auxiliary result 4 and the condition (3.1.1). The functions ©()\) and @o()\) are
defined in (3.6.31) and (3.6.33), respectively. Substituting (3.4.27) into (3.4.22), and using the
estimate

In(l+z) =z, for z ~ 0,

derivable from Taylor series expansion about x = 0, we have that

B~ m@+(M;3@)§+<%%ﬁiw@0owm—:pme»

~ <J\41i]\42> i”r (2772(1\22_ M2)> Artn) (nl)%?(”")- (3.4.28)
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Hence, (3.4.28) implies that
S~ 3 (5 )+ (g ) @) - <—1>"w2<un>>)2
=" = \\My - M) " 2m2(My — My)
< 00,
since {éL}n>1 € la (see right below (3.6.24)), {&(un)n>1 € l2, {@2(in)}n>1 € la by (3.6.43)
and (3.6.44), and so (3.4.25) is proved.
Due to (3.1.3) and (3.4.25), Corollary 2 of [18, page 116] applies and we obtain a unique

real valued potential function ¢; € L?(0, ) having

{#n}n>1 and {ki}nzl

as its sequences of Dirichlet eigenvalues and respectively norming constants in the sense de-
scribed in [18, pages 50 and 59].

Note that ¢; is only an L?*(0, %) function, and not an H'(0, %) function, because Problem
6(c) in [18, page 61] cannot be applied, due to the fact that even if the sequence { i, }n>1 satisfies
the hypotheses of this statement, the sequence {k}L}nzl does not. However, the hypotheses of
Corollary 2 mentioned above are satisfied by the two sequences, because I3 C Is.

Similarly, (3.1.4) and (3.4.26) and Corollary 2 of [18, page 116] imply the existence and

uniqueness of a real valued potential function g, € L?(0, 5) having

{Vn}nzl and {ki}nzl

as its sequences of Dirichlet eigenvalues and respectively norming constants.
It follows using the theory of direct Sturm-Liouville problems (see Subsection 3.2.9, Sub-

section 3.2.5, and the definition of Péschel-Trubowitz norming constant in [18, page 59]) that:

92 2
U = (T) + [q1] + bY, as n — oo, where {b}},>1 € 2, (3.4.29)
Sl(%; 1, pin) =0, for all m > 1, (3.4.30)

kl =1n ((—1)“8{(%; q, un)) , for all n > 1. (3.4.31)

n
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From (3.4.29) and (3.1.3), and because {bl},>1 € Iy and {c.},>1 € I3 C Iy are two

sequences converging to 0, we have that:
[¢1] = M. (3.4.32)

From (3.4.30) and the integral representation of S1(§;q1, ) (see (3.2.20) with 8 = § and
p = q1) we can write (3.2.37).
From (3.4.31), (3.4.22) and the integral representation of S7(§;q1,A) (see (3.2.21) with

=g and p = q1) we get:

a,  (a-[q]) sin(y/mng) / :oa,sin(y/fint) S(pn)
— —_— . pu— >
cos(\/,un2) + ( 1 ) = + ; KJ;(Q,t7 q) = dt SEITNE for all n > 1,

(3.4.33)
where K (z,1; q1) is the weak solution to (3.2.18) with 3 = § and p = ¢1. Therefore, by Theorem
4.15(c) of [13, page 147] we have that K(%,-;¢1) € H'(0,%) and K(%,-;q1) € L*(0, ), because
g1 is only an L?(0, %) function.

Using the boundary conditions of (3.2.18) with 3 = § and p = ¢1, and (3.4.32) we can
write (3.2.38).
From (3.2.37), (3.4.9), and the completeness in L?(0, %) of the set {sin(,/ant)|n > 1} (see

Auxiliary result 1) we have that:

K(%, sq1) = fi, (3.4.34)

and so K(§,q1) € HQ(O,%) is the solution to (3.4.9), and due to (3.2.38), K(§,-;q1) also

satisfies (3.4.10).

From (3.4.33) and (3.4.32) we get that K,(%,;¢1) is an L*(0, %) solution to the system of

integral equations:

B . B S (ptn) a, (a- M\ sin(y/pn3)
/0 91(t) sin(\/nt)dt = \/1n (S@)(un) — cos(y/fing) - ( 1 1) N 2 > , forn > 1.
(3.4.35)

The uniqueness of the solution to (3.4.35) also follows from the completeness in L?(0, %) of the

set {sin(y/pint)|n > 1} (see Auxiliary result 1). Therefore

a
K50 a1) = 91 (3.4.36)
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Similarly one obtains:

[Go] = M, (3.4.37)
a
and
a
Ka(5, 5 @2) = 92, (3.4.39)

where go € L(0, &) solves the system of integral equations:

/0; 92(t) sin(y/vpt)dt = /vy <Si(>@) — COS(M%) — (a i\/[?> Sin(\/yi:%)) , forn > 1.
(3.4.40)

From (3.4.34), the integral representation of S1(§;q1,)) (see (3.2.20) with 3 = § and

p=q1), and (3.3.8) we get:

ng; g1, A) = SD(N), for all A € C. (3.4.41)
and similarly:
Sl(g; G2, \) = S ()), for all A € C. (3.4.42)

From (3.4.22) and (3.4.31) we get:

S(ﬂn)

, . a
- — >
S1(35 01, n) SO0’ for all n > 1, (3.4.43)
and similarly
1A S(Vn)
5 = Smr > 1. 4.
51(2,q2, Un) S0(,)’ for all n > 1 (3.4.44)

Next, let g2 be the reflection of ga about the line x = § (i.e. g2(7) = G2(a—2x), for x € [§, a])

and define g by
q(x), ifxel0,2
q(z) = 1) 0.3 (3.4.45)
@(z), ifzel§,ad.

By an easy verification of the definition of a Dirichlet eigenvalue it follows that

{pn|n > 1}
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is the set of all Dirichlet eigenvalues of ¢ over [0, §] (because they are all the Dirichlet eigen-
values of ¢1) and that

{vnln > 1}
is the set of all Dirichlet eigenvalues of ¢ over [§, a] (because they are all the Dirichlet eigen-

values of ¢» and hence of ¢2).

Also from (3.4.45), (3.4.32), (3.4.37), and (3.1.1) we obtain:

ld = i/oaQ(S)dS

Il Il
IS S
/N
S— S
NI NI
Q Q
[ [
— —
VA VA
S~— S~—
QL QL
VA VA
+ +
c\ M\g\
[N IS]
s o)
/w\ —
o VA
~— S~—
o oy
¥Oa/ SN—

= é (%[qﬂ + g[@ﬂ)
My + M-
_ 1 ! 2
—- M. (3.4.46)

It is only left to show that {\,|n > 1} are all the Dirichlet eigenvalues over the whole

interval [0, a]. If
S(a;q,A\n) =0, foralln >1 (3.4.47)
is established, then by the theory of direct Sturm-Liouville problems (see Subsection 3.2.5) it
follows that
{Anln =1}

are Dirichlet eigenvalues of ¢ over [0, a].

To prove that there are no other Dirichlet eigenvalues of ¢ over [0,a] we reason by con-
tradiction. Suppose A is another Dirichlet eigenvalue. Because the eigenvalues form a strictly

increasing sequence or real numbers we have:
M< A< L <AV <AKAIA NS . < A <oy,
for some N > 1, which tells that Ay, AN+1,...,An, ... are the

N+1,N+2,....n+1,...
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Dirichlet eigenvalues of ¢, and so by the known asymptotic formula of eigenvalues in the direct

Sturm-Liouville theory (see Subsection 3.2.9) we can write:
(n+ Dm\?
An = <> + [q] + Y1, foralln > N, (3.4.48)
a

for some sequence {y,}n>1 € l2 (and not in I3 because ¢ € L?(0,a) and not in H(0,a)).

Using (3.4.48), (3.1.2) and (3.4.46) one has:
N\ 2
(2n+1) (a) = Cp — Ynt1, for allm > N,

which leads to a contradiction by letting n — oo, because {¢, }n>1 € l% C ly and {y}n>1 € l2
are two sequences converging to 0. Thus {A,|n > 1} are all the Dirichlet eigenvalues of ¢ over
[0, a].

Formula (3.4.47) follows due to (3.4.17), if we show

S(a;q,A\n) = S(A\p), for all n > 1. (3.4.49)

We shall prove that

S(a;q,\) = S(A), for all A € C, (3.4.50)

from which (3.4.49) is immediate.

The starting point in proving (3.4.50) is to establish that:

S(a;q, ) = S(uy), foralln>1
(a;q, ptn) = S(pin) (3.4.51)

S(a;q,vn) = S(vy), foralln>1.
Since ¢ € L?(0,a) constructed by (3.4.45) is now in our hands, we are permitted to
write (3.2.16). This formula along with formulas (3.4.41) - (3.4.44), and with (3.4.18) - (3.4.21)
yield (3.4.51).

To complete the proof we return now to proving (3.4.50). Let

A(N) = S(a;q,\) — S(A), forall A € C, (3.4.52)
and
A(N)
T\ = — , for all A € C. 3.4.53
( ) Sl(gaqh)‘)sl(quZu)\) ( )



44

Each of the functions S(a;q,A), S1(5;q1,A), S1(5;G2,A) is an entire function of A, by the
result of Subsection 3.2.6 with the appropriate choices of 8 and p € L?(0,/3). The function

S(A) is an entire function of A because
S(A) = S(a;Q, M),

for any Q € H'(0, a) having {\, }n>1 as its sequence of Dirichlet eigenvalues (this follows from
the definition of S(A), see (3.3.7), and formulas (3.4.8) and 3.2.20 with 8 = a and p = @), and
hence we can invoke again the result of Subsection 3.2.6 with § =a and p = Q.

Since we showed previously that all the Dirichlet eigenvalues of the Sturm-Liouville operator

L(9) over the interval [0, 5] are {pin|n > 1}, and all the Dirichlet eigenvalues of the Sturm-

Liouville operator L(%) over the interval [0, 4] are {v,|n > 1}, it follows by the discussion in

Subsection 3.2.5 that the only zeros of the function
a a _
AeC—Si(5a1 815562 )

are {pn|n > 1}U{vy|n > 1}. They are simple zeros by the result mentioned in Subsection 3.2.6.

These are also zeros (not necessary all the zeros) of the function
AeC— AN,

due to (3.4.52) and (3.4.51). Therefore, each factor of S1(5;q1,A)S1(5;q2,A) cancels a corre-
sponding factor of A(\), and so the function T is an entire function of \.

Next, each of the functions S(a; g, \) and S(A) has an integral representation (see (3.2.20)
with = a and p = ¢, and the definition (3.3.7) of S())), where the kernels are K (a, -;¢) and
respectively f, an H'(0, a) function (by Theorem 4.15(c) of [13, page 147]) and respectively an
H?(0,a) (by the discussion at the beginning of this section). Hence, integration by parts on the

right hand sides of these integral representations is allowed (see Auxiliary result 2) and we have:
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S(a;q,\) = Sin(\ga)—K(a,t;q)ms()\mliig+/OaKt(a,t;q)COS()\\At)dt
= Sin(\\ga) - (; /Oa q(s)ds) COS(;&@ +/Oa Kt(a,t;Q)COS()\\&t)dt
(by the BCs of (3.2.18))
sin(v/\a) a-[q]\ cos(vVha)  wi(N)
A —( 5 > N (3.4.54)
where
wi(N) = /0 aKt(a,t;q)cos(fAt)dt, (3.4.55)
and
SOy = sin(\\?a) _f(t)cos()\\ﬂt) |§8+/Oaf/(t)cos()\\ﬂt)dt
_ Sin(*\?a) - <“‘2M ) COS(Aﬁa) + /O ’ f’(t)cos(;ﬂt)dt (by (3.4.2))
_ sin(vAa) a- MY cos(vAa)  wa(N)
- =X _(2> 2, (3.4.56)
where
wa(A) = /0 ’ £/(t) cos(VAt)dt. (3.4.57)

Using (3.4.54), (3.4.56), and (3.4.46) we can write:

S(asq,\) = TR _ CocoslVha) 4 r(d)

in(vx VA C U N (3.4.58)

S(\) = Sm(\&a) _ OCOSA( a) + wz§ )7
where
a-lgg a-M
Co = 5 =5
Next we show that
lwi(A)] < C16aum(ﬁ)|, forall A e C
(3.4.59)

lwa(N)| < Coed YN for all A € C,

for some positive constants C; and Cj. Since the integrand in (3.4.57) has a simpler notation

than that in (3.4.55), we elaborate only for we, the work for w; being similar. Consider F the
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even extension of f’ € L?(0,a) to the symmetric interval [—a,a]. Hence F' € L?*(—a,a) and

the following hold:

w2 (V)]

IN

IA

IN

| / £(t) cos(V )|
0
1 a
= F(t) cos(V\t)dt , because the integrand is an even function
2

1 “ iVt —ivVt . etW e iw
1\ ﬂlF(t) (e +e )dt\, using cosw = &—5—, for w € C

i </ ‘F(t)| . |6_Im(ﬁ)t€iRe(ﬁ)t|dt +/ |F(t)| . |€Im(ﬁ)t6—iRe(ﬁ)t|dt>
i </ |F(t)| . e—Im(\/X)t|eiRe(\/X)t|dt +/ |F(t)| _elm(\/X)t|e—iRe(\/X)t|dt>

r 1 1
1 Y otm(NE g, ) otV )
4||F||L2 e dt| + e dt ,

(by Cau(;hy—Schwartz inequality)
1
3

1 a a
4< / \F(t)] - e MmO Nigr 4 / \F(t)\-efmmﬁdt)

{1l 2 ([ memniar) ] ,

(since s < |s|, for all s € R, so e** < ¢lfl)

1
1 “ 2
ZHFHLQ 2 (/ ezum(ﬁ)"adt) ] , (since ¢ runs in [—a,al, so |t| < a)

—a

1
Sl Fllzv2ae V)

ChealmvVA1, (3.4.60)

Next, we have that:

00 n_)\
SI(E;ql,A):gH Pn 2 forall A e C (3.4.61)

by using (A.0.10) with [, 8] = [0, §], p = q1, and the zeros {Z,[n > 1} of

N R a
S(B;p, A) 25(5;611,)\)

being {pn|n > 1} as shown in formula (3.4.30), and

o0  — A
Si(GidN) =5 [[ 5, forall A e C (3.4.62)
n=1 (%
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by (A.0.1), which was also derivable from (A.0.10), and the zeros of S1(5; G2, A) being {vy, }n>1
(by a similar discussion with that for {py, }n>1). Next, by slightly adjusting formula (6.2) of [4,

page 175] we have that:

2
sin(vVA%) a7 \az) A
T 2 ;g ((737;27 for all A € C. (3.4.63)

Due to the asymptotic formulas (3.1.3) and (3.1.4), formulas (3.4.61), (3.4.62), (3.4.63),

and similar arguments as those in Lemma 2 of [18, page 167] one has:

sin(vVAg% . . m+L)m 2
S1(5:q1,A) = (\/\§2) (1+0 (lnﬁm)) , uniformly on the circles |\| = <( ;/3) )2
~ sin(vVAg% . . m4i)mw

S1(5:42,A) = (\/\§2) (14 0O (27)), uniformly on the circles || = <( :/5) :

(3.4.64)
1y 2
Next we show that if m € Z and |\| = <(m:/§) ) , then
a ™

\\55 —na| > o, foralln € Z. (3.4.65)

Our intention in establishing (3.4.65) is to be able to apply Lemma 4.8 of [13, page 136]

with z = ﬁ%, from which we obtain

1 m+3)m 2
|sin(\f)\g)| > Zeium(ﬁ)l, for A on the circles |A\| = <( (:;;) ) ,m € Z. (3.4.66)

1y 2
Let m € Z be chosen and fixed. Let A € C be such that |\ = <(ma+/§) ) . Let VA be

either one of the two complex square roots of A, and let n € Z be arbitrary. Then the following
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calculations hold:

a a
]ﬁg—mr\ > H\/Xg’-’ﬂﬂ”, because |wy — wa| > |Jw| — |wa|
1
= Jlm+ 2= pnllm
(
Im + & — |n||m, ifm=1,2,3,...
= %7|TLH7T, ifm=0
|—(m+3)—|n||m, ifm=-1,-2,-3,...
(Im] = [n]) + 3lm,  ifm=1,2,3,...
= %—|TLH7T, ifm=20
(= [al) = i, i = —1,-2,-3, ..
1
2 |llm] = In|l = Slm, because [wy £ ws| 2 |Jwi] — |w|]
o T
pu— 2'

The last inequality in (3.4.67) comes from the fact that m, n are integers, so
[lm| = |n]| > 1, if [n] # |m]
|lm| = In|| =0, if |n| = |m|.

So (3.4.65) immediately follows from (3.4.67), and further (3.4.66) holds.

1
Using lim % =0, and formulas (3.4.64), (3.4.66), we have that:
a. sin(vAA§) Inm 1e8Im(VDI
. - _sin(VA2) Inm S Im(VR)|
(m+3)m\
uniformly on the circles |A| = ( a73 ) , M > my.

Now combine (3.4.52), (3.4.53), (3.4.58), (3.4.59), and (3.4.68) to infer that

w1N)] |, Jwa ()]
EXEREY

1S1(55 g1, A)| - [S1(55 G2, M)
(C14Cy)ed TV
Al
1 ealIm(vN)|
(7

TN

IN

(m+3)w

2
= (C, uniformly on the circles |\| = ( o/ ) ,m > my.

(3.4.67)

(3.4.68)

(3.4.69)
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Since T is an entire function of A, formula (3.4.69) and Maximum Modulus Theorem (see [4,

Theorem 1.2, page 128]) imply that

TN = T(A
Jnax |[T()] Jnax [T(A)
< (, for all m > my. (3.4.70)
1 2
where 7, = <(m;r/§)ﬂ> . Since T is an entire function, it follows that 7' is bounded on the
compact disk |A| = 7, and for A € C such that |A\| > ry,,,, we can find an m > mg such

that |A| < r, (possible because 7, — o0), and hence we can apply (3.4.70) and have that
|T'(A\)| < C. This shows that 7" is bounded in C, and being an entire function it follows by

Liouville Theorem (see [4, Theorem 3.4, page 77]) that
T(\) =C, forall A € C, (3.4.71)

for some constant C € C.

Formula (3.4.71) and similar estimates with those in (3.4.69) give for real values of A such

1 2
that A = <(m+§)7r) , m > my that:

a/2
€] = TV
lwr (N[ Jwz (V)]
- BN
=S5 a1, M) 1S1(55 Gos A
w1 w2 (V)]
B
= T callm(V)
64 N
= 64(|wi(N)| + [w2(N)]), because Im(v/A) = 0, for those \’s. (3.4.72)
1 ™
Using (3.4.72) with v\ = i(m:/;) , for m > my, the facts that
lim w;i(\)=0, i=1,2 (3.4.73)
VA—=oo

(see Auxiliary result 3) and (3.4.71) we obtain that

T(\) =C =0, for A € C,

and hence by (3.4.53) and (3.4.52), the identity (3.4.50) is proved. O
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3.5 Under which conditions a potential function is unique?

Theorem 2 If {\,}n>1, {fn}tn>1, {Vn}n>1 are three sequences of real numbers such that nei-
ther two of them have common elements, then there exists at most one potential function
having the three sequences as its sequences of Dirichlet eigenvalues over the intervals [0, al,

[0, %]7 [%,a], respectively.

Observation: We would like to draw the reader’s attention that the proof is similar if § is
replaced by any ag € (0,a). In this case formulas (3.2.16) and (3.5.4) are to be replaced by
formula (5.1.9) and its counterpart, respectively. How to derive (5.1.9) is presented in Auxiliary
result 8 of Section 5.1 where the inverse three Dirichlet spectra problem for the case of the
interval [0, a] broken at an arbitrary point ag is analyzed.

Proof of Theorem 2: If there is no potential function, then the statement is proved. Suppose
q and ¢* are two potential functions having the same Dirichlet eigenvalues, namely {\,|n > 1},

{pn|n = 1} and {vp|n = 1}, and let ¢f = ¢"[j0,2], ¢5 = ¢"[[2 4, and define
3(@) = g3la— ), for z € [0, 4]

Then by the asymptotic formulas of the three sets of eigenvalues {\,|n > 1}, {un|n > 1},
{vn|n > 1} provided by the direct Sturm-Liouville theory (see formulas (3.2.29) - (3.2.31) of

Subsection 3.2.9) one has that:

[ = la"], (3.5.1)
(1] = a1, (3.5.2)
[G2] = [a2] = [a2] = [3]- (3.5.3)

In the same manner formula (3.2.16) was derived we obtain:

a a _, a ., a _,
S(a; q*,\) = 51(§;qT7A)Si(§;qQ,A) + Si(i?Qla/\)Sl(g;Q%A)' (3.5.4)

Since j,’s are the Dirichlet eigenvalues of both L(@) and L(%) over the interval 0, 5], it
follows by the general result of the theory of direct Sturm-Liouville problems in Subsection 3.2.5
that:

a a
51(5;(11,/%) =0= Sl(§;q1,un), for all n > 1. (3.5.5)
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a

Taking 8 = § and p = q1 and p = ¢f respectively in (3.2.20), and using (3.5.5) one gets:

% + IO% K(%vta ql)Sin(\//Tnt)dt = 07 for all n Z 1

/) | 13 g (350
sin no 5 a *\ SIn n
VI K (4 tq7) 2t = 0, for all n > 1,

where K(z,t;q1) and K (z,t;q]) are the weak solutions to the Goursat problem (3.2.18) with

([0, 8],p) = ([0, 5, 1) and respectively ([0, 5],p) = ([0, 5], a7)-

Formula (3.5.6) together with the completeness of the set

{sin(y/unt) tn>1

in L2(0, ) imply that

a a * . a
K(3,5m) = K(3,+541), in L%(0,%). (3.5.7)

Note that the completeness of the set

{sin(y/knt) n>1

in L?(0, §) follows due to the Auxiliary result 1 with the mention that the asymptotic formula
for {pn}n>1 needed in the hypotheses of this result is satisfied because here {i,}n>1 is the

a

sequence of Dirichlet eigenvalues on [0, §] corresponding to ¢ and ¢*, (hence of ¢; and ¢f) and
therefore the result of Subsection 3.2.9 applies.

Similarly, one obtains that:

a . a ~% . a
K(?qu ) :K(§7';Q2)7 m L2(07§)' (358)
and
K(CL, ) Q) = K(CL, ) q*)) in LQ(Ov a’)' (359)

Note that in obtaining (3.5.8), the fact that {v,},>1 are the zeros of
AeC— 51(5;G2,M)
AeC — Si1(5:45, )
was used. That they are the zeros of these functions is seen as follows: since {vy }n>1 are the
Dirichlet eigenvalues of ¢ and ¢* on [§,a], hence of g2 and ¢, the result of Subsection 3.2.5

applies and one has

Sa(a; q2,vn) = 0 = S2(a; g3, vn), for all n > 1,
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which in combination with (3.2.9) and its counterpart for ¢* yields

Sl(g; 4o, Vn) =0 = Sl( iy Vn), for all m > 1. (3.5.10)

Furthermore, (3.5.10) and the result of Subsection 3.2.5 tell that {v,},>1 are the Dirichlet
eigenvalues of gz and of ¢5. Hence, by the result of Subsection 3.2.9 they have the asymptotic

formula needed in the hypotheses of Auxiliary result 1, so the set

{sin(y/vnt) bn>1

is complete in L*(0, ).
Using the integral representation of the characteristic functions S1(§; g1, A) and S1(5; ¢, A);
S1(55 G2, A) and S1(5; G5, A); S(a;q, A) and S(a; ¢*, A) (see (3.2.20)), and formulas (3.5.7), (3.5.8)

and (3.5.9) the following are obtained:

Sl(g;ql,)\) 51( .5, \), for all A € C, (3.5.11)
Sl(g;qz,)\) 5’1( G5, ), for all XA € C, (3.5.12)
S(a;q,\) = S(a;¢", A), for all A € C. (3.5.13)

We make now an important observation: because {u,|n > 1} are all the Dirichlet eigen-
values of L(@) and of L) over the interval [0,%] (hence, by the general result of Subsec-
tion 3.2.5, p1,’s are the only zeros of the characteristic functions S1(%;q1,-) and S1(5;45,-)),
and {v,|n > 1} are all the Dirichlet eigenvalues of L(®) and of L(%) over the interval [0, 4]
(hence, by the same result, v,,’s are the only zeros of the characteristic functions S1(%; g, )

and S1(%;d5,)), and because {u,|n > 1} N {vy|n > 1} = ¢ we have that

(3.5.14)

(5

Sl(%,q yUn) # 0, forallm > 1,
(%;Gay ) # 0, for all n > 1,
( )

S1(5; G5, pin) # 0, for all n > 1.



53

Using (3.5.13), (3.5.12), (3.5.5) and the last two relationships of (3.5.14) in (3.2.16) and

n (3.5.4) one obtains:

1 @ S a?‘]vﬂn)
Sl(i?Qh/ﬁn) = Sl((g;qwn)
_ S(a;q%, pn)
B Sl(%?@?/f«n)
= Si(g;qi‘,un), for all n > 1. (3.5.15)

Now use the integral representation formula (3.2.21) with 8 = § and p = ¢; and respectively

p = ¢} and formula (3.5.2) to write:

;) a B a 1 [z sin \ﬁg s1n(\//Tnt)

51(576]1,#71) = COS(\/lTni) + (2/0 ql(S)d8> N °2 / K, ( N

- cos a alqi] ' sin(y/kn5) 2 _ Sln(\/,[Tnt)

- (J;Tn2>+< ‘ ) N +/O Koy i) ™4t (35.10)
and

B a 1 [z, sin(y/kn ) 2 o sin(y/fnt)
51( Sqis Hn) = COS(\//Tn§)+ (2/0 Q1(3)d5) .\//Tn2+/() Kx(2>t7Q1) i dt

(el sn(/S) | [F o a . sin(y)

_ (\//Tn2)+< ; ) N +/0 Ka(( 1) 2t (35,07

Formulas (3.5.16), (3.5.17), along with (3.5.15), (3.5.2), and the completeness of the set

{sin(v/in) n>1
in L?(0, %) imply that
a a . a
Kx(gv';(h) :Ka:(§7‘;Q1)a m LZ(OaQ)- (3.5.18)

Introduce the functions:

and
r(@) = q(z) — ¢ (@)
Due to the fact that K(x,t;q1) and K(z,t;q]) are the solutions to the Goursat prob-

lems (3.2.18) with ([0, 8],p) = ([0, %],¢1) and respectively ([0, 8],p) = ([0, %],¢}), and due to
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equations (3.5.7) and (3.5.18), the pair (W, r) solves:

W (1) — Was ) — a1 ()W (2, 0) = K (2,5 g1)r(e), <t << 8
Wz, z) =% [ r(s)ds, 0<z<g
W(z,0) =0, 0<z<g (3.5.19)
W(%,-) =0, in L*(0,%)
Wa(5,-) =0, in L*(0,%)

Note: In (3.5.19) the functions ¢;(z) and K(z,t;qf) are known, because ¢ and ¢* were
assumed known potentials with the same three sequences of eigenvalues, and hence ¢q1, g7, G2,

¢, and the solutions
K(z,tq1), K(z.t:¢7), K (2, t:42), K (2, £, G3)

to the Goursat problems (3.2.18) with the appropriate choices of ([0, 5], p) will be known too.

Now we can apply Theorem 4.17(b) of [13, page 152] to conclude that
(W.r) = (0,0) € C(Ag) x L*(0. )

is the only solution of (3.5.19). Here Ag = {(z,t)|0 < ¢ < 2z < ¢}. That means that

q1 =q; in L*(0,%). (3.5.20)
A similar work shows that
G2 =g in L*(0, %), (3.5.21)

which further implies, by the definition of g2 and g3, that
g2 = ¢5 in L%(0, 2), (3.5.22)

2

Now it is clear from (3.5.20) and (3.5.22) that ¢ = ¢*. O

3.6 Auxiliary results

The following are needed results in Section 3.4.
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Auxiliary result 1 1. Given the set {\,}n>1 satisfying (3.1.2), the set {sin(v/Ant)}n>1 is

complete in L*(0,a).

2. Given the sets {fin}n>1 and {vy}n>1 satisfying (3.1.3) and (3.1.4) respectively, the sets

{sin(y/fnt) bn>1 and {sin(y/Tyt)}n>1 are complete in L2(0,2).

Proof: We shall prove only assertion 1, the proof of assertion 2 is similar. We start from

Kadec’s 1-theorem (see [23, Theorem 14, page 42]) by which the set
{ens|n = 0,41,+2,...}

is a Riesz basis for L?(—m,7) (see definition of Riesz basis in [23, page 31]), if for some L > 0

the following are satisfied:
10, —n| <L < , for all =0, +1, +2,. (3.6.1)
Since there exists a bijection between [—m, 7] and [—a, a] (here a > 0), given by
s€[-mm —t= Sse [—a,al,
T
we obtain after defining w,, = g@n that the set
{e“ntln =0,+1,42,...}

is a Riesz basis for L?(—a,a) (use the equivalence (1) « (3) in [23, Theorem 9, page 32]), if

for some L > 0 the following are satisfied:
]wn—%\ <L< %, for all n = 0,+1,£2, .. . (3.6.2)
From (3.1.2) we deduce that:
\/E = % + %M + %, as n — 00, where (¢)n>1 € l2,

which implies that for any choice of L € (0, ;) there exists a first index N such that

IV An ——|<L< , foralln=N+1,N +2,. (3.6.3)
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Now define
vV, fn=N+1N+2,...

wp =14 o ifn=041,42,...,+N (3.6.4)
Ap, fn=—(N+1),—(N+2),...
Equations (3.6.4) and (3.6.3) imply that (3.6.2) is satisfied, and so by the above mentioned

version of Kadec’s %—theorem we have that the set

{e“nt|n = 0,41,42,...} is a Riesz basis in L?(—a,a). (3.6.5)
Using the implication (1) — (3) in [23, Theorem 9, page 32], the set is also complete in

L?*(—a,a). Next apply repeatedly Theorem 7 of [23, page 129] 2N times to replace w, by

+/Ajp| for n = +1,42,...,£N and we obtain that the set
{1} U {eFV2tn = 1,2,.. .} is complete in L%(—a, a). (3.6.6)
Next, it follows from this that the set
{sin(v/Ant)|n = 1,2,3...} is complete in L2(0, a). (3.6.7)

(Here the L? spaces are to be understood as the spaces of real-valued functions, squared

integrable.) To see (3.6.7), let f € L?(0,a) be such that:

/a F)sin(v/ Apt)dt =0, n=1,2,3,.. .. (3.6.8)
0

Then consider the odd extension of f to [—a,a] defined by:

f(t), ifo<t<a
F(t) = (3.6.9)
—f(=t), if—-a<t<O.

Using (3.6.8) and (3.6.9), and the facts that the integration is over a symmetric interval and
that the integrand is an odd or even function we get that:
[, F(t)dt =0,
[%, F(t) cos(v/Ant)dt n=123,... (3.6.10)
[ F(t) sm\/itdt—QfO t) sin(yv/Ant)dt n=123,...
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The fact that F' is a real-valued function and (3.6.10) imply that F' is orthogonal to the set
{1} U {eFV2t|p = 1,2,3 ...}, and so by (3.6.6) we get that F = 0 in L2(—a,a). This along

with (3.6.9) imply that f = 0 in L?(0,a). Therefore (3.6.7) is proved. O
Auxiliary result 2 The following integration by parts formula

B B
| #@@ids = HGH) - f@)6l@) - [ 1@)6)ds
holds if f € H'(a, B) and g € C|a, (], where G is an antiderivative of g.

Proof: Directly from the definition of H!(a, 3)-space we have that there exists F' € L?(a, 3)
such that:
flz)=C+ /x F(s)ds, for all x € [a, ] (3.6.11)
o
Since C[a, 8] is dense in L?(a, 3), it follows that there exists a sequence of functions {Fy,},>1
in Cla, f], such that:

||Fro — Fl||r2 — 0, as n — oo. (3.6.12)

Next, define the sequence { fy, }n>1 by

T

fn(z) =C+ / F,(s)ds, for all z € [«, f]. (3.6.13)

67

Since {F,,}n>1 C C[a, 8], we have that {f,}n>1 C Cla, 8]. By (3.6.11), (3.6.13), and Cauchy-

Schwartz inequality we obtain:

B
swp |fola) = @] < [ |l - Fo)lds
a<lz<pg a
< VB —al|F, - F||f2. (3.6.14)
By (3.6.12) and (3.6.14) we have that
fu(x)g(z) — f(x)g9(x), for all x € [a, ], (3.6.15)
and that
[fn(x)g(x)] < |fulz) = f@)] - 1g(@)] + | f(2)] - |g()]
< (Ifa = flloo + 11 flls0) - l9(2)]
< (VB=allFu = Flizz + Ifll ) - lo(a)
< Clg(z)|, for all x € [a, ] and all n > N, (3.6.16)
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hence
| fu(2)g(x)] < max(]]f1lloos - - - || fN—1lloos C)|g(x)], for all z € [o, ] and all n > 1, (3.6.17)
where the function max(||fi|lsc, .- - ||fn-1]lcc, C)lg(x)| is an L'(e, 3) function, because g €

Cla, f]. Using (3.6.15), (3.6.17) and the Lebesgue Convergence Theorem (see [19, Theorem

16, page 91]) we conclude that

/ Ful@)g(z)dz — /f F(@)g(x)da. (3.6.18)

We also write:
B Ié;
| ha@ds = [ @6 @0

I}
= [BG(B) — fu(@)Gla) - / Fu(@)G(x)dz.  (3.6.19)

«

The last identity in (3.6.19) follows from (3.6.13). Next, observe that

| / 2)dz — /jF(x)G(x)dxl < 1/Glloo / |Fu(z) - F(z)|dz

|Glleo v/ B = al[F = Fl[ 12,

IN

which in combination with (3.6.12) leads to:

B B
/ Fo(z)G(x)dx — / F(z)G(x)dx, as n — oo (3.6.20)

«

Because of (3.6.14) and (3.6.12) we can write:

fn(B)G(B) — f(B)G(B), asn— o0
fu(@)G(a) — f(a)G(a), asn — oo.
Combining (3.6.19), (3.6.18), (3.6.20), and (3.6.21) we have that:

B B8
/ f@g@)de = G - / F(2)G(z)dz

= fG° - /f x)dz, by (3.6.11)

(3.6.21)

which is the desired integration by parts formula. [J
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Auxiliary result 3 Formula (3.4.73) holds, where w; and ws are defined in (3.4.55) and (3.4.57).

Proof: The work is the same for both functions and we shall elaborate only for ws since the
integrand has a simpler notation:

() = /0 " () cos(VAL)dt

a

= 1/ F(t) cos(VAt)dt,

2 —a
= i/ F(t) <€iﬁt + eiiﬁf) dt, since cosw = 7‘31@*267“”
1 & ) o0 .
=1 (/ Fext(t)ezﬁtdt—k/ Fext(t)e_’ﬁtdt)
1, - .
= Fear(VN) + Fear(=VA), (3.6.22)

where F € L?(—a, a) is the even extension of f’ € L?(0,a),

F(t), forte€[—a,al,
Femt(t) =
0, for t ¢ [—a,al,

and [, is the notation for the Fourier transform of F.,;. Since F € L*(—a,a) C L'(—a,a),
it follows that F..; € L*(R), and by the theory of Fourier transform of L*(R) functions (see

Fourier version of Riemann-Lebesgue lemma) we have that

~

lim F,, =0. 6.2
Jm t(§) =0 (3.6.23)

Combining (3.6.23) with (3.6.22) we arrive at the second relationship of (3.4.73). O

Auxiliary result 4 The right hand side of (3.4.35) and the right hand side of (3.4.40) form

lo sequences of real numbers.

Proof: We elaborate only for (3.4.35), because similar arguments apply to (3.4.40). Equa-

tion (3.1.3) allows us to write:

2 -M; &l
i = % 0 % as n — 0o, (3.6.24)

dnm

for some sequence of real numbers {¢,},>1 € l2. We make now the important observation that

the sequence {¢L},>1 needs only be an Iy sequence to insure that {c.},>1 is an I3 sequence as
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needed in (3.1.3); this can be seen by squaring the identity (3.6.24) and comparing with (3.1.3);

one will get

1
(’)<2>, as n — oo,
n

(3.6.25)

and so both terms in (3.6.25) are I3 sequences provided that {é:},,>1 € lo, making {cl},>1 an

13 sequence. Then from (3.6.24) the following are derivable:

(3.6.26)

(3.6.27)

(3.6.28)

, since v ~ 0 so cosa > 0

(3.6.29)

: .M e
sin(y/pna) = 5111(71 + 7;;)
~ Ml €ln
~ 7 5 as n — o0
. a .My %6
sin(yfing) = (~1)"sin(5 !+ 22)
M
~ (—1)"2—1 + ei;, as n — 0o
n o n
) a
cos(y/pna) = 1-— 251112(1//%5)
1
= 1+(’)<2), as n — 0o
n
a Ml %é%
cos(\/un§) (=)™ cos(% + 2 )
1+ COS(% + @ . 1+cos(2a)
= (—1)"\/ 2" -~ using cosa = |/ 5
1+ cos(y/pna
= (-1 2(“") by (3.6.24)
1+14+0 (5%
— (_1)"\/ 5 (”2), by (3.6.28)
1
= (-1)"/14+0 n?>
1
= (=" <1+(9<2>>, as n — 00
n
. a? - M 1 a 4
where M; = P and €1, = ac,, and €2y, = (—1)”§6n define Iy sequences of real numbers.

The last identity in (3.6.29) comes from the approximation

\/1+:cz1+g, about x = 0,
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which is derivable from Taylor series expansion. Next, from (3.3.7) we have the following:

S(un) = sin( ,una /f sm \/,LTnt)

- sm(\//T,Lina) - <a 2M> cos(u :na)

+ /a f/(t)wdt, since f € H'(0,a) and (3.4.2)
0

n

sin(y/fina) (a M) cos( ,una)
V/Hn

+ f(a) —Y—= sin(y/Hna) / () sin \//Tnt) dt, since f € H%(0,a)

_ sin( ,una) B (a M> cos( ,una)

\/,LTn 2 Hn
/( )Sln( :una) + w(,un)

+ f'(a ™ /o (3.6.30)
where
== / ’ F(t) sin(VAt)dt. (3.6.31)
0

Note that certainly f € H2(0,a), by the discussion about (3.4.1) and (3.4.2), and so integration

by parts twice in the integral

a 1 nt
[/,
0 Hn
is permitted (see Auxiliary result 2). Similarly, from (3.3.9) and (3.4.14) one derives that:
i ng - M. na ng L n
0,) = ) (M) VIR) SR Ball)
Hn 4 Hn Hno/Hn Hn~/Hn
where
/ ) sin(VAt)dt (3.6.33)

where fo € H%(0,%) as justified in the discussion about (3.4.13) and (3.4.14), thus making the

integration by parts twice in the integral

b sin(y/fint)
/O fa(t) 7\/@ dt

a legal operation (see Auxiliary result 2). Now let «, stand for the right hand side of equa-

tion (3.4.35). Hence, by (3.6.30) and (3.6.32) we have that:

n = \/lim (Z; - cos(\/,tTng) - wg) , (3.6.34)



where
a S(Hn) | g SWFa) | @)
w1 = sin(/na a + , 3.6.35
( ) ( 2 ) VHn fle) fin fin ( )
. a a- Mg) cos(y/fins) a sin(\/fing) = @2pun)
wy = sin(y/tn=) — + f + ) 3.6.36
(Ving) — (T ) S gy S Sl (3.6.56)
- My sin(y/png)
w3 = . 3.6.37
( 4 > VHn ( )
. 1 2nm
Using (3.6.24) and the Taylor series expansion of o about x = 0, where b = — (since
M &l
a7 C—”—>O as n — oo) one has that
dnt  n?
! ¢ asn— o
N — —
Vin  2nm’
(3.6.37) produces the following

(3.6.29), and (3.6.35) -

which in combination with (3.6.26) )
estimates after ignoring all terms of order O (%) ( ) etc:
My e, a-M\ a 1
~ () o = (1 —
oo ()= (57) 3R (0 ()
iy (LY (M e a2
+ () (2n7r) < n n2> (2n7r> (pn)
Ml E1n M a 2
~ St () G,
My M ey a \?2 .
= () @m) (3.6.38)
2-
WhereM:a M,
47
My eo a-My\ a 1
~ (1t 2= (1
v x (g ) - (50) s (10 ()
14 a 2 an E2n a 2
(2 _qynft o, =2m i .
+f2(2) <2n71') <( ) 2n n2>+(2nﬂ') Sl
M, | eop M, a \?2_
~ (1) mn R
(( ) on + n2> (=1) 2n +<2n7r> @2(n)
B o My My | ean a \2.
= ()G~ NG T () @i, (3.6.39)
2,
where Mgza M2,
4
N (MY a (el e
ws 4 2nm 2n  n?
M \?
~ (=) | — 3.6.40
0 (5e) (3.6.40)
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where M; = . Inserting (3.6.24), (3.6.29), (3.6.38), (3.6.39), (3.6.40) into (3.6.34) and

- (
ignoring all terms of order O (nl ) (%) etc, one arrives at:

(e (oo (o ) - (5
~ <2Z7T 5”) (1)ng__(%1;§i%}r)i;)n2)@2 )

M M n n
NEPATE == EEE T
a (_l)n% — (- 1)nM2 + 52n +(
2nm M1+]\27[5—2J\7[ + Hns (;21) Sy (ﬁ)
= — +&n —1)" /4 € a ~
s (M1 — My) + 52 + (3% )" @2(pn)
)" wa(

n—_ _1 " n 2 ~,
- (27 ( G (i) (@lm) — (<1)"s un») 501
- n 1, — — 2 - ) O
’ - (V= 8+ 551+ (335)” @2(1an)
- M ol
where &, = a4n7r1 + % defines an [y sequence of real numbers, since {E,ll}nzl € Iy, and

My + My = 2M, and My # M, due to the definitions of M, My, M and to the hypotheses of

Theorem 1. Next, from (3.6.31) we have that:

S = [ () (sinvit) —sin(hat)) e+ [ (="(0) sl Rt
— /Oa2(—f”(t))cos (M—;mt) (M m)

+ [ (1) st
0
= /a 2 (—f”(t)) CcOSs (mt) Sin (a(Ml - M)t + (46% — E2n)t> dt
0

2 Anm 4n?

2

- /0 ’ (= f"(t)) sin(y/Agnt)dt
= 0 <1> +/0a (= f"(t)) sin(y/Agnt)dt, (3.6.42)
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because
M é ~
VA =20+ G0 + 5, as n — 00, where {¢,}n>1 € lo
. a(My—M)t (48l —én)t\ . a(Mi—M)t (4L —éan)t 1
SN ( Anm + 4n? ~ dnT + 4n2 =0 (n) y a8 1 — 00

(@0 | Sl

| cos

f € H%*0,a), so f" € L*(0,a).

It is easily seen that the first term in (3.6.42) defines an Iy sequence, whereas the second
term in (3.6.42) defines the subsequence of even-numbered terms in the moment sequence of

—f" € L?(0,a) with respect to the set of vectors

{sin(v/Ant)[n > 13,

which is a Riesz basis of L?(0,a) (see Auxiliary result 6), therefore by Theorem 8 in [23, page
169] the whole sequence is an ls sequence. (The definition of the moment sequence of a given
vector in a Hilbert space can be found in [23, page 146].) Thus, both terms in (3.6.42) are ly
sequences, and so

{&(kn) oz € Lo (3.6.43)
Also from (3.6.33) one has that

{@Da2(pn) 1nly € la, (3.6.44)

because it represents the moment sequence of —f4 € L?(0, ) with respect to the set of vectors

{sin(y/pnt)|n > 1}

which is a Riesz basis of L?(0, %) (see Auxiliary result 5), and so Theorem 8 in [23, page 169
is applicable. Multiplying out in (3.6.41) and using (3.6.43) and (3.6.44) we get:

47 a

an - ) O T LG )

+ &,0 <1>, as n — 00,
n

(@2 (Nn) - (_1)11@(:“71))

which clearly shows that {a, }n>1 € l2, because {&, }n>1 € l2, and {€jn}n>1 € l2, i = 1,2. Note
the importance of having M ;é My in (3.6.41). If My = My, then the second factor in (3.6.41)

would have been of order O % = O(1) which would further give that
n2

an, =0(n), as n — oo,
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hence not an ls sequence. [

Auxiliary result 5 Given the sets {un|n > 1} and {vy|n > 1} satisfying (3.1.3) and (3.1.4)
respectively, the sets
{sin(\/unt)|n > 1} and {sin(y/vpt)|n > 1}

are Riesz bases in L*(0,%).

Proof: The proof works equally well for an arbitrary ag € (0,a), not only for ag = §, with the
specification that {p,|n > 1} and {v,|n > 1} must have the right asymptotics, as described

in (5.1.3) and (5.1.4). In that situation, the sets

{sin(\/pnt)|n > 1} and {sin(\/Zyt)|n > 1}

a — ap

2
are Riesz bases in L%(0, ag), where 7, = < > V. We shall make the proof only for the

ao
set

fsin(y/7imt)n > 1},
where ag = g. The proof for the other set, {sin(,/,t)|n > 1} is similar. For this we intend to
apply Theorem 10 of [23, page 172], but slightly modified. For the convenience of the reader
we state the result here: “If {w,}22 __ is the set of all zeros of a function of sine type g, then

the set

is a Riesz basis in LZ(—g, %)”. The definition of a Riesz basis can be found in [23, page 31],

and the definition of an ’entire function of sine type g’ can be obtained by slightly adjusting
the definition of an ’entire function of sine type 7’ found in [23, page 171]. Also the notion of
an ’entire function of exponential type’ is needed, and this can be found in [23, page 61]. For
the convenience of the reader we give here the definition of an entire function of sine type 3.

The definition of an entire function of exponential type § is included therein:

Definition: An entire function f : C — C is said to be of sine type g if:

1. fis of exponential type § (i.e. there exists a constant C' > 0, such that |f(z)| < Cesl#,

for all z € C);



66

2. the zeros of f are separated (i.e. there exists a constant v > 0 such that |z, — z,| > 7,

whenever m # n);

3. there exist constants A, B, H > 0, such that

AezmEl < | ()] < Be2l™@) | for all z € C with [Im(z)| > H.

Our plan is as follows:

e define the function

Pi(z) = ﬂ / fi(t) sm( )dt for all z € C — {0}, (3.6.45)

where f1 € H?(0,%) is as in (3.4.9) and (3.4.10); Note that formula (3.1.3) was needed
to insure the existence and uniqueness of f; with the properties just mentioned. These

were established by analogy with the properties of f at the beginning of Section 3.4.
a
e show that zP;(z) is a function of sine type 5

e show that {0} U {£,/fin|n > 1} are all the zeros of zP;(z);

e show that {1} U {eﬂmtm > 1} is a Riesz basis in L2(—%, %);

e show that {sin(,/fi,t)|n > 1} is a Riesz basis in L?(0, g)

The second item of the above plan is the most difficult one and we leave it at the end. The third
item follows immediately from (3.6.45), (3.4.9) and (3.4.11), and the fact that sin is an odd
function. Note that (3.4.11) assures that 2P (z) has no other zeros except {0}U{=£,/fin|n > 1}.
(Assume that £,/i ¢ {0} U {£/fin|n > 1} is a zero of zP;(z). Hence we get that

S(%;Ql,u) - o i‘/ﬁz / K( 7,Q1 Sm(ift)dt by (3.2.20) with 8 =2, p= Qs

sin :I:\/ﬁ2 / At s1n :t\ft)dt by (3.4.11)

- < f) by (3.6.45)

= 0, since &,/ # 0 is a zero of zPy(z).



67

So p is a Dirichlet eigenvalue of the Sturm-Liouville operator with potential Q; € L?(0, %),
and therefore by (3.4.11) must be in the set {u,|n > 1}, which contradicts our assumption.)
The fourth item follows from the second and third items and the above mentioned version of

Theorem 10 in [23, page 172], where
N ifn=123,...
Wy, = 0, ifn=0
—/P—n, ifn=-1,-2,-3,....
The fifth item is derived from the fourth item and the equivalence (1) < (3) of Theorem 9

in [23, page 32] in the following way: since
{e“ 2 o = {1} U{eVin > 13
is a Riesz basis in LQ(—g, %), using (1) — (3) in [23, Theorem 9, page 32| we have that
{efontyoe = {1} U{e*VF!|n > 1} is complete in L?(—%,%), (3.6.46)
and there exist constants A > 0, B > 0 such that

n n n
A Z &% < || Z éieit||> < B Z &2, for arbitrary n > 1 and arbitrary &;’s. (3.6.47)

j=—n j=—n j=—n

Now, let h € L*(0, %) be such that

a

/2 h(t) sin(y/pnt)dt =0, for all n > 1.
0

It follows from this and by considering the odd extension H € L?*(—%, %) of h that:

’ H(t)dt = 0, since the integrand is odd,

nle

/2 H(t)sin(y/unt)dt = 2/2 H (t) sin(y/unt)dt, since the integrand is even
- 0

Ve

= 2/2 h(t) sin(y/pnt)dt, by the definition of H
0

= 0, for all n > 1, by the above property of A,
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and
/2 H(t) cos(y/pnt)dt = 0, for all n > 1, since the integrand is odd.

All these show that

’ H(t)e™n'dt = 0, for all n = 0, 41,42, ...,
—3

which in combination with (3.6.46) imply that H = 0, and hence h = 0. Therefore, we proved

that the set

{sin(y/pint)|n > 1} is complete in L*(0, ). (3.6.48)
Next, let n > 1 be arbitrary but fixed, and ¢y, co,...,c, be arbitrary constants in C. We have

the following calculations:

HZCJ sin(y/f1;t) P = Z Cjck/ sin(y/f5t) sin(y/puxt)dt

Ji.k=1

3

%
sin(y/p;t) sin(y/uxt)dt, since the integrand is even

Il
O

Q)

e
N | —
T

jk=1 3
1 <& S /eIt _ oI\ [ giv/ERt _ o—in/IRt
= 3 CjCk, - - dt
2 — _% 21 21
]7 =
1 < . [P By
= g Z <Cj€2\/mt+(*cj)€ z\/mt,ckez\/‘Tkt+(—ck)e Z\/‘LTkt>L2(,§7§)
Ji,k=1
1 & . .
-8 - (Gei' +e_je™- t5kew’“t+5—k€m}*’“t>L2(—%,%)
j? :1
1 <« " .
- §< Z gje"t Z ékelwkt>L2(—§7§)
J=-n k=—n
1, — .
= gl > et (3.6.49)
j=—n
where
¢, ifj=1,2,3,...
¢ =14 0, if j=0 (3.6.50)

—cj, ifj=-1,-2,-3,....
Using (3.6.49), (3.6.50) and (3.6.47) we obtain

A n n B n
Tl < 1Y gsin(ymnIP < 5 Il (3.6.51)
j=1 j=1 j=1
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Finally, formulas (3.6.48) and (3.6.51), and (3) — (1) in [23, Theorem 9, page 32| tell us that

the set

{sin(y/pnt)|n > 1}

is a Riesz basis in L2(0, ). Now we are ready to return to the second item of our plan, namely

to proving that zP;(z) is a function of sine type %. We shall establish the conditions in the

definition of such a function (see [23, page 171]). Certainly zP;(z) is an entire function, and

a
it is of exponential type 5 as the following calculations show:

E25169]

IN

IN

IN

IN

IN

IN

IN

in(z2 ’ in(zt)dt|, b 6.4
sin(:5) + [ * A0 sin(at)arl, by (3649

sinz5)l+ [ A0 sintla

iz

e o efiz% 5 ettt _ p—iat
R MU
0

(S]]

27 1
eiz% + efiz% 5 o2t + ezt
I e
0
—2Im(z) 2Im(2) 2 —tIm(z) tIm(z)
e 2 +e2 2 e +e
. + [
0

a 3
ez m(2)] +/ | A1) @ dt - since 45 < |s|, so e*5 < elsl
0
o 2 .
e2lm()l (1 +/0 |f1(t)]dt> , since [t| < &, so eltlmE)l < ezm()l

ezlm@l(1 4 \/gﬂfl”,;z), by Cauchy-Schwartz inequality

Cezll for all z € C, (3.6.52)

where C' =14 /%] f1l|12 is a positive constant. From the calculations shown in (3.6.52) we

also have:

|zP1(2)] < Ce2!™@) for all 2 e C. (3.6.53)
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Using (3.6.45) we can write:

2Pi(z)| = |sinz ;‘> RO 4 [0, sinee 5 < 10,3

_ |sln( <“ M1> cos(23) / £ COS( ) ), by (3.4.10)

> |[sin(z >|—|( im)cos 2 /f1 COS( ),
1 - M
= Hsin(zg) T <a 1 1>COS / f1(t) cos(zt)dt]|. (3.6.54)

The inequality in (3.6.54) is due to |w; — wa| > |Jw1| — |wz]|. Next:

a- M eiz% + e—iz% 3 eizt + e~ izt
(2 cos: / fittycostatiar] < 5|4 [ e
4 2 o 2
S CRRE L BT
a| M| . o . )
where v = . The inequalities in (3.6.55) were obtained using |wi F wa| < |wi| + |wal,
letw| = eFlmw) ots < el the fact that t € [0, ], and Cauchy-Schwartz inequality for

integrals. Lemma 4.8 in [13, page 136] provides us with a comparison between e3l™G)l and
|sin(z§)]:

e2lmG)l < 4] sin(z;)| provided [2§ — nn| > 7, for all n € Z. (3.6.56)
It means that for z € C such that

P
2 — ﬂ| > ? for all n € Z, (3.6.57)
a

the inequality (3.6.56) is satisfied. Observe that the set described in (3.6.57) represents the
exterior of open disks with centers on the real axis (z-axis) and the same radius, T The
open disks {z € C||z — 22T| < I}, ¢z lie within the strip |[Im(z)| < 2. Hence, if we choose a
positive constant H with

H> 21 (3.6.58)
a
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then for z € C such that [Im(z)| > H, the inequality (3.6.57) holds, which further implies

that (3.6.56) is satisfied, and so using (3.6.55) we can write:

1 (a-M a z 4| 1m(z)|
L st - [* s eostenanl < Nm(”ef CENET
lsin3) (v+ /211 )

1

f| sm(22)|, (3.6.59)

IN

IA

if in addition to (3.6.58) we require

H>8 (’y + \[HleLz) . (3.6.60)

It follows using (3.6.58), (3.6.60), (3.6.59), (3.6.54), and (3.6.56) that if we choose

Hnm%wfmm>

then:

a

] = i)l - ] (S ) stz - [ A0 costeoae]

2 || 2
1 M 3
- \sin(zg)| - <“41> cos(zg) —/02 F1(t) cos(2t)dt]
1
> \sm(zg)] - 5] sm(z%)|
1
= §|sm(zg)\
> éef‘”"( I for all z with [Im(z)| > H (3.6.61)

Finally, formulas (3.6.52), (3.6.53), (3.6.61), and the fact that all the zeros {0}U{%,/tn|n > 1}
of zP;(z) are separated (see definition in [23, page 98]) due to the asymptotic formula (3.1.3)

show that all conditions in the definition of a function of sine type % are fulfilled. O

Auxiliary result 6 Given the sequence {\n|n > 1} satisfying (3.1.2), the set
fsin(v/Ant)n > 1}

is a Riesz basis in L*(0,a).

Proof: It is similar to the proof of Auxiliary result 5. [
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3.7 Remarks

Remark 3.1: The interlacing of the set {y,|n > 1}U{v,|n > 1} with the set {A,|n > 1} in
the sense described in the hypotheses of Theorem 1 is a necessary condition for the existence of
a potential function ¢ with the properties specified in Theorem 1. This is what the direct three
spectra problem guarantees, for if ¢ € L?(0,a) has the three sets as its Dirichlet eigenvalues on

the intervals [0,a], [0, §], [, a] respectively, then denoting by ¢1 and g2 the restrictions of ¢ to

[0, ] and respectively to [§, a], and by g2 the reflection of go about the line x = § one obtains

that formula (3.2.16) holds and the pairs

{{ntnz1; {kntnz1}

and
{{Vn}n21; {ki}n21}

are well defined and represent the pairs of {eigenvalues; norming constants} corresponding to

the potentials ¢; and respectively ¢o, where

kyo= I ((-1)"S](Giam))

~ (o S@g pn)
- 1 (( 1) Sl(g;dz,un)>’ by (3.2.27)

and

K= (<1815 )

_ (o Sagva)
= 1 (( 1) Sl(‘;;ql,vn))’ by (3.2.28).

Assuming the interlacing property does not hold, then the proper sign alternation in the ratios

S(a;q,
Slaid, ) 5
S1(5; G2 ttn)
and in the ratios
S(a’7 q? Vn) n > 1

Sl(%;Ql;Vny
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will not hold, making k. and/or k2 undefined. A contradiction! The signs of the above

mentioned ratios are determined by using formula (A.0.10) to write the functions

A€ C — S(asg, A),
A S (C - Sl(%;qh)‘))
AeC — S1(5;G2, M)

as infinite products involving their zeros (which are \,,’s, u,,’s, v,’s respectively) and the length

of the intervals [0,a], [0, §]. These infinite product formulas are:

S(a;g,\) = a2 gy (A — A),
S1($501,0) = § 1021 ey (i — M),
CHCHEVEE D R T= VAP
Remark 3.2: An alternative way to prove the existence of solutions to (3.4.35) and
to (3.4.40) is to show that the right hand side of (3.4.35) and of (3.4.40) form Iy sequences of
real numbers (see Auxiliary result 4), the sets {sin(/f,t)|n > 1} and {sin(,/vnt)|n > 1} are
Riesz bases in L2(0, %) (see Auxiliary result 5), and then apply Theorem 8 of [23, page 169]
having in mind the definition in [23, page 146] for the moment space of a sequence of vectors
in a Hilbert space.
Remark 3.3: We showed in Section 3.4 that the L?(0, 5) potentials g1 and g2 exist. But

how do we practically (i.e. numerically) construct them? By (3.4.34), (3.4.36) and (3.2.47) we

have that:

Fla) ={a:1(), fi(t)} (3.7.1)
and from (3.4.38), (3.4.39) and (3.2.47) we get:
F(q2) = {g2(t), f2(1)}. (3.7.2)

Hence ¢; and §o are numerically obtained by solving the non-linear equations (3.7.1) and

(3.7.2) by a Newton type method (see Subsections 6.1 and 6.2).
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CHAPTER 4. NON-EXISTENCE AND NON-UNIQUENESS
PHENOMENA

4.1 Non-existence phenomenon

The fact that the remainder-sequences {c,}n>1, {cL}n>1, {c2}n>1 in formulas (3.1.2) -
(3.1.4) are I3 sequences is essential for the proof of Theorem 1 in Section 3.4.

The direct theory of Sturm-Liouville problems tells that if the real valued ¢ € L?(0,a)
has {A\n}n>1, {#n}n>1, {Vn}n>1 as its sequences of Dirichlet eigenvalues on [0, a], [0, 5], [5, a]
respectively, then formulas (3.1.2) - (3.1.4) hold with {c, }n>1, {ck}n>1, {¢2}n>1 in o (see for
example Corollary 1 in [18, page 116]).

However, to guarantee the existence of a real valued q € L?(0, a) consistent with the three
sequences of \’'s, p’s and v’s more is needed in formulas (3.1.2) - (3.1.4) than only having
{entn>1, {c}n>1, {}n>1 in lo. We shall show below that there are sequences {\,}n>1,

{pn}n>1, {Vntn>1 with {ca}n>1, {cLn>1, {A}n>1in lp and M = %, but with no corre-

sponding ¢ (see Corollary 1 below).

Auxiliary result 7 Let ¢ € L?*(a,3) be a real valued function and denote by {0,}n>1 its

sequence of Dirichlet eigenvalues. Then the following asymptotic formula holds:

2 Jé] B _
0= (55) s [ atws— o [ awycoszint = 2o +0 (1) asn— o
(4.1.1)

Proof: We start from formula (4.27) of Theorem 4.11 in [13, pages 140-142]: if § € L?(0,1) is
a real valued function having {én}n21 as its Dirichlet eigenvalues, then

6, = (nm)? + /01 4(s)ds — /01 4(s) cos(2nms)ds + O <i) , as n — 00. (4.1.2)
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Let {6, un(z)} be a Dirichlet eigenpair of g. Then

() + q(&)un(2) = Onun(a), in (o, 6) (4.1.3)

Making the change of independent variable x <+ s and dependent variable u,,(z) < v,(s) by

r=(f—a)s+a

the Sturm-Liouville eigenvalue problem (4.1.3) is transformed into:

v (5) + 4(5)vn(s) = Bva(s), in (0,1) (4.1.4)

v (0) = 0 = v, (1),

where
q(s) = (8- a)2q(x), with z = (6 — a)s + «
én = (ﬂ - a)29n.

Thus (4.1.4) tells that {f,,,v,(s)} is a Dirichlet eigenpair of § € L2(0,1). Hence (4.1.2) applies,

(4.1.5)

and after using (4.1.5) and the right change of variable in the two integrals of (4.1.2) one
obtains (4.1.1). O

Theorem 3 If the real valued function ¢ € L?(0,a) has the Dirichlet spectra {\n}n>1, {ftn}n>1,
{vn}n>1 on [0,4], [0, 5], [§,al], respectively then

1
2Xon — piy — vy = O <> , asmn — oo. (4.1.6)
n

Proof: Applying Auxiliary result 7 with ([, 5], {6n}n>1) replaced by ([0,al], {\n}n>1), by
([0, 8], {tn}n>1), and by ([, a], {vn}n>1) respectively, and using the periodicity of the function

cos, formula (4.1.6) is immediate. O

Corollary 1 There are sequences

A = (n7)2 + M + cp, as n — oo
pn = (2nm)2 4+ My + ¢k, asn — oo

vp = (2nm)? + My +c2, asn— oo
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with {cytn>1, {citn>1, {AYn>1 in lo, and 2M = My + M, My # Ma, and satisfying the
interlacing property stated in Theorem 1, such that no real valued ¢ € L*(0,1) exists having

{Mntns1, {ntn>1, {¥ntn>1 as its Dirichlet spectra on [0,1], [0, 1], [3,1] respectively.

Proof: Let {\,}n>1, {tn}n>1, {¥n}n>1 be such that:

)\n:(nﬂ')2+n3%, for n > 1

fn = (2nm)? + 5 Ly 3/4, forn>1
vn = (2nm)? — 5 + =5, form>1.

2

We observe that ¢, = ¢} -

_ _ 1 1
n=Cn = =37 define [y sequences, but not /5 sequences (because

E:lncn Z\f—

Also M =0, M7 = —My = %, so 2M = My 4+ Ms and My # Ms. And we observe that the

interlacing of { A, }n>1 with {gn }n>1 U{vp}n>1 as stated in Theorem 1 holds. More precisely:
D<A < <A< <A3< .o <p <Aop < fin <Aoppl < Untl < Aopgo < fnpl < ...

If there were a potential ¢ consistent with the sets of A’s, p’s and v’s, then condition (4.1.6)
of Theorem 3 with ¢ = 1 would have been satisfied for these three sequences. But it is not,

because

2Xon — fy — VUp = \[ 2#0( >,asn—>oo.

With this example, Corollary 1 is proved. [J

4.2 Non-uniqueness phenomenon

In this section we analyze what happens if the non-overlap hypothesis in Theorem 1 is

given up. The claim is that in this situation, the uniqueness of the potential ¢ is lost.

4.2.1 Some previous results on non-uniqueness

Before this analysis is fulfilled we would like to mention that Gesztesy and Simon (1997)
have looked into the non-uniqueness phenomenon. In [9, Section 5] the authors discuss the non-

uniueness of the coefficient function ¢ when a complete overlap of the spectral data happens
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for a special kind of inverse three spectra problem. More precisely, the inverse three spectra
problem they investigated is: find a real valued function ¢ € L?(0,1) such that the given
sequences { A, }n>0, {ftn }n>0, {Vn }n>0 With prescribed properties are respectively the sequences

of eigenvalues for the Sturm-Liouville problems

—u’(x) + q(z)u(z) = Mu(z), in (0,1)
' (0) — hu(0) = 0 = u/(1) + hu(1),

—u"(z) + q()u() = pu(z), in (0, 3)
w/(0) — hu(0) = 0 = u(3),

[
:\
&
_|_
=
=
<
—~
=
I
N
s
—~
8
~
5
—~
D=

71)

They showed that the requested ¢ is not unique if the complete overlap

{Nn}nZO = {Vn}nzo

happens. The authors ingeniously constructed (theoretically, only) two coefficient functions
¢1, g2 and the boundary parameter h € R such that the same three sequences { A, }n>0, {ftn }n>0,
{Vn}n>0 correspond simultaneously to the three Sturm-Liouville problems above with ¢ = ¢1
and ¢ = ¢go. Their procedure to construct ¢’s worked so nicely due to the symmetry of the
boundary conditions at z = 0 and = = 1. They conjectured only the k-overlap case: if {1, }n>0
and {v, }n>0 have k elements in common, then a k-parameter family of ¢’s consistent with the

given sets { A\ }n>0, {tn}n>0, {Vn}n>0 would exist.

4.2.2 Our results on non-uniqueness

The material to follow in the remaining of this chapter refers only to the non-uniqueness
of the solution to the inverse three Dirichlet-spectra problem we have looked into Chapter 3.

The proofs we present next are completely different from the proof in [9, Section 5]

Theorem 4 (one overlap) Let M, M, My be three real numbers and {An}n>1, {tn}tn>1,

{vn}n>1 be three sequences of real numbers as in hypotheses of Theorem 1 with the exception
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that

0< A <pr=AX=v1 <A3 <z,

and having the interlacing property: for every n > 4 the interval (An—1,A\n) contains exactly
one element of the set

{pn|n = 2} U{vn|n = 2},

and then A\, & {un|n > 2} U {vy|n > 2}. Then, if there exists a real valued L*(0,a) potential
function q with Dirichlet sequences of eigenvalues { \, }n>1, {fintn>1, {Vn}n>1 over the intervals
[0,a], [0, 5], [§,a] respectively, the potential q depends on only one parameter. In other words,

there exists at most a one-parameter family of real valued potentials consistent with the given

three sets.

Observation: The one-overlap p; = Ay = v; was chosen for simplicity in exposition, but the
one-overlap can be equally well taken as up = Aoy = v, for some & > 1. We note here that
it is more likely to have pp = Aop = v, for some k£ > 1 (at least when k is large) than to
have any other combination, say p = A, = v, for some k,p,l > 1. This is so because of
the leading term in each of the asymptotic formula (3.1.2), (3.1.3), (3.1.4). These formulas in
combination with the interlacing property stated in Theorem 1 tell that puy € (Aog—_1, Aok) and
Vg € (Ao, Agg41) or vice-versa, hence if pp = vy, then this forces pup = Ao = 4.

Proof of Theorem 4: Construct the functions f(t), fi(t), f2(t) and the functions S(\),
SM(N), SG)(N) as in the proof of Theorem 1 (see Section 3.4). Then formulas (3.4.17), (3.4.18)

and (3.4.19) hold. Also, identical arguments with those in Section 3.4 show that:
S (1) £ 0, S (ug) £0, for all k> 2. (4.2.1)
Due to (3.4.18), (3.4.19) and the one-overlap p1 = 11 we have that:
SW ) =0=5%(u), (4.2.2)
and due to (3.4.17) and the one-overlap 1 = A\ = 11 we have that:

S(,ul) =0= S(l/l). (4.2.3)
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Formulas (4.2.1), (4.2.2) and (4.2.3) tell us that the sequences of quotients

S(vn)

are well-defined, but the quotients

Su) St
S(Q)(Nl) S(l)(yl)

are undefined (as [2]), and so we can construct the sequences {k} }»>1 and {k2},>1 by choosing
arbitrarily &k} and k? in R and defining k! and k2 for n > 2 as in (3.4.22) and (3.4.23)
respectively. Note that at this point we are free to choose two parameters, but we shall argue
later in the proof that the two parameters are related, hence leaving us with at most one degree
of freedom.

The proof that {kL},>1 and {k2},>1 are I3 real valued sequences is identical with the one

given in Section 3.4). Next Corollary 2 of [18, page 116] applies to the pairs

{{sntnz1, (k) }n>1} and {{vn}tns1, (k) In>1}

to yield two real valued functions ¢; € L?(0, 5) and g2 € L?(0, %) respectively, each having the
indicated pair as its pair of Dirichlet eigenvalues and Poschel-Trubowitz norming constants
(see [18, pages 50 and 59]).

Then define

x), in [0, %
o 0.4
G2(a —x), in [§,al.

Clearly g has {{in}n>1 and {v,}n>1 as its Dirichlet sequences on [0, §] and [§,a], but it

19
remains under investigation that q has {A,},>1 as its sequences of Dirichlet eigenvalues on
[0, a].

If this happens, then a real valued potential consistent with the given data, and depending
on two parameters ki and k? would exist. Now we argue that in this case, ki and k? cannot be

independent. Suppose they are independent. Then for a fixed value of ki we can choose two

different values, say k? and k7 (otherwise k7 would be uniquely determined by the relationship
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between ki and k?). Then, as above ¢; and § can be constructed with the first Pdschel-
Trubowitz norming constant ki and respectively k?, and having {{,}n>1 and {v,}n>1 as
a

Dirichlet eigenvalues on [0, §] respectively. Then, similarly

q1(x), in [0, §]

q () =

G3(a—z), in[§,al.
would have {\,},>1 as its Dirichlet eigenvalues on [0, a]. But then, Hochstadt and Lieberman
result [12] would imply that
q=9q

from which it follows that g2 = ¢5, and so g2 and g5 have the same Dirichlet eigenvalues and
Péschel-Trubowitz norming constants. This implies that k% = k2. But this contradicts our
assumption.

In conclusion, there exists at most a one-parameter family of real valued L?(0, §) potentials

consistent with the given three spectra. [

Theorem 5 (N overlaps) Let M, M;, My be three real numbers and {\p}n>1, {tn}tn>1,
{vn}n>1 be three sequences of real numbers as in hypotheses of Theorem 1 with the exception
that

O< A <pr=X=v1<...<Xon-1<punN =N =VN < Aont1 < IN+1,UN+1
and having the interlacing property: for every n > 2N + 2 the interval (Ap—1,\n) contains
exactly one element of the set

{faln > N+ 1} U {vln = N 4 1},

and then \p & {pin|n > N + 1} U {v,n > N + 1}. Then, if there exists a real valued L*(0,a)

potential function q with Dirichlet sequences of eigenvalues {\p}n>1, {tn}tn>1, {Vn}tn>1 over

the intervals [0,a], [0, 5], [§,a] respectively, the potential q depends on N parameters, only.

Observation: The N-overlaps above were chosen for an easy exposition in the proof, but they

can equally well be taken as

HEy = A2k = Vg < oo < Py = Aoky = Viys
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for some 1 < k1 < ... < kpn.
Proof of Theorem 5: It is similar to the proof of Theorem 4. The only differences are as

follows:
SM (1) #0# S (), forallk >N +1,

SO (1) =0 =5 (), fork=12.. N, (4.2.4)
S(pk) =0=S(), fork=1,2,...,N.
Therefore the quotients
S(Mn) S(Vn)

m, an S(l)(yn) fOI'TLZN—i—l

are well-defined, but the quotients

S(um) o S(om)

5@ ()’ SO ()’ forn=1,2,...,N

are undefined (as [3]). Hence we can construct two sequences of numbers {k}, }>1 and {k2 }n>1
by choosing arbitrarily k1, ..., k‘]lv and k‘%, . ,k‘?\, in R and then defining k,ll and k%, for n >
N +1 by (3.4.22) and (3.4.23), respectively. Then we continue as in the proof of Theorem 4,
with the scalars k} and k? replaced by the vectors (ki,..., k}) and (k?,... k%) respectively.
In conclusion, there exists at most one N-parameter family of ¢’s consistent with the given
three spectra. [
Observation: The dependence of (k%,...,k%;) on (ki,...,k)) can be written in the form of
a vectorial equation:

O(ki, ... kN: k2 .. k%) =0
where ® takes values in RY, or in the form of a system of N scalar equations:

1Kty o kN k2 KR) =0

on (ki ... kN KD, ... k%) = 0.
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CHAPTER 5. GENERALIZATIONS

5.1 The case of unequal subintervals

One possible generalization of the problem described in Chapter 3 is to consider the interval
[0,a] divided into unequal subintervals [0, ag], [ao,a], and maintain the Dirichlet boundary
conditions at the end-points of the interval [0,a] and at the interior node ag. Similar results

with the ones in Theorem 1 will be presented, but now for the case of unequal subintervals.

Theorem 6 Let a >0 and 0 < ag < a. Let M, My, My be three real numbers such that

ao

2
My # (Lao) Mo
(5.1.1)
_ ap-Mi+(a—ag)-M
M = foMita—ao) My

Let {\,Jn > 1}, {pn|n > 1}, and {vn|n > 1} be three sequences of real numbers, strictly

increasing, such that neither two of them intersect, and satisfying the following asymptotic

formulas:
nm\ 2 1
Ap = (—) + M + ¢, as n— 0o, where (¢p)p>1 € I3, (5.1.2)
a >
nm\?
= () + M +cl, asn — oo, where (cl)n>1 € 13, (5.1.3)
ag -
nr \?
Up = < ) + My + 2, as n — oo, where (c2)n,>1 € 13, (5.1.4)
a — ap -

and having the following interlacing property:
D<A <p and0 < A\ <1
and for every n > 1 the interval (A,—1, \p) contains exactly one element of the set

{km[m =1} U{vin[m > 1}.
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Then there exists a real-valued potential ¢ € L*(0,a) such {\ujn > 1}, {unln > 1} and
{vn|n > 1} are the Dirichlet eigenvalues for the Sturm-Liouville problem with potential q over
the intervals [0,a], [0,ao], [ao,a] respectively. The potential function with this property is

UNIQUE.

Observation: The uniqueness of a potential ¢ having the specified three sets as its sets of
Dirichlet eigenvalues, assuming only pairwise disjointness of these three sets was also proved
by Gesztesy and Simon (see Theorem 1 and Section 3 in [9]). However, the proof of uniqueness
given here is completely different from their proof.

Proof of Theorem 6: Assuming first that such potential function ¢ exists we can write the

following three key ingredients:

S(a;q, \) = Si(ao; q1, A)Ca(as g2, A) + S1(ao; q1, A)S2(a; g2, A), for all X € C, (5.1.5)
CQ(CL; q27)‘) = Si(ao;(}bv;‘)a (516)

a—a N
Sa(a; g2, A) = o © . S1(a0; 2, ), (5.1.7)

where g1 = ql[0,a0]> 92 = Ql{ag,a]> the pairs {g2, A} and {g2, 5\} are related to each other by the

formulas
g0,z =a—(%52)¢ € fag.a]

3@(&) = <%)2 - qo(x) (5.1.8)
A= ()
C(-;p,A\) and S(-;p, \) are the unique solutions to (3.2.1) & (3.2.2) and respectively to (3.2.1)
& (3.2.3), the subscripts 1, 2 attached to either one of the previous function are meant to refer
to the first subinterval [0, ag] and to the second subinterval [ag, a], respectively. The proofs of
formulas (5.1.5), (5.1.6) and (5.1.7) are presented in Auxiliary result 8, soon after the proof of

Theorem 6. From (5.1.5), (5.1.6) and (5.1.7) we infer that

JO a — a -
S(a;q, ) = Si(ao; q1, ) S1(ao; G2, A) + ( ~ 0) S1(ao; g1, A)S1(ao; G2, A), (5.1.9)

where the same relationship (5.1.8) holds. Having in mind the integral representation of

S(a;q, ), S1(ao; q1, ), S1(ao; G2, A) (see (3.2.20)), and of S (ao; g1, A), S1(ao; G2, A) (see (3.2.21)),
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formula (5.1.9), the fact that

S(a;q,\p) =0, n>1,

Si(aosq1, pin) =0, n > 1,

Si(ao; G2, ) =0, n = 1,
and the Goursat problems of type (3.2.18) which the kernels K (z,t; q), K(x,t;q1), and K(z,t; ¢2)
satisfy, we can describe a natural way of constructing the potential function g. Solve for

f € H*0,a), f1 € H3(0,a0), and fo € HZ(0,a9) the following systems of integral equations:

sin(vVAwa) [ sin(VA)
silien) | [ s

and respectively
sin(v/opa ao sin(v/opt
) | [ )
Vi 0 Vi

Existence and uniqueness of the solutions to these systems can be shown analogously to

dt =0, n>1. (5.1.12)

those in Section 3.4. The asymptotics (5.1.2), (5.1.3), (5.1.4) of the sequences {\,|n > 1},
{pn|n > 1}, and {v,|n > 1} respectively are essential in this regard. The uniqueness of f
follows due to the Auxiliary result 1, and uniqueness of f; and fy follow due to the Auxiliary
result 9 presented after the proof of Theorem 6.

Then construct the functions

_sin(Wa) o sin(VAE)
S0 =% +/0 f)= 5t for all A € C (5.1.13)
_ sin(v/Aag) @0 sin(vV/\t)
Si() = T +/0 A2, for sl A e © (5.1.14)

Sa(3) = “%“H/O fz(t)sm(\?t)

Further the quotients

~ 2
dt, for all A = (——go) AeC. (5.1.15)

S(Nn)
S2(ﬂn)7 n Z 17
Slm) > 1,

S1(vn)’
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2
with fi, = (%) tn will be known quantities. An argument similar to the one presented in

Section 3.4 shows that
So(fin) #0, foralln>1

Si(vn) #0, foralln > 1.
The non-overlap property {un|n > 1} N {vpjn > 1} = ¢ is also used. Next, solve for g; €

L?(0,a0) and go € L?(0,a0) the systems of integral equations

ag - M1\ sin(y/finao) ao sin(y/fnt) B ao S(pn) "
cos(\//Tnao)—i-( 5 ) N +/O g1(t)7\//7n dt = (a—ao) S’ >1

and respectively

con( (A0 (1000 M) S Trtn) [ o) St

Similarly, the reader is referred to Section 3.4 for the existence and uniqueness of the solutions
g1 and g2 to (5.1.16) and (5.1.17), using the same asymptotic formulas (5.1.2), (5.1.3), (5.1.4).

Then solve the non-linear equations

F(q1) = {g1(t), fit)},
F(G2) = {92(¢), 15},
for g1 and Go. Here the map F is defined by (3.2.47) with [0, 5] replaced by [0, ap]. Finally,

write

@@ﬂ=( ”))2@<“O<a—m»ﬂnxemm%

a — agp a — ag
and paste together ¢; and g2 to get ¢ over the entire interval [0,a]. The proof that the
potential function ¢ constructed above is the one having as its Dirichlet eigenvalues over the
intervals [0, a], [0, ao], [ao, a], the three sequences of real numbers {\,|n > 1}, {u,|n > 1} and
{vn|n > 1}, respectively is similar to the proof in Section 3.4. Also, the proof that ¢ with the
properties described in the hypotheses of Theorem 6 is unique goes similarly with the proof in

Section 3.5. O

Auxiliary result 8 Formulas (5.1.5), (5.1.6) and (5.1.7) hold.
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Proof: Formula (5.1.5) follows from the fact that S(-;¢, A) is a solution to the equation
—u"(x) + q(z)u(z) = Mu(z),

over the interval [0, a], and so it is a solution to the same equation over the interval [ag, a]

where Ca(+; g2, A) and S2(+; g2, A) form a fundamental set of solutions. Therefore we can write
S(@;q,A) = (k1)Ca(w; g2, A) + (k2)S2(73 g2, A), @ € [ao, al. (5.1.18)
Taking the derivative with respect to z in (5.1.18) we obtain:
S'(z39,A) = (k1)C3(w; g2, A) + (k2)S5(25 g2, A), @ € [ao, a]. (5.1.19)

Then taking z = ap in (5.1.18) and (5.1.19) and using the initial conditions the functions
C5(+; g2, A) and Sa(+; g2, A) satisfy we find the constants k1 and ko to be S(ag; ¢, \) and S’ (ag; ¢, A).

Easily one can show that
S(.CE, q, )‘) = Sl(xa q1, )‘)7 for z € [07 CL(]],

by using the uniqueness of solution to the initial value problem

—u"(z) + q1(x)u(z) = Au(z), 0 <z < ap,
u(0) =0,

w'(0)=1

and the fact that ¢ = q’[O,ao]' From these we have that:

k1 = Si(ao; g1, A) (5.1.20)
kg = Si(ao;(hv)‘)'

Taking = a in (5.1.18) and using (5.1.20), formula (5.1.5) is immediate. To prove (5.1.6)
and (5.1.7) one can either use ideas similar to those in Lemma 1 or else similar to those in

Lemma 2. If for example formula (A.0.10) is used then we can write:

< (a—ap\>
So(a; g2, \) = (a — ap) | I < e 0) (zn — A), (5.1.21)
n=1
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where z,’s are all the zeros of Sa(a;qa,-), the characteristic function of the Sturm-Liouville

problem
—u"(z) + q@a(z)u(x) = Mu(z), ap <z < a,
u(ap) =0, (5.1.22)
u(a) =0,

and

Y > (ag— 0\ _ ~
S1(ao; G2, A) = (ag — 0) H ( 0 ) (Zn — ), (5.1.23)

S\ nw
where Z,,’s are all the zeros of Si(ao;Go, ), the characteristic function of the Sturm-Liouville

problem
—0"(€) + q2(&)v(€) = Mv(€), 0 <€ <ay,
v(0) =0, (5.1.24)
v(ag) = 0.
Remembering that the zeros of the characteristic function Ss(a; g2, ) are exactly the Dirichlet
eigenvalues of the operator L(%2) over the interval [ag,a], and the zeros of the characteristic
function Si(ao; g2, -) are exactly the Dirichlet eigenvalues of the operator L(@) over the interval

[0, ap], and noting that
{A u(x)}

is a Dirichlet eigenpair of L(#2) (i.e. {\, u(z)} solves (5.1.22)) if and only if

{Xz(“‘“)2xma=uw—<a‘%>@}

ag ag

is a Dirichlet eigenpair of L(®) (i.e. {\,v(£)} solves (5.1.24)), where (5.1.8) holds, we have

that

2
5 = (“ “0) 2n, for all n > 1. (5.1.25)

ag
Now (5.1.7) follows immediately from (5.1.21), (5.1.23), (5.1.8) and (5.1.25). Now we turn our

attention to proving formula (5.1.6). By the change of variable

s€[0,1] &z =(a—ag)s+ ao € |ap, al,
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we observe that u(x) solves the initial value problem

—u’(x) + g2(x)u(z) = Mu(z), ap < = < a,

u(ag) = 1, (5.1.26)
w'(ag) =0,
if and only if
v(s) = ul(a— ao)s + o) = u(z) (5.1.27)

solves the initial value problem

—0"(s) + p(s)v(s) = Av(s), 0 < s <1,
v(0) = 1, (5.1.28)

where
p(s) = (a — ag)*q2((a — ag)s + ag) = (a — ag)*g2(x),
A = (a—ag)X.

(5.1.29)

Since the unique solution to (5.1.28) is C'(s; p, A) and the unique solution to (5.1.26) is Ca(; g2, ),

formula (5.1.27) yields

C(s;p, A) = Co(; g2, A), with 2 = (a — ag)s + ag. (5.1.30)
Taking s = 1, so x = a in (5.1.30) we have that
Ca(a; g2, ) = C(1;p, V), (5.1.31)
where (5.1.29) holds. Next, by making the change of variable
s €[0,1] < & = aps € [0, ag)

one can show that u(§) solves the initial value problem

—u"(€) + @(Ou(§) = Mu(é), 0 <€ < ap,
u(0) = 0, (5.1.32)
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if and only if

solves the initial value problem

—v"(s) + p(s)v(s) = Nv(s), 0 < s <1,

where
p(s) = (a0)*G2(aos) = (ao)?q(€),

A* = (ag)2 .

(5.1.33)

(5.1.34)

(5.1.35)

Since the unique solution to (5.1.34) is S(s;p, A*), and the unique solution to (5.1.32) is

S1(&; G2, A), formula (5.1.33) reads

S(s;p, ") = 5'1(5;32,)\)’ with £ = ags.

(5.1.36)

Taking the derivative with respect to s in (5.1.36) and then making s = 1, so £ = ag we obtain

Si(ao; q27 >\) = S,(l,ﬁ, )\*)7

where (5.1.35) holds. Using (5.1.35), (5.1.8), and (5.1.29) one gets:

N = (ap)®\
= (a—ag)*\

~

p— A,
and

p(s) = (a0)’G2(aos)

— (- aPale- (2 ) )

ao

= (a— a0)2q2(a(1 — 8) + aps)
= (a—ag)’q((a—ap)(1—s) +ap)

= p(l—s), forall s €|0,1].

(5.1.37)

(5.1.38)

(5.1.39)
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Formulas (5.1.38) and (5.1.39) allow us to use (A.0.12) and write
C(1;p, \) = S'(1; 5, \%). (5.1.40)
Then (5.1.40) along with (5.1.31) and (5.1.37) lead to (5.1.6). O

Auxiliary result 9 Given the sets {pin}n>1 and {vp}tn>1 satisfying (5.1.3) and (5.1.4), the

sets

{sin(y/fnt) }n>1 and {sin(\/nt) }n>1

2
a—a
are complete in L*(0,aq). Here i, = ( 0) Un,.
ao

Proof: Similar to the proof of Auxiliary result 1. O

The algorithm: The main steps of the algorithm were already outlined in the proof of
Theorem 6. The only thing we want to mention here is that for solving numerically the

systems (5.1.10), (5.1.11), (5.1.12), the Fourier series representations

f(t) = <A24> t+ gan sin (%Tt) , t €]0,4q], (5.1.41)
fi(t) = <M) t+ ia(l) sin (mt> t € [0, ao] (5.1.42)
1 - 9 ] n ao 3 > Q0 J, -
f(t)—(a_a0>2(%>t+ia(2)sin<mt> t €10, ao] (5.1.43)
2 N ap 2 el " ap ’ P 2ob o

are used. Inserting them into (5.1.10), (5.1.11) and respectively (5.1.12), three linear systems of

equations are obtained to be solved for the Fourier coefficients of f, f1, and fo. And similarly,

write
° _1
g1(t) = ; B sin (ma()?)”t) , t € [0, ao] (5.1.44)
and
© _1
g2(t) = ; B2 sin (Wt) .t €0, ao]. (5.1.45)

Insert these Fourier series into (5.1.16) and respectively into (5.1.17) to solve for the Fourier

coefficients of g1 and gs.
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5.2 The case of mixed boundary condition at the interior node

Here by a mixed boundary condition at the interior node ag of the interval [0, a] we mean

a boundary condition of Robin type:
v (ag) + Hu(ag) =0, (5.2.1)

where H € R is a known constant. This boundary condition would correspond to the practical
situation of a string clamped at the interior node to a spring of stiffness not exactly H, but
depending on H. Or in other words, the boundary condition (5.2.1) corresponds to a string
which set into infinitesimal vibrations will bend at any instant at the interior node proportion-
ally to the string displacement from the equilibrium position at that instant. To see why this
is so we may assume that the string is in equilibrium when it lies on the horizontal line. Then
from (5.2.1) we have

W (ag) = —Hu(ag),
which used in (2.2.4) along with the fact that ao = z(€%) give
¢'(&) = u(ao) (—Hv(ao) — v'(ao)) - (5.2.2)
Using next (2.2.1), and ag = (&%) in (5.2.2) we obtain
¢' (&) + (v'(ao) + Hu(ao)) v(ao) - (&) = 0. (5.2.3)

One can easily check that starting with (5.2.3) and using (2.2.4) and (2.2.1), formula (5.2.1)
is recovered. Therefore, (5.2.1) and (5.2.3) are equivalent, and we are going to manipulate

further only (5.2.3). Denote

H= (v'(a0) + Hv(ag)) v(ao). (5.2.4)
Hence (5.2.3) can be written equivalently

¢'(&) + Ho(&) = 0. (5.2.5)

Below we show that the constant H contains information about the string at location & only.

Expressing v from equation (2.2.7) we have

v(z) = v/ p(§). (5.2.6)
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Recalling that x = z(£), taking the derivative with respect to £ in (5.2.6) and using (2.2.3)

and (2.2.7) the following calculations come out:

v'(z) =

1 1
4RO VRE
- (5.2.7)
43/p°(6)

With £ = &, so = ag in (5.2.7) and in (2.2.7) we obtain the final expession for H in (5.2.4):

1 = *
e VA (5.2.8)

Next, if we multiply (5.2.5) by ¥ (7) and use (2.1.5) we get:

H=

U

og &7+ HU(&,7) = 0. (5.2.9)

Now the interpretation of (5.2.1) is straightforward, because (5.2.1) is equivalent to (5.2.5),
and to (5.2.9), and

ou
87§<§(>)kv 7—)

represents the tangent of the angle between horizontal line (i.e. the string at equilibrium) and

the tangent line to the curve
§€[0,6] = UE,T)

(i.e. the string at time 7) at location § = &;.

The practical situation we want to solve is the recovery of a string (in fact, of its density)
from measurements of three sets of frequencies of oscillation: one corresponding to the vibration
of the entire string, another two corresponding to the independent vibrations of the first part
and of the second part of the string, parts obtained by clamping the string at an interior node

to a spring with a known stiffness constant.
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Theorem 7 Let a > 0, 0 < ag < a and H be a real number. Let M, My, My be three real

numbers such that

My # (m)2M2

ao

5.2.10
M= ap-Mi+(a—ap)-Ms _ ( )

Let {\yJn > 1}, {pn|n > 1}, and {vn|n > 1} be three sequences of real numbers, strictly

increasing, such that neither two of them intersect, and satisfying the following asymptotic

formulas:
nm 2 .
An = (7> + M A+ cp, as n — 00, where (¢n)n>1 € by, (5.2.11)
a =
2
1
n—j 0
Mn = <(CL02)7T> + 2;0 + Ml + 0711) as n — oo, where (Crlz)nzl c l%’ (5212)
1
-3 H
Vn = <(77’2)7T> —2 + M2 + C,?l, as n — o0, where (ng)n>1 c l%’ (5213)
a — ag a — agp =

and having the following interlacing property:
0<p <A1, or0<urvy <Ay,

and for every n > 1 the interval (A,—1, A\p) contains exactly one element of the set
{tm|m > 1} U {vpy|m > 1}

Then there exists a real-valued potential ¢ € L?(0,a) such {Au|n > 1}, {unln > 1} and
{vn|n > 1} are the Dirichlet, the Dirichlet-Robin, and the Robin-Dirichlet eigenvalues for
the Sturm-Liouville problem with potential function q and impedance parameter H over the

intervals [0, al, [0, ap], [ao,a] respectively. That is, for each A, there exists a solution u,(x) to

the boundary value problem

for each p, there exists a solution v,(x) to the boundary value problem
—u"(z) + q(z)u(z) = ppu(z), 0 <z < ag
u(0) =0

u'(ap) + Hu(ag) = 0,
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and for each v, there exists a solution wy,(x) to the boundary value problem

—u’(x) + q(z)u(z) = vpu(z), ap < x <a
u'(ap) + Hu(ag) =0

u(a) = 0.

The potential function with this property is unique.

Observation: The uniqueness of a potential ¢ having these three sets as its sets of eigenvalues
in the sense presented above, assuming only pairwise disjointness of these three sets, was also
proved by Gesztesy and Simon (see Theorem 2 and Sections 3 and 4 in [9]). However, the
proof here is completely different from their proof.

Proof of Theorem 7: Assuming that such potential function ¢ exists we can write for-

mula (5.1.9) derived in the proof of Theorem 6, where the pairs {2, \} and {g2, A} are related

to each other by formula (5.1.8). Here q1 = qlg 4,] and g2 = q\[ao,a]. We also observe that

{A u(z)}
solves the boundary value problem

—u"(z) + @a(z)u(x) = Mu(z), ap < z < a,
o (ag) + Hu(ag) = 0, (5.2.14)
u(a) =0,

(or equivalently {\, u(z)} is a Robin-Dirichlet eigenpair corresponding to the potential function

q over the interval [ag, a], and hence to the potential function ¢o) if and only if

Hi= (“‘“O)QA,U@ —u(a— %) = u())

ag ag
solves the boundary value problem
—0"(€) + @(&)v(€) = M(§), 0 <& < ag,
v(0) =0, (5.2.15)

v'(ao) — H* 20 v(ag) =0
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(or equivalently {\, v(£)} is a Dirichlet-Robin eigenpair corresponding to the potential function
Go over the interval [0,ap]). Since v,’s are the Robin-Dirichlet eigenvalues corresponding to

the potential function ¢ over the interval [ag, a] we infer from the above discussion that

a — agp

S1(ao; G2, n) — H S1(ao; G2, ) = 0, for all m > 1. (5.2.16)

ao

2
Here 7, = <%> Vp. Since pp,’s are the Dirichlet-Robin eigenvalues corresponding to the

potential function g over the interval [0, ag] we also have that
S1(ao; q1, ptn) + HS1(ao; q1, ptn) = 0, for all n > 1. (5.2.17)
The Dirichlet eigenvalues of the potential function ¢ over the interval [0, a] are A,’s. So
S(a;q, \n) =0, for alln > 1. (5.2.18)
Formula (5.1.9) can be transformed to make room for the characteristic function
A — Si(aos q1, ) + HS1(ao; g1, )

of the Sturm-Liouville problem with Dirichlet-Robin boundary conditions

—u"(z) + q1(z)u(z) = Mu(z), 0 <z < ap,
u(0) =0,
v (ap) + Hu(ag) = 0,

and the characteristic function

- % Si(ao; Ga, \)

5\ - Si(ao;q~2’5\) -H
ag

of the Sturm-Liouville problem with Dirichlet-Robin boundary conditions
—0"(€) + q2(&)v(€) = Mv(€), 0 <€ <ao,

v(0) =0,

v'(ao) — H 20 v(ag) =
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Here the calculations are:

a — agp N

Sl (a(); 627 A)

S(asq,\) = Si(ao;q1,\)S](ao; G2, A) + Si(ao; g1, \)

a — ap

— Si(anyan, \) (Suao;qa,X)—H

a — q -z
0.8, (ao; g1, A)S1(ao; G2, )

S1(ao; Ga, X))

ao

+ H

=% S1(ao; Gz, \)

+  (S1(ao:q1, A) + HS1(ao; q1, \)) a
a — agp N

- H S1(ao; g1, A)Si(ao; G2, A).

So we have:

a — ap

S(a;q,\) = Si(aosqi, \) (Si(ao;q}v;\)H o 51(%;@275\))

=208 (a; G2, A), (5.2.19)

+  (Si(ao;q1, A) + HS1(ao; q1, N)) o

where the same relationship (5.1.8) holds. Next, formulas (5.2.19), (5.2.16), (5.2.17), and (5.2.18),

as well as the integral representation of S(a; g, A), Si(ao; g1, A), S1(ao; G2, \) (see (3.2.20)), and
of S (ao; q1,\), S} (ao; G2, A) (see (3.2.21)), and the Goursat problems of type (3.2.18) which
the kernels

K(.%',t; Q), K(%t ql)v K(:Uat; 62)

satisfy are essential in developing the procedure for constructing such potential function q.

This procedure follows now. Find f € H?(0,a) which solves the system of integral equations:

sin(v/A\pa) /“ sin(v/Ant)
—_—— + f()——=dt =0, foralln >1 5.2.20
e b T (5220
and satisfies the conditions:
0)=0
1) (5.2.21)
fla) =24,

find hy € L?(0,a0) which solves the system of integral equations:

- M in(/tn o in(y/ptnt
cos(y/tnao)+ <a0 Ly H> Sin(y/Hnao) +/ hl(t)wdt =0, foralln >1 (5.2.22)
2 Vibn 0 VHn

and satisfies the condition:

h1(0) = 0, (5.2.23)
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and find hy € L?(0, ag) which solves the system of integral equations:

_ —an) - M (VP
cos( ﬂna0)+a , il <(a a;) 2 H> sin (v ¥ndo) / ha(t sm )dt =0, foralln >1
0

(5.2.24)
and satisfies the condition:

ha(0) = 0. (5.2.25)

2
Here 7, = (%) V. The uniqueness of f follows due to the fact that the set

{sin(v/Ant)|n > 1}

is complete in L?(0,a) (see Auxiliary result 1 in Section 3.6), and the uniqueness of hy and h

follows due to the fact that the sets

{sin(\/pnt)|n > 1} and {sin(\/Zyt)|n > 1}

are complete in L2(0, ap) (see Auxiliary result 10 immediately after the end of this proof). The
existence of f, h1, ho can be shown analogously to those of f, fi, fo presented in Section 3.4.

Then we can construct the functions

sy = S0 / ' f(t)sm(\/\?t)dt, (5.2.26)
Pi()\) = cos(v/Aag) + (ao -2M1 + H) Sm(\/\?ao) n /an hl(t)SinE?t) dt, (5.2.27)

N S a—ag [ (a—ag) - M sin(\/ia ) ao sin(\fj\t)
Py(\) = cos(\Aao) + o 0 ( ; 2 _ H> \/KO + ; hg(t)iﬁ dt.

- 2
Here A = (%) A. Furthermore, the quotients

S(Hn)
Py M2 1
S(vn)
IAODE n>1

2
with fi, = (%) 1, will be known quantities. The fact that

Py(fin) #0, foralln>1

Pi(v,) #0, foralln>1,
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follows using the non-overlap property {un|n > 1} N {wvy|n > 1} = ¢, in a similar way the
relationships (3.4.20) and (3.4.21) were proved in Section 3.4. Next, let f; € H'(0,a0) and

fo € HY(0,a0) be the solutions to the system of integral equations

S(un) _ sinlyiina) [y sl -,
Pyjin) *‘jﬁ f)— gt nz1, (5.2.29)

and of the system of integral equations

< aop >S(1/n) sin( M&Q / ha(t) sm \/Zt)

a—ag) Pi(vy) -

n>1, (5.2.30)

respectively. Use the results of [23, chapters 3 and 4] along with formulas (5.2.11), (5.2.12), (5.2.13)
to prove existence of such solutions. Uniqueness of these solutions is due to Auxiliary result 10

immediately after the end of this proof. Then construct
91(t) = ha(t) — Hf1(2), t € [0, ao]
g2(t) = ha(t) + H%fg(t), S [0, a()].
Then solve the non-linear equations
Fq) ={g:(), fi(t)}
F(g) = {g2(t), f3(t)}

for ¢; and ¢o. Here the map
p € L*(0,a0) — F(p) € L*(0, a0) x L*(0, ao)

is defined by
F(p) = {Km(a(b taP)? Kt(a07 tvp)}a

where K(z,t;p) is the weak solution to the Goursat problem (3.2.18) with [0, 5] replaced by

[0, ap]. Next define

qg(a?):< a0 )2(;2( N (a—1)), z € [ao,al,

a — ag a — ag
and paste together ¢; and ¢o to obtain g over the entire interval [0,a]. The proof that the

potential function ¢ this way constructed is the correct one is similar to that in Section 3.4,

and the proof of uniqueness goes along the same lines as the one in Section 3.5. [
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Auxiliary result 10 Given the sets {p,|n > 1} and {vy|n > 1} satisfying (5.2.12) and (5.2.13)

respectively, the sets

{sin(\/tnt)|n = 1,2, ...} and {sin(\/Dpt)|n = 1,2, ...},

2
a—a
are complete in L*(0,aq). Here iy, = ( O) Up.
ago

Proof: The proof of completeness is different from the one for their counterpart sets stated
in Auxiliary result 9, because p,,’s and v,,’s have different asymptotics. We shall present now
the proof of completeness of the set {sin(y/int)|n = 1,2,...} in L%*(0,ap), only. For the other

set, similar arguments apply. From (5.2.12) we deduce that:

(n— %)71‘ N H ao él

- , wh c)n>1 € 1o (5.2.31
aop (n—%)ﬂ 2(n—%)7r n? as n = 00, where (&)n21 € lz- ( )

Vi =

Our purpose is to satisfy hypotheses in Problem 4 of [23, page 122] with p = 2, which for the
convenience of the reader we shall state it here: if {e,}2° is a sequence of positive numbers

such that

. ¢

E = < 00,
n—+1

n=0

then the set {eiens}%o:_oo will be complete in LP(—m,7), 1 < p < oo, whenever
1
0] < [n| + % + €|y for n=0,41,£2,....

By the change of variable: s € [—m, 7] <>t = %5 € [—ao, ag|, and letting w, = -0y, the set

{1
will be complete in LP(—ag, ap), 1 < p < 0o, whenever
0 T
lwn| < ]n]a—o—i—zp—ao—i—qm, forn=0,+1,42,..., (5.2.32)

for a sequence of {e,}>2, as above. From (5.2.31) we have that for some constant C' > 0, there

exists a positive integer N such that:

C
| — Vim| = |V < n—+ =, forn=N+1,N+2,... (5.2.33)
aq n
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Next take
N/ ifn=N+1,N+2,...
wn = T, ifn=0,+1,42,...,£N (5.2.34)
—i=n, ifn=—(N+1),~(N+2),...,
and

=

ifn=01,2,...,N
En = (5.2.35)
C fn=N+1,N+2,. ..

3lQ

Then by (5.2.33), (5.2.34) and (5.2.35) we have that {e,}22 is a sequence of positive numbers
9] €
h th
such that Z 1

satisfies (5.2.32) with p = 2 and for this choice of

n=0
{en}52 . Therefore, by the above mentioned result it follows that the set
{e“ntln =0,+1,42,...}

is complete in L?(—ag,ag). Then apply repeatedly Theorem 7 of [23, page 129] to replace wy,

by £ /L forn =41,£2,...,+N and get that the set
{1} u{etVinln =1,2,.. .}

is complete in L?(—ag, ag). From this and using arguments similar to those for showing (3.6.7),

one obtains the desired completeness. [

The algorithm: The main steps were already outlined in the constructive procedure in
the proof of Theorem 7. The only thing we want to add is how numerically the equa-
tions (5.2.20), (5.2.22), (5.2.24), and the equations (5.2.29), (5.2.30) can be solved. That

is, write
M -
ft) = () t+ ) apsin € [0,a (5.2.36)
1) S (50
M
2

(f(t) is expected to be K(9(a,t), so the first term (%) ¢ in the above expression is due to the

fact that K9 (a,a) =1 [ q( = 2M) then

t) = i%(f) sin (Wt> , t €[0,a0) (5.2.37)
n=1

ag
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(h1(t) is expected to be K;E;ql)(ao, t) + HK(9)(ag,t), so the above basis functions were chosen
because both Kg(cq”(ao,t) and K(9)(ag,t) are zero at t = 0, but not necessary at t = ag, as

1
these sine functions {sin (%72”15) |n > 1} are), and
0

ha(t) = i%(f) sin (m;’bﬁt) , t €10, a0] (5.2.38)
n=1

0

(ho(t) is expected to be KQ(EQQ)(aO,t) — H%K(‘b)(ao,t), so the above basis functions were

chosen because both K;EQQ)(QO, t) and K (@) (ag,t) are zero at t = 0, but not necessary at t = ag,

(n—z)m
ao

as these sine functions {sin( t) |n > 1} are). Next, insert (5.2.36), (5.2.37), (5.2.38)

into the system of integral equations (5.2.20), (5.2.22), (5.2.24), respectively, to solve for the
Fourier coefficients of f, h1, and ho. Next write the Fourier series

fi(t) = <J\§1) t+ > aflsin (th> , t e 0,aq). (5.2.39)

n=1

Note: fi(t) is expected to be K@) (ag,t), so the first term (%) t in the above expression is

due to the fact that

1 ag - My

ao
K(‘h)(ag,ao) = 2/ q1(x)dx = 5
0

And write

2 00
falt) = (a ;Oa()) (%2) t+> aPsin <Z70Tt> , ¢ €0, ag). (5.2.40)

n=1
. 2
Note: fo(t) is expected to be K(@)(ag,t), so the first term (%) (%) t in the above ex-

pression is due to the fact that

K@ a0 = [ diegte= (1) P 0 61

Insert (5.2.39) and (5.2.40) into the system of integral equations (5.2.29) and (5.2.30) respec-
tively, to solve for the Fourier coefficients of f; and fs.

Note: In practice, only a finite amount of spectral data is available (i.e. only finitely
many \,’s, pn’s, v’s are known). In this case the series (5.2.36) will only have as many
terms as A,’s are known, and the system of integral equations (5.2.20) will only have as many
equations as A,’s are known. A similar discussion applies to the other four Fourier series
(5.2.37), (5.2.38), (5.2.39), (5.2.40) and the other four systems of integral equations (5.2.22),

(5.2.24), (5.2.29) and (5.2.30).
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CHAPTER 6. NUMERICAL DETAILS

6.1 The forward map

We consider the map F' defined by F(p) = {Wx(8,t;p), Wi(8,t;p)}, where W (z,t;p) is the
weak solution to the Goursat problem (3.2.18). Here we show the numerical details of how to

calculate F'(p), when p is known, or in other words, how to calculate the Cauchy data

{We(8,t;p), Wi(B,t;p)},

when the potential function p is known. To simplify notation, in the remaining of this section

we suppress the dependence on p in W (z,t;p) and simply write W (z,t).

6.1.1 The transformation of the 2’nd order PDE of (3.2.18) into two 1’st order

PDEs
By the following change of variables

Z1 = Wg; + Wt + a(m)VV,
(6.1.1)
Zy =W, — Wi+ a(z)W,

where a(z) is to be chosen conveniently, the 2'nd order PDE of (3.2.18) is transformed equiv-

alently into two 1’st order PDEs:

Zl,x — Zl,t = Oé(x)ZQ + (o/(x) - Oz2(.%') —|—p(x>)I/V, (612)

Zog + Zog = ax)Z1 + (o (z) — &®(z) + p(x))W.

Now choose a(x) such that

o (z) — a®(z) + p(z) =0, for z € (0, 5), (6.1.3)
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because we want to eliminate the dependence on the initial unknown W, and leave only a

system of PDEs in the new unknowns Z; and Z3. Hence, we have:

Z1e— 21t = a(x)Zs,
e~ 21 = al@)2 (6.1.4)
Zg,m + ZQ,t == Oé(:E)Zl.

The two BCs of (3.2.18) imply that

Zy(z,2) = 5(p(x) + a(z)r(z), forz € [0,5]

Z1(x,0) + Za(z,0) = 0, for z € [0, 4],

(6.1.5)

by using (6.1.1). Here r(z) = [ p(s)ds. Conversely, if we start from (6.1.5) and use (6.1.1),

we obtain:
% (W(:L',{L‘) — %r(x)) + a(z) (W(ac,a?) — %T‘(:L’)) =0, forzxe€l0,f] (6.1.6)
& (W(,0)) + a(x)W (z,0) = 0, for z € [0, 4],
since r'(z) = p(x). Denoting
¢(x) = W(z,z) — 5r(x)
l/J(I) = W(xv 0)’
we see that (6.1.6) says that ¢ and 1) satisfy the (IVP)
v + a(x)y =0, for x € [0, 3]
y(0) =W (0,0) =0
whose unique solution is the trivial solution. Hence
¢(x) =0 =19(x), for z €[0,],
or equivalently
Wia,a) = 1 [ pls)ds, for z € [0,0]
W(z,0) =0, for x € [0, A].
All this work shows that solving (3.2.18) is the same as solving
Zl,ac — Zl,t = Oé(l‘)ZQ, 0 <t<Lz<L ﬁ
Zow+ Zoy = alx) 21, 0<t<z<p (6.17)

Zy(z, ) = 3(p(x) + a(z)r(z)), forz € 0,p]

Z1(x,0) + Zo(z,0) = 0, for x € [0, 7],
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via (6.1.1), where a(x) is as in (6.1.3). We solve numerically (6.1.7) for Z; and Z5 by placing
a mesh on the domain Ay = {(x,t)|0 <t < 2 < 3}, where the grid lines are the characteristic

curves of the hyperbolic PDE in (3.2.18). These are:

T 4+t = constant,

xr —t = constant.

Before describing the numerical procedure of solving (6.1.7) for Z; and Zs on the specified
grid points of the domain Ay we want to make precise the known quantities in (6.1.7). Since
p is assumed known, r will be known too (by its definition r(x) = [; p(s)ds), and o will be
uniquely determined from (6.1.3) if an initial or final condition is prescribed. Since our purpose
is to obtain W, (3,t) and W;(8,t), equations (6.1.1) suggest that the best choice in order to

make the calculations simplest and fastest is to have

a(8) = 0.

However, in some instances (depending on the potential p) requiring «(3) = 0 entails a solution
a to (6.1.3) which blows up at = 0 or before x = 0. Therefore, we have to make a "right”
choice of a(f) = ap, to be guaranteed an well behaved solution .. Then, from this point, the

calculations of W (3,t) and W;(f3,t) will go by using (6.1.1) in the following way:

Wa(B,t) + oW (B3,t) = 5 (Z1(B.1) + Za(B, )
Wt(ﬂvt) = % (Zl(ﬁa t) - ZQ(B’t)) :

(6.1.8)

From the second equation of (6.1.8) we obtain W;(f,t), and then from it we obtain W (g, 1t)
using a divided difference scheme. Then plug W (3,t) in the first equation of (6.1.8) to get

W, (6,t). Thus we just calculated

{Wi(B,1); W(B,t); Wa(3,1)}.

6.1.2 How to choose the final condition for the Riccati equation (6.1.3)

Now we continue with a discussion on what a "right” choice of a(8) = ap means. If it

is known that the first Dirichlet eigenvalue of the potential p is strictly positive, then we can
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argue below that the solution a to (6.1.3) with a(8) = «ap properly chosen remains finite.
Let {A1,¢1(z)} be the first Dirichlet eigenpair of the Sturm-Liouville operator L") over the

interval [0, 3]. That is:

—¢1(x) + p(x)1(x) = Mgi(x), =z € (0,5)
$1(0) =0 (6.1.9)
¢1(6) = 0.

And let v € H%(0, 3) solve the problem:

—"(z) +p(z)i(z) =0, =z € (0,p)
Y(B) =0 (6.1.10)
W(B) = -1.
Multiplying the ODE of (6.1.9) by t(z) and the ODE of (6.1.10) by ¢;(z) and subtracting we
get:
—(¢19 — 619") (z) = M (2)¥(x), = € (0,). (6.1.11)
Next, we claim that

Y(z) > 0, for all x € [0, 5). (6.1.12)

We argue by contradiction. Starting from /(3) = —1 (see (6.1.10)) and using the fact that
v € H?(0,8) (so ¢ € C0,]) we have that ¢/ keeps constant sign (same as ¢’(3)) in a

neighborhood of (. So, there exists ¢ > 0 such that
Y (z) <0, for all x € (8 —6,1).

It follows that 1) is a decreasing function on (8 — 46, 3), and hence, using (5) = 0 (see (6.1.10))
we have that

P(x) >0, for z € (B —0,0). (6.1.13)

Since we supposed that ¢ does not remain strictly positive on [0, 3), using (6.1.13), the In-
termediate Value Theorem (possible since ¢ € H?(0,3), so continuous on [0, 3]) we find at

least one value of x in [0, 5 — §] where 1) is zero. Let x¢ € [0, 3 — 8] be the closest z-value to
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B — § where v is zero. Using this property of x¢, formula (6.1.13) and the Intermediate Value

Theorem applied to v, we have after reasoning by contradiction that
Y(z) > 0, for all x € (xg, ). (6.1.14)

Integrating equation (6.1.11) on [xo, (], using (6.1.9), (6.1.10), and (xg) = 0 (see definition
of xy above) we obtain:

B8
b (zo) (w0) = M / 61 ()(2) da. (6.1.15)

The nodal property of eigenfunctions (a property due to Sturm) known in the direct Sturm-
Liouville theory insures that ¢; has no zeros in the open interval (0,53), and hence using

continuity we have that ¢; keeps constant sign on (0, 5). Based on this fact we can write that

¢1(x) = [d1(2)[sgn(o1(x)) = |p1(x)|sgn(¢1(xo)), for all z € (0, 5). (6.1.16)
Using (6.1.14), (6.1.16), and the fact the Ay > 0 in (6.1.15), we obtain that
Y (z0) < 0, (6.1.17)

in order to maintain the same sign on the left and on the right hand sides of (6.1.15). The

continuity of ¥’ (see 1 € H?(0,3)) and (6.1.17) imply that there exists v > 0 such that

(zo — 7,20 +7) C [0, 8] (6.1.18)

Y'(x) <0, for all z € (xg — v, x0+ 7).

From (6.1.18) we have that ¢ is a decreasing function on (xy — v, z¢ + 7y), hence
W(x) < P(xg) =0, for all x € (x9, 0 + 7).

But this contradicts (6.1.14), since (xg,z¢ + v) C (20, 3). Therefore (6.1.12) holds. Next, due
to continuous dependence of solution on initial (or final) conditions the same is true for the

solution . to the final value problem
~l(a) + pa)ielw) =0, € (0.9)
V() = € (6.1.19)
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if € > 0 is small enough. So ¥, > 0 on [0, 3], and therefore the function defined by

_ Y(z)
a(@) = Ve()

remains finite and satisfies (6.1.3) and «(8) = 1. Our conclusion is that if the first Dirichlet

eigenvalue of the operator L) is known to be strictly positive, then assigning a very large
positive value to a(f) will produce a finite solution to (6.1.3). If the first Dirichlet eigenvalue
of the operator L") is not strictly positive, then the argument above does no longer apply, and

no choice of a(f) = ap guarantees that the solution to (6.1.3) remains finite.

6.1.3 Solving numerically (6.1.7)

Now we can return to solving numerically (6.1.7). Partition the interval [0, 3] into N — 1

equal subintervals of length dx = %, by putting the points

0=z <z <...<zj=(—-1)dr<...<zy =0,
where N must be chosen an odd number. Then from each point

(x7t) - (ij—170)7 j: 1727' "7N;_1

draw the characteristic lines

rT+t=1m91

r—1t=x25 1.
This way a full grid was generated only on a half of the triangle Ag, namely that part of Ag
situated at the left of the line z +t = xzny = 3. To complete the grid on the triangle Ay we

need to add more points in z-direction. Set

6=zN <IN+1 < ...<T2N-1 =20,
where the spacing between the two consecutive points is §x as before. Then from each point

(.’L’,t) = (ij—170)7 ]: %a %7" . 7N

draw only the characteristic line

T+1t=1o9j_1.
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The reason we chose the mesh with grid lines being the characteristic curves of the hyperbolic
PDE in (3.2.18) is because of the two first order PDEs in (6.1.7). They take the form of two

first order ODEs along the characteristic curves:

L 71 (z,t) = a(x) Zo(2,t), for (z,t) € Ag such that x + t = constant

%Zg(a:,t) = a(x)Zy(z,t), for (z,t) € Ag such that x —t = constant,

and as one can see, these differential equations are easily integrable along the specified lines.

Once the mesh was placed on our domain Ay, we can calculate {Z;, Z>} on the grid points of

the characteristic line x —t = x2;_1, then descend to the next characteristic line x —t = @941,
N

foreach j =1,2,..., T_l Figure 6.1 is provided, along with the details of calculations:

e on the grid line z — ¢t = x4, (i.e. on the line t = z, since x1 = 0):

Zi(z,2) = 3(p(z) + a(2)r(x)), forx=m1,29,...,2N
Zy(x1,21) = —Z1 (21, 1), since 1 = 0, and the 2'nd BC in (6.1.7)

i Z2(x,2) = a(2) Zi(z, @),

which after integrating the last equation above on the intervals [z;_1,z;], with i =

2,3,..., N and using the trapezoid rule in the integral on the right hand side become

Zi(z,x) = %(p(m) + a(z)r(z)), r=x1,...,2N

Zy(z1,21) = —Z1 (21, 21),

Zo (4, 37) = Zo(wim1,%i—1) + 2£ ((@i1) Z1 (i1, Tim1) + a(2:) Z1 (24, 27)) , i=2...N

e descend from the grid line z — ¢ = x9;_1 to the grid line x — ¢ = w9;,1, for each j =

N-1.
1,2,..., N1

Z1(x,0) + Za(z,0) = 0,
%Zl(x, — + xom41) = a(x) Za(x, —x + 2o9m41), Mm=77+1,...,N—j—1
L Zo(z, 7 — 22j11) = a(2) Z1 (T, 7 — T2j41),

which after integrating the last two equations above on appropriate intervals of length
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dx and using the trapezoid rule in the integrals on the right hand sides become

Z1(B) — Z1(A) = 0z (a(z4) Z2(A) + a(x) Z2(B)) (6.1.20)
Z\(D) — Z1(C) = 30z (a(zc)Z2(C) + a(xp) Z2(D))
ZQ(D) — ZQ(E) = %51’ (a(a:E)Zl(E) + Ot(JZD)Zl(D)) s

where

{A(za,ta)} ={(z, )|z +t = zoj1 } N {(z,t)|x —t = 2951}
(B, tp) :{(l’,t)‘l’+t:ZZ?QjJrl}ﬂ{(:L',t)‘SL'—t:IL‘QjJrl}
(zc {(@, )]z +t =zomss} N {(z, )|z —t = 2251}

{D(zp,tp)} ={(z,t)|z +t = xomy3} N {(z,t)|x — t = z2j41}

(
{E(l‘E,tE } = {(x t ’37 +t= $2m+1} N { x t)]ac —t= $2]+1}
(see Figure 6.1 again) with the specification that the locations of the points C, D, FE

change according to the value of m in the set {j,j +1,..., N —j — 2}.

Since Z7 and Z; are known quantities on the characteristic line x —t = x9;_1, it follows
that Z1(A), Z2(A), and Z1(C), Z>(C) are known, and so we can solve the system of the
first two linear equations of (6.1.20) for Z;(B) and Z2(B), and then move on, step by

step, to the cells of the type {C, D, E'} to calculate Z;(D) and Zs(D):

1. the point E takes first the place of the point B, so when calculating Z;(D) and
Z3(D) using the last two linear equations of (6.1.20), the quantities Z;(F) and

Z5(FE) are already calculated, so known;

2. then the point F moves into the location of the point D and the points D and C

advance on the characteristic lines x — ¢ = w941 and respectively z —t = x9;_1;
3. the process repeats.
In other words, the calculation of Z; and Z5 at the grid points of the new characteristic

line x —t = w941 progresses step by step, from the boundary line ¢ = 0 of our domain

Ag, upward, toward the boundary line z = zx = 3 of the domain Ay.
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Hence
Z\(B) + Z2(B) =0

Z\(B) = S alep)Z2(B) = Z1(A) + Fa(za) Zo(A),

and
Z1(D) — % a(xp)Za(D) = Z1(C) + La(xc) Z2(0)

Z5(D) — % a(xrp)Z1(D) = Zo(E) + La(zp)Zi(E).
Thus, going from characteristic line to characteristic line we get to know Z; and Z, at the grid
points of the boundary line z = 3 of our domain Ay, and so we get to know {W;, W, W,} at

the same points. And this was our purpose.

t-axis

N

0=x1 = {F1} =x {I+1} 5 {2m+1} x {2m+3} beta=x N " x-axis 2beta=x_{2N-1}

Figure 6.1 The partitioning of our domain of integration

6.1.4 How to improve the accuracy of our numerical method for solving (6.1.7)

To improve accuracy, a Richardson extrapolation scheme can be used. We start from the
following estimation formula:

E = A(sz) + C - (6x)?, (6.1.21)

where C' is a real constant, E stands for the exact answer and A(dz) stands for the approximate

answer obtained numerically for a mesh generated by partitioning the interval [0, 5] into equal
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~ )
subintervals of length dx each. Now place a finner mesh on our domain Ay, by choosing or

for the length of the subintervals of [0, 3]. Hence for this choice, formula (6.1.21) reads:

E:A(%)+C- (?’)2. (6.1.22)

Next, eliminate the constant C' from (6.1.21) and (6.1.22) to produce the Richardson ex-
trapolation scheme:
4  x

1
E = S A7) — 5 A(62). (6.1.23)

How is formula (6.1.23) interpreted in the numerical algorithm? Even if we numerically

calculate
{Wt(ﬁv t)> W(ﬁa t)a Ww(ﬁv t)}
on the grid points ¢ of the boundary line 2 = 3 of our domain Ay, the quantities in (6.1.23)

are going to mean:
E = {Wt,Wz}
A(0z) = {Wt, Wa} (6.1.24)
A(%) = {Vt,Va},
because the order of error for W is different from that for W¢ and Wz. So in order for (6.1.21)
to hold, F and A(dx) must have the meaning in (6.1.24).

In (6.1.24), {Wt,Wx} is the final, numerical answer, {W¢, Wz} represents two column
vectors of length M = ?, meaning the pair {Wy(5,t), W, (5,t)} evaluated at the column
vector t = (t1,ta,...,tpr)’, which contains the partition points in ¢-direction determined on the
boundary line # = 3 of the domain Ag by the mesh corresponding to éx, and {Vt,Vz} repre-
sents two column vectors of the same length M = %, obtained from {Ut, Uz} by keeping
only those components that correspond to the nodes t = (t1,t,...,tpr)". Here {Ut,Ux} is the
numerical answer for the mesh corresponding to %, and is seen as the pair {W;(3,1), W,(3,%)}
evaluated at the column vector t = (t1,1a,...,t i7))» which contains the partition points in ¢-
direction determined on the boundary line 2 = 3 of the domain Ag by the mesh corresponding
to 5—36

2

We would like to mention here that due to the specific of the mesh there are only half as

many points in ¢t-direction than there are in z-direction, since the spacing in ¢-direction is twice
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as large as it is in a-direction. Hence the components of the vector ¢ with odd index overlap
the components of the vector ¢.

We close this discussion with a few words about calculating M and M. As said above,
M is the number of equally spaced points in ¢-direction within the interval [0, 5] for the mesh

corresponding to dx. Since the spacing between two consecutive t’s was denoted by dt we have

that:
(M —1)0t == (N —1)dz,
ot = 20z,
N+1 - N+1
from which we obtain M = T—i_ Similarly, one gets M = T—i_ = N, because for the

ox
finner mesh (i.e. the one corresponding to ?) the number of points in z-direction within the

interval [0, 8] is N = N + (N —1) = 2N — 1.

6.2 The inverse map

We have seen in Remark 3.3 of Section 3.7 that two nonlinear equations (3.7.1) and (3.7.2)
have to be solved. Hence our purpose is to invert the map F defined by (3.2.47). Numerically,

this can be done by using a Newton or modified Newton method. Note that the interval

for these equations is [0, §], but similar equations corresponding to the interval [0, 3] can be
solved. For this reason and also because of the algorithm for solving the inverse three Dirichlet
spectra for the general break point ag € (0, a) (see Section 5.1) we shall carry on the discussion
with the generic interval [0, 3] in place of [0, §]. For solving equation (3.7.1), for example the

modified Newton method is described below:

choose the initial guess q(o) 6.1

0 — F(q™) = DF(0)(¢"*") = ¢™), n >0
or equivalently

choose the initial guess ¢(©)
~ -1 (6.2.2)
(D = ¢ — (DF())  (F(g™)), n=0

where

F(p) = F(p) —{9:(t), f1(1)}. (6.2.3)
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The reason the modified Newton’s method is preferred over the Newton’s method is that

. 1 .
the inverse operator (DF (O)) of the Frechet derivative DF(0) is easier to calculate than

. -1 . -1
(DF (q("))) , and we even have an analytic formula for (DF (0)) :

(DE©) " ((hn. o)) (@) = 20122 — B) + ha(2x — B)], 2 € [0, (6:24)

In (6.2.4) hy and hy are odd and respectively even L?(—/3, 3) functions, for the reason to be

seen next. We observe that knowing the solution to (3.2.18) in the triangle
Ag={(z,)0<t<z<p}

is equivalent to knowing the solution to the following homogeneous Goursat problem:

ng(l',t)—th(l',t)—p(l‘)W(:L',t) :07 0< |t| <z <ﬂ (625)
W (z,+x) = +1 [ p(s)ds, 0<azx<p8,
in the extended triangle
A={(z,0)0<|t| <z <p}.
This is so because, if K (z,t;p) € C(A) is the weak solution to (6.2.5), then so is —K (z, —t;p)

and so, by the uniqueness of the solution to (6.2.5) we can deduce that
—K(z,—t;p) = K(z,t;p).
Hence f((x, 0; p) = 0, which then means that K (z,t;p) defined by
K(,5p) = K(-D)la,

is the weak solution to (3.2.18) in the triangle Ag. Conversely, if K(-,-;p) € C(Ag) is the
weak solution to (3.2.18) then extending K(-,-;p) to an odd function in variable ¢ generates a
function K (-,-;p) which turns out to be the weak solution to (6.2.5) in the extended triangle

A. More precisely, K(-,-;p) is defined as

- K(x,t;p), fo<t<ax<p
K(x,t;p) = ( ) (6.2.6)
—K(xz,—t;p), f0<—-t<z<g.
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The condition K (z,0;p) = 0 is used to give consistency to the definition of K (z,¢; p) in (6.2.6).
Also note that K (z,z;p) is calculated using the first formula in (6.2.6) with ¢ = 2 because
0 <z <z < f, whereas K (x, —x;p) is calculated using the second formula in (6.2.6) with
t = —x because 0 < —(—z) < z < (3. Based on this discussion, for now on, K(-,-;p) is to be
regarded as the solution to (6.2.5) in the extended triangle A. Hence, F is to be regarded as a
non-linear map between the spaces L?(0, 3) and L?(—3, 3) x L?*(—83, 3). From (6.2.3) we have
that

DF(p)(6p) = DF(p)(6p). (6.2.7)

Therefore Dﬁ(p) is a linear operator between the spaces L?(0, 3) and L?(—3, 3) x L*(—3, 3).

We will show next that the range of this operator is a linear subspace contained in
S = {(h1, h2)|h1, ha € L*(—B3,B), h1 = odd, hs = even}.

One can show by verifying the definition of Frechet derivative and slightly adapting the proof

of Theorem 4.15 of [13, page 147] that
DF(p)(0p) = {W P (3,), WP (3,3, (6.2.8)

where W®9) ¢ C'(A) is the weak solution to the non-homogeneous Goursat problem:

WEP) (@, 1) — WP (2, 1) — p(x)W PP (2,) = 6p(2) K (2, 1;p), 0 < [t| <z <

W @) (g, £3) = 1 [ 6p(s)ds, 0<z<pg
(6.2.9)
with K(-,-;p) € C(A) the weak solution to the homogeneous Goursat problem (6.2.5) in the
extended triangle A = {(z,1)|0 < [t| < # < 8}. By the discussion made right after (6.2.5),
the function K (-,-;p) is an odd function in variable ¢ in the extended triangle A. This entails
that the solution W ®%) to the non-homogeneous Goursat problem (6.2.9) is an odd function

in variable ¢ in the same triangle A. It follows that the functions
Wi (5,1)
,0
Wt(p P) (8,1)
are odd and even functions in variable ¢, belonging to L?(—f3,3). This along with formu-

las (6.2.7) and (6.2.8) motivate our claim that the range of the linear operator DF(p) is a
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subspace contained in S. Hence the reason of requiring in (6.2.4) that h; and hg be odd and
respectively even L?(—f3, 3) functions is now visible.
We can continue now with the derivation of (6.2.4). We see that if p = 0, then the unique

solution to (6.2.5) is K(-,-;p) = 0, and hence by (6.2.9) we obtain

WP (g, ) — WP (2,8) =0, O0<|t|<z<f

(6.2.10)
WO0P) () ) = +3 Jo 0p(s)ds, 0 <z <p,
which further means
WO (@, t) = ¢z +1) +(x — 1)
p(x) = 2P (2, z) + 2W, ) (2, ) (6.2.11)
op(x) = —QWQSO’(SP) (z,—x) + 2Wt(0’6p) (z,—x).
From (6.2.11) we have that
( / 1 T
¢'(x) = 30p(3)
V' (x) = —30p(5) (6.2.12)
’6 T xr— o
2 (@, 1) = § (p(541) — op(75h))
16 x r—
[ W @, t) = £ (9p(250) + op(551)
Noting that
. ~1
(DF©)  ({hr,h2}) = op (6.2.13)
means
{h1, ha} = DF(0)(0p), (6.2.14)
which by (6.2.7), (6.2.8), and (6.2.12) is equivalent to
m() = 3 (9p(%5) — op(%5H) 6215
ha(t) = 3 (0p(ZE) + op( 25t B
2() 4p(2)+p(2)7
we obtain that
op (252) =2 (ha(t) + I (1)) 6216
o (551) = 2 (ha(t) — (1)),
or equivalently
op(z) =2 (h2(2x — B) + h1(2x — B)) (6.2.17)

dp(x) = 2 (ha(B — 2x) — hi (B — 2x)).
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The two identities in (6.2.17) are the same because h; and hy are odd and respectively even

L?(—p, ) functions. Finally, formulas (6.2.13) and (6.2.17) yield the desired formula (6.2.4).

6.3 A variant of the algorithm preceding the proof of Theorem 1

The algorithm described before the proof of Theorem 1 can be slightly modified and in some
instances this modified algorithm produces slightly better results. How to make the changes was
suggested by the formulas (3.3.4)— (3.3.3), and the asymptotic formulas (3.1.2), (3.1.3), (3.1.4)

of \n’s, n’s, p's. For example, formula (3.1.2) tells us that

\/)\n—Mz%T,

and then
sin(\/Ap, — M -t) = sin(Et),
a

and hence if in (3.3.1) we replace A\, by A,, — M and use (3.3.4), the matrix associated with the
linear system we have to solve for the Fourier coefficients «,,’s will be almost diagonal (since
{sin (“Z¢) |n > 1} is an orthogonal set in L?(0,a)), so easy to invert. The key point in making

the things work so nicely is that
S(xz;p,\) = S(x;p — const, A — const), for all x € [a, (], (6.3.1)

where S(-;p,\) is the H?(a,3) solution to the initial value problem consisting of (3.2.1)

and (3.2.3) and S(-;p — const, A\ — const) is the H?(a, 3) solution to (6.3.2):

—u"(z) + (p(z) — const)u(x) = (A — const)u(z), a<z<f
u(a) =0 (6.3.2)

The derivation of (6.3.1) is trivial and from it we also have:

S'(z;p,\) = S'(z;p — const, \ — const), for all z € [a, 3], (6.3.3)
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Since replacing A\, by \,—M, p, by pin,—Mji, vy, by v, — My makes the linear systems (3.3.1), (3.3.2), (3.3.3)

easier to solve, formula (6.3.1) suggests us consider the characteristic functions

AeC — S(a;qg— M,\— M),
AeC — Si(§5q1 — My, A — My),
A€ C — 51(5;q2 — M2, A — Ma)

in place of the characteristic functions

AeC — S(a;q, ),
AeC— S1(5:q1, M),
AeC— 51(5:q2,A).
In other words, if you subtract a constant from the eigenvalues, then you must subtract the

same constant from the potential function, and vice-versa. With this in mind and using (6.3.1)

and (6.3.3), formula (3.2.16) is equivalent to

a a

S(a;q— M, A—M) = 51(53611—Ml,)\—Ml)Si(g;QQ—M2,)\—M2)
a a

+ Si(g;fh—Ml,)\—M1)51(§;q2—Mz,)\—Mg),

for all A € C. (6.3.4)

In designing the modified algorithm, formula (6.3.4) plays the same role formula (3.2.16) played
in designing the algorithm described before the proof of Theorem 1. We will also need formulas
(3.2.20) and (3.2.21) with the appropriate choices of p and A. Another useful observation is
that we are going to recover the potential functions q; — M7 and ¢s — Mo, and hence M is to

be replaced by

[ — M) = a}Q/OQ(ql(s) — My)ds

= a}2/0 q1(s)ds — M,

= 0 (because M is expected to be [q1]), (6.3.5)

[SIIS]

and similarly My, M are to be replaced by

(G2 — M) =0 (6.3.6)
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and respectively by

lg — M] =0, (6.3.7)

because My is expected to be [G2] and M is expected to be [¢]. Now we can sketch the changes
of the algorithm described before the proof of Theorem 1. Since f(t), fi(t) and fa(t) are
expected to be

a a

K(a7t;q_M)7 K(*,t;ﬁh _M1)7 K(f

t;go — M.
2 27 y 42 2)

respectively, and because of (6.3.5), (6.3.6), (6.3.7) and of the two boundary conditions of the
Goursat problems (3.2.18) with the appropriate choices of [0, 5] and p we have that

K(a,0;q — M) =0,

K(a,a;9— M) =0,

K(%70;Q1 _Ml) 207

K(%,%;Cﬂ _Ml) :07

IS}

K(270;62_M2):O7
K(§,5;G2 — M) = 0.

It follows then that the appropriate Fourier series expansions of f(t), fi(t) and fa(t) are:

£() =3 aysin <%t> . te0,a, (6.3.8)
n=1

filt :ooa;“sin ) telo, 9, 6.3.9

0= efdsin ((75¢) 1< 03 (6.39)

folt) = nz::l o sin <a/2t) , t€0,4]. (6.3.10)

To solve for a,’s insert (6.3.8) into (3.3.1) but with A, — M in place of A,; to solve for ag)’s
insert (6.3.9) into (3.3.2) but with 1, — M, in place of i, to solve for al?’s insert (6.3.10)
into (3.3.3) but with v, — M> in place of v,,. Once these coefficients are known, the functions
f(t), fi(t) and fa(t) will be known too, and we can proceed in obtaining the functions S(\),

SM(X\) and S@(\) by the formulas (3.3.7), (3.3.8) and (3.3.9) respectively. Since p,’s and
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v, ’s are expected to be the Dirichlet eigenvalues of L) and L) over [0, 4] we have by (6.3.1)

that

Sl(g;ql — My, pp, — M7) =0, for all n > 1, (6.3.11)
and

S1(55d — Ma, vy — Mz) = 0, for all n > 1. (6.3.12)

Formulas (6.3.11), (6.3.12) in combination with (6.3.4) and (3.2.21), and using (6.3.5), (6.3.6)
give:

S(a;q — M, pn — M)
S51(5: G2 — Ma, i, — M)

= SIS — My — M) (by (63.11) and (6.3.4))

= cos(\/jun — M %)
1 /3 sin(v/pin, — M1 %)
+ (2/0 (q1(s) — Ml)d3> : =T, 2

+ /02 g1 (t) Sm(ﬂ'ﬂ dt (by (3.2.21))

= cos(\/pin — M %)

3 sin(y/tn — My - t
0 Mn — M1

dt, (by (6.3.5)), (6.3.13)

because g (t) is expected to be K(§,t;q1 — M1), and

S(a;q — M, v, — M)
S1(5;q1 — My, vy, — My)

= 8155~ Mo,y — M) (by (6:312) and (6.3.))

= cos( Vn—MQ%)

+ (; /2(52(8) = Mz)ds) sin(vn — Ma3)

0 vp — Mo

+ /02 gQ(t)Sin( %n:]\]\jj &2

= cos( Vn—MQ%)

3 sin(v/vp, — My - t)
+ /0 92(t) Y,

dt (by (3.2.21))

dt, (by (6.3.6)), (6.3.14)

because gs(t) is expected to be K(§,t; G2 — Mz).

Formulas (6.3.13) and (6.3.14), and the fact that the functions

S(A— M), SV = My), SP(\ - M)
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are expected to be
a a .
S(a;q — M, \— M), 51(§;Q1—M1,/\—M1)7 51(§;QQ—M27/\—M2)

respectively, suggest us the following continuation of the modified algorithm: write by case, the

Fourier series expansion (3.3.14) or (3.3.12) and insert it into the system of integral equations

S(jtn — M) i)+ [ ol BT

S@M#ngfmg)::aﬁ( 2 1ty — M

dt, n>1 (6.3.15)

and find the coefficients ﬁ,(ll)’s. Then write by case, the Fourier series expansion (3.3.15)

or (3.3.13) and insert it into the system of integral equations

S(vp — M) a /; sin(v/vp, — M - t)
S el n — Mo~ t d
SW (v, — M) cos(v/v )t 0 924t) vp — Ma

2
and find the coefficients 57(12)’8. With these coefficients, the functions g;(t) and go(t) are well-

t,n>1 (6.3.16)

determined. Then solve the non-linear equations (3.7.1) and (3.7.2) to obtain ¢; — M; and
g2 — M3 over the interval [0, §]. Finally, add back the constants M; and M to the functions
q1 — My and respectively g2 — M to get q1 and go, reflect g2 about the mid-line x = § and get

q2 over the interval [§,a], then paste together g1 and g2 to get g over the whole interval [0, a].

6.4 What are the best numbers of elements of the sequences
{Mtn>1, {tntn>1, {Vn}n>1 for a good reconstruction of the potential

function ¢?

This discussion applies to the sets of {\,|n > 1}, {un|n > 1}, {vy|n > 1} as in hypotheses
of Theorem 1 as well as to the same three sets as in hypotheses of Theorem 6 and as in those
of Theorem 7. Since Theorem 1 is a particular case of Theorem 6 (but we preferred to give the
content and the proof of Theorem 1 before those of Theoerm 6 because many things were easily
observed in the simpler case of the interval [0, a] broken at the mid-point ag = §, and because
the proof of Theorem 1 offered good suggestions for the two generalizations in Chapter 5), we
can restrict our attention to the sets of \’s, u’s, ’s as in Theorem 6 and as in Theorem 7. In

the proof of Theorem 6 the quotients

S(pn)
S2lfin)’ (6.4.1)
S(vn)
S1 (l/n) )

v
=
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played an important role. The functions S, S; and Sz were obtained from {\,|n > 1},
{pn|n > 1}, and respectively from {7,|n > 1} via (5.1.13), (5.1.10); via (5.1.14), (5.1.11); and
respectively via (5.1.15), (5.1.12). In practice, only finitely many of {A,|n > 1}, {un|n > 1},
and {vp|n > 1} are available. Suppose that only {A1,..., Az}, {p1, ..., s}y and {v1, ..., v}
are known. When evaluating S(u,) (n € {1,...,J1}) and S(v,) (n € {1,...,J2}) in (6.4.1)
using (5.1.13), the values are good if u,, v, fall not too far away from [A;, Aj]. This is
so because S(A) is constructed now only from Aj,...,As. Similarly, the calculation of Si(vy,)
(ne{l,...,J2}) via (5.1.14) is good if v, is not too far away from [p1, 1.7, ], and the calculation
of So(fin) (n € {1,...,J1}) via (5.1.15) is good if fi,, is not too far away from [y, 7,], which is
equivalent to saying that u, falls not too far away from [v1,v,]. These are so because S1(\)
and 52(5\) are constructed now only from p, ..., py,, and respectively from y,...70y,. This

amounts to requiring

A\J R g, RV, (6.4.2)

due to the fact that \’s, u’s, v’s are three strictly increasing sequences of real numbers. Looking

at the leading terms of Ay, py,, vy, (see (5.1.2), (5.1.3), (5.1.4)), formula (6.4.2) translates into

Sala . (6.4.3)

Due to the interlacing property of A’s, u’s, v’s stated in hypothesis of Theorem 6, which can
be written equivalently: ’between any two consecutive A’s there is exactly one element of the
set {pn|n > 1} U {vy|n > 1}, and using (6.4.2) and (6.4.3) we conclude that:
J—1=Ji+Jy orJ=J1+Js
(6.4.4)

A ~ ag
Ja a—aq "’

Similar arguments apply to the situation in Theorem 7 and we arrive at the conclusion that:

J=J1+ Jo orJ=J+Jy—1

J1—1/2 _ ag
J2—1/2 ~ a—ag"’

(6.4.5)
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CHAPTER 7. NUMERICAL RESULTS

7.1 Non-overlap situations illustrated by numerical examples

This section is meant to illustrate by several results the effectiveness of the three numerical
algorithms described in Chapter 3 and Chapter 5, for the non-overlap case. In order for this
to be accomplished we must be able to compare the true answer with the numerical one. This
requires that we know the potential function ¢. Since the input data in the three algorithms are
three sets of real numbers (expected to be the three spectra for the Sturm-Liouville differential
operator with potential function ¢ and various boundary conditions) we need to have them
available to us. This is achieved due to the fact that ¢ is known (an analytical formula
we start with) and due to MATSLISE [15], a software which calculates the various types of
eigenvalues (i.e. Dirichlet, Neumann, Robin) provided that the potential function is known in
an analytical form. Figures 7.1,..., 7.10 contain four plots each. Each of the four plots for one
example illustrates the graph of the chosen potential function in analytical form and the graph
of the potential function obtained by running the Matlab program built up from the numerical

algorithm mentioned above for the case of
e Dirichlet boundary condition at the midpoint (upper-left plot),
e Dirichlet boundary condition at an arbitrary interior node (upper-right plot),
e Neumann boundary condition at an arbitrary interior node (lower-left plot),
e Robin boundary condition at an arbitrary interior node (lower-right plot).

For the first five examples continuous potentials were chosen, and for the last five examples

discontinuous potentials with one jump were chosen. In the captions of the following figures,
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the function H is used for the ’heaviside function’.

7.2 A one-overlap situation illustrated by a numerical example

We conclude this chapter with one example of reconstructing the potential function in
the case of one overlap. The reader is advised to revisit Subsection 4.2.2 to refresh his (her)
memory about the overlap situations, since some information presented there is needed next.

The function to be reconstructed is

2 .
=z, 1n|0,1
glz) = 01 (7.2.1)
C, in [1, 2],
where the constant C' is chosen such that p; = vy (the first Dirichlet eigenvalue on [0, 1]

and respectively on [1,2]). The Dirichlet eigenvalues of q1 = qlj0,1] ({#tn}n>1) are calculated
with MATSLISE [15], and the Dirichlet eigenvalues of g2 = q|(1,2) ({¥n}n>1) can be calculated

analytically. They have the formula:
Vp = (nm)? + C, for all n > 1.

After the value of C' is calculated by the procedure above, the Dirichlet eigenvalues of ¢ (on
[0, 2] of course), {\, }n>1 are calculated with MATSLISE [15]. It can be justified that only one
overlap of {A\n}n>1, {tn}tn>1, {Vn}n>1 happens.

This example is particularly illustrative because we can analytically calculate the first
Poschel-Trubowitz norming constants corresponding to [0, 1] and respectively to [1,2] and use
them in our algorithm to reconstruct the potential having {A,}n>1, {ttn}n>1, {Vn}n>1 as its
three Dirichlet spectra. In our numerical reconstruction we used (20;10;10) elements of the
above mentioned sets. It will be seen in Figure 7.11 that the numerically constructed potential
stays very close to the exact potential ¢ defined in (7.2.1).

The Péschel-Trubowitz norming constants ki and k? are:

k% =In ((—1)15’1(1;q1,u1)) =In (— cos(\//Tl) _ Sin\(/\/%m> 7
kT =In ((=1)'S{(1;G2,11)) = In (—(-1)") =
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These calculations were possible because a fundamental set of solutions to

—u'"(z) + 2 su(r) = Au(z), in (0,1)

(14 x)
was known. This set consists of

cos(VAz) — = - sin(v\z)

1+z AN
Sln(\/Xl‘)—i-H% . cos%x)’

so S1(x;q1, A) is obtained as a linear combination of them, where the constants are determined

from the initial conditions
51(05q1,A) =0, 57(05q1,A) =1,

and
sin(vA — Cx)
VAT

by a simple calculation, since Si(-; gz, A) is the solution to the initial value problem consisting

Sl(x; d?a )\) =

of (3.2.1) and (3.2.3) with [«, 8] = [0, 1] and p = §a, where G2(x) = ¢2(2—2) = C, for z € [0, 1].

To numerically illustrate the non-uniqueness phenomenon, we should construct a second
example of potential, say ¢* with the same three Dirichlet spectra as ¢q. Unfortunately, this
was not possible, since even if we had chosen arbitrarily the first Poschel-Trubowitz norming
constant ki corresponding to [0, 1], the other first norming constant k? corresponding to the
second subinterval [1,2] should have been determined from the relationship between ki and
k?, a relationship we know that exists (see the proof of Theorem 4 in Subsection 4.2.2), but
we do not know its form. So we do not know how to choose k% and thus the construction of

the second half piece of ¢* was not possible.
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Reconstruction of q(x) = 2/(1 .78+x)2 from 3 sequences eigenvalues for a Sturm-Liouville operator with 3 sets of boundary conditions specified in each box ‘

T T T 0.7 T

T T T
u(3) true potential u(0)=0=u(3) true potential
u(1.5) numerical potential \ u(0)=0=u(1) numerical potential
- 1)=0=ul 7

I I I I I 0 L

05 1 1.5 2 25 3 0 0.5 1.5 2 25 3

‘ u(b) =0=u(3) | ‘ true potentia; u(0)
u(0) =0=u'(t) numerically calc potential \ u(0)
u'(1)=0=u3) 4 06F\ u'(1)

T
true potential
(1) numerically calc potential

1 03t ™

0.5 1 15 2 25 3 0 05 1 1.5 2 25 3

Figure 7.1 g(x) = 2/(1.78+x)? is being reconstructed from three sequences
of eigenvalues for a Sturm-Liouville operator with three sets of
boundary conditions, each set being specified in one box
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Reconstruction of q(x) = sin(3*x-2) from 3 sequences eigenvalues for a Sturm-Liouville operator with 3 sets of boundary conditions specified in each box

15 T T T T 1.5 T T T T
true potential u(0) =0 = u(4) true potential UEO; =0= “54) )
numerical potential u(0)=0=u(2) numerical potential u(0) =0=u(3.01
u(2)=0=u(4) n u(3.01) =0=u(4) ~
L ) ] /
1 y y
/
/ /
05F \ /
05t : : :
ok
0f 4
0.5
-0.5F q
\ N
\
\
= b/ I I I I N/ I I I 15 I I I I I I I
0 0.5 1 1.5 2 2.5 3 3.5 4 0 0.5 1 15 2 2.5 3 3.5
15 T T T T T T T 1.5 T T 7 . 7 T T
true potential u(0)=0=u(4) true potential uzg; = g = u((43) o) -u(ao)
numerical potential u(0) =0=u'(3.01) numerical potential | | %)=Y= Ul3.01) ~Ute.
P W(3.01) =0 = u4) u(3.01) - u(3.01) = 0 = u(4)
1t ~ A~ 4 1r N N\
/ \ / \ / \ \
/ ’// \\ / \\ /// ) \\
05 \ / \ 405k \ \
\ / \ /
\ /
\ /
(g \\ 4 of /
\
-0.5r / 4-05F /
/ / //
-1 N N\ // Y A / N\ \//
_1 5 L L L L L L L _1 5 L L L L L L L
0 0.5 1 15 2 25 3 35 4 0 0.5 1 15 2 25 3 3.5

Figure 7.2 ¢(z) = sin(3z — 2) is being reconstructed from three sequences
of eigenvalues for a Sturm-Liouville operator with three sets of
boundary conditions, each set being specified in one box
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Reconstruction of q(x) = (x+2)/(x2+1) from 3 sequences eigenvalues for a Sturm-Liouville operator with 3 sets of boundary conditions specified in each box
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Figure 7.3 g(x) = (x + 2)/(2? + 1) is being reconstructed from three se-

quences of eigenvalues for a Sturm-Liouville operator with three

sets of boundary conditions, each set being specified in one box
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Reconstruction of q(x) = 2 +1from 3 sequences eigenvalues for a Sturm-Liouville operator with 3 sets of boundary conditions specified in each box
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Figure 7.4 g(x) = (22 + 1) is being reconstructed from three sequences

of eigenvalues for a Sturm-Liouville operator with three sets of
boundary conditions, each set being specified in one box
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Reconstruction of q(x) = 6*exp(-x)*cos(10*x) from 3 sequences eigenvalues for a Sturm-Liouville operator with 3 sets of boundary conditions specified in each box
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Figure 7.5 ¢(z)

6e~" cos(10zx) is being reconstructed from three se-

quences of eigenvalues for a Sturm-Liouville operator with three
sets of boundary conditions, each set being specified in one box
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Reconstruction of g(x) = x*heaviside(x-0.6) + 2*heaviside(0.6-x) from 3sets eigenvalues for a Sturm-Liouville operator with 3 sets of boundary conditions specified in each box
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Figure 7.6 ¢(z) = 2H(0.6 — x) + xH (x — 0.6) is being reconstructed from

three sequences of eigenvalues for a Sturm-Liouville operator

with three sets of boundary conditions, each set being specified

in one box
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Rconstruction of q(x) = (1/(x2+1))*heaviside(x—1 .5) + 3*sin(2-3x)."exp(-x)*heaviside(1.5-x) from 3 sets eigenvalues for a Sturm-Liouville operator with 3 sets of boundary

conditions specfied in each box
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q(z) = 3esin(2 — 32)H (1.5 — z) + (1/(2® + 1))H(z — 1.5)
is being reconstructed from three sequences of eigenvalues for
a Sturm-Liouville operator with three sets of boundary condi-
tions, each set being specified in one box
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Reconstruction of g(x) = (0.5)*sin(8x+1)*heaviside(1-x) - 2*cos(2-10x)*heaviside(x-1) from 3 sequences eigenvalues of a Sturm-Liouville
operator with 3 sets of boundary conditions secified in each box
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Figure 7.8

q(z) = (0.5)sin(8x + 1)H(1 — x) — 2cos(2 — 10z)H (x — 1) is
being reconstructed from three sequences of eigenvalues for a
Sturm-Liouville operator with three sets of boundary condi-
tions, each set being specified in one box
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specified in each box

Reconstruction of q(x) = (x+1).*sin(2-8x)*heaviside(x-2) + 3*exp(-x)*haeviside(2-x) from 3 sets eigenvalues for a Sturm-Lioville operator with 3 sets of boundary conditions
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Figure 7.9

q(x) = 3¢ *H(2 —z) + (x + 1)sin(2 — 8z)H(x — 2) is being

reconstructed from three sequences of eigenvalues for a Stur-
m-Liouville operator with three sets of boundary conditions,

each set being specified in one box
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Reconstruction of q(x) = cos(10x)*heaviside(x-2) + (1/(1+x))*heaviside(2-x) from 3 sets eigenvalues for a Sturm-Liouville operator with 3 sets of boundary conditions specified in each box

15 T 15 T
true potential true potential
numerical potential numerical potential
1k y
/ 1R 1
T 05F - 1
J| | -
ok |
05 7
1 u0)=0=u5) Bl |
=17 u(0)=0=u(2. 7
u(0) = 0 = u(1.25) ﬂ(g; =g=3=$ ?
u(1.25) =0 = u(2.5, So
(1.25)=0=u(25) u(1.5) =0 = u(2.5)
_15 L L L L _1 L L L L
0 05 1 1.5 2 25 ¢ 05 1 15 2 25
15 T 15 T
true pqtential ) true potential
numerical potential numerical potential
1k 7 1k i
0F 4 oF 4
05 1 -05r 7
~1F| u(0)=0=u(25) g 1 11| u(0)=0=u@5) 1
u(0)=0=u(1.5) u(0) =0 =u'(1.5) +u(1.5)
U(1.5) =0 =u(2.5) w'(15) +u(1.5) =0 = u(2.5)
15 | . . . 15 N . . .
0 0.5 1 15 2 25 0 0.5 1 15 2 25

Figure 7.10 ¢(z) = (1/(142))H (2 — )+ cos(10x)H (x — 2) is being recon-
structed from three sequences of eigenvalues for a Sturm-Liou-
ville operator with three sets of boundary conditions, each set
being specified in one box
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1.5 1

Figure 7.11 q(z) =2/(1+z)?H(1 —z)+ CH(x — 1) is being reconstructed
from three sequences of Dirichlet eigenvalues, in the case of
one overlap of these sets
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APPENDIX A. A GENERALIZATION OF LEMMA 1

This appendix provides a generalization of Lemma 1: the infinite product representations

of the four functions presented in Lemma 1. The result is stated as:
Lemma 2 The following hold:

1. the functions

A€ C — Sy(a;qa,N)
AeC— S1(5;G2, M)

have the same zeros, which are countable many. Call them z,, forn > 1.

2. these functions have the same infinite product representation and therefore they are equal

to each other:

nm

Sala ) = (%) ﬁ (‘”2)2 (o0 = M) = Si(5:02,A), forall A€, (A0.)

3. the functions

A€ C— Cy(a; g, M)
A€ C — Si(5:G2, )

have the same zeros, which are countable many. Call them wy, for n > 1.

4. these functions have the same infinite product representation and therefore they are equal

to each other:

)

0o 2
Ca(a; g2, \) = ((G/QI)W> (wy, — A) = Si(%; G2, A), for all X € C. (A.0.2)
1

n=

Proof: First we prove the assertions 1 and 2. The zeros of the functions

A € C — Sa(a;q2, \),
AET = 12620
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are exactly the Dirichlet eigenvalues of the Sturm-Liouville operators

L(%) with the domain D(L(®)) = {u € H*(%,a)u(%) =0 = u(a)},

L(@®) with the domain D(L(®)) = {u € H?(0,%)u(0) = 0 = u(%)},

respectively.

To see this we will argue on the general case: the zeros of the function
AeC— S(B;p, N
are exactly the Dirichlet eigenvalues of the operator
L) with the domain D(L®) = {u € H%(a, 8)|u(a) = 0 = u(B)}.

Then the reader can particularize the interval [a, 3] and the function p to the interval [3,a]
and the function gz, and respectively to the interval [0, §] and the function go. If A is a zero
of the function S(f8;p,-), then by the fact that S(-;p,\) is the solution to the initial value
problem consisting of (3.2.1) and (3.2.3) it follows that {S(-;p, A), A} is a Dirichlet eigenpair of
the Sturm-Liouville operator L(®) over the interval [, 3]. Hence, X is a Dirichlet eigenvalue of
the operator L(P). Conversely, if A is a Dirichlet eigenvalue of the Sturm-Liouville operator L)

over the interval [a, (], then there exists a function v # 0 which is an associated eigenfunction

to A. That means
—v"(x) 4+ p(x)v(x) = Mv(z), x € (o, B)

U(Oé) =0, (A03)
v(B) = 0.
Since v # 0 on [a, f] and the facts that v satisfies the ODE of problem (A.0.3) and v(a) =0

it follows that v'(a)) # 0. Therefore

v'(@)
is well defined and satisfies the initial value problem consisting of (3.2.1) and (3.2.3). But this

problem has only one solution, which is S(+;p, A). Therefore

v(x) = S(z;p,N), for all z € [a, (]

v'(a)
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This combined with the fact that v(3) = 0 (see the second boundary condition of prob-
lem (A.0.3)) gives us S(8;p,\) = 0, which means that A is a zero of the function S(3;p,-).

Our next claim is that the operators
L) with the domain D(L%®) = {u € H*(%,a)lu(2) =0 = u(a)}

and

L(%) with the domain D(L(®)) = {u € H?(0,2)[u(0) = 0 = u(2)}

have the same eigenvalues. This is easily seen by the fact that {u(x), A} is an eigenpair of the
operator L(%) over the interval [5,a] if and only if {v(z) = u(a — ), A} is an eigenpair of the
operator L(®) over the interval [0, 4].
Using the well known fact from the direct theory of Sturm-Liouville problem that the eigen-
values of the general Sturm-Liouville operator L) with the real valued potential function

p € L*(a, 3) are countable many (see [13, page 135, Lemma 4.7]), we can now conclude that

the functions
A S (C - SQ(CL; Q27)\)7

A€ C — 51(5:G2: M)
have the same zeros (they are the common Dirichlet eigenvalues of the operators L(%2) and
L%)) and these zeros are countable many.
Now we show formula (A.0.1). If the interval in discussion were [0, 1] then the function

S(1;p,-) would have had the infinite product representation

z

n— A
(nm)?

S(1;p,A) = ﬁ , for all A € C, (A.0.4)
n=1
where {z,|n > 1} are the zeros of the function
AeC— S(1;p,N),
or equivalently, the Dirichlet eigenvalues of the operator

L) with domain D(L®) = {u € H2(0,1)|u(0) = 0 = u(1)}.

For the proof of formula (A.0.4) the reader can consult [18, page 39, Theorem 5].
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Next we go from the interval [0, 1] to the interval [«, 5] by the change of variables:
ze[0,1] = ¢=(B-a)z+acof]l

Introduce the function S(&;p, \) by the formula

S(&p,A) = S(g_z;p, A), for € € [a, (] (A.0.5)

Thus we have
S(&p,A) = S(z;p, M),

and since S(-;p, A) satisfies the initial value problem consisting of (3.2.1) and (3.2.3) over the

interval [0, 1], the function S(-;p, \) will satisfy the initial value problem

— (&) + p(&)u(§) = Mu(é), £ € (o, B)

i) =0, (A.0.6)
() = 24,
where
. 1 §—a, 1
p(§) (_apmﬂ_a%—w_aym>,
and
. A
A B-ap

Next, introduce the function S (&P, ;\) by the formula
8(&0.2) = (B~ a)S(&p,A), for € € [a, §). (A.0.7)

Then since S(-;p, \) satisfies the initial value problem (A.0.6), the function S (;p, 5\) will

satisfy the initial value problem

i(a) =0, (A.0.8)

We can easily see by (A.0.8) that the zeros of the function

~ ~

AeC— S(8;p, )
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are exactly the Dirichlet eigenvalues of the Sturm-Liouville operator L® over the interval
[cr, B]. So they are countable many. Call them Z,, for n > 1. Due to the equivalence between
the initial value problems { (3.2.1), (3.2.3)}, (A.0.6), and (A.0.8) (or else due to the fact that A
is a zero of S(ﬂ;ﬁ, -) if and only if A is a zero of S(1;p, -)—this is so by formulas (A.0.7), (A.0.5),

and the way we defined 5\) we can write that

b= G (A.0.9)

where z,, with n > 1 are the Dirichlet eigenvalues of the operator L(P) over the interval [0, 1]
(or equivalently, the zeros of the function A € C — S(1;p, A)).
Now using formulas (A.0.5), (A.0.7), (A.0.4), and (A.0.9), and the way we defined X we

obtain the infinite product representation of the function

= (ﬁa)ﬁ< _Q)Q(énﬁ) (A.0.10)

Now replace in equation (A.0.10) the interval [a, 3] and the function p by the interval [§, a]
and the function go, thus the function S(f;p, -) becomes the function S2(a;ga,-). Then replace
in equation (A.0.10) the interval [, 8] and the function p by the interval [0, ] and the function
G2, thus the function S(3;p,-) becomes the function S1(3; g2, -). Therefore we get the desired
formula (A.0.1), because the zeros 2,’s of the function S(8;p,-) are in each of the two cases
the zeros z,,’s of the functions S2(a; ge,-) and S1(§;G2,-). (Recall: these latter functions have
the same zeros, as we previously showed.)

Now we prove the assertions 3 and 4. We claim that the zeros of the function

AeC— 02(a; Q27)‘)
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are exactly the Neumann-Dirichlet eigenvalues of the Sturm-Liouville operator L(?2) over the

interval [§,a], that is they are the eigenvalues of the operator
L(92) wwith the domain D(L(®)) = {u € H*(%,a)|u'(%) = 0 = u(a)}.

Let A be a zero of the function Cs(a;q2,-). This combined with the fact that Ca(-;q2, ) is
the solution to the initial value problem consisting of (3.2.1) and (3.2.2) where p = g2 and
[a, 8] = [5,a] shows that the pair {Ca(-;q2,A), A} is a Neumann-Dirichlet eigenpair of the
operator L(%) over the interval [§.a]. So A is a desired eigenvalue. Conversely, if A is a
Neumann-Dirichlet eigenvalue of the operator L(%2) gver the interval [5.a], then there exists a

non-zero function u € H2(%,a) such that

—u"(z) + q@a(z)u(x) = Mu(z), = € (5,a)
u'(3) =0, (A.0.11)
)=

u(a

Hence u(5) # 0 (otherwise, due to the fact that u satisfies the ODE of problem (A.0.11) and

the boundary condition at = §, u would have been identical zero on [§, a] which contradicts

the fact that u is an eigenfunction). Therefore, the function

is well defined and satisfies the initial value problem (3.2.1)+ (3.2.2) with p = ¢2 and [«, 5] =

(5, a], whose unique solution is Ca(-; g2, A). This implies that

Co(;qo, A), for all z € [§,al.
From this and the second boundary condition of problem (A.0.11) we obtain that
Cs(a; g2, A) = 0.

Thus, A is a zero of the function Cs(a;qo,-). Similarly one can show that the zeros of the

function

/\€C—>SI( (jg,)\)
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are exactly the Dirichlet-Neumann eigenvalues of the Sturm-Liouville operator L(42) over the

interval [0, 5], that is they are the eigenvalues of the operator

L'%®) with the domain D(L®)) = {u € H?(0,%)[u(0) =0 = u/(£)}.

IS

Now invoking the well known fact from the direct theory of Sturm-Liouville problem that
the Dirichlet-Neumann eigenvalues and Neumann-Dirichlet eigenvalues of a Sturm-Liouville op-
erator over the interval [« 3] are countable many, we conclude that the two functions Ca(a; g2, -)
and S}(§; G2, -) have countable many zeros. Also it is easy to show that {u(z), A} is a Neumann-
Dirichlet eigenpair of the Sturm-Liouville operator L{4) over the interval [$,a] if and only if
{v(z) = u(a — x),\} is a Dirichlet-Neumann eigenpair of the Sturm-Liouville operator L(72)
over the interval [0, §]. All these prove so far that the two functions Ca(a; g2, -) and S7(5; G2, -)
have the same zeros which are countable many.

The proof of formula (A.0.2) requires much more work. It follows a similar path as the
proof of formula (A.0.1), but since there is nothing similar to formula (A.0.4) to quote, we
propose two formulas and prove them, thus all the work to derive formula (A.0.2) will follow
in depth now.

First we start with the interval [0, 1], then we make all the changes to switch to the interval
[0, a].

Here are the two formulas similar to (A.0.4) to be used later:

Claim 1: Let p € L?(0,1) be a real valued function, and j be its reflection about the midpoint

s = 5 of the interval [0,1]. That is
p(s) = p(1 —s), for s € [0,1].
Then the following hold:

1. the functions

AeC — C(1;p,A)

and
AeC— S'(1;p, 5\)

have the same zeros, which are countable many. Call them ., for n > 1.
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ot d) = [ %7?2 — §'(1;,A), for all A e C.
n=1 ((7’L - 5)71—)

(A.0.12)

proof of Claim 1: The proof of assertion 1 is the same as the one for the functions Ca(a; g2, -)

and S7(%; g2, ) and will not be repeated here. The work for the formula (A.0.12) follows. Let

X € C be chosen and fixed. From the direct theory of Sturm-Liouville problem (see [13, page

132, Theorem 4.5]) we know that

1C(1;p, A —cos\[|<

7 exp<yfmfy+/ Ip(s) yds>

and

1S(1:5, A) — cos VA| € —— exp (|Imf|+/ (s |ds>.

VA

Observing that

1 1
/ Ip(s)|ds = / [5(s)|ds (because H(s) = p(1 — s), s € [0, 1]
0 0

¢ e ([ its) =e ([ lolias).

and write (A.0.13) and (A.0.14) in the form:

we can denote by

|C(1;p, A) — cos f\ < \f‘ exp (]Imf])

and

1S"(1; 5, \) — cos \/\ < exp (|Im\[|>

M A
It is known from complex analysis theory (see [4, page 176, Exercise 1]) that
n — 5 — /\
cos VA = H ) 5
((n - E)W)

Roughly, formulas (A.0.15) and (A.0.16) tell us that the functions
AeC — C(l;p,j\)
AeC— S'(1;p,N)

behave as

5\€(C—>cos\/§.

(A.0.13)

(A.0.14)

(A.0.15)

(A.0.16)

(A.0.17)
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This gives us encouragements that (A.0.12) holds, because the zeros {u,|n > 1} of C(1;p, ) and
S’(1;p,-) behave asymptotically as the zeros {((n — %)77)2 |n > 1} of cos+/-. More precisely,
due to the fact that u,’s, the zeros of C(1;p,-), are the Neumann-Dirichlet eigenvalues of the
Sturm-Liouville operator L®) over the interval [0, 1], and the same p,’s, the zeros of S(1; 7, -),
are the Dirichlet-Neumann eigenvalues of the Sturm-Liouville operator L(®) over the interval

[0, 1], the following asymptotic formula (see [13, pages 144-145, Theorem 4.14]) holds:

) >2+/()1p(s)ds—|—ozn,

B 1
Hn = ((n—27r
1.\* !
—5 7r> +/Oﬁ(s)ds+an, as n — oo,

~ (-3

since p(s) = p(1 — s), for s € [0,1]. Above, the sequence (o, )n>1 is an lp sequence, and hence
converges to 0, so bounded. From this, it follows that

i = <(n - ;)w>2 +0(1),a5 n — o (A.0.18)

A cascade of auxiliary results is coming up (their proofs are postponed until after the end

of the proof of Lemma 2), and we shall show how to connect them to arrive at (A.0.12):

e due to (A.0.18), the infinite product

ot ((n—3)m)?

converges to an entire function of \, whose zeros are exactly {u,|n > 1}. Call it P()).

e the function P()) satisfies the asymptotic formula

N < 1 A
P(\) = cos VA <1 + (’)(<I;:Ln>> , uniformly on the circles |\| = (mn)?, m € Z,
(A.0.19)
e for all z € C such that |z — (n— §) 7| > Z, for all n € Z the following is true:
exp(|Imz|) < 4] cos z| (A.0.20)

Now let m € Z be chosen and fixed. Let A be chosen on the circle |A| = (mm)2. Let z = VA

be either one of the two complex squared roots of A. Let n € Z be arbitrary. Then |z| = |m/|x
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and using the well known triangle inequality
|21 — 22| 2 |[21] — [22]],

we have the following:

o= (n=3) 7l = el (n-3)

Im| = (n—3) |7, ifn>1,
lm|+ (n—3)[r, ifn<0
[(lm] =n) + 3lm, ifn>1,
[(Im| 4+n) = 3|m, ifn<0

llm] —n| = glm, ifn>1,

Y

Im|+n|— 3|7, ifn<0

= |llm| =Inll = 5l=

> % (A.0.21)

The last inequality in (A.0.21) comes from the fact that m, n are integers, so

1, if n € Z is such that |n| # |m|
[lm| = In|| =
0, if n € Z is such that |n| = |m|.

The calculations in (A.0.21), tell us that for A on the circle |\| = (mm)2, either one of its

two complex squared roots

z=VA

1
= (n-z)1>%>
2 2

so formula (A.0.20) applies, and due to formulas (

is such that

, for all n € Z,

> e

.0.15) and (A.0.16) we can write:

. - 1 .
C(1;p, A) = cos VA <1 +0 <m>) , uniformly on the circles |A\| = (mm)?, m € Z, (A.0.22)
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1
m

S'(1;5,\) = cos VA <1 +0 < )) , uniformly on the circles |\| = (mm)2, m € Z, (A.0.23)

Formula (A.0.22) together with (A.0.19), and formula (A.0.23) together with (A.0.19) pro-

duce:
P(A 1 A
(7% =1+0 (nm> , uniformly on the circles |A\| = (m7)%, m > 1, (A.0.24)
C(1;p,A) m
and
P(A 1 A
(7% =140 (nm) , uniformly on the circles |A| = (m7)2, m > 1. (A.0.25)
S'(1;p,\) m

(Note that the functions C(1;p, ), S'(1;5,A) and P()) all have the same zeros, which are

1n's, therefore the quotients
P(A)

C(1;p,)
PG

S'(1;p,M)

are well defined and entire functions of \.)
Formulas (A.0.24) and (A.0.25) give further:
P(A
sup ](7)A—1\—>0, as m — 0o
A=(mm)z C(1;p,A)
and

P
sup |¢—1|%0, as m — oo.
A=(mm2 S"(1;D,A)

From these, using the Maximum Modulus Theorem (see [4, Theorem 1.2, page 128]), we

obtain
sup |L)\)A—1]: sup \L/\)A—1|—>0, as m — 0o (A.0.26)
A<mm? C(L;p, ) A=(mm2 C(1;p,A)
and
sup \L/E)A—l\: sup \L):)A—H—N), as m — oo. (A.0.27)
A<(mm)? S (1D, A) A=(mm)2 S (15, \)

Formula (A.0.26) implies that for a given constant, v > 0, there exists a first positive index

m. such that

P(A

sup |(7)A — 1| <~, for all m > m,,. (A.0.28)
A<mm? C(1ip,A)
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The function

A P(A
reC— (7)A -1 (A.0.29)
C(Lp, A)
is an entire function, therefore:
P(X A
|M — 1’ S 5, fOI' all ‘)\‘ S (m«/’ﬂ')2 (A030)
P,

If A e Cis arbitrary and fixed, then either
Al < (mym)?,
or else
(m,m)? < 1Al < (mm)?, for some m > Moy

(possible because (mm)? — 00). Hence, either (A.0.30) or (A.0.28) applies and we get that

P(S\)A — 1| < max(d, 7).

‘C(l;p, A)

Thus we showed that the entire function (A.0.29) is bounded in C. It follows by Liouville

Theorem (see [4, Theorem 3.4, page 77]) that

L)\)A—lzc, for all A € C,
C(L;p,A)

for some constant C, which in combination with (A.0.26) yields

PNy e 0, for all A € C, (A.0.31)
C(1;p, )

Similarly, one shows that
P el 0, for all A € C. (A.0.32)
S'(1;p,A)

From (A.0.31), (A.0.32) and the definition of P(\) we get (A.0.12). This ends the proof of
Claim 1.

Claim 2: The following hold:

Ca(w: g2, N) = C(sip, ), for s € [0,1] and 2 = (s + 1) € [4,d], (A.0.33)
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where
2 :
p(s) = (%) - qo(x), with z = &(s+ 1),
A( ) (22) 2(z) 5(s+1) (4.0.34)
A= ()
and
S1(%; G2, \) = S'(s39, M), for s € [0,1] and & = %5 € [0, 2], (A.0.35)
where
. 2 . o~
p(s) = (%) - qo(Z), with 7 = Zs,
A( ) (22) 2 2 (A.0.36)
A= (@) n
proof of Claim 2: Making the change of variables
se(0,l] »a=—(s+1) €[, a
2 2
and
a
v(s) = 02(5(8 +1);q2, \) = Ca(x; g2, A), (A.0.37)

and using the fact that Co(x; g2, A) satisfies the initial value problem:

—u"(z) + q2(x)u(x) = Mu(z), = € (§,a)

ul
w(3) =0,

) =1,

JIS]

we obtain that v(s) satisfies the initial value problem:

~

—v"(s) + p(s)v(s) = Av(s), s € (0,1)

v(0) =1,

v'(0) =0,
where p(s) and X are as in (A.0.34). Since the latter problem has only one solution, which is
C(s;p, 5\), it follows that v(s) = C(s, p, 5\), which combined with relation (A.0.37) gives exactly
formula (A.0.33).

Next, making the change of variables

a

a
0,1 si=-s€c0,=
86[,]—>$ 28€[a2]
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and

a ~ ~ ~
v(s) = 81(55:a2,A) = 51(%; @2, A), (A.0.38)
and using the fact that S1(Z; g2, \) satisfies the initial value problem:

—u/ (&) + @(F)u(@) = M), T € (0,5)

u(0) =0,

we obtain that v(s) satisfies the initial value problem:

~

—v"(s) + p(s)v(s) = Av(s), s € (0,1)

v(0) =0,

where f(s) and \ are as in (A.0.36).

Then introduce the function

w(s) = #S), for s € [0, 1]. (A.0.39)
2
It follows that w(s) satisfies the initial value problem:

—w"(s) + p(s)w(s) = Aw(s), s € (0,1)

w(0) =0,

S'(s;p,A) = w'(s)

_ YB) e (A039)

2
(@G, A), by (A.0.38)

I
)

which is actually the identity (A.0.35). This finishes the proof of Claim 2.
Using Claim 1 and Claim 2 we can complete the proof of formula (A.0.2). Due to the
a

fact that go is the reflection of g2 about the midpoint z = § of the interval [0, a], and formu-

las (A.0.34) and (A.0.36) we can show that p is the reflection of p about the midpoint s = 3
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of the interval [0, 1]:

[\

i
i

)

—
5

3

- ,a
(59), by (A.0.36)

[\

~qa(a — gs), because ¢2(r) = g2(a — z), for x € [0, §]

[

a a

‘Q2(§ + 5(1 —3))

—s), by (A.0.34) (A.0.40)

Il
N 7N N /N
NN NN

— —— ~——r ~—
[N}

I
=8
[

Now take in (A.0.33) s = 1, so # = a; take in (A.0.35) s = 1, so & = §; and use (A.0.12)

and (A.0.40) to write:

Cola;q2,\) = C(L;p,A)

_ G Nn - 5\
nHl ((n—Yym)?
= S'(L;p,A)

= Si(5:@ ), (A.0.41)

where p,’s are the zeros of C(1;p,-) and of S’(1;p,-). Due to the identities in (A.0.41) and

SOR!

the zeros wy,’s of Cz(a; qo,-) and of S7(%; G2, -) are related to u,’s by

an 2
o= (3

Therefore (A.0.41) becomes (A.0.2). O

the fact that
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APPENDIX B. AUXILIARY RESULTS FOR APPENDIX A

Here we re-state and prove the three auxiliary results used to prove (A.0.12) of Claim 1.

Auxiliary result 11 Let p, = ((n — %)71’)2 + O(1), as n — oo. Then the infinite product

[e.9] N

noi (= Hm)?

converges to an entire function of X, whose zeros are exactly {un|n > 1}. Call it P()).
Proof: A key ingredient in the proof is the inequality:

e’ >x+1, forall x > 0. (B.0.1)

(It can be proved by the fact that the function f(z) = e* — x — 1 has a positive derivative on
[0,00) and hence it is an increasing function on [0,00).) Then for A in bounded subsets of C

(i.e. |\ < C) the following hold:

0 3 0 N n—l7r2
n=1 ({1 —

3)7) ol ((n—3)m)
0 N 2
S ) (Pl (Ul 10

IN
— 8
/N

—

+
=

3

|
P

Juges

.
))ﬂ) I+ M) (B.0.2)

INA
— ¢
/

—_

+
T

3

|
3

|
o= [Nl
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|Nn_((n_%)7r)

2 ~
Then using (B.0.1) with z = Ql—H)\l in (B.0.2) the following are obtained:

—~
3
|
ol
3
~—

S e — A < . /((n—%>w)2
ey = 1

_ %p<W|%(m5wf|+m>
= (=)

< exp (Z Cl 2) , because p, = ((n — %))2 +0(1),and [\ < C
n=1 ((n - E)ﬂ-)
— C

< 0 (B.0.3)

o ((n—3ym)?

converges on bounded subsets of C, and therefore converges to an entire function of A Clearly,

its zeros are only puy,’s. U

Auxiliary result 12 The function P(\) satisfies the asymptotic formula (A.0.19) mentioned

in the proof of Claim 1. That is
N < 1 N
P(\) = cos VA (1 + O((nm>> , uniformly on the circles |\| = (mm)?, m € Z,
m

Proof: Let m € Z be chosen and fixed. Pick any A on the circle |A| = (mm)2. From the

definition of P(A) and formula (A.0.17) we can write:

P()\) = fin — A
cos VA ,1_[1 ((n— %)7’[’)2—5\

0o 2
- 11 1+“"_(("_§)7T)> (B.0.4)

Introduce the notation

(B.0.5)
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It follows:
C 1 2
lan,] < — 5 because p, = (n—3)m)" +0(1)
[ ((n—5)m)" = A|
< ¢ by |21 — 2| > [[21] — |||
>~ p) ~ 9 1 — <2 = 1 — |2
[ ((n=3)m)" — |\l
< ¢ , since |A| = (mm)2. (B.0.6)

| ((n— $)m)* — (mm)?|

The calculations in (B.0.6) mean that:

O(ﬁ), ifn#m
(’)(i), if n=m.

m

(B.0.7)

lan| =

Finally, equations (B.0.4), (B.0.5), and (B.0.7), along with Lemma 1 of [18, page 165] yield:

P(S\) = (1+am)- 1 14+a
COS\/X ( ) nle,:L[#m( )

1 |
(o)) (e ()
m m
1
~ 140 (m> ,
m
from which the desired formula (A.0.19) follows. O

Auxiliary result 13 For all z € C such that

1
]z<n2)7r\21, for allm € Z,

formula (A.0.20) mentioned in the proof of Claim 1 is true. That is
exp(|Imz|) < 4] cos z|.
Proof: We adapt the proof of Lemma 4.8 of [13, page 136]. Let z € C be as above. Write
z = x + iy, where x, y € R,

and start from the well known complex analysis formula:

eiz + e—iz
2
—y+iz Y—1iT
- % (B.0.8)

cosz =
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case 1: |y| > 11172 A chain of equalities and inequalities follows:

exp(|Imz]) 2el!
| cos 2]  |emytin o ey—ix|
2¢lYl
< ||€fy+’ix| — ‘ey,ixH (by ‘Zl + 22‘ 2 H21’ - |22‘|)
2¢lvl
R
20 ify < 0
_ [yl .
= el ify>0

(note: y = 0 cannot happen in case 1)

%¢lvl

- e|y‘ — e—‘y|
2

o 1 — 2yl

< 4 (since |y| > 12).

Thus we got formula (A.0.20).

case 2: |y| < h172 From the fact that

we write that:

o)
1 2 2
(= (n-2)7) = K
2 2
T In2 n2
> (22 < In2
Z 16 <2> , because |y| < 7
2
> )
- 64
hence

1
|3:—<n—>7r|278r, for all n € Z,
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from which we obtain that

|cosx| > cos(z—z)
2 8
(5)
= sin (<
8
2—+/2
— v2 (B.0.9)

To convince the reader that formula (B.0.9) holds, Figure B.1 is provided at the end of the

proof. On the other hand, from (B.0.8) we obtain that:

|cosz| = |cosz —5 +isinx 5 ]

| | e ¥ +eY
coszx| | ————
2

] —lyl
| cos ] <e+2€) . (B.0.10)

v

Y

Now using (B.0.9) and (B.0.10) we calculate:

exp(|Imz|) < 2¢lY! 1

. by (B.0.10
| cos 2| ~ el el |cosz|’ v ( )
2 1
 14e 2 |cos x|
2 2
< : . by (B.0.9
Sl s PR sy y (B.0.9)
4 2
< - -———, because [y| < 32

>

2 _
<

s~ w

which is the stated inequality (A.0.20). O
In Figure B.1, the red, thick lines on the z-axis represent part of the set

1 T
nLEJZ{x €Rlle = (n— )| < g}

Hence it is clear that for  not on the red, horizontal lines (i.e. |z —(n—1)x| > Z) the graph of
the function y = | cos x| lies above the line y = cos(5 — g ), which is the black, thick, horizontal
line in Figure B.1. That means that for x € R such that

1
|z — (n — 5)71\ > %, for all n € Z,

formula (B.0.9) holds.



156

S13E-A

H-axis

Figure B.1 The graph of the function y = | cos z|
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