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I. INTRODUCTION

The model theory of the strong interaction which has been widely
studied in recent years is quantum chromodynamics (QCD). QCD is a
theory in which many calculations are very difficult to carry out. As
W. Marciano and H. Pagels (1) have said: "QCD is a Lagrangian field
theory in search of a solution. Nothing comparable to the Feynman
rules and the perturbation approximation series in QED exists for the
bgund state physics of QCD. There may even be difficulties in precisely
defining the theory. According to QCD all the strongly interacting
particles are bound states of permanently confined constituents called
quarks. Yet no one has ever proven the existence of a single bound
state ...." In view of the lack of a solution to the problem of bound
states in QCD, perhaps a new approach is in order.

In classical mechanics one learns that many problems may be solved
easily if an appropriate change of variables is employed. If one were
to apply the change-of-variables approach to the bound-state problem in
QCD, one would prefer to use some set of variables in which bound states
are most naturally described. One method of deciding what specific type
of new variables to choose for hadrom problems is to study the resonances
produced in two-body scattering.

Examination of scattering data, e.g., TN shows that if one plots
the angular momentum (2) versus the mass squared (mz), the resonances
tend to be located on straight lines, Regge trajectories. This grouping

of the resonances into families tends to indicate that angular momentum



is an important quantity. In an attempt to calculate the masses and
widths of these particles, it might prove useful to choose a set of
variables in which angular momentum plays a prominent role.

In classical mechanics there is a system of variables which
historically has been defined for bound-state two-body systems, and
which uses angular momentum as one of the canonical momenta of the
system. This set of coordinates and momenta is the action=-angle
variables. These classical quantities are Hamilton-Jacobi variables
where the Hamiltonian of any system is a function only of the action
variables, i.e., of the momenta (2). This property simplifies dynamical
calculations. Furthermore, while these variables were developed for
bound states of systems, their definition has been extended (3) to
scattering states by analytic continuation. Thus, the action—-angle
variables may be applied to "quasi-bound” states (scattering states) as
wa2ll as to the traditional bound states.

Since these variables can have angular momeatum as a fundamental
momentum (having a canonically conjugate variable associated with it),
and since these variables have proven useful in the past for the study
of the bound states of systems, they might prove useful for studying
the hadronic resonances.

Before one can begin to calculate hadronic masses using action-
angle variables it is necessary to understand them as quantum—mechanical
objects. This thesis will treat the action—-angle variables as operators

in the context of nonrelativistic quantum mechanics. This is the first



step towards calculating hadronic processes using the concept of action-
angle variables.

Quantum mechanical transformation theory has not been extensively
investigated. Dirac (4,5) has considered using operators to effect
transformations, and, in addition, has also considered using a quantum
action-function, S(q,qo,t), to generate a transformation. His discus-
sions of transformation theory are very general.

P. Jordan (6,7,8,9) has considered the problem of carrying out a
general Hamilton-Jacobi transformation using generating functions
($(a,q) and S(3,q), where ¢ is the new momentum, 3 the new coordinate
and q the old coordinate). Jordan does mention action-angle variables,
J and w, but only defines the operator J in terms of a spectral decom-
position (J = h Z {n"™n'<a'|). The definition of J given by Jordan is
correct but not useful, since application of this definition requires
knowledge of the wavefuactions, <q'!n'>, i.e., of the solutions of
Schrddinger's equation. Van Vleck (10) has applied Dirac's transforma-
tion theory (5) and shown that expectation values become averages in
the classical limit. Van Vleck also briefly considered the problem of
carrying out a quantum Hamilton-Jacobi traasformation, but he does not
consider action-angle wvariables.

Some authors have treated specific quantum systems using action-
angle varizbles. The harmonic oscillator has been treated by Dirac (11).
A calculation which was designed to find "proper angular-momentum'

variables has been carried out by Biedenharn and Brussard (12). Their



proper angular variables are related to the action-angle variables Js
and Jo which will be discussed in Chapter III.

There has been a series of authors who have concerned themselves
with the problem of defining angle variables for harmonic oscillators
quantum mechanically. Jordan (9) and Susskind and Glowgower (13) have
pointed out the difficulties of specifying the comrutator of an angle
variable with its canonically conjugate momentum. Carruthers and
Nieto (14), Lévy-Leblond (15), and Newton (16) have considered this
problem and recommended various solutions. The problem of defining
angle variables is relevant because the action-angle variable, w, is
an angle variable. A new treatment of this problem is found in Leacock
(17) and at various points in this thesis.

As far as the author has been able to determine, while the above
authors have treated various specific aspects of the problem of defining
action-angle variables quantum mechanically, no author has developed a
general definition of these variables. The purpose of this thesis is
to define action-angle variables quantum mechanically. The quantum
analogue of classical Hamilton-Jacobi action=-angle-variable theory is
constructed. The methods developed here are general and may be gener-
alized to apply to quantum-relativistic problems.

The action-angle variables constitute a system of coordinates and
momenta in which the Hamiltonian is a function only of the momentum.
This is the case classically and is the case quantum-wmechanically if the
action-angle variables are properly defined. Classically, action-angle

variables are useful if one wants certain specific informatiomn, e.g.,



the frequencies of a system. Quantum mechanically, we will see that
these variables are useful if one wants certain specific information,
e.g., energy levels. For example, the energy levels of the bound states
of strongly interacting particles may be most easily found using action-
angle variables.

The thesis is organized as follows. Chapter II is a brief review
of the classical concepts and of the properties quantum action-angle
operators should possess. We then apply these properties to the problem
of using the classical transformation equations to deduce the corre-
sponding quantum transformation equations, thus defining the action-
angle operators for the system under consideration. After considering
eigenvalue spectra and action—-angle wavefunctions, we apply these con-
cepts to a series of examples. This series includes the harmonic
oscillator in Chapter II and in Chapter III includes the plane rotor,
S-motion or angular problem, and the radial part of a three-dimensional
harmonic oscillator.

We return in Chapter IV to the general problem of defining action-
angle variables quantum mechanically. The approach involves using a
quantum—mechanical Hamilton-Jacobi eigenvalue equation to define a
quantum generating function. The quantum generating function is used
to govern the transformation to quantum action-angle variables. This
method is applied in Chapter V to three examples, one of which is untreat-

able using the method of Chapters II and III.



II. CLASSICAL ANALOGUE THEORY

A. Classical Action-Angle Variables

In classical mechanics, Hamilton-Jacobi theory provides a mechanism
by which problems may be solved using coordinate transformatioms (2).
One transformation which has proven useful hi§torically is the trans-
formation from a set of coordinates and momenta p and q to the action
angle variables, J and w. Under this change of coordinates all Hamil-
tonians in classical mechanics are functions of J only; they are inde-
pendent of w. Since the transformation is canmonical, Hamilton's equa-
tion of motion are preserved. We begin by defining the classical
generating functiom, W(q,J).

A classical canonical transformation may be carried out using a
generating function which is a function of the old coordinate, q, and
the new momentum, J. This function, W(q,J), gives the old momenta, p,

and new coordinate, w, as:

aW(q,J)/3q ’ (2.1)

‘o
o

W(q,J)/3J . (2.2)

]
]

From Eqs. (2.1) and (2.2) it is possible to find one set of coordinates

in terms of the other:

q = }(J,w) ,
p = glJ,w) >

(2.3)
J = h(PaQ) ’

w = i(p,q) .



Equations (2.1), (2.2) or (2.3) are the equations of the canonical
transformation. In order to carry out such a transformation it is
necessary to find the generating function W(q,J).

The first step in finding W(q,J) is to find the associated function,
Wo(q,E),from which W(q,J) is found after defining J(E). The function

Wo(q,E) satisfies the time-independent Hamilton-Jacobi equation. Given

a Hamiltonian of the form:

é% P2 +V(q) = E (2.4)

where m is the mass, p is the momentum, V(q) is the potential and E is
the energy, from Eq. (2.1), a differential equation for Wo(q,E) may

be obtained under requirement:

Wy(a,E(D)) = W(g,J) . (2.5)

Using Egs. (2.5) and (2.1) in Eq. (2.4), we obtain the time-independent

Hamilton-Jacobi equation for the generating function:

1y SWO(q,E)
——) + V() = E . (2.6)

E\ 3g
Equation (2.6) may be solved by quadrature, and we obtain:
4 1/2, ,
Wy(q,E) = 2n[E - V(¢ 17" %4q" . (2.7
q
0

Equations (2.6) and (2.7) define Wo(q,E) up to a constant. It is now
necessary to define J(E) so that W(q,J) may be obtained, and the trans-

formation from p and q to J and w may be determined.



In order to define J(E) we use a method, advocated in Ref. 3,
which uses a contour integral of the momentum, p. From Eq. (2.4), p

may be regarded as a function of q and E:

p(q,E) = 2m[E - W12 . (2.8)

We assume for the moment that V(q) describes a potential well, and

there are two values of q, 9 and q_ such that:
p(Q+9E) = P(Q_’E) = 0 . (2.9)

The 9 and q_ are the classical turning points.

Next, following Ref. 3, we allow q to be complex. On the complex

q plane, Eq. (2.8) may be written:

p(q,E) = /g(q,E)(a -qJl(qa~-aq) . (2.10)

In the form (2.10), q and q_ are seen to be square root branch points
of the function p(q,E). We connect q, and q_ with a cut and choose
that branch of p(q,E) which is positive along the bottom of the cut.
This is illustrated in Figure 1.

Using this definition of p(q,E), J(E) is defined as a contour

integral:

J(E) = [ p(q,E)dq s (2.11)
c

where the contour c¢ is shown in Fig. 1. The contour c¢ is chosen so
that J(E) is the integral of p(q,E) around one cycle of the gq-motion.
The contour must be chosen so that it encloses only 9> 9_ and the cut

connecting them; it does not enclose any other singularities of p(q,E).
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Figure 1. The q'-plane path, C, is used in defining J where q, and q_

are given by p(q4+,E) = p(q_,E) = 0. The function p(q,E) has
a cut from q, to q. with signs as shown. The contour, C, is
chosen so that traversing once around the contour is
equivalent to traversing one cycle of the g-motion
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Combining the definition of J(E), Eq. (2.11), with the expression

for Wo(q,E), Eq. (2.7), we obtain W(q,J) from Eq. (2.5):

W(@,D) = Wy(e,E(D) . (2.12)

Equation (2.12) along Egqs. (2.1) and (2.2) specify the canonical
transformation from p and q to J and w.
Having defined J(E) and found W(g,J), we can use Eq. (2.2) to find

w, the cocrdinate which is canonically conjugate to J:

w = g—? (q,J) . (2.2)

w has the property that the change it undergoes over a2 cycle of the g

motion is one. The change, Aw, in w around one cycle of the g-motion

is defined as:

tw = f és'dq (2.13)
c

where ¢ is the contour used to define J and is given inm Fig. 1. The
integral around c is interpreted as an integral over ome cycle of the
g-motion. Using Eqs. (2.2) and (2.11) with Eq. (2.13) it quickly

follows that

Aw = 1 (2.14)

around the cycle. The result (2.14) is a characteristic of action-
angle variables. Had we defined J differently, Eq. (2.14) would be
replaced by some other relation. This property that Aw = 1 will be

important when we begin to comnsider the quantum theory.
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We now have the basis of Hamilton-Jacobi theory using action-
angle variables. A main importance of action—-angle variables lies in

the fact that the Hamiltomian, H'(J), depends on J only:
E = H(p,q) -+ E = H'QJ) . (2.15)

Thus, the transformation of p and q to J and w causes the coordinates, w,
to be ignorable. Since transformations carried out using a generating

function, W, are canonical, Hamilton's equations of motion hold and we

have (2):
a oH'
2.2
(2.16)
a o,
dt w ’

where v is the classical frequency of oscillation of the system. This
simple form of Hamilton's equations is another reason that a (p,q) to
(J,w) transformation is desirable. We now proceed to see what

features a quantum Hamilton-Jacobi theory should have.

B. Quantum Hamilton=-Jacobi Theory, I
There is a close connection between classical and quantum mechanics
with the salient features of one appearing in the other. In particular,
if it is possible to solve problems in classical mechanics using trans-
formation theory then one may be able to solve quantum mechanical prob-
lems using the same technique.
By analogy with classical mechanics, we have as our goal a quantum

canonical transformation theory which would take us to a system of
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coordinates in which the Hamiltonian is a function only of the new
momenta. The wavefunction will be seen to take on a correspondingly

simple form. In this section we will consider a one-dimensional

system.

Before beginning, a few comments on notation are in order. First,

all classical objects will have a "c" subscript (e.g., 9. P> Hc’ vee)e

All eigenvalues will have one prime " ' ". Operators will be unprimed.

We will use a Dirac bra-ket notation (4). For example, suppose we have

the operator q with a state |[q">;

afg™> = q'[¢"> . (2.17)
Similarly, with E and the state |E"™:

E[E> = E'|ED> . (2.18)
Also, e.g.,

<q'|qE|E™> = q'E'<q'|E"™> . (2.19)
Commutators will be designated by square brackets:

{p,q] = H/i . (2.20)

The Hermitian conjugate will be demoted by a "+'". Finally, the connec-

tion of a bra-ket to a wavefunction, ¥, is given by, for example:
<q'|E'> = y(q',E") . (2.21)

Let us assume that we have a system whose classical transformation

equations can be written in the form:

9. = fc(Jc,wc) , (2.22)
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P. = gc(Jc,wc) . (2.23)

We would like to find analogous quantum equations:

£(J,w) > (2.25)

n
"

g(J,w) . (2.25)

P

We impose the following conditions, A through F, on the quantum
equations (2.24) and (2.25). Condition A is that the quantum equations
(2.24) and (2.25) must reduce to the corresponding classical equations
in the limit of Planck's constant A going to zero. Condition B is that
both sides of Eqs. (2.24) and (2.25) must be Hermitian. We assume that

P, 9 and J, w are Hermitian and have:

¢ = ¢ = £@,w) = EG,W) (2.26)
p = p o= gIw = (g3, . (2.27)

Condition ¢ requires that both sides of Egqs. (2.24) and (2.25) satisfy

the same commutation relation:
[p,al = [g@,w), £(J,W)] . (2.28)

In order to calculate the commutator (2.28) directly we need infor-
mation concerning the commutator of J and w. Since J and w are assumed

to be a canonically conjugate set of coordinates and momentum, their

commutator is:
(3, e¥2™¥y o ipnp 12 (2.29)

Equation (2.29) is chosen so that it avoids problems in the definition

of angle variables as discussed in Refs. 9, 15 and 17.
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Condition D requires that if the quantum Hamiltonian in terms of
p and q is H(p,g) then after the transformation (2.24) and (2.25) the
Hamiltonian, H'({J), must be independent of the new coordinate w:

H(p,q) = H(g(J,w), £(J,w)) = E'(J) . (2.30)

Condition E states that given classical Hamiltonians Hc(pc’qc) and

Hé(Jc) such that, from Egs. (2.22) and (2.23) we have:

= = '
B (p.»q.) B (g, (Jsw)s £, 5w.))) B.(3) » (2.31)
then we require that
B0
B'(J) — H::(Jc) . (2.32)

Equation (2.32) also aids in interpreting J and w as the quantum
analogues of the classical objects.

Classically, if the change in w.s ch, is calculated around one
cycle of the motion, then this change is one. We interpret this to
mean that the state of the system is invariant when W, 8oes to w, + 1.
Quantum mechanically we require a similar invariance. We require

that the wavefunction be invariant under the translationm,w' - w' + 1:
Gi' + LI = &I . (2.33)

Equation (2.33) is the only boundary condition which we place on the

wavefunctions <w'|J"™>.
As a result of this boundary condition on the wavefunction we are
able to place a restriction on the form of Eqs. (2.24) and (2.25). p

and q are the fundamental observables. We require that if the system
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is unchanged by w' — w' + 1, then the matrix elements of q and p should

be unchanged:

@'+ 1qlID> = <w'lglin>

(2.34)

<w' + 1)pla™> <e'lplat> .

Equation (2.34) places a restriction on the form of £(J,w) and g(J,w).
Specifically, let us suppose that both £(J,w) and g(J,w) can be written

in the forms:

£(3,w) £,

e
]

(2.35)
gJ,w) = g10w)g2(J) .

0
"

Functions of operators of the form (2.35) are called well-ordered by
Dirac (4) and their matrix elements are easily found.

For p, we substitute Eq. (2.35) into (2.34) and have from Eq. (2.17):
' o+ 1lf1(w)f2(J)lJ'> = £ W+ DEQENE + 1{3'> (2.36)
<h'[fl(w)f2(J)iJ'> = fl(w')fZ(J')<h'lJ'> . (2.37)

As a result of the boundary condition, Eq. (2.33), and the invariance

of the matrix elements (2.34) we have:

fl(w' +1) = fl(w') . (2.38)

Similarly for q = gl(w)gz(J), we find

gl(w'+l) = gl(W') . (2.39)
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The final requirement, condition F, which we place on the transformation
equations (2.24) and (2.25) is that they satisfy Eq. (2.34).

Inspection of expressions (2.35) shows that p and g are not neces-
sarily Hermitian because J and w, being coajugate coordinates, do not
commute. This inadequacy of the forms (2.35) is easily remedied as
we now show.

For the examples which we will consider, both fl(w) and gl(w) have
the form etiZﬂV. The exponential, eiisz, clearly satisfies the cyclic
property (2.38) and (2.39). Furthermore, as a result of Eq. (A.29),

i2ww i2mw
e

£(J)e = f(J + 27h), the reverse ordering of Eq. (2.35) is

also allowed for this exponential:

SN NG E A O

o]
]
Hh
w
~~
(3N
L

(2.40)

a
|
(18]
w
~\
(B
L
[
]

83(J ) gl(W)

Combining Eqs. (2.35) and (2.40) we find that p and q can be written

in the following forms which will prove useful when we work out exaxmples:

p = f+(3) e+12'.rw + e—inwa) ,
(2.41)
g = g+(J) e+127mr + e—12wgm .

The forms of p and q given in Eq. (2.41) are useful because they
satisfy the cyclic property (2.38) and (2.39) (which is condition F) and
because they are manifestly Hermitian which is required of p and q by

condition B.
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The conditions A through F which we Impose on the canonical trans-
formation equations are designed to insure that p and q will remain
Hermitian, will continue to satisfy the same classical limit and will
have appropriate commutation relations. These conditions also require
that the Hamiltonian in terms of J will be independent of w and have
the correct classical limit. Also the transformation equations must be
invariant when matrix elements between <w'| and |J'> are calculated and
w' is replaced by w' + 1. These requirements allow us to assert that
the operators J and w which are defined by p = £(J,w) and q = g(J,w)
are the quantum analogues of the classical coordinates and momentum.

Having imposed a boundary condition on the wavefunction <w'|J'>
we are now able to calculate both the form of the wavefunction and the
eigenvalues of J. This calculation completes our first specification of
quantum mechanics in terms of J and w. A more general formulation will
be given in Chapters IV and V.

Having Egs. (2.29) and (2.33), we can find the wavefumction

<w'|J'™>. The effect of J on a state [J'> as we have seen is:
J|3> = 33> .
Therefore, we have:
SIS = JeTiID . (2.42)

Under the assumption that J and w form a canonically conjugate set we

have consistent with Eqs. (2.29) and (2.33):
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(2.43)

;=1
i

2
ow
where we are assuming a Schrddinger representation. Since <w'|J'>

satisfies an appropriate periodic boundary condition (3) we have:

'ﬁi ' - éi ’ ]
<w li aw]J> = T3 3> . (2.44)

Combining Eqs. (2.42), (2.43) and (2.44) we £ind:

B wan = rawrle> (2.45)

The solution of Eq. (2.45) is:

@'3> = aQd/BIV (2.46)
If we now impose the condition (2.33) on Eq. (2.46) we have

Ww'|I™> = '+ 1[I
or in terms of Eq. (2.46)

g GBI /B TWH) (2.47)
Equation (2.47) will hold only if

J'" = 2vEmn . n=0,x1,+2,+3, ... (2.48)

Combining Eqs. (2.46) and (2.48) we have

- 1
G'|I'> = <'|2mEn> = A TV 4= 0,51,22,53, ... (2.49)

Equations (2.48) and (2.49) are general and hold for systems described

by action-angle variables, defined using the transformation equations
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of the form (2.24) and (2.25). This completes our basic specification
of J - w quantum mechanics.

The physics of J - w quantum mechanics lies in finding the trans-
formation equations. Once they are found, the allowed energy levels of
the system are easily found. Let us assume that we have found the system

Hamiltonian in terms of J: H'(J). Using Eq. (2.42) we have:

WEYU(D|ID> = BT
= H'(27Bn)<w'|J'=27En> (2.50)
= E;<b'[3'=2ﬂﬁ> (2.51)

From Eqs. (2.48), (2.50) and (2.51) we have

E! = H'(27Bn) , n=0,:21,22, ... . (2.52)

Equation (2.52) is a genmeral statement which holds for any system for
which J is Hermitian. The allowed energy levels of the system are
given by Eq. (2.52). Thus, the transformation from p and q to J and w
not only provides the Hamiltonian H'(J), but also gives immediately the
energy levels. This is one important reason for considering the action-

angle variable Hamilton-Jacobi transformation.

C. The Harmonic Oscillator
In order to illustrate these ideas we will now apply them to the
harmonic oscillator using a method similar to that of Dirac (11). The

Hamiltonizn for the harmonic oscillator is:
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B = p2+zw q , (2.53)

[p,q] =

where we have chosen a system of units in which twice the mass (2m) is
w o . .
one and where 5. is the frequency. The classical equations of trans-

formation are (18):

_ /e .
c Tw SIn(Zch) ?

q =
(2.54)
»Jc
P, /75;- cos(vac) ,
which give
=2
B =2r Y :
We assert that the quantum transformation equations are:
. L /2_ -+
e = 335/ @ -2 »
(2.55)
1 W +
P 5/, @ ta >
where
2 = TV E
(2.56)
a+ = /3+ eiZTrw

We can check that Eq. (2.55) satisfies conditions A, B, C and F by

inspection. First, in the limit of & > 0, [VJ, et12ww] = 0, and
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Eq. (2.55) reduces to Eq. (2.54) (condition A). Second, Eqs. (2.55)
are Hermitian by inspection (condition B). Third, Egs. (2.55) are of
the form (2.41l) and so the cyclic condition F is satisfied. Fourth,

the commutator of q with p can be calculated using Eq. (2.29). We have

from Egs. (2.55)

[p,ql L /e (a++a),-j;j 2 (a+-a)]

2 27 TW

|
=

A IO (2.57)

’

]

Using Eq. (2.29), Eq. (2.57) becomes:

g; [a+,a] '5? [/3+ einw’ e 12T /3]

'5: I /3t - e-i‘%W /I /3t eiZ:w} . (2.58)

In Ref. 17, it is shown that the Hilbert space: |J'> = |[27Hn> must be

restricted to those states having J' 2 0. For this restriction of the

Hilbert space it follows that
J o= 3. (2.59)

Substituting Eq. (2.59) into Eq. (2.58) and using Eq. (2.29) we have:

i .+
Lt = 2. (2.60)
Substituting Eq. (2.60) into Eq. (2.57) we have:
(2.61}

[P’QJ = ;:

and condition C is satisfied. [Note that for J' < 0 a minus sign
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occurs on the RHS of Egqs. (2.57), (2.58) and (2.61) resulting in

[p,q] = -R/i which is clearly unphysical. See Ref. 17 for details.]
As a result of the restriction of the Hilbert space to states

having J' 2 0 and as a result of Eq. (2.59), Eq. (2.56) may be written

as:

a = e-'i:Zﬂw /I s
at = TP (2.62)
The forms (2.62) will simplify many expressions.

We now verify that the Hamiltonian, H', depends on J only. We

substitute Eq. (2.55) into Eq. (2.53) and obtain:

2 2
+ +
g- et - f/pardt T +bP /R
= —;7 {aa+aa++a+a+a+a+-aa+aa++a+a-a+a+}

= Lfaa +aa} . (2.63)

From Eq. (2.62) a+a = J and from Eq. (2.60) aa+ = a+a + 27h. Sub-

stituting these identities in Eq. (2.63) we obtain:

E = p° + =% =%{J+wﬁ} ) (2.64)

Equation (2.64) shows that the Hamiltonian is independent of w. Also

in the limit of B+ 0, J -~ Jc’ and Eq. (2.64) becomes:

R~0

v =2 B 3 L =
B = > {J + sh} —— o7 Jc Hc . (2.65)
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so that the quantum Hamiltonian reduces to the classical Hamiltonianm,
Hc, as desired (condition E). Thus, Eqs. (2.64) and (2.65) verify con-
ditions D and E by showing that B'(J) is independent of w and that H(J)
has the right classical limit. We have now satisfied all of the con-
ditions (A-F) which we imposed earlier, and conclude that Eqs. (2.55)
and (2.56) constitute a valid (p,q) to (J,w) transformation where J, w
are the quantum action-angle variables.

The energy levels of Eq. (2.64) are given by substituting Eq.

(2.64) into Eq. (2.50) and obtain:

W [B'([IT = o= {2nkn + 7BEXW 1T (2.66)

n = 0,+¥1,+2, ...

where we have restricted ourselves to the n 2 0 part of the Hilbert

space as discussed earlier. The reader will recognize these as the

harmonic oscillator eigenvalues which can be obtained by other methods.
The procedure which we have followed entailed finding the classical

transformation equations in the form

g
|

£, (@] c,wc) ,
(2.67)

Q
|

gl(Jc,wc) .
Once this was done, corresponding quantum equations were asserted:

p = fZ(J,v) R
(2.68)

€0
]

gz(J »W) .

We then verified that Eq. (2.68) had the six desired properties. Onme
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of the most important properties is that the quantum Hamiltonian be

independent of w:

E(p,q) ~ E'Q)) . (2.69)

Since we had already determined that the possible eigenvalues of J are
J' = 27Rn (n = 0,+1,+2, ...), the harmonic oscillator energy levels were

given by inspection:

E; = H'(J'" = 27hHn) . (2.70)

The method employed here works for the harmonic oscillator, and
will now be applied to other problems. In each case the procedure is
the same. We assert (or find) the transformation equations. We verify
conditions A through F for the physical Hilbert space. Finally, the
energy levels are given by inspection. This procedure works for systems

having simple classical transformation equations.
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ITII. SIMPLE QUANTUM SYSTEMS

A. Separation of Variables
In the previous chapter the idea of tramsforming from a set of
coordinates and momenta (p,q) to a corresponding set of action-angle
coordinates and momenta (J,w) was introduced. The six quantum conditions
which such a transformation must satisfy were specified. In this chapter
we will apply the same concept and set of conditions to the problem of
motion in a central field. The Hamiltonian in spherical polar coordinates

and momenta, which we will transform, is:

. - 2 -lf o -l . ) 2 - 2
H(r,Pr, e,Pe,:,Pa) = (2mr°) 1Prr2?r + sin 78 Pe sing P, + P¢/sm 8}

+ V(r) . (3.1

we will make our transformations in three steps:

(1) P,0 =+ J v

% 70 >
(2) P8 > J,,w, > (3.2)
(3 Pr,r Jr,wr .

We are able to make the transformation to action-angle variables in
this way because the full Hamiltonian (3.1) may be separated into three
partial "Hamiltonia" each of which depends on only one coordinate and

its canonically conjugate momentum:

2 )
LZ(PO,¢) E (3.3)

LZ(Ps,e) sin”ls P, sing P, + P;Z/sinze , (3.4)
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B (2 _,0) = (Zmrz){PrrzPr +12 ) v v . (3.5)

1
In Egs. (3.4) and (3.5) Péz and L2 are the constants of separation

which connect Eq. (3.3) to Eq. (3.4) and Eq. (3.4) to Eq. (3.5), respec-
tively. In quantum mechanics these separation constants take the values

of the eigenvalues of Li and L2 respectively, hence the primes on Péz

t
and L2 .
In carrying out the transformations listed in Eq. (3.2) we will
use the procedure given in Chapter II. We will consider a transformation

valid only if it satisfies all six conditions (A-F) which we established.

These conditions will guide us through the examples of this chapter.

B. Rotor

In this section we will carry out step one of Eq. (3.2): P$,¢ -
J¢’$° The "Bamiltonian'" given by Eq. (3.3) may be interpreted as a
particle rotating around the origin on a circle, as a "rotor'". The
procedure which we will follow for the rotor is to list the classical
transformation equations, then the corresponding quantum equations,
then verify the six conditions, and finally give the "energy levels" of
LZ. While the rotor is trivial to transform in this way, it is instruc-
tive, and, more importantly, prepares the ground for more complicated
transformations.

. . . . . 2
The classical transformation equations and "Hamiltonian", Lz, are:

P@c = J¢c/21 , (3.6)
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5 = 2nw R (3.7)

SO

=
]

‘g
"

2 2
(JQC/ZTT) . (3.8)

We assert that the quantum canonical transformation equations and

Hamiltonian have the same form as the classical expressions:

P = J /2= R 3.9
s ¢/ (3.9)
1
. i27w
em = e ° . (3.10)
s0
2 _ 2 _ 2
Lz = P¢ (J¢/27r) . (3.11)

We are assuming

[P¢,ei°] = pe .

The conditions which we have demanded that the transformation
equations and Hamiltonian satisfy are quickly verified. In the limit

R -+ 0, that is in the limit of

P¢ - P¢c s
$ = ¢c >
1 i 12w,
The forms e and e are used in order to avoid problems of

c(iefining angles as discussed in Jordan (9), Leacock (17), and Lévy-Leblond
15).
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it is clear that the quantum expressions (3.9), (3.10) and (3.11) become
the classical expressions (3.6), (3.7) and (3.8) (conditions A and E).
The Hamiltonian is clearly independent of wo as required (condition D).
The Egs. (3.9) and (3.10) are of the form (2.41) (cyeclic in w with

period 1), hence condition F is satisfied. The commutator of the left

hand sides of Egs. (3.9) and (3.10) is:

[Pé,e“] = Fe® . (3.12)

After the substitution of Eqs. (3.9) and (3.10) into Eq. (3.12) we find:

[3./21,e C°l=21he ° . (3.13)

Equation (3.13) is true because of the assumed canonical nature of J¢
i2nw

and e °; so Eq. (3.12) is verifeid. Under the assumption (3.10),

(3.12) and (3.13) are equal and condition C is verified. Finally, under

the assumption that p¢, Jé, ¢ and w¢ are Hermitian we have:

= += = +
P¢ = p¢ (J¢/27) (J¢/21) , (3.14)

. 2wiw. +
@t = (e 9 i (3.15)

Both sides of Eq. (3.14) are clearly Hermitian and thus condition B is
satisfied. For Eq. (3.15) both sides are unitary with the Hermitian

conjugate of the left side of Eq. (3.15) equal to the Hermitian
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conjugate of the right side of Eq. (3.15). In the context of the rotor
we will consider Eq. (3.15) as satisfying condition B. If one prefers,

the real and imaginary parts of Eq. (3.10) may be considered separately:

cosy = (cos¢)+ = cos(2vw¢) (cos(27w¢))+

(3.16)

sineg = (sin¢)+ = sin(27w¢) (sin(27w¢))+

Whether one chooses Egs. (3.15) or (3.16), the relationship between §
and w¢ remains the same and condition B is considered satisfied.

This completes the verification of conditions A-F. Hence, we con-
sider Eqs. (3.9) and (3.10) as defining a valid transformation from 5 and
P¢ to the action-angle wvariables J¢ and W The only items left to
consider for the rotor are the allowed states and eigenvalues of Lz.

As in other action-angle calculations the wavefunction is:

i2vme!

t!]ot = ' = Q@
<w¢|J¢> <h¢|2wﬁm> e , (2.49)
m= 0,:1,x2, ... .

Since the six conditions are valid for all states, all values of m are
allowed. In contrast, for the harmonic oscillator the commutator (con-
dition C) was wvalid only for states having 27Hn 2 0. Here, we have no
such restriction.

Having the states (2.49) and the allowed values of m, we can now

calculate the eigenvalues of Li. This is done using Eqs. (2.49) and

(3.11):
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<ﬁ$[L§[Jé> - <w;|(JQ/21)zng> (3.17)
- (Jé'/Zv)2<wé]J¢"> (3.18)
- (ﬁm)2<w¢')lJ$ = 276> . (3.19)
Bence
Li(%) = (Em?  m=0,%1,22, ... . (3.20)

This completes our treatment of the rotor. We have found the valid
transformation equations from ¢ and P¢ to J¢ and wé. We have found the
form of Li in terms of J¢ and have found the eigenvalues, L;Z. Having
found the eigenvalues of Li we can proceed to step two, the transforma-
tion of Pe and ¢ to Je and Wa» since we now know the values of the

separation constant connecting the % problem and the € problem.

C. The é-Motiom, L%

Having solved the ¢-motion and found the separation constant which
connects the ¢-motion to the S-motion, we now proceed to the S-problem.
As in the harmonic oscillator and the ¢-problem, the basic conditions
required of a (p,q) to (J,w) transformation remain the same. In this
problem, however, we will not be able to simply assert the form of the
quantum transformation equations based on the classical equations. A
derivation based on the commutation requirement and the wa-independence
of Lz(Je) is needed, and is given in Appendix A in its entirety. After
finding the form of LZ(JE) and the transformation equations, the

verification of conditions A through F may be completed, and the
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eigenvalues of LZ(Je) found. These eigenvalues provide the connection

which we will later use between the 2 and 4 motions and the radial

notion.

We begin by listing the classical total angular momentum and

8-transformation equations (18):

S 2/sta’s (3.21)

- @it (3.22)
cosg, = sin 1 sin(-Zt.'we + waec) , (3.23)
Pesinec = ((Je + J;)/Zn) sin i cos(-27we + 27wec) ,(3.24)
cos i = PQ/LC = J¢/(Je + J;) , (3.25)
sin i = @-2ndY? - a-ala st Gae

w

~

c is a constant determined by initizl conditions. We need to defime

Jg and begin by noting that Jac is defined by Born (18):

1/2 _

= 2 2,1/2
I = 27(L) zn(9¢) . (3.27)

L8 o]

The signs of the two square roots must be chosen. We choose the sign

1/2 to be positive so that this quantity, Lc’ is interpreted as

the length of the angular momentum vector. This sign of (Pz)l/2

2
of (Lc)
is also
chosen to be positive so that J°c will be positive, will have a range
of values from O to ZnLc, and will be interpreted as the ''quantity of

g-motion." Jac equal to zero is the interpreted as the angular momentum
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vector being oriented along the z-axis with Li = P:. Finally, for the
above choice of signs we define 27[P§]1/2 = Jg, where Jg is real and

positive so that (3.20) follows.

The task at hand is to convert the above classical expressions
into valid quantum operator equations with respect to the quantum
"Hamiltonian":

sing¢ P_ + Pszlsinze . (3.4)

m
mc
b

[¢))

2
L (Pe,e)

Since the "¢" part of the problem has been solved (see the rotor
calculation),we need only note that P¢ and Jé enter only through their
Y . A 4 LU ]
eigenvaluves PQ and J{ (or I, = !J¢l)‘
If one studies Eqs. (3.23) and (3.24) one observes that, by analogy

-+
to the harmonic oscillator, two operators b and b may be defined as:

-i27wa
b= e TEULID (3.28)
i2ww
vt = UL, e ¢, (3.29)
8" ¢
such that
+. .
cosd = (b-Db)/2i (3.30)
+
. - + " + + " 4] . .
Pe sing [b(Ja J¢) (Je J¢)b 1/4= (3.31)

Before the canonical transformation (3.30) and {3.31) may be called

complete,f(Ja,Jé) must be specified.
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In Appendix A the calculation for the form of f(Ja,Jg) and L2 is
given, using three requirements. First, the requirement that Lz(Je,Jg)
be independent of Vs is used. Second, we require that the commutator of
the right hand side of Eq. (3.30) with the right hand side of Eq. (3.31)
be the same as the commutator of the left hand side of Eq. (3.30) with

the left hand side of Eq. (3.31). This requirement involves substituting

the transformation equations into:

a1 - coszi) s (3.32)

M |ot

[Pa sinf, cosg] =-

and finding a restriction on the form of f(Je’Jg)' Finally, we require
that the quantity f(Ja,Jg)f+(J5,J;) have positive eigenvalues since it
is positive definite. This condition leads to the conclusion that

Jé 2 0 for physically allowed states. Using these three requirements

it is shown in Appendix A that:

£ o= {1, + J;)Z - Jg"]/[(se + J;)Z T (333

LZ(JS,J;) = @+ B2 4l - 14 BE (3.34)

where the physical Hilbert space is restricted to states }J;,J$> where

Jé = 2rﬁna, o, = 0,1,2,3, ..., Jé = 278Bm, m = 0,*1,%2, ... and where

Jg = [J;l. As shown in the Appendix, if we use the notation:
! "= 9. .
I+ J¢ 27He , (3.35)

then the physical Hilbert space may be chosen to be:
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0, 1, 2, 3, ...

P
v
B

-
Py
1]

0,z1,=2, ... . (3.36)

3]
N

For this choice of the physical Hilbert space we have:
£(I,,0") = £(3,,3M (3.37)
e’ ¢ - a’ ¢ .

which simplifies Eqs. (3.28) and (3.29) to:

b= £@IN e . (3.38)

Since we have now specified f(Je,Jé) and Lz(Ja), we can verify the
six conditions which we imposed on a set of transformation equatioms.
By expressing cos€ and P_ sin¢ in terms of Px’ Py, Pz, X, ¥ and z, the

reader may verify that

. . +
Pe sing (Pe sing) ,

(3.39)

+
coss = (cos8) .

Under the assumption that J, = J: and w, = w;, it follows that both
sides of the transformation equations (3.30) and (3.31) are Hermitian
which is condition A. In the limit of 8 + 0 and Je, J;, Ve Ps, 8 going
to their corresponding classical variables, the quantum expressions
(3.30), (3.31) and (3.34) reduce to the corresponding classical expres-

sions (3.23), (3.24) and (3.22). Thus, conditions B and E are satisfied,

as required. LZ(JQ,JS) is independent of w_, which is condition D.
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The commutator of Pe sind with cosg, Eq. (2.32), is satisfied when
calculated in terms of J5 and Yy using the transformation equations,
which is condition C. Finally, since the quantum transformation equa-
tions (3.30) and (3.31) are of the exponential form (2.41), their matrix
elements are invariant under wé *'wé + 1, and thus condition F is
satisfied. This completes the verification of conditions A-F and we
conclude that the quantum action—-angle variable transformation equa-
tions (3.30) and (3.31) are a valid set of canonical transformation
equations with respect to the physical Hilbert space (Eq. (3.36)).

Having verified conditions A-F, we may now allow Lz(J .) to act on a

;> and find its eigemvalues. Using Eq. (3.34) we find:

4
state IJG’J¢

2 ' l r [] - 2 2 A 1
L7359 = Rl i I IO e (3.40)

t

a

v

Since J! + J; = 27H2 for the physical Hilbert space we have:
2 A 4 ? — vz ] ]
L°{J1,3> = BT + l)IJq,J¢>
or

(3.41)

|
(=}
+
b=
[\S)
L J
-

L = ﬁzl(l + 1) where L =

The finding of the eigenvalues of L2 completes the S-problem.
We now relist the relevant equations for future reference.

Angular momentum squared (old coordinates):

2 I . 2, 2. .
L (e,Pe,¢,P¢) = sin "8 Pe sin8g Pe + Pé /sin”8 3
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wavefunction (old coordinates):

=0,1, 2, ... 2 [m[ ,

Py
I

5',¢';Z,m> = Yim(e"¢’) 5

0,+1,+2, ...

=]
"

angular momentum squared (new coordinates):
123_,3" = (3, + 3"+ 8)2/4n’ - 1/4 B2
S 6 é

wavefunction (new coordinates):

i/ﬁ(Jéwé+J$w$)
] L 1 ] =
<he,w6[Je,J¢> e ,

! = =
Je = Zwﬁna , ol 0,1, 2, ... R

J' = 27Km , m=0,z1,+2, ... .

¢
" - ]
3 B

Quantum canonical transformation (between 0ld and new coordinates):

cosg = (b - b+)/2i "
+
'3 = + 11" + + 1"
Pe sing [b(J9 J¢) (Je J¢)b 1/4x s
-inwa
b = e f(Ja ’Jg) >
i2mw
bT o= FI,0M e
g ¢

" 114 2 "2 " 2 2 1/2
3,0 = (1@, + 307 - 2RO an? - 2 :
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Eigenstates (0ld coordinates):

L211m> (2 + 1)52|2m> ,

Lzlzm> of | 2>

Eigenstates (new coordinates):

L2|nam> (ny + ") (n, +o" + l)ﬁzln9m> s

Lz[nem> = mﬁ' nem> ’
Jelnem> = nGZﬂ'ﬁ[nam> ,
Jélnam> = m215|n9d> s

where o" = |m|. (See Egs. (3.9)-(3.11) for the ¢ transformation

equations.)

Reviewing what has been done so far in this chapter, we find that
the angular part of the central force problem has been completed. We
have transformed quantum mechanically from Pé, b, Ps and ¢ to J¢’ w¢,

Je and we, which was our original aim. In the process of this canonical
transformation we have found Lz(J¢) and LZCJG,J;) and have found their
eigenvalues and eigenfunctions. We thus have systematically replaced
the old operators and eigenfunctions with new operators and eigen-
functions. In both cases, however, the eigenvalue spectrum of the

2 2 . .
observables, Lz and L~, remains the same as it must.
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. . - .2
Since we now have the eigenvalues of L”, we have the values of the
separation constant connecting the angular coordinates and the r-motion

in Eq. (3.5). We will now proceed to the r-problem using the information

gathered thus far.

D. The Radial Problem
At the beginning of this chapter it was stated that we would treat
in succession the three separate parts of a full three-dimensional
spherical potential, Hamiltonian. Having completed the angular problems
we now treat the "radial" Hamiltonian.

The Hamiltonian given by Eq. (3.3) is for 2m = 1:

=2 2 2", 2
Hr(r,Pr) = r Pr T Pr + L% /2mr” + V(r) . (3.5)

7'
L™ 4is the eigenvalue of Lz, the total angular momentum, and has values

ﬁzz(z + 1) for 2 = 0,1,2,3, ... . The kinetic part of Eq. (3.5) may be
rewritten in terms of Prr + K/2i. This quantity is chosen at this
point since it is Hermitian as can be shown by writing it in terms of

X, V, 2, Px’ Py, Pz and verifying that:

o

@+ -zﬁz = @+ % ) (3.42)

where

i}
[Pr,r] = I . (3.43)

By rewriting Eq. (3.5), using Prr + R/2i, we obtain:
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: 2
_ -1 H) -1, 2" 12,2
H(r,Pr) = r { Prr + 21 | r + (L + 3 B)/r° + v(r) .(3.45)

?
Substituting HZZ(Z + 1) for L2 we have:

2
H(r,2) = r-l( P+ %) r 5820 + 1/ %22 + V(D) . (3.46)

An advantage to the form (3.46) of H(r,Pr) is that (Prr + R/2i) is
a combination which proves to be convenient. The convenience lies in
the fact that for the first example which we will consider, the three-
dimensional harmonic oscillator, one of the transformation equations
involves (Prr + H/2i) explicitly because the classical transformation
equations involve "Prr" and (Prr + H/2i) is the quantum analogue of
this classical quantity.

We will now consider the three~dimensional harmonic oscillator.
The process which we will follow is essentially the same as was used
for the one-dimensional harmonic oscillator, the rotor, and the S-motion
for L2. Our aim as always is to find valid quantum transformation
equations and the eigenvalue spectrum of the relevant "Hamiltonian".

Equation (3.68) is the form of the "Hamiltonian'" which we will use

for the example of the three-dimensional harmonic oscillator with

v(r) = 1/4 mzrzz

2
H(r,P) = et i.) r e 52+ 120 + 176 o2t .
(3.47)

As in the other problems which we have considered, we begin by listing
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the classical transformation equations and Hamiltonian:

H = P2 + Lz/r2 + ;-wzrz
c re ¢ ¢ 4
(3.48)
= B 1t
T {ZJrc * JSc +J¢c} 2
Prr = fc cos 27r(wr - er) , (3.49)
1 2 _ .
Zwr” - Hc/w = fc sin 27r(wr - er) ’ (3.50)
£ = 2 (23 +J3. +J" )2 -3, +J" )2 Yz (3.51)
c 27 re ge de fc d¢ -

This form of the transformation equations relies on Jrc defined as:

_ 2w .2
Ire = E( s Be - [Lc]

where Jrc is found using the integral of Pr around one cycle of the

1/2
) ’ (3.52)

motion. The branch of Pr which is chosen is pictured in Figure 1 (with
positive signs on the bottom of the cut. Using this branch of Pr with
a counterclockwise direction of integration,Jrc is defined to be a

positive quantity. In Eq. (3.52), the positive square root is chosen for

[I.i]:u2 which is cousistent with the branch of Pr which we have chosen,
and which is consistent with the choice of sign made for the classical
angular problem (Chapter III, Section C).

We begin the quantum process by defining an operator d such that:

+ inwr
= 1 '
d = f(Jr’ Je + J¢) e R (3.53)
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-i27rwr
d = e f(Jr’ Jg +J") , (3.54)

2}1/2

_l_ ' 1" 2 - ' 1" -
> {[ZJr + J! + J¢ + TR] [Je + J" + 78]

' '
f(Jr, J5 + Jé) 5 5

(3.55)
where Jé + Jg is discussed in Chapter III, Section C on the angular

momentum problem.

Using the d operator we assert that the quantum transformation

equations are:

Ptr+% = %(d"'-x- o, (3.56)
%wrz - Hw = + Zil @ -a . (3.57)

We assert that Egqs. (3.56) and (3.57) are the quantum analogues of
the classical transformation equations (3.52) and (3.53), and we now

demonstrate the validity of the assertion. Since Prr + R/2i is Hermitian,

we have:
(®r+h/21) = @r+8/20) = 2@+ = 2@+t
T r 2 2
(For’ -8 = (Furf -8/w' = +2 @ -0 = (+5 @ -0l

Thus, the quantum transformation equations have both sides Hermitian and
condition B is satisfied. Condition C is that both sides of the

transformation equations satisfy the same commutator.
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The commutator of Prr 4+ R/2i and %-wrz - H/w is:

-

2

28
21 ° H

iw

. (3.58)

2 H., _
w ] -

1
[ Prr + 2 L -

Substituting the quantum forms (3.56) and (3.57) into the LHS of Eq.

(3.58), one obtains after simplifying:
1 + 25
57 [d.d'] = T-E . (3.59)

de
Substituting the expressions for d ,d, Egs. (3.53) and (3.54) into Eq.

(3.59) we have

-i2mw i2mw
e Teste T_oftg - %? 5 . (3.60)
i2mw

Using Eq. (A.29), f(Jr)f+(Jr)e TeEQ_+ 2wﬁ)f+(Jr + 278), Eq. (3.60)

beconmes:
_ + - _ + _ﬁ
f(Jr + 27R) £ (Jr + 27R) £ (Jr) f(Jr) = < B . (3.61)

The quantum Hamiltonian, H, as given by Eq. (3.47) is a positive

definite quantity and, hence, has positive eigenvalues. Referring to

the form of f(Jr) as given by Eq. (3.55), the left hand side of Eq.

(3.61) will have positive eigenvalues only for those states having

J; 2 0. We will call this the restricted or physical Hilbert space.

It is important to note that for the physical Hilbert space, f(Jr) =

f+(Jr). This will simplify some expressions. Substituting th; form of
127w

f, Eq. (3.55) into Eq. (3.61) and using the commutator [Jr’ e ] =

i2mw

r, we have:
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L -, - 1 " 2 - 1 [1] 21 — —
>m 1[2(Jr+2..ﬁ)+Je+Jé+nﬁ] [2.11_4-.1e +J¢+7rﬁ] b= = H

= L ' "
H > [ZJr + Je + J¢ + 37R] . (3.62)

Thus, the c;mmutator of (Prr + R/2i) with (1/2 mrz - H/w) is
verified providing the Hamiltonian has the form given in Eq. (3.62).
The form of the Hamiltonian (3.62) is correct as may be seen by directly
substituting the quantum transformation equations (3.56) and (3.57) into
the quantum Hamiltonian, H(r,Pr), as given in Eq. (3.62). Thus, condi-
tion C is satisfied. Condition D is that the quantum Hamiltonian
H(Jr, Jé + Jg) be independent of Vs Wy and w¢. The form of the quantum
Hamiltonian (3.62) clearly satisfies this condition. Condition E
requires that the quantum Hamiltonian, H(Jr, Jé + J;), Eq. (3.62),
reduce to the classical Bamiltonian, H(Jrc, Jec + ch), as given in
Eq. (3.48). 1In the limit of & -~ 0 where J; > J e Jg + J; ~Ja. F ch,
this is the case. Condition A (that the quantum equations have the
correct classical 1limit) is easily verified for the physical Hilbert
space. In the H -~ 0 limit where Jé - Jrc’ J: ~J, and J; - J;c’

2 8c
f(J;, Jé + J;) becomes fc(Jrc’ Jec + J;c) and in the limit of w; ~V_.»
the quantum equations (3.78) and (3.79) become the corresponding classical
expressions (3.71) and (3.72). Finally, condition F which requires that
the matrix elements of (Prr + K/2i) and (1/2 mrz - H/w) be invariant
under the translation in wé, w; - w; + 1, is satisfied since the

quantum transformation equations depend only on exponentials of W and

hence are of the form (2.37).
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This completes the verification of conditions A through F for the
restricted Hilbert space. We therefore conclude that the quantum
transformation equations which we have given are a valid set, and
define Jr and w. as being the quantum analogues of the classical
variables.

Since we have found the form of the Hamiltonian, H(Jr’ Jé + J;),
we may now find its eigenvalues for the restricted Hilbert space,

(J; 2 0). Allowing the Hamiltonian to act on a state IJ;,Jé,J;> we

have:

' 1" 1 * 3 L ] " . 1 ' t
B, I+ J¢)|Jr,Je,J¢> 2+ 35 +3, + 3..5)[Jr,Je,J¢>

= o= (3 + 3]+ Iy + 3EILILT> (3.63)

where J; = ZWEnr, n_ = 0, 1, 2, ... and where J] + Jg = 27h2, 2 =0, 1,
2, ... (as given by the angular problem in Chapter III, Sectiom C).

Using these values of the eigenvalues the energy levels En , are:

E = ﬁm(an'*Z + 3/2) . (3.64)

nr,l

This completes our treatment of the three-dimensional harmonic oscillator
since we have asserted and verified the transformation equations and

have found the energy levels of the quantum Hamiltonian, H(Jr, J: + J;).

In addition to completing the radial part of the three~dimensional
harmonic oscillator, we have now completed an entire three-dimensional

problem. We have transformed from P¢, 6, Poy 2, Pr and r to Jb’ Wy J.»

v
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W., Jr and v, using the following transformation equations and

"Hamiltonia':
P¢ = J¢/27r ,
. i2nw
e = e (3.65)
2 _ .2 2 .
Lz = P¢ (J¢/27r) H
P, siné = (b -b)/2i
+
& =
cosé [b(.]'e + J¢) + (Je + J¢)b /4w R
(3.66)
-i27w
b= e Cqpwa + 13 D%-RnG Fla o A
3 ® ¢ g ?
1% = sinle P, sing P, + Pi/sinze = (J, + [Jal + =R) 2/ 472 - %52 ;
for v(r) = %wzrzz
. v g 1, .+
Prr-:-n/Zl = E(d + d) s
1 2 o1+
7 or -~ He = 77 -d (3.67)
-i2mw
_ r 1 a2 2,1/2
d = e 27{[2’Ir+Je+J¢+“H] -[Je +J°+frﬁ]‘ ,
- - 4
H(Pr,r) = r l(Prr + ﬁ/Zi)2 r 1 + (L2 + % 52)/r2 + % mzrz

= &
= oo (2 +J,+ |J¢[ + 37H) .

These are valid transformation equations and satisfy conditions A-F for

the following eigenfunctions:
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j3r,3!,3'> = |278n_, 27B(X - m), 27Em> .
r’7e’ o r
n_ = 0, 1, 2, 3, ... s (3.68)
£=0,1, 2, 3, ... 2 | ,

0,%1,+2,%3, ... .

With respect to the states (3.68), (3.65)~(3.67) are equivalent to the

equations given earlier in this chapter. The eigenvalues of Li, L2 and

Hr are found by allowing these operators to act on a state (3.68):

L2la1, 3 I = 5a’|3!, 3, 3P (3.69)
2 ? \J 1 2 a ) A4 A

L IJr, I > = BTG+ D2fIl, Ig, J¢> (3.70)
B |3, 35, 3> = > (2a_+ 2 +3/2|3], 35, 3> . (3.71)

From Egqs. (3.65)-(3.67) it is clear that we have systematically
replaced each operator in the old system with an operator in the new
system. Thus, action-angle variables are a valid set of variables
(operators) with which to do quantum mechanical calculatiomns. It is
important to note that for potentials which depend only on r, the entire
angular calculation remains valid. Thus, Egqs. (3.65), (3.66), (3.69) and
(3.70) remain the same for all potentials V(r). These angular equations
may be viewed as a different way of treating angular motion.

The radial equations listed are valid only for the three-dimensional
harmonic oscillator. For other potentials, other transformation equa-

tions will result. It is not clear whether all potentials may be
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treated using the techniques we have employed so far. There is one

potential which seems intractable using these methods, the Coulomb

potential.

E. Comments on the Coulomb Problem
In all the problems which have been done so far, it has been pos-

sible to write the classical transformation equations in the form:

gc(q,p) sC(J,W) R

(3.72)

hc(q,p) tc(J,w)

Having the classical forms (3.72) we were then able to assert or derive
the corresponding operator relations. Turning now to the Coulomb

potential, the classical Coulomb Hamiltonian and transformation equations

are (18): (2m = 1)

9 LZ 22
B, = Pr+-—2-3 = =T 8 5 (3.73)
T r (Jr + Je + J¢)

r = a(l - ¢ cos u) (3.74)
u=-tsinu = var (3.75)

G+ 3, Ja)z
a = —= 5 (3.76)

27°g
2

J. +3)

e = 1- CH. (3.77)

2
(Jr + Je + J¢)
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Since Egs. (3.74) and (3.75) constitute a transcendental trans-
formation equation, it has proven impossible to put it conveniently into
the form (3.72). This inability to find a suitable expression means that
we are unable to use the method which we have employed so far on the
Coulomb problem. Although in principle one can find the transformation
equations, this author has been unable to do so and asserts the need for

an alternate technique. This technique will begin to unfold in the fol-

lowing chapter.



49

IV. A QUANTUM TRANSFORMATION THEORY

A. The Hamilton-Jacobi Eigenvalue Equation and Wo(q',E')

The method that we have been using thus far to make the (p,q) to
(J,w) transformation has several drawbacks which make a more general
method desirable. First, it applies only to systems having classical
analogues since we are "updating” the classical transformation equations
to find the corresponding quantum expressions. Second, the method works
only when the classical equations are algebraically simple. In the case
of the Coulomb problem, the difficulty of manipulating the classical
equations means that the method of Chapters II and III is useless.
Finally, it would be convenient to have a method which is sufficiently
general that a computer could carry out the transformation. The method
of Chapters II and III is difficult to program. Thus, at least at
present, it appears that a more general method is desirable.

In order to develop another method of performing (p,q) to (J,w)

ransformations we will rely cn twc ingredients. TFirst, classical
mechanics will be used to guide the development and notation. Second,
Dirac (4,5) and Jordan (6,7,8,9) have considered various forms of
transformation theories. In the initial development we will follow the
general transformation methods discussed in Dirac's Section 32 (4). We,
of course, modify his methods to suit our particular problem. It will
be seen that these two ingredients combine to form a theory which is
more general and less dependent on algebraic manipulations than the
earlier method. We begin this development by reviewing the classical

mechanics that was introduced in Chapter II.
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In classical mechanics a generating function (2) goverms the
transformation from one set of canonical coordinates to another. As
was discussed in Chapter II, Section A, for action-angle variables, the

transformation takes the form:

_ W _(q.,JT ) ) SWoe(a 5EL) .
pc aq 3q *
3Wc(q,3)
c - T 3 (2.2)

= . . 1
where Woc(qc,Ec) Wc(qc,Jc(Ec)) and where Wc(qc,Jc) is Hamilton's

characteristic function which satisfies the Hamilton-Jacobi equation:

2
Hc = pc+V(qc)

TN
2| 2
0
S’

(2]

+ V) = E (2.6)

in units where the mass m obeys 2m = 1. The above equations are com—
verted to the corresponding quantum expressions by properly defining

quantum w and J.
In order to generalize the classical theory, we begin by writing

the wavefunction, <q'[E'>, in a manner similar to that used by Dirac

and Jordan (see Refs. 4-9):

iWO(q',E')/H
<g'|E™> = e (4.1

where all primes denote eigenvalues. Equation (4.1) defines the

function Wo(q',E'). We use Eq. (4.1) with a time-independent
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Schrodinger's equation so that a differential equation for WO results.
Using a Hamiltonian of the form:

B = p2+V(@ . (4.2)
Schrodinger's equation is:

<q'|B|E™> = E'<'|E™>

't + V@IED> = EQIE> . 4.3)

Using <q'|p|E™ = %-337 <q'|E"™> (see Ref. 4) with Eq. (4.3) and the

wavefunction, Eq. (4.1), we have:

2
) + V@D P<Q'|ED> = E'<QE™ .(4.4)

B 3%y ,E) [ oWg(a",E")
i S (
)

i 3q °q

Canceling the wavefunctions, <q'!E'>, from both sides of Eq. (4.4) and

using the notation:

2
3 3
W s —=—W.(q',E' , W, = ——W.(q',E'
0qq aq'z ofa ) 0g " o{a’E"
we obtain:
B "W oo g
1 quq -+ w(.z)q + V(q ) = E . (.5)

Equation (4.5) has the property that, for A = 0, it becomes the
classical Hamilton-Jacobi equation, Eq. (2.2), for the function
WOccqc’Ec)'

Wo(q',E’) and Eq. (4.5) reduce to Hamilton's characteristic

function and the classical Hamilton-Jacobi equation, respectively.
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This classical iimit suggests designating Eq. (4.5) as a quantum
mechanical Hamilton-Jacobi eigenvalue equation. This is an "eigenvalue
equation" because its solutionm, WO’ is a function of the eigenvalues, q'
and E', and not a function of the corresponding operators.

Let us suppose that Eq. (4.5) has been solved and its general
solution, Wy, has been found. The wavefunction <gq'|E"™ has boundary
conditions imposed on it (for physical reasomns), and therefore WO has
corresponding boundary conditions imposed on it. The two sets of
boundary conditions are related by Eq. (4.1). For example, we often
require the wavefunction to be zero at some point, 94 (e.g., the origin

or infinity). As q' approaches qq we have:

iW,(q',E") /R
lim <q'|E™> = e = 0 . (4.6)
]
q *qo
Therefore,
1im Wo(q',E') -~ +iw . 6.7
1"+,

Thus the requirement that the wavefunction vanishes at a certain point
leads to the conclusion that Wo(q’,E‘) must have a positive infinite
imaginary part at that point. Other boundary conditions on Wo are
handled similarly.

Having solved the differential equation (4.5) and satisfied the
physical boundary conditions imposed on WO, we now need to find the

operator associated with Wo(q',E').
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Let us assume that the Hamilton-Jacobi eigenvalue equation has
been solved for Wo(q',E'). If we were working with classical mechanics
we would then find Ec(Jc)’ substitute it into WOc(qc’Ec)’ and hence find
the full generating function Wc(qc,Jc). Having the generating function,
the coordinate, wc, and the momentum, pc, are then given by derivatives
of the generating function with respect to Jc and q.> respectively.
Quantum mechanically we would like to carry out a similar procedure.
This procedure could be carried out providing a definition of J' existed
which was analogous to the classical contour integral definition,
(Eq. (2.11)). Such a contour integral definition requires knowing the
quantum analogue of the classical momentum function, pc(qc,Ec), as in
Eq. (2.1). Classically, this quantum momentum function may be found

using the form of the Hamiltonian or from:

p.(aE) = 3W, (q,,E)/3q, (2.1

where
Woe(g0E) = W (q . (ED) .

In order to find the quantum analogue of the classical momentum
function, pc(qc’Ec)’ we will use the following procedure. Tirst, we
will find the fumetion of operators, Wo(q,E), which is associated with
Wo(q',E'). Then we will define an operator, p, as a derivative of
Wo(q,E) such that [p,q] = h/i. Finally, we will find the function of
eigenvalues, p*(q',E'), which is associated with p. Since p has
comnutator /i with q and is found using Wo(q',E') and Wo(q,E), we will

*
assert that p (q'E') is the quantum analogue (in eigenvalue form) of
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the classical momentwm. This p*(q',E') will be used to define J' as a
contour integral from which the quantum analogues of the classical
quantities, Wc(qc,Jc), P, and v will follow.

We begin this process by finding the function of operators Wo(q,E)
which is associated with Wb(q',E'). To do this we use the notion of a
well-ordered function of operators (4). An opera;or, M(q,E), is a well-
ordered function of two operators q and E if all occurrences of g

appear to the left of all occurrences of E. In general M(q,E) takes

the form:

M(q,E) = } d, (q) fj (E) + f a(g,x) b(E,x) dx . (4.8)
ij

The important feature is that q appear to the left of E. For the sake
of illustration we assume that a well-ordered operator, M(q,E), may be

written in the form:
M(q,E) = d(q) f(E) s (4.9)

while keeping in mind that the more general form (4.8) is zllowed and
implied.

The utility of well-ordering a function of operators, M(q,E), lies
in the fact that it can be related to a corresponding fumction of

eigenvalues, M(q',E'), by the relation:

<q'[M(q,E)|E™> <q'|d(qQ)£E) |[E™> (4.10)

d(q"E(E")Lq|E"™>

M(q',E")<q"|E™> . (4.11)
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We now apply the concept of a2 well-ordered function of operators to
define the function Wo(q,E) which corresponde to Wo(o'.E'), the solution
of the Hamilton-~Jacobi eigenvalue equation.

Let us assume that Wo(q',E') can be written in a well-ordered form:

Wo(q',E') = g(q') h(E") . (46.12)

The function of eigenvalues, Wo(q',E'), is connected to the well-ordered

function of operators, Wo(q,E), by:

<q'Wy(@,B) [E™> = <q'lg(on(®)[E™> (4.13)

g(q")h(E")<q'[E™>

Wb(q',E')<§'|E'> . (4.14)

Equations (4.13) and (4.14) establish the desired relationship and

define the function of operators, Wo(q,E):

Wy(a,E) = g(q) h(D) (4.15)

from the corresponding function of eigenvalues. This function of
operators will now be used to define an operator p which we will even-
tually call the quantum momentum.

Having defined the operator function, WO’ we can define the
operator, p, as in classical mechanics:

aWOCq,E) ag(q)

3q 3 h(E) . (4.13)

p:

p is interpreted as a well-ordered function of the operators q and E,

which we will eventually designate as the momentum. We may also
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*
relate p to a function of eigenvalues, p , in the same way that we

related Wo(q,E) and Wo(q',E'):

<q'[p|E™> = <

22(q) h(s)ls'>
oq
ézég;l h(E")<q'|E™> (4.14)

= p*(q',E')<4'12'> ,

where

p*(q',E') égég;l h(E") . (4.15)

We now calculate the commutator of p and q by relating p to

— . TFor states satisfying appropriate boundary conditions (4) we

-~
-

<q.l %,éiw S = %-EET-<4'|E'> ) (4.16)

Since we have wavefunctions in an expomential form, Eq. (4.1), we

can relate p to %% easily. Using Egs. (4.16) and (4.1) we have:

. i/E W (q',E")
e 0 , (4.17)

E'>

(]
|
Pl

2|

«!

'E™> . (4.18)

]
Q>
QA l~
-
=2
o~
(]
2

Comparing Eq. (4.18) to the matrix element, <q'|p|E"™>, Eq. (4.14), we
see that p and %—;E have the same matrix elements with respect to

<q'| and |E'>. We thus conclude that:
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- B 38
P = I (4.19)

Using Eq. (4.19) it follows that:

R
poa] = pa-a = 7 (4.20)
when p is defined by Eq. (4.13).
The importance of relating p to %-g% is easily seen. First, as

we have seen the commutator of p and q is ?-. Second, Dirac (4) has
shown that for states satisfying suitable boundary conditions %-g%-is
Hermitian, hence p defined by Eq. (4.13) is Hermitian. With a correct
commutator and hermiticity we assert that p is the momentum canonically
conjugate to q. From this assertion, it follows that p*(q',E') is the
"eigenvalue'" analogue of the classical momentum function pc(qc,Ec).
p*(q',E') is the object which will be used to define the eigenvalue,
J'. Before defining J', we will study the quantum Hamilton-Jacobi
eigenvalue equationm, p*(q',E') and related equations in more detail,

since they differ from their classical counterparts and since this

treatment is different from the "normal" treatment in quantum mechanics.

B. p*(q',E') and the Ricatti Equation
We have introduced p*(q',E') and have asserted that it is the
quantum analogue of the classical momentum, pc(qc,Ec). Before using
p*(q',E') to define quantum action-angle variables we examine briefly
the mathematics of p*(q',E'). An understanding of this function is
necessary if one is to understand why and how it is used to define the

quantum action variable.
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*
From the definition of p (¢',E'), Eq. (4.15), it follows that:

1 1
awo(q »E')
3q’ -

p*(q',E') = (4.21)

In the Hamilton-Jacobi eigenvalue equation, Eq. (4.5), only the first
and second derivatives of Wo(q',E') are used. Substituting p*(q',E')
as given by Eq. (4.21) and its first derivative (with respect to q')
into the Hamilton-Jacobi eigenvalue equation, Eq. (4.5), we obtain a

*
differential equation for p (g',E"):

* *
RS LRI %.22)
where
*
* - oD (Q',E')
P = —t— ™
q oq

Equation (4.22) is a generalized Ricatti equation and is sufficient to
define p*(q',E') uniquely everywhere in the complex q'-plane, provided
that a boundary condition is specified at a regular point, 455 of
p*(q',E'):
p*(q'=q0, E') = p; . (4.23)
The Ricatti equation, Eq. (4.22), has a simple classical limit.

In the classical limit with h - 0, the Ricatti equation becomes:

2, _ N
po+V(e) = E, , @G>0 . (4.24)

Equation (4.24) is identical to the classical Hamiltonian, Eq. (2.4),

(with 2m = 1) and, hence, Eq. (4.24) defines the classical momentum
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funetion pc(qc,Ec). Thus, p*(q',E') does become pc(qC,Ec) in the
classical limit. This also aids in the interpretation of p*(q',E') as
the quantum analogue of the claésical momentum function.

The Ricatti equation, Eq. (4.22), can be generalized to encompass
different types of coordinates. This is done using the quantum

Hamiltonian in the form:

1

@ P f(qJp + V(q) = E . (4.25)

Hh

This form of the Hamiltonian applies to one-~dimensional Cartesian
coordinates (x,px) where £ = 1. It applies to angular coordinates
where £ = 1 for (¢,p¢) and where f = sin3, when the coordinate is 2
and the momentum is Pg- For the radial part of spherical polar
coordinates f is equal to rz. The reader may verify these specifica-
tions of £(q) by referring to the Hamiltonia which were treated in

Chapters II and III, Egs. (2.53), (3.3), (3.4), and (3.5).

Using the commutator of p with £(q) as given by Dirac (4):
[p,£(Q)] =

the Hamiltonian, Eq. (4.25), becomes:

)p +V(q) = E . (4.26)

Using the wavefunction in the form (4.1) we obtain the generalized

Hamilton-Jacobi eigenvalue equation:

By +w +8
i i

_]_-_ ' - ' 9
0qq 0q 3 f W, +V(q') = E (6.27)

qg 0Ogq
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where the subscript "q' denotes differentiation with respect to q, i.e.,

Wy(a",E") azwocq' EY)
g T T v Yogq T T oa
q. aq' .q 3q'

*
Substituting p (q',E') as defined in Eq. (4.21) into Eq. (4.27) we

obtain a generalized Ricatti equation of the form:

Bor+p 2+

1 Pq p = E'-Vv(@) , (4.28)

Mot
)
Hh

where

*
%* ',E’
> 3p (q ) ]

q 9q

Before proceeding to use p*(q',E') to define quantum action-angle
variables, we will present some of the basic mathematics associated
with Ricatti equations and their solutions. The reader is referred to
Refs. 19, 20 and 21 for more complete treatments.

Since Eq. (4.28) is a generalized Ricatti equation if any

particular solution y can be found, the general solution has the form:

2 () = y(q)+-ulT . (4.29)

Substituting Eq. (4.29) into the generalized Ricatti equation, Eq.

(4.28), we obtain the differential equation for u(g).

— - (2y + i

E 3u B
i 3q i

L = (
Ffpe =1 . (4.30)

Equation (4.30) may be solved by quadratures (19):
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w@ = u = cB@/E , SBQ@/E SR ACRIL
Ja(q")
(4.31)
where
3(q) = j (-2y - %%— £)dg" (4.32)
a(q") 4

where a(q) is a contour in the q' plane from a point qq to the point q,
and where C is a constant of integration with respect to q' (but may in
general depend on E'). Using the definition of u(q), Eq. (4.30) and

p*(q) as given in Eq. (4.29) we have
eiB(Q)/ﬁ

P*(q) = y(q) + — . (4.33)
C*J LABEN/R 4o
a(q)

Equation (4.33) reduces the solving of the generalized Ricatti

equation (4.28) to the finding of any particular solution of Eq. (4.28).
All other solutions are obtained by adjusting the parameter C in Eq.
(4.33).

A particular solution of Eq. (4.28) may be found by inspection if

£(q) and V(q) are sufficiently simple. If V(q) and %’ can be

£
q

expanded as power series (e.g.,
v@ = [ 4qd ),

then there exists a power series of form:
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y@ = 1 g q (4.36)

which satisfies the generalized Ricatti equation (4.28), and hence Eq.
(4.34) is a valid particular solution. More general equations must be
studied on a case by case basis.

A full discussion of the singularities of solutions first—-order
nonlinear differential equations is beyond the scope of this paper.

A good discussion may be found in Ince, Chapter 12 (19). For our
purposes it is sufficient to point out that solutions of Ricatti
equations may have both poles and branch points. Such solutions may
have fixed poles and fixed branch points whose location and type can
be determined by inspection of the differential equation. (Their
location may depend on values of parameters of the differential
equation (e.g., E’' in Eq. (4.28).) Solutions of Ricatti equations may
also have movable poles (but no movable branch points) whose locations
depend on the boundary conditions imposed and on parameters in the
differential equation.

For the purposes of the discussions which follow it is sufficient
to notice that since the branch points are fixed a simply connected
region, S, in the complex g-plane can be found in which the solution
of a Ricatti equations, p*(q), is regular, single valued, analytic and
has only poles as singularities. Thus, it will be reasonable to define
integrals of p*(q) within the region S. We will always assume (or

prove) that we are operating within such a region.
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With these general considerations we will now proceed to apply,
p*(q',E'), the quantum momentum eigenvalue function, to the problem of
defining w and J, the action-angle variables. We will follow closely
the classical theory. There will, however, be differences since

*
p (@',E") is very different from pc(qc,Ec) except when h + O.

C. J' - the Action Variable

In classical mechanics the momentum function, pc(qc,Ec), is used
to define Jc, the classical action variable. We will now use p*(q',E')
to do exactly the same thing quantum mechanically. After defining
J(E), the quantum action-variable cperator, we will continue to follow
classical mechanics and define W(q,J), the generating function, and w
which is the operator canonically conjugate to J.

let us suppose that from a Eamiltonian, the corresponding
Hamilton-Jacobi "eigenvalue" equation and the corresponding Ricatti
equation have been found and solved yielding p*(q',E'). Let us further
suppose that a boundary condition, p*(q’=q0, E') = p;, has been imposed
on p*(q',E'). (This boundary condition is imposed on physical grounds
and is normally obtained from the boundary condition imposed on
Wo(q‘,E').) Having imposed the boundary condition, p*(q',E') is now
uniquely specified. We will not define J', the eigenvalue of the operator

J, as the integral around the closed contour D:
%
3= po (a',E")dq" . (4.35)

Equation (4.35) defines J' once the contour D is specified and the direc-

tion (around D) in which the integral is to be evaluated is specified.
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The two choices which we need to make are largely conventional. In
classical mechanics, one chooses a particular branch of the function
pc(qc,Ec) (in Fig. 1, this corresponded to choosing "+" signs along the
bottom of the cut). Next one chooses the contour, which normally
encloses the classical turning points and the cut between them, but
which encloses no other singularities of pc(qc,Ec). Finally, ome
chooses the direction (around the contour) in which the integral is to
be evaluated. In order to maintain the correct classical limit for J',
gae must make a corresponding set of choices quantum mechanically.

We have argued that p*(q',E') becomes pc(qc,Ec) in the classical
limit. Instead of using the wavefunction to impose a boundary condition
on p*(q',E'), one may use the classical limit. This is done by choosing
a point qq at which both p*(q',E’) and pc(qc,Ec) are defined (or their
limits are defined in the limit of q' - d4 and q. * qo). Assuming that
one has specified pc(qc’Ec)’ one now chooses the boundary condition for

%
p (¢',E") such that in the classical limit one has:
*(@msE") ~ p_(q,E) (4.36)
p (44 p.(dE, : .

Again, once such a boundary condition has been imposed p*(q',E') is
uniquely determined. If one imposes a boundary condition on p*(q’,E’)
by some other method, Eq. (4.36) should be verified or should be used
to choose the branch of pc(qO’Ec) with which the classical Jc is
defined. The reason that one uses such limits is to guarantee that in

the classical limit J' will become ch
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We emphasize here that p*(q',E') is the physical quantum momentum
eigenvalue function. For example, when using p*(q',E') to define J'(E"),
it must satisfy all physical boundary conditions imposed on it which may
be possible, in some cases, only at discrete values of E'.

Assuming that p*(q',E') and pc(qc’Ec) have been specified such that
pc(qc,Ec) is the classical limit of p*(q',E'), we now choose the contour
D and the direction of integration. First, we choose the quantum direc-
tion of integration to be the same as the corresponding classical
direction. For example, if we were calculating the quantum analogue of
Fig. 1, we would choose the couaterclockwise directionm.

In order to choose the contour, two considerations are important.
First, in the classical momentum fumction pc(qc,Ec) is normally defined
as having a cut between the two classical turning points on the real
axis (as was discussed briefly in Chapter II). The contour is chosen
to enclose this cut. The quantum contour must enclose at least that
segment of the real axis which terminates on the classical turning
points. (We will call this segment the classical region.)

The other consideration which is important is the singularity
structure of p*(q',E'). As discussed in Appendix C, at an eigenstate
of the system, for some simple potentials (The harmonic oscillator and
Coulomb potentials are discussed in Appendix C, in detail.),

p*(Q',E') has poles only on the real axis with a set of poles between
the classical turning points, with at most one pole to the right of the
classical region, and with at most one pole to the left of the classical

region. While such a simple singularity structure will probably occur
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only for simple potentials, the methods of Appendix C will aid in the
choice of the contour and evaluation of the integral defining J'.

With the understanding that the singularity structure of p*(q',E')
must be studied on a case by case basis, and with a desire to maintain
the classical limit, we choose the quantum contour to be identical to
the classical contour. This contour will enclose the segment of the
real axis between and including the classiczl turning points.

We have decided that for systems having a classical analogue, we
will normally choose the contour and direction of integration to be the
same as the corresponding classical contour and direction of integratiom.
We have decided also that the boundary condition imposed on p*(q',E')
should be chosen so that pc(qc,Ec) is given in the classical limit.
These considerations are sufficient to specify the elements of the
integral, Eq. (4.35), which we are using to define J'. As a result of
this definition we obtain from Eq. (4.35) J' = J'(E").

We interpret the E' in J'(E') as the eigenvalue of the Hamiltomnian
(i.e., the energy eigenvalue) obtained by allowing the Hamiltonian to
act on a physically allowed state. Recall that J' is the eigenvalue of
the operator J.

Having now discussed the definition of J'(E'), we will now assume
that we have found J' = J'(E') for some system using the above definition.
Having J', we will now use this object to define the operator J, the
canonically conjugate operator w, and the eigenstates <w'|J'>. This

will complete the quantum discussion of our formal action-angle variable

theory.
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We conclude this section with an addendum on the properties of
%
p (q',E") at an eigenstate of the system. This will be useful when we

evaluate the contour integral, Eq. (4.35), which defines J'(E').

The normal requirement that a wavefunction must satisfy in order to
consider it a physically allowed state is normalizability. This require-
ment in general will demand that the wavefunction <q'|E'> have a
certain asymptotic behavior. This asymptotic form of the wavefunction
can be interpreted as applying to p*(q',B'). Since p*(q',E') is the
derivative of Wo(q',E') and since the wavefunction, <h'|£'>, is the

exponential of (i/ﬁ)Wo(q',E') we have:

P@LED = - iR gy per (QUED) (4.37)

For bound state problems (for which one has V(q')>E', for q' real and
!q'i large) one can make general statements about the sign of the
product <q'!E'>-13(<Q'|E'>)/aq' (for q' real and |q'| large) at an
eigenstate of the system. These statements will apply when <q'|E®> is
a real function of q' and E' for real q' and real E' and when the
boundary condition on <q'[E'> is <q'[E'> > 0 when [q'| > *=.

These statements will refer to a simple potential for which at two

points on the real q'-axis, q and q_, (q > q_) V(g) = V(q_) = E".
Between q, and q_ we assume that on the real axis, V(q') < E'. For

q- < q_ we demand V(q')<E' and for q' < q, we demand Vv(q') > E', on the
real q'-axis. By specifying the potential in this way on the real

axis, the relative size of V(q') and E' in an interval determines the

behavior of the wavefunction, <q'|E'>, in that interval.
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At an eigenstate of the system the product <q'|E™3(<q'|E">)/3q’
and hence the product <q'IE'>-la(<h'|E'>)/3q' has the following signs
(19,22). For q' real and q' > 9., this product is negative and for q'
real and q' < q_ this product is positive providing one is in the region
where V(q') > E' (inside the potential hill). When <q'|E'> is not a
physically allowed wavefunction of the system, for large q' (i.e.,
lq'| - »), the product is positive for q' real and q' > 9 and/or the
product is negative for q' real and q' < q_. Thus, we conclude that at
an eigenstate of the system and only at an eigenstate of the system,
inside the "potential hill" (V(q') > E') on the real q'-axis p*(q',E')
is positive imaginary for q' real and q' > 9 and is negative imaginary
when q' is real and q' < q_. Both of these conditions must be
satisfied at an eigenstate. If the boundary condition on the wave-
function is changed, these conditions change. For example, in central
potential it is normally demanded that the wavefunction vanish at the
origin. If q_ is positive, then at an eigenstate p*(q',E') must be
negative imaginary in the interval (0,q_) on the real q'-axis. Such
changes in these conditions must be studied on a case by case basis.

The importance of these conditions is that they allow one to
quickly decide whether a certain emergy E' corresponds to an eigen-
energy of a system. This will prove very useful in a2 practical semse

when we calculate J'(E') for the Coulomb problem in Chapter V.



69

D. The Operators

Let ©s assume that we have found J'(E') for some Hamiltonian where
E' are the eigenvalues of energy for that system. Using classical
mechanics as a guide we will now define the operators which correspond
to the classical objects, Jc’ W W(qc,Jc). We will define these
objects with respect to wavefunctions of the system <q'|E"> (or
<q'[3™).

Let us assume that J' = J'(E') has been found and let us further

assume that J' = J'(E') may be inverted to yield

E' = E'QJ") . (4.38)
Using the substitution (4.38) at the eigenvalues of energy, the function
Wo(q',E'), Eq. (4.4), may be transformed to W(q',J') by:

Wy(a'E'@™)) = W(',ID) . (4.39)

Using the wavefunction, Eq. (4.1), arnd Egs. (4.38) and (4.39), we can

redesignate the physical states of the system as:

‘ iWO(q',E')/ﬁ iW(q',J") /R
<g'|E™> = e = e = <q'|I"™.(4.40)

<q'|J'> is interpreted as the wavefunction of the system described
using the states |J"> where E' = E'(J') from Eq. (4.42). Recall
J|I™> =33

Using the wavefunctions, <q'|E'> and <q'|J">, we define the

operators, J(E) and H(J), as:

<g'|JE)E™> = J(ENLIED (4.41)
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GUE@) I = ETE@N<IID . (4.42)

J(E) or simply J is the action-angle operator and H(J) is the Hamiltonian
operator written in terms of the operator J. Since H(J) is independent
of w, the coordinate conjugate to J, a Hamilton-Jacobi transformation
has been effected, using the operator J.

Using the well-ordered operator function Wo(q,E) the well-ordered

operator W(q,J) is defined using Eq. (4.42) as (see Eq. (4.15)):

Wyla, E=H(I)) g(q1)h(E(I)) (4.43)

w(q,J) (4.44)

Since each occurrence of E is to the right of q in Wb, each J will be
to the right of every q, causing W(q,J) to be a well-ordered operator
function. For the sake of this discussion, using Eq. (4.43), we rewrite

W as:
W(g,J) = g(q) k(J) . (4.45)

where a more general well-ordered form as in Eq. (4.8) is allowed (and
implied).

We can now find the operator w. By analogy to the classical theory
and the definition of p, we define the canonically conjugate operator

to J as:

w =z ¥(a.D) (4.46)

aJ
or using Eq. (4.45):

v = gl B2 (4.47)
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*
With wavefunctions of the form <g'|J'> the eigenvalue function w (q',J")

is defined as:

G'wl3™> = ow(q',IN<' ]I, (4.48)
= g B s>, (4.49)

so
w(q,a) = g ELL (4.50)

oJ

Earlier we defined p as p = awo(q,E)/aq. Since Wo(q,E) = W(q,J),

we can update our definition with

aWo(q,E) aW(q,J) 5g(q)
P T T Ta T T <0 - “-3

%*
Using wavefunctions of the type <q'|J"> we can also find P (g',3")

using W(q,J) from Eq. (4.45):

<q' li&(_g._ L(J) | l I

qg'ip|I™> = ,
_ (Q '
= B pgn<g'la>
*
= pj(q',J')<q']J'> . (4.52)
where
1
p_;‘(q',;r') - 35-3%—)-1:0')

* *
The earlier p (q',E') is equal to pj(q',J') using E' = E'(J") or

J' = J'"(E"). Thus both p and w are defined using W(q,J) in the same
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way as p_ and w, are defined using Wc(qc,Jc). This parallel construction
gives us confidence that the quantities, p and w, have been defined in a
reasonable way.

One way to increase our confidence in J and w is to verify that
they have the proper commutation relation. If J and w are a canonically
conjugate coordinate and momentum, they have commutator KB/i. This can
be shown using the same method that we used for p and q. The commutator
of w and J is calculated using the <q'|J'> wavefunction (4.40), provided
that it satisfies suitable boundary conditions (as given in Dirac (4)).

For acceptable states we have:

w|-

Using the exponential form of the wavefunction, exp[(i/R)W(q',J)], Eq.

|

l—‘-|3\

L 3 &3> . (4.53)

[+}

3J

'.l

|97

(4.53) becomes

<q'i -

(o =)
@

—33!3'> = Ead) > (4.54)

Using W(q',J") = g(@")k(J"), Eq. (4.54) is:
< 1} - _ﬁ. _§_ J'> - g( ') a ( ') 'Jl> (4 55)
q i 33 q BJ' [ hd 4

Since right hand sides of Egs. (4.49) and (4.55) (which gives <q'|w!J'>)

are equal, we equate the operators:

w = -3 2 (4.56)

Using Eq. (4.55) we quickly verify that:

(Jywl] = Jw-wJ = -% . (4.57)
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Thus, J and w have the proper commutation relation and we conclude they

are canonically conjugate.

We also note that (23)

(3, e-ZWi(ﬁ/i B/EJ)] (3, eZWiW]
o a ©” n
= L opty - v L g
= J gn!(zuﬁw) én!(ZwHBJ)J
o= n=0
© n-1
T 1 3
= - ) = (=2=h =
n=1 (n~-1)! aJ
- & e-Zwi(E/i 3/3J)
= 27h eZniw .

This commutator will be more useful than Eq. (4.57) because of the dif-
ficulties defining angle variables mentioned earlier (9).

In addition, for states satisfying suitable boundary conditioms,
(-B/1i)5/53 is Hermitian and since w is equal to this operator w is
Hermitian.

We have argued earlier that p*(q',E'), Wo(q',E') and J'(E") all
have correct classical limits. From these limits we conclude that
W(q',J'(E"N)) = Wo(q',E’) has the correct classical limit. In additionm,
we conclude that E'(J') and w' = w*(q',J') have correct limits since
they are derived from objects having correct classical limits in the
same way as the classical derivation is done.

In order to aid in the interpretation of w as the quantum analogue

%
of the classical angle variable, we calculate the change in w (q',J'")
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around the contour D which is used to define J'(E'). We interpret this
as the quantum analogue of the classical calculation which shows that
the change in v, around one cycle of the classical motion is omne.

Specifically, we calculate:

* 3 *
Aw = [ q' '\wY ’
D °d
and using Egs. (4.48)-(4.50)
_ s, 9 3W(q',J")
= JD dq 3 Y& . (4.58)

Now, using W(q',J") = g(@")k(J"), Eq. (4.58) becomes:

X o y 38(q") 3k

AW JD dq 3 T (4.59)
oo [ v38@) o
= 5 Jn dq' B k@I") ) (4.60)

* * *
Using the definition of p (q',J') and the fact that pj(a',J') =p (qg',E")

we have:

*
Aw o= 3%7 j dq' p (@',E") . (4.61)
D

From the definition of J' we have:

J' (4.62)

&w = 3

or

woo= 1 . (4.63)
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Equation (4.63) is interpreted as the total change in w*(q’,J') around
the contour D. Classically, the change in v, around the classical
contour is one, leading to the conclusion that the system is unchanged
when v, is increased by one. Quantum mechanically, we interpret

Aw* =1, Eq. (4.63), as motivating an interpretation of w*(q',J') in
which the wavefunction which describes the system is unchanged when
w*(q',J') increases by one. Let us define w' = w*(q',J') and introduce
the bra <w'|. For an allowed state of the system we interpret Aw* =1

as motivating the following boundary condition.
I = W'+ 1[J'> . (4.65)

Equation (4.635) is the statement of the boundary condition which we
impose on the wavefunctions <w'{J'>. It states that these wavefunctionms
are periodic in w' with period one. This relation is basic to quantum
action-angle variables.

For periodic wavefunctions we have (4):

et

<w'!

iL t = EuJi_ t t
awi "> T 5o @I (4.66)

The operator (Ki/i)3/3w is Hermitian (4) and may be related to the
operator, J, providing J is Hermitian. (J will be Hermitiam if J'(E")
is real.) Thus, when J is Hermitian, for a proper choice of the phase

for <w'| (4), we have:

- 5 2
J o= 3 (4.67)

oW

Expression (4.67) is the SchrBdinger representation for J clearly this

J is canonically conjugate to w. Having the boundary condition on the
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wavefunction and J in this form, we may now calculate the wavefunctions

<w'|J"™>, and find the possible eigenvalues J'.

The eigenvalues and eigenfunctions of J are found by calculating
AR RS
w'Ilan> = I I . (4.68)

Combining Eqs. (4.66), (4.67) and (4.68) we £ind:

Rl FEI AL L S (4.69)

The solution of Eq. (4.69) is:

4 | V. §
w'3> = at/BIW (4.70)

Equation (4.70) will satisfy the boundary condition (4.65) if and only
if:
J' = 27Bn , n e {0,%1,%2, ...} . (4.71)

These results, Eqs. (4.70) and (4.71), are generzl and apply to all
systems having J Hermitian. Equation (4.71) gives the possible values
of J'. Some of these values of J' may not be consistent with the
definition of J', Eq. (4.39), and hence must be excluded for a given
system under consideration. Such decisions limiting the allowed values
of J' must be made on a case by case basis.

An advantage in using action-angle variables is that if the
integral defining J' = J'(E') (where E' is an eigenvalue of energy) can
be evaluated, and if J' = J'(E') can be inverted to give E' = E'(J"),

then the quantum energy levels of the system are given by:
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E' E'(J")

E'(278n) , ne {0,21,%2, ...} . (4.72)

Thus, the energy levels of the system are given by inspection once
J'(E') and E'(J') have been found. Equation (4.72) gives the energy
levels of the system. If any of the values of n are inconsistent with
the definition of J'(E'), Eq. (4.39), they must be excluded for the
system under consideration. (This limitation will occur, e.g., in the
Coulomb problem which we will treat in Chapter V. In the Coulomb case

the allowed values are n_ = 0,1,2, ... .)

Having found the eigenfunctions and eigenvalues of J, we now con-
clude our formal presentation of quantum action-angle variables. 1In
Chapter V we will apply these comcepts to the rotor, harmonic oscillator

and Coulomb problems. We now list the relevant equations:

iWO(q',E')/ﬁ
Wavefunction: <q'[E™> = e

Hamiltonian: p2 +V(qg) = H

Hamilton=-Jacobi eigenvalue equation:

g 32 Wy(q',E") W, (" ,E") \)2
_ ' = '
* * BWOCQ',E')
Definitions of p (¢',E') and p: p (¢',E') = —aq’
aWo(q,E)

oq
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*
Ricatti equation for p (q',E'):

3 E
'li%4_2+P(q,E) +9(q') = E'
( *
Definition of J': J' = J'(E') = ) p (¢',E"dq’
D
Hamiltonian in J: J' = J'(E') + E' = E'(JY

<q'|H|E™> = E'<'[E"™>

<q'[E@®[I™D> = E'@N)<'[ID

Definition of W(q,J) and W(q',J"): W(q',J") Wb(q',E'(J'))
Ww(q,J) = Wo(q,H(J))

% *
Definition of w, p, w (q',J"), and p (¢',J")

3W(a,J)
3J
* ~ ? 14 *
w {q',J") = 52&%3%2—1 (where w (g',J") = w")
-~ ] |
_ SW(q,J) - aWO(q ,E )
P g 3q
%oov gy o 3M(aLIN) _ 3W(g'E)
P (q 93) = qu = aq'
. e L ol vt iJ'w'/R
Wavefunction and boundary conditiom: <w'|[J'> e
LIS = I

o™

Possible eigenvalues of J': J' = 2vhn , n

{---, ‘1,0,1,2, .

1

J
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Possible energy levels of H(J):

Eé = EQJ") where J' = 27An as above
Commutation relations: [p,q] = B/L
(7, eiZﬂw] = o7E einw

Hermitian operators: p, q, J, W

where q and J are Hermitian by assumption

. P . ' '
Classical limits: Wo(q b,E") = Wo(qc,Ec)

*
p (g',E") ~ pc(qc,Ec)

J'" > J
c

' - g by assumption

1 1 ] -
W(q',J") = Wc(qc,Jc)

E'(3"') - EC(JC) = Hc

If one glances through the above set of expressions, one sees that
the objects which we have defined have correct classical limits, and
commutation relations. The basic variables are Hermitian. The wave-
function, <w'|J'>, has the correct boundary condition and the Hamil-~
tonian, H(J), is independent of w. We have in the context of this
theory satisfied conditions A through E and have satisfied the essence

of condition F (invariance of matrix elements under w'-=w' + 1). Thus,
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the theory satisfies the basic requirements that we earlier imposed on

a set of quantum transformation equations. We conclude that this

canonical transformation theory is reasonable.
In the next chapter, we will apply these theoretical constructs

to three problems. The rotor will provide an exercise in the formalism,

and the harmonic oscillator and Coulomb problems will demonstrate the
power of action-angle variables to f£ind emergy levels. These examples

will reaffirm our assertion that the quantum action-angle wvariables

have been defined in a reasonable way.
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V. THREE APPLICATIONS OF THE GENERAL THEORY

In the last chapter a quantum transformation theory was developed,
and action-angle variables were defined quantum mechanically. In this
chapter we will apply our transformation theory to three systems, the
rotor, the harmonic oscillator, and the Coulomb problem. The rotor is
a simple example which will provide an exercise in using these trans-
formation techniques, and the harmonic oscillator and Coulomb problems
will demonstrate the power of these variables in finding energy levels.

We will follow the genmeral procedure of the last chapter.

A. Rotor Revisited
The method of defining quantum mechanical action—angle variables,
J and w, developed in the last chapter can be applied to the rotor
wnich we discussed earlier in Chapter III. For the rotor it will be
possible to fird simple expressions for all relevant quantities: J, w,
P*, P> WO, W and H(J).
We begin by remembering that Schrddinger's equation for the rotor

is (see Eq. (3.3) or Eq. (3.8)):

. \2
(%3;’—.)@'[55 = E'GUED . (5.1)

Relating Wo to the wavefunction in the usual way:

iWy(e",E") /B
<C'=E'> = e ’ (5.2)

we obtain the quantum Hamilton-Jacobi eigenvalue equation:
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2
ﬁa"wo Wy
T Ty 6.9
ise’ 56°
*
Defining p (¢',E") as:
1 A
0 3W0(¢ >E")
P (¢ )E) = a¢| . (5.4)

Equation (5.3) becomes the appropriate Ricatti equation:

B 5D (0,E") . *o 4 pey2 :

2 9P o & ) ' =

1 367 +p (&',E") E . (5.5)
Comparing Eq. (5.5) to the Ricatti equation (4.26), we see that fq and
V(¢') are both zero. Equation (5.5) is easily solved since a particular

solution is:

p = J/E = k (5.6)

where we choose the positive square root for "/E'". In Chapter IV, we
stated that once a particular solution to a Ricatti equation has been
found the general solution follows (see Eqs. (4.31), (4.32) and (4.33)).
Using the above particular solution, the general solutiom of the rotor

is:

*
b (6",E") = k+—2ke — (5.7)
-2 = k¢
2 - e D

where C is a constant (or more generally may be a function of E')

which is chosen so that p (4',E') satisfies a given boundary condition.
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Note that p*(é',E') has poles where C = (1/2 k)exp(-2iks'/B). This
pole structure is illustrated in Figure 2.

The physical boundary condition which is imposed on the wavefunc-
tiom, <6'|E'™>, is that it be periodic with a period of 27. This boundary

* ‘
condition may be applied to p (¢',E') by noting (see Appendix C) that

* vpry - B 1 3<s'[ED>
P (¢ ’E ) = i <¢1 Ev) abv - (C.3)

From this form of p*(¢',E') it follows that if the wavefunction is
periodic, then p*(¢',E') must also be periodic with a period of 2.
Applying this restriction to p*(¢',E'), Eq. (5.7), it follows that k
must have the values (Bm)/2 where m = 0,*1,*2, ..., or a subset of
these values.

After éhoosing values of C and E' (or k), the location of the
poles of p*(é',E') are fixed. A path in the ¢'-plane may be chosen on
which to integrate p*(¢',E') to yield Wo(é',E'). Integrating p*(é',E')
from @0 to ' one finds (24):

& -2%1(0' i

W0(¢',k,C) = ko' + Z-ln( 2kC - e ) + C0 . (5.8

Using Eq. (5.8) with the expomential form of the wavefunction,

Eq. (5.2), <¢'|E™ have been found, with:

c Lre'  -ike
GU'IED = e 0( 2%C e -e B } . (5.9)

fa\1[28

The reader may verify that these wavefunctions satisfy Schrodinger's
equation (5.1) and that W0(¢',k,C) satisfies the Hamilton-Jacobi

eigenvalue equation (5.3).
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Figure 2. o'-plane poles of p (¢',E'), Eq. (5.7), for k real and C real
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Since the rotor is a simple problem, we could now impose a
boundary condition on the wavefunction and find the energy eigenvalues.
However, since our purpose is to use our action-angle formalism, we
instead define Jé (or Jé(E')) which will be used to find the energy

> we review the definition of the

eigenvalues. Before defining J¢

classical Jc for this problem.

Classically, Jc is defined as the integral of pc(¢c,Ec) from 0

to 2=:

(&N
"

27
c Jo P (s,,EJds . (5.10)

The integral from 0 to 27 is interpreted as an integral over ome cycle
of the ¢c-motion, since the configuration of the physical system is
considered to be the same when ¢c is 0 or % is 27. Quantum mechanically
we define Jé in an analogous manner.

*
We define J; as the integral of p (¢',E') from 0 to 2=%:

[1] *
I J o (6',ENde" . (5.11)
° 0

This integral is again comsidered to be an integral over ome cycle of

*
the physical motion as in the classical case. Using p (¢',E’') as given

in Eq. (5.7), J; is:

i
21
[ 2w e B

k + 7 de!
- Pl \
0 2 3 ko

2kC - e
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= W.(",k017T
° 0

where Wo(o',k,C) is given by Eq. (5.8). As noted earlier, k has the
values mh/2, m = 0,*1,*2, ..., or a subset of these values. Using these

values of k in Eq. (5.8) for WO yields

3, = IWO<¢>',1c,C)}2Tr = 27k = 20/E" . (5.12)
0
Thus,
2
JY
E' - (—9-) . (5 13)
27 y

Note that Egs. (5.12) and (5.13) are independent of the comstant C which
determines the initial conditions of the motion.
In Chapter IV, the general theory for action-angle variables states

that the possible values of J' at an eigenstate of the system are:
J' = 27hm , m= 0,:1,%2, ... . (5.14)
Equating these values of J' with Jé as given in Eq. (5.12) we find:
27km = 2w/E' = 2ak (5.15)
where we restrict m to nonnegative values because "YE'' has been
chosen to be positive. Thus, the eigeanvalues of E' are:

£ = G2 , m=0,1,2, ... . (5.16)

We may check that the energy eigenstates (5.16) are reasonable by

noticing that for k as given in Eq. (5.15), the wavefunction <3'|E'>,
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Eq. (5.9), satisfies the boundary condition:
<¢']E'> = <p' + 2v[E'> . (5.17)

Thus, our eigenstates do not lead to an inconsistency with regard to

the wavefunction <&'|E'>.

Having found the eigenvalues of energy, Jé at the eigenstates and
Wo(o',k,C), we will now find W(o',J‘;,C), the function <¢»']J¢')> and the
Hamiltonian H(J¢). We will follow the procedure of Chapter IV. Using

WO(¢',k,C), Eq. (5.8), and E'(Jé), W(é',Jé) is given by:

(=

i A
)

J: R J; -2=5=9
W(s',37,0) = 2 '+-{1n(T$C-e B2 )+c

o= ‘ (5.18)

0 .
E'(Jé) and Eq. (5.18) furnish the connection between states of the form

<6"1E"™ and <&'|J">:
v

s t
372 iW(b',E'=(i)2, (o))
<o.1!E1 =(_2) > = eﬁ 0" 27
\ 27 ?

Lot 30
¥ W(6'537,0)
= e R

= <¢'[J;> . (5.19)

Using states of the form <¢'[J;> the Hamiltonian, H(J¢), is defined

™ .
from E (J¢).

“? | 1 ] \ ?
<6 IH(J¢)|J¢> E (J¢)<¢ [J¢> ,

y L2
I
(-—) B> (5.20)

2T
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From Eq. (5.20) it follows that:

5(J,) = "J—") (5.21)
5 \ z= : :

The energy levels of Eq. (5.21) are, of course, given by E'(Jé) in
Eq. (5.15), using the values of J' given in Eq. (5.14).

In order to find the operator, w, the well-ordered operator func-
tion W(@,J¢) must be found. This is done by expanding W(¢',Jé,C), Eq.

(5.18), about a regular point ¢' = %°

2 2 iJ, !
IR = (l-sg)” d 3 —2ge s
W(',J',C) = &' —=+-— 7 zln(—'-c-e J
¢ 2r i 2=0 2!  d¢' - 8'=6,
+ c0 . (5.22)
If in Eq. (5.22) we demand that in any term all ¢' appear to the left
of all Jé, then the operator function is found by replacing each ¢' by
4 and J; by J@ since for each term we have:
@£ [I> = £NEENRI> . (5.23)
Using this device, Eg. (5.22) produces the operator function:
iJ
3, B = (et a3 275290
_ ) c 0 ( ¢ k2
W(¢,J ,C) = —— + - L 2 Ini —C -¢ )
® 2r i 2=0 2! deé! \ 7 . ¢'=oo
+ c0 . (5.24)

From Eq. (5.24) and the definitions of p¢ and w given in Chapter IV we

have:
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w = T— s (5.25)

3W(¢,J°,C)
p¢ = ——3—5—— . (5.26)

As a more concrete example, let us choose C=-1/2k = - v/J;. For this

choice, W(¢',J;,C) becomes after simplification:

t Tt _E __é_ll
W(o ,J¢,C) = 3 1nfcos ( J¢ ")] +C

5o (5.27)

1 -
where Cl = C0 + I1n(-2). In the sense of the well-ordered series (5.24),

the operator functions may be written as:

_ E. 11 _@_ "

W(¢,Jé,C) = 3 lnfcos ( 7R J¢)] + Cl . (5.28)

From the definitions of pé and w we have:

J
D - S - IR - T

p¢ = 7 tan ( 32E J¢) = s (5.29)

_ _ E 3 11" 11 b
w = e ( E;E-J$) . (5.30)

Using the exponential forms of the wavefunction in terms of Wo(o',Jé,C)
and W(o',J',C), we have for the above choice of C the following

wavefunctions:

N = 1 j
<$'ID> = e cos( 57 R (5.31)

<'|E™> (5.32)

[}
(14
O
0
[o]
7]
Lo N
(s
)
——
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These wavefunctions and the operators, W(¢,J ,C), pQ and w depend on

?
the above choice of C.

As a second example, if one evaluates the integrals defining
W(¢',J$,C) and J' as functions of C and then takes the limit of C going

¢
to zero, the operator functions and wavefunctions take on familiar

forms:
A 1 _— i t [
Wi ,J¢,C) = 257 ¢ J¢ + Cl , (5.33)
¢Jo
W(¢,J¢,C) = 5 > (5.34)
Jé
v, (5.36)

<s'I™> (5.37)

G'ED = e e . (5.38)

Comparing the operators W(¢,J¢,C), p¢ and w for these two choices of
the constant C, one sees that the operator functions depend on the
choice of C (the boundary condition) with which they were obtained.
Since the procedure involves finding W(¢’,J;) and then using it to find
W(é,JQ), Py and w, this will be a general feature of all problems

treated using these techniques.



91

While the rotor may be treated by traditional methods, it also
provides a simple application of the full actiocn-angle variable formalism.
Its simplicity does however obscure the power of action-angle variables.
The power of action-angle variables to find energy levels of systems is
demonstrated for the harmonic oscillator and Coulomb problems in the

next sections.

B. Harmonic Oscillator Revisited

The rotor has provided a fairly complete illustration of the
application of the methods of Chapter IV. An exzmple which shows how
action-angle variables can be used to find quickly and easily the
energy levels of a system is the harmonic oscillator. We now apply the
methods of Chapter IV to find J'(E') for the harmonic oscillator at
eigenstates of the system. Having found J'(E'), the energy levels
E;(J’) of the system follow immediately.

We begin our discussion of the harmonic oscillator by giving the

appropriate Ricatti equation. From Eq. (4.22) with V(q') = %-wzx'z

2

*
the Ricatti equation which defines p (x',E') is:

* *
%px+p2+%mzx'2 = E' (5.39)
where
3 k..,
P, = 3¢ (¢ x',E")) .

*
Equation (5.39) defines p (x',E') which will be used to define J'(E').
*
Before defining J'(E'), some properties of p (x',E') are worth

*
discussing. First, in the finite x'-plane the solution p (x',E') of
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Eq. (5.39) has no branch points. p*(x',E') may have poles in the finite
x'=-plane whose locations depend on w, E' and the initial conditions
imposed on p*(x',E'). By studying the trumcated equation (ﬁ/i)p: + p*z
= 0, one observes that the residue of each pole of p*(x',E') in the
finite x'-plane is R/i. At an eigenstate of the system (see Appendix
c), p*(x',E') has poles on the real axis between the classical turning
points (x' = :(&E'/mz)l/z). p*(x',E') also has a pole at infinity.
There are no other singularities of p*(x',E') at an eigenstate of the
system. Finally, as discussed in Chapter IV, Section C, at an eigen-
state of the system, p*(x',E') is positive imaginary for x' - += (x'
real) and p*(x',E') is negative imaginary for x' > -« (x' real).
These general features of p*(x',E') will be used when we evaluate the
contour integral which defines J'(E') at an eigenstate of the system.
Consistent with Chapter IV, Section C, we define J'(E') as a
contour integral:

r

J'E") = J P (x',ENax' (5.40)
c

where the direction of integration is taken to be counterclockwise,
and where the contour C is identical to the classical contour. Specif-
ically, C encloses the classical turning points (x' = :(4E/w2)1/2) and
the real axis between them. p*(x',E') is the solution of the Ricatti
equation (5.39). We now evaluate the integral, Eq. (5.40).

As discussed earlier and in Appendix C, at an eigenstate of the
harmonic oscillator, the only singularities of p*(x',E') are on the

real axis between the classical turning points and at x' = Z=. 1In our
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evaluation of the integral, Eq. (5.40), we distort the contour and
enclose the singularity of p*(x',E') at x' = o,

In order to carry out this calculation we make the transformatiom,
x' = ST, Under this transformation, the integral defining J'(E')
becomes:

I'EY = J -ps,En £ (5.41)
C, s*

where the integral around Cs is taken in the clockwise direction and
where Cs encloses only the point S = 0 (which corresponds to x' = =).
Applying the Residue theorem to Eq. (5.41), J'(E') becomes:

I'E" = 27i Res(p (S,E')/S?) ) (5.42)
$=0

*
In order to evaluate Eq. (5.42), we now need only find p (S,E') at
S = 0.
* -1
In order to find p (S,E'), we apply the transformation, x' = S ~,
*
to the Ricatti equation which defines p (x',E'). Under this transforma-

tion, the Ricatti equation (5.39) becomes:

2

* * '
%ps-"— = -%—+lw2% (5.43)
S S 4 S
where
* = i * '

A solution of Eq. (5.43) 1is:



* ®
P(SE) = £+ [ b s° (5.44)
n
n=0
where
iw
A = =
2
by = O
. [_iE_ &)
5 T ( w 21
b, = 0
- .31 ,2_B8B
by = - 75 (] -7 B
= -1 (_EB . o . i-1 .
bj = ZA[ i(J Z)Dj_z-r = bl b(j-l—l)] s, j 23

Earlier it was stated that at an eigenstate of the system p*(x',E')
is positive imaginary for x' - += (x' real) and p*(x',E') is negative
imaginary for x' - —= (x' real). As applied to p*(S,E'), this means
that for |S| - 0 (S real), p*(S,E') must be positive imaginary for S
positive and negative imaginary for S negative. By Eq. (5.44), in the
neighborhood of S = 0, p*(S,E') ~ iw/S. For w real and positive, this
boundary condition is clearly satisfied and p*(S,E') is the solution of
the Ricatti equation near S = 0 at an eigenstate of the system. [Note
that other solutions of Eq. (5.43) exist. For example, one could have
A = -iw/S, but such a solution fails to satisfy the physical boundary

*
condition imposed on p (S,E') at an eigenstate of the system.]
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*
Having found the appropriate form of p (S,E') near S = 0, we can return
to the problem of evaluating the integral defining J'(E'), Eq. (5.40).

*
The residue of p (S,E')/S2 at S =0 is:

* " /g2 ~ _iE _H
Res(p (S,E')/S )}s=o_ % 21 : (5.45)

Using this residue with J'(E') as given by Eq. (5.42) we have:

J'(E') = 27i Res(p*(S,E')/SZ)‘
$=0

1
= +27 B
@

o

| (5.46)
)

At an eigenstate of the system we have evaluated the integral

defining J'(E'). From the general theory of Chapter IV we have:
J' = 2:hKn , n= 0,x1,~2, ... . (5.47)

Equating 2+hAn with J'(E') as given in Eq. (5.46), we have:

2nfn = 27 .@--%} , (5.48)
{

W

AR 2_;5- (@+1/2) , =n=0,1,2, ... (5.49)

where n is restricted to non-negative values so that E; will be
positive (see below Eqs. (5.52), (5.53), and Ref. 17). From Egs.

(5.46)-(5.49), we have:

E' = -i- (G' +1/2 1) . (5.50)
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Note that the energy levels, Eq. (5.40), are the same as those found in
Chapter II, Eq. (2.66). Also, the classical limit of J'(E') is the
same as that found in Chapter II, Eq. (2.65).

By evaluating the integral which defines J'(E’), we have found
the energy levels of the system, Eq. (5.49). We must note that the
contour distortion technique only is possible at an eigenstate of the
system. When p*(x’,E') does not satisfy the boundary conditions for an
eigenstate, there are in generzl other poles in the x'-plane which will
contribute to J'(E'). Only at an eigenstate is the pole structure
simple, as discussed in Appendix C.

Before leaving the discussion of the evaluation of the integral,
Eq. (5.40), which defines J'(E'), we note that this integral may be
evaluated in another way which helps to illustrate why J'(E’) is
27fin. As discussed in Appendix C, p*(x',E') may be related to the

wavefunction <x'|E™> by:

* - 1 kg '
p (x',E") = %WE&TQ |E"™> . (5.51)

From Eq. (5.51) it follows that a simple zero of the wavefunction
corresponds to a simple pole of p*(x',E') with residue B/i. As dis-
cussed in Appendix C, the wavefunction may have zeros on the real
x'-axis between the classical turning points at an eigenstate. Asso-
ciated with each of these zeros there is a pole of p*(x',E'). Let us
assume that there are n such poles of p*(x',E') located between the
classical turning points. The contour C used to define J'(E') in

Eq. (5.40) encloses these n poles and we can apply the Residue theorem
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to evaluate the integral (5.40). We have:

J'(E")

*
f p (X',E')d:('

“

n
p *
= 21i ) Res p (x'=x], E') (5.52)
2=1 %

]

27hn R n=20,1, 2, ... (5.53)

where the n poles are assumed to be at x' = x!, x!, x!, ..., x'.
*10 X0 %3 n

Thus, the statement that J'(E') is 27hn where n =0, 1, 2, ... is
a statement that at an eigenstate of the harmonic oscillator the wave-
function has n zeros. J'(E') is then an object which counts the zeros
of the wavefunction (for the harmonic oscillator) and relates the
number of zeros to the energy eigenvalue, E'.

At this point in the calculation, we could continue the process
and £ind Wo(a',E"), Wo(a,B), W@',d"), WD), 2, p;(a’,d"), v and
w*(q',J'). Such a calculation might be instructive and would duplicate
other solutions of the harmonic oscillator (23). We, therefore,
forego this process in order to point out that we have found the energy
levels of the system without carrying out the full transformation to
action-~angle variables. For practical calculations, the advantage in
using action-angle variables lies in the fact that certain information
(energy levels) can be found without a full solution of the problem.
The formalism guarantees that the quantities listed above may be found
if desired. These quantities do not need to be found if one wishes to
find the energy levels. We remark that the quantum process of finding

the energy levels without solving the full problem is the exact
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analogue of the process followed in classical action-angle variables
where the system frequencies are found without solving the full motion.
We emphasize that if the singularity structure had be=2n complicated,
if the boundary conditions at the relevant singularities had been dif-
ficult to apply, or if the relevant residues had been energy (E')
independent, the procedure which we employed might not have given the
energy levels so easily. While the energy levels of a general potential
might be difficult to find using action-angle variables, the procedure
worked well for the harmonic oscillator. As we will see in the next

section, this procedure also works well for finding the emergy levels

of the Coulomb problem.

C. Coulomb Potential

The harmonic oscillator and rotor have provided examples of problems
in which the energy levels of systems can be found using action-angle
variables (without necessarily finding the wavefunction <q'[E™). We
now treat the radial Coulomb problem using the same techniques as were
employed for the harmonic oscillator. We find the energy levels of
the attractive Coulomb potential without solving Schrodinger's equation
for the wavefunction <q'|E"™>.

We begin our treatment of the Coulomb problem by giving the
appropriate Hamiltonian. We assume that the angular part of the Coulomb

\ ]
problem has been completed vielding the eigenvalues of LZ: LZ =

1
ﬁ2£(2+1) for 2 =0, 1, 2, ... . With these values of L2 , the radial

attractive Coulomb Hamiltomian is: (2m = 1)
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2
_ 1 2 R2(2+1) g
B(r,P) = 5P " P +7—- . (5.54)
r T r
Using the wavefunction in the exponential form:
%-Wo(r',E')
<'|ED> = e . (5.55)

A substitution is made into the Schrddinger's equation based on Eq.

(5.54) in order to obtain the Hamilton-Jacobi eigenvalue equation:

2
ﬁw +2_.E.Lw +w2 = E! - B2(eH) + & , (5.56)
. Orr i , Or Or 12 '
1 T T r
where W = 5% (' E')/ar'2 and where W, = 3W.(r',E")/5r'. This
Orr 0 ? ’ Or 0 ’

equation for Wo(r',E') will now be used to find the Ricatti equation
%
for the quantum momentum eigenvalue function p (r',E'). Defining
*
p (£',E") as:

aWo(r »E")

* A -
p (r',E") = —

we have the Coulomb Ricatti equation:

* ] 1 * * 2
Bep (£,E) (28 1 o (e",E") + p (r’,E')2 - pr o B2QHD L 2
i ar' i r' T’

(5.57)

which has been obtained by substituting p*(r',E'),into the Hamilton-~
Jacobi eigenvalue equation.

Before defining J'(E') in terms of p*(r',E') two points need to
be made about p*(r',E') which solves Eq. (5.57). First, (for E' real

and negative) as discussed in Appendix C, at an eigenstate of the
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system p*(r',E') has a pole at the origin, and may have poles on the
real axis between the classical turning points (the points T, and r_
for which the right hand side of Eq. (5.57) is zero). Second, the
poles in the classical region (between r, and r_) each have residue n/i.
This is shown by studying Eq. (5.57) in the neighborhood of a pole
where the right hand side of Eq. (5.57) can be neglected.

These considerations are important because a2t an eigenstate the
quantum singularity structure is very similar to the classical struc-
ture. Classically, in the finite plane the momentum, pc(rc,Ec), has
a cut between the classical turning points and a pole at the origin.
The action variable J is defined as the integral around a contour
which encloses only the cut and is taken in a counterclockwise direc-
tion. The branch of pc(rc,Ec) is chosen which is positive along the
bottom of the cut (as in Figure 1). For this definition Jrc is posi~
tive. Normally, the integral is evaluated by distorting the contour
so that it encloses only the point at infinity and the origin (3).
The residue theorem is then applied to these two points. This is the
method which we will use quantum mechanically.

Quantum mechanically we define J; for the Coulomb problem as the
integral of p*(r',E') around a contour, D, (in a counterclockwise
direction) which encloses the real line from one classical turning
point to the other and which also encloses the turning points T, and
r_ themselves. In order to evaluate this integral, we first assume
that we are at an eigenstate of energy, E', (where E' is real and

negative). Next, as in the harmonic oscillator, we assert that at
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this eigenstate there are n poles on the real axis in the classical

region. Each of these poles has residue R/i and by the residue theorem:

[ *, ., .- *
J' = J p (£',E")dr' = 27i } Res(p (r',E')) = 2vHn ,
* D k=1
(5.58)

wheren =0, 1, 2, ... . This is the same result as was obtained for
the harmonic oscillator and may be interpreted as stating that there
are n simple zeros of <r'|E'> between the classical turning points at
a given eigenstate. Next we connect J; as given by Eq. (5.58) to the
corresponding enmergy eigenvalue, E'. This is done by distorting the
contour, D, in the same way as the contour is distorted in the classical
problem (3).

As shown in Appendix C, the singularities at an eigenstate are
in the classical region on the real axis, at the origin and possibly
at infinity (which we investigate below). Thus, the distorted contour
will enclose the singularity at the origin and the point at infinity.
This distorted contour is equivalent to two individual contours which
enclose the origin and the point at infinity providing that the integral
is now taken in a clockwise direction.

The integrals which define J; in this way may be evaluated using
the residue theorem once p*(r',E') has been found at r' = 0 and at

r' = ». Calling the distorted contours D0 and D_ the integrals which

now define J; are:

J' = [ p*(r',E')dr' = J p*(r',E')dr' + j p*(r',E')dr' (5.59)
T Ip D D
0 ©



102

where the integrals around D0 and D_ are now to be taken in a clockwise

direction.

The integrals around D0 and D_ can be evaluated using the residue

theorem. The change of r' = S-'l dr' = - 5-2 dS) is performed on the
integral around D_ changing it to an integral around S = 0 on a contour

D’. With this change of variables J; in Eq. (5.59) becomes:

* * -2
J. = p (r',ENdr' + | -p (S,E')S " ds . (5.60)
D v .

Using the residue theorem we have:

* * -
J' = ~ 27i Res[p (r',E")] + 27i Res[p (S,E")S 2] . (5.61)
T r'=0 $=0

Evaluating the integral J; has now been reduced to finding the residues
of p*(r',E') and p*(S,I'Z')S-2 at r' =0 and S = 0, respectively. These
residues may be found easily once the Coulomb Ricatti equation is solved.
In order to evaiuate the residues which now define J;, we need to
solve the Coulomb Ricatti in ways which yield solutions wnich are valid
near r' = 0 and S = 0 (r' = »), such that these solutions satisfy the
physical boundary conditions which we will impose on them. A solution

of the Coulomb Ricatti equation (5.57), valid near r' = 0 is:
% . ©
p(c',E') = -=%+ ] Er , (5.62)

where

= e—
0 2iR(1 + ) ?
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E - cé
¢ = "EG I
k-1
c. = 1 7 c C k22
kT Ik F3F2n b Y Cael-n) 2

For the sake of the discussions which follow we will call this solution

*

Pq since it is valid near r' = 0.

Using the change of variables r' = S —, we can study the behavior
*
of p (£r',E') near S =0 or r' = ». Using this transformation of

variables the Coulomb Ricatti equation becomes:

*

-~ L 4
E_O.P__(izE_)_Eﬁlp*(s,g') -iz-p*(s,E')z = -%4.522(2.;.1) -2 .
i 3S i S S S S

(5.63)

Equation (5.63) has as a particular solution:

p (S,E') = [ b_s° (5.64)
n=0
where
b0=+iﬁ , k = /=E' >0 , for E' > 0 ,
b = —g— - E.
1 2ik i ?

- 522(z+1) + bi - ii b
2 21

1
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= -1
j 2iR b P

b 2 P(5-1-2)

He~-18

!
-+ (G-3b,_, +
i j=-1 121

We will call this solution p; for the discussion which follows.

As discussed in Chapter IV, solutions like p; and p; are not the
most general solutions, but are correct in the neighborhood of r' = 0
and in the neighborhood of S = 0 providing they satisfy appropriate
boundary conditions. As was discussed in Chapter IV (or see Appendix C),
for an eigenstate of a system, if one has E'<V(r'), then between the
origin and the left classical turning point, r_ (where E' = Veff(r_)),
p*(r',E') must be negative imaginary. We can check that p; satisfies

this condition by noting that in the limit of r' - 0 (r' real, positive),
*
Pg
*

Py is the valid physical solution near r' = 0. In Chapter IV, the con-

*
or p (r',E') as given by Eq. (5.62) is negative imaginary. Thus,

*
dition imposed on p (r',E') in the region between the right classical

turning point, (where E' = VefF(r&)), and positive infinity, is that

Ty
p*(r',E') must be positive imaginary. We may check that p; is valid
near S = 0, because in the limit of S - O (S real, positive) p: or
p*(S,E') as given by Eq. (5.64) becomes i« which is positive imaginary.
Thus, p; is physically valid near S = 0 (or r = »). The two

solutions, p; and p;, which we have found are valid near r' = 0 and

S = 0, respectively, at an eigenstate of the Coulomb potential. [We
note that other p* solutions exist at r = 0 and S = 0 besides p;(r',E')

*
and pS(S,E'), but these solutions do not satisfy physical boundary

conditions. ]
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Since we have found solutions which are valid at r' =0 and S =0
(r' = »), we can now return to the definition of J; which is given in

Eq. (5.61) as the sum of two residues. The two residues of interest

are:
* *
Res[p (r',E")] = Res|p ] = - iR , (5.65)
r'=0 r'=0
* o ne=2 - * =2 . & _A
Res[p (S,E')S ]s=0 Res[ps S ]s=0 = 51 . (5.66)

Putting these residues into J; as given in Eq. (5.61) we find:

3l = - 2mEL + £ -22m (5.67)
= - 27RL + —B— - 275 . (5.68)
_E'

Equations (5.67) and (5.68) give J; = J;(E'). They can be inverted

v

to give E' = E'(Jr):

22
E' = - 4 ; (5.69)

(3! + 27B8 + 278)°

Expression (5.69) is the desired relation between the physical eigen-

values E' and J;. Note that it is an exact quantum mechanical result.
Using Eq. (5.22) we can find the energy levels. We have evaluated

the integral defining J; two mathematically equivalent ways. One way

produced J; as irc Eq. (5.68) and the other way produced J; = Zﬁﬁnr,

n, = 0, 1, 2, ... (which is also given by the general theory of Chapter

IV). Since these ways are equivalent, the energy levels are found by
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substituting J' = 27hn_ into E'(J'):
r r r

2 2
E' = - T 8 > where 2,n_=0,1,2, ... . (5.70)

n (Zwﬁnr + 27R2 + 271R)

The reader will notice that these are the exact Coulomb bound state
energy levels in agreement with other calculatioms. E;, Eq. (5.70),

also has the correct classical limit (3):

22
- 11 g
2
"
(Jrc + Jec + J¢c)

The fact that we have found the correct quantum energy levels and have
maintained the correct classical limit gives us confidence that J; was
defined in a reasonable way.

From Eq. (5.70) we see that the exact quantum energy levels of the
system have been found without solving for the wavefunction <q'|E™.
For this problem, finding the energy levels involved using the defini-
tion of J'(E') in terms of p*(r',E'), and then finding the two
relevant residues of p*(r',E'). Thus, the energy levels have been
found without solving Schrddinger's equation, and without finding the
quantum momentum function p*(r',E') for all r'.

At this point in the calculation we could go on to find Wo(r',E'),
W(r',J;), Wo(r,E), W(r,J), w, H(Jr)’ p and the various wavefunctions.
However, we have accomplished what we set out to do. We have found the
Coulomb energy levels without carrying out the full canonical trans-
formation. This is analogous to the classical use of action-angle

variables which gives EC(JC) without reference to v, - For problems
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which have a simple singularity structure (like the Coulomb problem),
the use of action-angle variables to find energy-levels is a quick way

to find the energy eigenvalues without any approximations.

D. Concluding Remarks

In this dissertation we have defined action-angle variables
quantum mechanically using two methods. TFirst, we used the classical
transformation equations as a guide in the choice of a set of quantum
transformation equations. We accepted this set of equations as valid
if it satisfied certain conditions, not the least of which was pro-
ducing a Hamiltonian independent of the coordinates w. This method
worked well for systems having simple classical transformation equatioms,
and did produce correct energy levels for all systems considered.
However, the method failed when applied to the Coulomb problem.

The second and more general method involved starting with
Schrddinger's equation and an exponential form of the wavefunction.
From these a quantum Hamilton-Jacobi eigenvalue equation was found.
From this eigenvalue equation a Ricatti equation was found whose
solution p*(q',E') is the quantum analogue of the classical momentum
pc(qc,Ec). J' was defined as a contour integral of p*(q’,E').

The definition of J' and a consideration of the boundary conditions
appropriate for p*(q',E') led us to the definitions of the quantum
generating functions Wo(q,E) and W(g,J). These generating functions
allowed us to define p and w, the operators canonically conjugate to q
and J, respectively. We verified the desired properties of p and w.

We found the appropriate boundary condition for the wavefunction <w'|[J'>.
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We found the eigenvalues of J and the operator H(J) with its eigen-
values, the energy levels of the system. This method is more powerful
than the earlier "classical-update" method. In particular, this second
method gave us the energy levels of the Coulomb problem which the
earlier method was not able to do. We emphasize that the second method
(Chapter IV) is completely general, i.e., it is applicable to any
quantum system.

The central expression of the quantum action-angle variable theory
proposed here is the definition of the action-variable eigenvalue J'
in terms of the energy eigenvalue E', i.e., the definition J'(E').
Although we must solve the Hamilton-Jacobi eigenvalue equation for
p*(q',E') in order to find J'(E'), it is not necessary to know p*(q',E')
at all points q' (e.g., p*(q',E') must be known only at the origin
and infinity for the Coulomb problem) in order to find J'(E') and the
energy levels of the system. In contrast, finding energy levels using
Schrédinger's equation requires a knowledge of the wavefunction
<r'|E">, throughout the region of interest (e.g., fromr' =0 to r' =
for the Coulomb problem). Thus, in principle, one can find the
energy levels of a quantum system without finding a complete sclution
of the equation of motion, i.e., without finding a complete solution
of Schrddinger's equation.

While quantum action-angle variables are equivalent to normal
"p~-q" quantum mechanics, the strength of these new variables lies in
their ability to calculate energy levels without carrying out a full

canonical transformation. The analogous use is made of them in
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classical mechanics. These variables are ideally suited to calculate
bound state energy levels, and may be generalizable to systems which
have no classical analogue. It is in the context of carrying out

bound state energy level calculations for systems for which traditional
methods have failed, that action-angle variables may find their greatest

utility.
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VI. APPENDIX A: ANGULAR PROBLEM

As given in Chapter III, the hypothesized quantum transformation

equations are:

cos® = (b-b)/21 (3.30)
P sing = == [b(J. + J') + (J. + IMb ] (3.31)
] 4 9 b a2 é ’ ‘
~i2mw,
b = e TEOLID (3.28)
i2ww
bt = G, e 9, (3.29)
870
where Jg = [Jé] = 276m", " =0, 1, 2, ... .

It is desired to find LZ(JS’JZ) and the function f so that conditions
A-F are satisfied. This is done by first rewriting the "Bamiltonian"
L2 (3.4) so that is is a function of cos€ and Pe sin6é only so that we

can use the transformation equations (3.30) and (3.31) directly. L2 is

defined by
) 1 pr2
LS = P, sing T + °2 . (3.4)
sing sin g

In the rewriting process we use the following commutators:

[Pe,cose] %-sine s (A.1)

[Pe,sine] %-cose s (A.2)
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[PS’Pé] = [P;,cosa] = [P],sin€] = O , (A.3)
2 . _ B R cos”&
[L",sine] = 1 (Pe cost + cos$ PE + 1 sims ) . (A.4)

We begin to rewrite L2 in terms of Pe sin6 and cos€ by multiplying both

sides of L2 by sin8:

siné LZ sing8 = P9 siné Ps sinf + Péz (A.5)

= (Pe sine)2 + Péz . (A.6)

The left side of Eq. (A.6) may be rewritten using Eq. (A.4) to yield:

sind L2 sint = %-(sinze L2 + L2 sinze + sine[LZ,sine] - [Lz,sinelsine)
= %-(ZL2 - coszs L2 - L2 coszs + thcosze) . A.7)

Using Eq. (A.7) on the LHS of Eq. (A.6) we now have an expression which

2
depends only on L°, P'2 P, sin® and cos€:

$ "8
Lz - P72 = = [cosze(L2-+-l ﬁz) + (L2 +-l ﬁz)cosze] - §-ﬁzcoszé
) 2 4 4 4
+ P_. siné P, sins . (A.8)

5 g

Equation (A.8) is now in a form into which both Eqs. (3.30) and (3.31)

may be substituted. Also to save writing we introduce the notation

J = Je + J¢> . (A.9)

Expression (A.3) contains only P, siné and cosé so we may now use Egs.

(3.30) and (3.31). Using Eqs. (A.9), (3.30) and (3.31), cos2¢ and
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Ps sin® P_ sin® may be expressed in terms of b and J as:

cos?s = - % b - bb - bbb +bB) (A.10)
P, sing P, sing = 12 (bJbJ + bI% + b b7T + IBTHY) .(A.11)
167
+i2mw . +i2mw
Using [Js,e ]=+278 e , we have the following useful com-
mutators:
b,J] = 2:8b (A.12)
3] = - 287, (A.13)
[(3,bb7] = [J,b76] = 0 . (A.14)

Using Eqs. (A.12)-(A.14) with Eq. (A.ll) we obtain after manipulation:

P, sing P_ sing = 12 [J(T + 27K)bb + bbI(J + 27R) - 87r2'52bb

9 ¢ 327

+ 3 + 20507 bT + bbI(I + 27K) - BrEYb b
+ 203 + 2700 b + 27%T0] . (A.15)

Combining Eqs. (A.1C) and (A.1l5) we have part of the RHS of Eq. (A.8):

P sing P_. sing - 2 ﬁzcosz 1 [T+ frﬁ)zbb + bb(J + wﬁ)z
e 8 4 32'\'2

+ 3+ DT+ T+ )2
+ 2(3% + 418T - 7282 bbT

+ 2032 - s3] . (A.16)
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Continuing to rewrite the RHS of Eg. (A.8), we multiply cosze by
(L2 +-% 52) and use Eq. (A.10) to form:
L ocosts? +18%H + @ + 2 8%cos®9) = -2 1® + L 5%
2 4 4 8 4
1. 2,,+ +

+bbl + L ﬁ)+(L + 2 EOBD + bt +%52)

-(L2+%52)bb -+ 5)-(1, +1 E)bb

-bp? + % ) (4.17)

If we add Eq. (A.17) to Eq. (A.16) we obtain the right hand side of

Eq. (A.8) in terms of Lz, J, b, and b+:

Pa siné P, sin§ - %-Hzcosze + %-[coszﬁ(L2 + %-52) + (L2 +'%-ﬁ2)cosze]

1

3272

[-4' (L + = ﬁ)-‘-(J+'rH) ]bb+bb[—4‘r (L + = ﬁ)

+ @+l + et @+ 2D ¢ G+ B T

# b -ar? @2 + 28D + (0 + B + 14 20l + £ ED)

+ 2037 + 4By - TR b + [4n2? + 28D + 207 - 57D BT
+ ot @? + 28] + e blasa? 28D (4.18)

Before simplifying Eq. (A.18) it is important to know the effect of

tiZ:rw9 iiZﬂwa
f(Ja,J;)e and of e f(Je,Jg) on states fJ;,Jé). We have

required that the following boundary condition be satisfied by <w'|J">

for action-angle coordinates:

'+ 13> = W3 . (A.19)
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Under this boundary condition it follows that (4) we have for Hermitian

J:

;g = 32
1 oW

and also that (4):
&' |3jI> =

i
i

2w,

It

Using Eqs. (A.19), (A.21) and (A.22) we have:

@'|I™> =

J' = 27En

a=

13'w' /A
e

0,£1,%2, ...

Using Eq. (A.23) we have the following:

'] g

>

From Eq. (A.25) it follows that:

etizw] I

£@|I> =

Using Eqs. (A.25) and (A.26) we evaluate £(J)e

' |£@) eV 5>

13’

£(3")

s !
e":LZTTW < I™>

<w'|J': 228>

27>

i+

3>

i2 w,

S E(D ]I £ 20>

£(J' = 2'.rﬁ)<w']J' + 27>

(A.20)

(A.21)

(A.22)

(a.23)

(A.24)

(A.25)

(A.26)

(A.27)
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We also evaluate e:iwa £(J = 27Rh):

I+

<w'le:i27w £(I = 2:B) 3> £(3°* 23ﬁ)<b'le:isz13'>

27B)<w' [J' £ 27E> . (A.28)

£’

I+

Comparing Egqs. (A.27) and (A.28) it follows that:

12V £(1 4 2am) = £(3) SITV (A.29)

Equation (A.29) is a general result which is wvalid without respect to
the specific type of action-angle variables under consideration (i.e.,

without respect to Je, J., Wes Voo etc.).

?
Equation (A.29) can now be used to reduce the RHS of Eq. (A.18),
+ 4+
since bb, b’ b, b'b bb may now be simplified. For example, bb is:

-i2mw,

-i2ww " V) [
8 f(Js,JQ) e f(Je,J¢) . (A.30)

bb =
Using Eq. (A.29) in Eq. (A.30) we obtain:

-i&wwe
bb = e f(Je - 2+7h, J&) f(Ja,J¢) . (A.31)

Similarly, b+5+, b+b and bb+ become:

i4mw
vt = £, M £7U. - 276, I e © (A.32)
T 8 6
+ " + "
T = £(3, + 27K, I £ (I, + 20E, TN, (A.33)
Ny - + " "
b = £, £TLID (4.34)

Now, the left side of Eq. (A.18) is equal to L2 - P;Z from Eq. (A.8).

One of our goals has been to find Lz'as a function of Je only, and hence
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2

L2 must be independent of v Since Pé = Jéz/sz, this independence

will occur only if the right hand side of Eq. (A.18) is independeat of

w Referring to Eqs. (A.31-(A.34), the right hand side will be

5
independent of w only if the coefficients of all terms containing bb or

b+5+ are zero. This condition yields:

12 +L1g2 2 -+ (Je-i-J;-!-wﬁ)z
4 4
- L u+m? . (A.35)

12

Thus we have now found Lz as a function of J5 which was one of our goals.
We will now use LZ(Ja) to find the form of £. Once we have found

the form of £, we will have specified the transformation equations.

Using Eq. (A.35) to reduce Eq. (A.18), and then substituting Eq. (A.18)

into the RHS of Eq. (A.8) we obtain:

L2 - Péz - % [(3% + 37KI)bb + (J + 276) (J - =B)b ' b] (A.36)

8w

where bb and b'b are given in Egqs. (A.33) and (A.34). From the rotor
we have:

J¢/2w = P¢ (A.27)

where |Jé[ = J, so that Jéz = ng. Using LZ(Je), Eq. (A.35), the expres-

sions for bb+ and b+B, and Eq. (A.37), one obtains from Eq. (A.36):

L 2 1 5 ng 1 2 +

— (J+ TR -~ B - =% = — [ + 3vRJ) £(J. + 27B) £ (J. + 2+R)
2 2 7 5 5

47 4 4 8w
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+ (I + 27R)(J - :rﬁ)f+(Je)f(Je)] .(A.38)

Equation (A.38) cannot be simplified without additional information. The

additional information which we use is the commutator:
. h 2
[Pa sinf, cosg] = - E-(l - cos ' 8) (A.39)

which must be satisfied if our transformation equations are to be con-~
sidered valid (conditionC). We use this commutator to determine the
form of f(Je,J;) by substituting the expressions for Pe sind and cosé

in terms of b and b+) as given by the transformation equations (3.30)
and (3.31). From this commutator we find a relation between bb+ and b+B

which determines f(Ja’J;)' One obtains from the commutator:
+ +
(J+378)bb = 47R + (J - 7K)D b . (A.40)
Putting Eq. (A.40) into Eq. (A.38) (which we could not simplify earlier)

one finds:

-1—2 [+ )2 - 2262 - ngj = —17 [27K] + (J + 7K)(J - 7K)]b'D
b4 ' 4

= —13 [20B7 + (J + 7H) (T - 76)]
&

+ ] ?
x £ (JG’J¢) f(Je,J¢) . (A.41)

The left side of Eq. (A.4l1) will be equal to the right sice of Eq.

(A.41) only if f"'(Je,J;)f(Ja,J;) has the form:
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+ JZ B ng
g2 2 (A.42)
32 - nzﬁz
G, + J;)Z - ng
= ) (A.43)

" 2 2
(Je + J¢) - vzﬁ

We now consider the eigenvalue spectrum. First Eq. (A.43) may be

evaluated for a state |Jé,J$>:

+ " 111 ? + 1 " \] " 14
£ (Ja,J¢)f(Je ,Jé)]Ja ,J¢;> £ (Je,J¢)f(Je ,J¢)[J9,J¢;> (a.44)

@ +an?- gt
= 5 252 ]Jé,35> . (A.45)
1 " v
(Je + J¢) -

-
Equating Eqs. (A.44) and (A.45) we have the product f f expressed in

terms of the eigenvalue Jé:

2 2
t 4 " - T
(Ja Jé) J¢

+ " 11 -
£ (Jé,Jé)f(Jé,J¢) = (A.46)

@+ an? -
(where J; > 0).

Before we take a square root in Eq. (A.46) and obtain f(Jé,J;) it
is important to comsider the spectrum of values which Jé may have. The
left hand side of Eq. (A.46) is a positive definite quantity and hence
is positive. The right hand side of Eq. (A.46) is positive only for
those states having J'

8
J' 5 0 as the physical Hilbert space because in the classical limit we

> 0 or J' < -2J". We choose those states having
v}

require that Jé be a positive quantity (since Jec is a positive quantity

as is discussed in Chapter III, Section C). In the classical limit with
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J! £ =237, J! becomes a negative quantity which we regard as unphysical.

J,:,
Thus, the physical Hilbert space consists of those states having Jé 20

1) -

(For a related and more comprehensive discussion see Ref. 17.).

For the allowed or physical Hilbert space f+(Jé,J;)f(J',J;) is
greater than zero and f(Jé,Jé) is real. Thus we define f(Je,J;) for
the physical Hilbert space as:

SERE OLR S
(A.47)

f(J ,J") = ’
e Gy + 3% - 2w

and have:

1" + "
f(JS’J¢) f (Ja,J¢) .

Having restricted the Hilbert space and determined the form of
f(Ja’J;)’ we can now verify the commutator of Ps sinS with cos&, Eq.

(A.39). After manipulating this commutator (A.40) was found:

(3 + 3nB)bb. = 4rh + (J - 7H)b D . (A.40)

Using the form of f which we have found, and the definitions of b and

b+ we have after manmipulation of Eq. (A.40):
U + 3WEQ, + 20K, Jg)f+(35 + 208, I = 4nh + (T - SA)YEET . (A.48)

Using the form of f we have:

(J + 27K) - J;z Jz - J"Z

J + %ﬁ)[ ] = 47R + (J - wﬁ)[—J— . (A.49)
(J + 2q48) - 'n'zli2 Jz - Trzﬁz
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From Eq. (A.49) one finds:

(3 + 278)° - ng 7% - 32

47h + 0
J + 7h J + =h

JZ + 47h + szﬁz - ng

= . (A.50)
J + 7R

Clearly, both sides of Eq. (A.50) are equal and the commutator of
Pe sin6 with cos® is verified for the physical Hilbert space. This is
condition C.

The six conditions imposed on a set of transformation equations
have been verified for the restricted Hilbert space. In this space the

eigenvalues of L2 may be found using Eq. (A.35):

12130, = L@@+ 1+ Bt - 28030 L (alsD)
§° ¢ 471'2 € é ]

Defining Jé + J; = 2278 = Zwﬁ(ne + m") the eigenvalues of LZ are:

' 2
i - @wa+iy -ivh -tk . (4.52)

Since both n, and o" have allowed values: 0, 1, 2, ..., it follows

that £ has allowed values: 0, 1, 2, ... and LZ has the spectrum:

2' 2 _L2
L = K1 +1) = K°(, 2, 6, 12, ...) . (A.53)

Having found the eigenvalues of L2 and the transformation equations
from P9 and § to J, and V., the problem is completed. As in the
harmonic oscillator and rotor, the procedure was to use the classical

transformation equations to deduce the quantum equations and to verify
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that the transformation equations and Hamiltonian, H(J), have certain
preperties. On the physical Hilbert space the eigenvalues of E(J)

(or L2(J=) in this case) were finally determined.
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VII. APPENDIX B: TWO-DIMENSIONAL HARMONIC OSCILLATOR

The planar oscillator is easily done using the procedure employed
for the three-dimensional oscillator. The classical Hamiltonian and

transformation equations are: (2m = 1)

P 1
B = pl+-8c. .22 (.1)
c c g 4

Y ”
W(ZJoc * ch) >

J

. lee
P¢c o (Rotor) s (B.2)

where J" = VJ'Z 2 0, real for J; real

$ $
¢C = 27rw¢c (Rotor) , (8.3)
_ 1 2 _ .2 .1/2
Pco T 2= [(ZJoc * J¢c> J¢c] cos(wabc) ’ (8-4)
2 _ 1 2 _ .2 .1/2 .
wo /2 = 7 [(2Joc + J¢c) J@c] 51n(21wbc) + H(JOC,J¢C)/»
(8.5)

In analogy with the three-dimensional harmonic oscillator Jpc is

defined as:

R VE A
[

pc w éc

The action variable Joc is defined using the branch of Pc which is
pictured in Figure 1, positive along the bottom of the cut. The direc-

tion of integration is chosen to be counterclockwise and, hence, Jcc
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is a non-negative quantity. The sign of the square root of ch is chosen
to be positive which is consistent with the branch of Pc chosen, and

1/2, as the length of the angular

with the interpretation of [Pic]
momentum vectors. For these choices of sign it follows that Hc is
positive which is consistent with (B.1l) (where Pc’ p and P¢c are real
quantities).

The quantum Hamiltonian is: (2m = 1)

2

1 PI° 1
B = —PoP-i-—dT-I--wzoz (.6)
o o 4

where Pé is the eigenvalue of P , the rotor momentum, in a state

@
<¢’|Pé = Am> where m = 0,+1,22, ... .

Furthermore, from the quantum rotor we also have: Jg = 27 Pé.

In analogy to the classical ch we introduce the quantum Jg:
A SR C R SE (8.7)

from the rotor the eigenvalues of Jg are 27am", where m" = 0,1,2,3, ...

The introduction of Jg is necessary because P; enters in the Hamiltonian

2, 2 2
p 4 14} g -1t
(B.6) as E Jo~. P¢

root of a positive quantity. We choose the plus sign for this square

is a positive quantity. Thus, Jg is the square

root by amalogy to the plus sign chosen in the corresponding classical
expression.

Given the quantum Hamiltonian (B.6) and the classical transforma-
tion equations (B.1)-(B.5) we can now obtain the quantum transformation

equations. By analogy to Eq. (B.4), Eq. (B.3) and the three-dimensional
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harmonic oscillator, we assert that the quantum transformation equations

are:

Py = % @+ a (B.8)
w 1 BE(T ,JI")
2 _ Tt 077 ¢"
i2nw
d+ = f+ e P
(B.10)
-i2mw
d = e P 3 ,3M )
£ 9

Using the fact that Pz and o are Hermitian planar-polar coordinates, it
can be shown that the left-hand side of Egqs. (B.8) and (B.9) are
Hermitian. The right-hand side of gqs. (B.8) and (B.9) are clearly
Bermitian. Since d+ is of the f+ elZWWp’ it follows from Eq. (2.41)
that both <Q'iPpiJs> and <u5|§-92|J5> are invariant under <m;] -~

<b; + 1!. Similarly Egs. (3.8) and (B.9) are invariant under wy > @y * 1.

Equations (B.8) and (B.9) will have the correct classical limit if

E-0
" _l_ - " 2 - "2 1/2
f(JD,J¢) — Q1+ 320 J"]

oc sc (B.11)

Since as shown in the rotor, Jé has Jéc as its classical limit we assert

that £(J ,J") has the form:

-"2]1/2

" 1 ] 2
= =] + - . .

We will consider Eq. (B.12) correct if all of the conditions demanded

of a set of transformation equations in Chapter II are satisfied.
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Having asserted f as in Eq. (B.12), both Egs. (B.8) and (B.9) now

have the correct classical limits.
Using Eqs. (8.8) and (B.9), H(Jp,Jg) may now be calculated. We

begin by rewriting the quantum Hamiltonian (B.6) so that it is a

function of ?p and-% pz. We multiply Eq. (B.6) by » on both sides:
pHo = Pp Po + pr? +;w234
3 4
2. -2, o> &
oHo = (Pp)” + Pé +5-0 . (B.13)
Using [P,p] = BR/i, we have:
% (% + B + 8 = 0B . (B.14)

Combining Egqs. (B.13) and (B.1l4), we obtain an expression in the

desired form:

‘ (
[EQZJH-HI

| (o 212, _.2
2 't

2 ] - 2 53] '
+ = ,(P + | = + wP B.15
e} j A w w(Pp) | 2 o WPy ( )

(ST

Note that Eq. (B.l5) contains only Po and 02 as needed. Into Eq. (B.15)
we substitute the quantum forms of Po» and 02, Egs. (B.8) and (B.9), and

find that the left side of Eq. (B.1l5) is equal to:

2
2 w 2 w 2 1 + + _ _ H 2
hw+on+Hzp ——Zi[dH+Hd dd Hd]+2—w+hw .
(B.16)
Similarly the right side of Eq. (B.1l5) is:
2

5 (Pe)? + [ 2 sz + de')z = % (aa+ dgtat + adt + ata) + uP!
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H2

w

-2 (ad + dfat - adt - o) +

+ é%-(d+ﬂ + Hd - dH - Hd)

2 1
= 1, '2 —H— — + + - -
»Pé +.(u + 21 (d H+H dB - Hd)

+2 @ +d .
Equating Eqs. (B.17) and (B.18) we find:

2, %’-(dd+ + & .

|
+
o)
e
1]

wP!
?

From the definition of d, d+, Eq. (B.10) we have

a = £, £,
0’70 0’7 ¢ ?

-i27w i2mw
dd+ = e P ff+ e P .

Using Egqs. (B.20) and (B.21) we have:

+ . :
dd” = £(3 + 2, J)) £ (I + 27K, I))

Putting Eqs. (B.20) and (B.22) into Eq. (B.1l9) we find:

2
B 2 _ 12 [5) + -'.+
= + B = wP¢ + E-[f(Jp + 27R) £ (Jo + 27R) + £ (Jp)f(Jo)]

(B.17)

(8.18)

(B.19)

(B.20)

(B.21)

(B.22)

.(B.23)

We can use the definition of £, Eq. (B.12) in Eq. (B.23), once we have

found those states for which f(Jp + 27R) and f(Jp) are real or

imaginary. This determination is made with fixed J;. We allow £ to

act on a state ]Jé,J;>.
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' 1 2 2 1/2

t 1 - = 1 " - 1} [ [}
f(Jo)lJp,J¢> = 3o (1) + Jé) S !JD,J¢> (B.24)

' 1 2 2 1/2
- ' 1 - = [ - " - ] 1] t . .

£(3, + ZA.E)‘JO,J¢> = 55 [(23] + 4vh + J¢) 3; ] IJO,J¢ (B.25)
From Eqs. (B.24) and (B.25), with Jg 2 0, we have:
J! 2 0: £33N real if J'"20 or J' s-J7 ,

® ] P e ) (B.26)

f(Js + 27R) real if Jé 2 -27h or Jé < - (J; + 27h) .

For states not covered in Eq. (B.26),f(J;) and f(J; + 27R) are pure
imaginary. Since f(JS) and f(J; + 27H) are not always both real or
imaginary, with respect to a state lJS,Jé) we have four possibilities:
both real, both imaginary or one real and the other imaginary. With

respect to these possibilities we have from Eq. (B.12):

£(I') real: 57 = 13 +Mm2%- (8.27)
o} 4 2 o] b -
T
£(J') imaginary: £f = - —= [(25 +3M% - 3", (B.28)
o] 412 o) é 6
. + 1 )
£f(J' + 2=8) real: £Q3_ + 2rR)E (J_ + 27R) = —=5 [(2J_+ 4=R + J))
o} o} o] b o] o)
- 332] . (B.29)

£3) + 27H) imaginary: E£(J_ + 20B)E (I + 27K) = - = [0 + 4mh

2 2
" - J" .(B.30
+ J¢) 5 ] .(8.30)

For the four cases we now use Eq. (B.7), Jg = 21(?&)1/2, and Eqs. (B.27)

-(B.30) in Eq. (B.23) to find H.
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Case 1: both f(J;) and f(Jé + 27h) real:

2 )
Evp% = w2+ % [(23 + J")2 -2 (27 + 47F + JM% - J!'Z] .
© ) 8= o Q 9 o ] =]

(3.31)
Solving Eq. (B.3l) for H we have:
- . "
o S (23p + J¢ + 27R) . (8.32)
Case 2: both f(J‘;) and f(J; + 270) imaginary:
g2 2 2w 2 .2 2 .2
—+h"w = WP -—= [T +INNT =T+ QI+ 4HE+ TN - T"7] .
¢ 8 2 p % ? ) $ 9
w w
(B.33)
From Eq. (B.33) we find:
. 1/2
H = = ’2'—f {(ZJc + J; + 27rﬁ)2 = 2J'°,’2 + SwZﬁz} . (B.34)
Case 3: f(J;) real with f(J; + 27R) imaginary:
g2 2 2 . 4 2 .2 2 .2
S+ R = P+ [T+ IMC - I - + 43R + I + I ,
" h™w P¢ swz (¢ JD J¢) Jé (23.0 47 Jé) J° ]
(B.35)
From Eq. (B.35) we obtain:
@ 22 . _.2.12
= & oo "y _ 1y
H = = 7. 1 4#5(2JD + J¢) 277RT + J¢ T . (B.36)
Case 4: f(J;) imaginary but f(J; + 27h) real:
g2 2 2 .2 2 2
— - , A — - + " 1"t 2 - " - "
" + h'w ,,PQ +— (ZJo J¢) +J¢ + (_J0 + 47R + J¢) JQ,’

8w

(B.37)
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From Eq. (B.37) we find:

1/2

24 : (B.38)

e S . " 2 "
H = = = 1&uﬁ(230 + J¢) + 4723 + Jé

In the classical limit where B -+ 0 and J; -J ., J; + J" , H must

pec ¢c’

become HC as given by Eq. (B.1l). Cases 2, 3, and 4 all fail this test.

Hence, we choose Eq. (B.32) as the Hamiltonian:

- i 11}
H = = o= (ZJQ + J¢ + 27R) (B.39)

where f(J;) and f(Jé + 27H) are both real. For this choice of the
Hamiltonian we have the right classical limit and have a Hamiltonian
which is independent of wp. Thus, conditions D and E in Chapter II are
verified.

The Hamiltonian as given by Eq. (B.32) has not been completely
specified since an overall sign has not been chosen. In order to choose

this sign, we refer to the quantum Hamiltonian (B.6):

2

1 P! 1
E = —PpP+—¢7—+—uzpz . (B.6)
p o~ 4

This Hamiltonian may be rewritten in the form:

+ + +
E = A +ac + 8 (B.40)
where
1
A= =P,
5 p
4,2
o
a = s
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- 1,
8 = 2 we .

Wricten in this form, H(P,c) is the sum of three terms each of which is
positive definite and hence each of which will have positive eigenvalues.
Hence, H(?,p) will have positive eigenvalues.

H(JD,J;), as given in Eq. (B.32), must also have positive eigen-
values if we are to conclude that we have made a valid cononical trans-
formation. From Eq. (B.26) we have restricted our Hilbert space to

states EJ:,J;> such that:

J'=20 or J; < - (Jg + 27hH) . (B.41)
Allowing H(JD,J;) to act on states of satisfying Eq. (B.41l) we have:

nyl ' 77 = ' "+ 9 v 1 .
H(Jp,Jé),JD,J¢> z 5o (23o + Iy 27E)|JC,J¢> . (B.42)

Putting the values of Eq. (B.41l) into Eq. (B.42) we find that the
positive sign must be chosen for Jé 2 0 and the negative sign must be

chosen for J: < - (J: + 27R):

(B.43)

\%
o

" + o f I+ 2 - '
H(T,37) = (23 + 30+ 208 for 3]

" = 4w " ' - " T .
H(Jp’Jé) = o (2Jp + J¢ + 27R) for Jo < (J¢ + 27h) . (B.44)

In order to make a choice between Eqs. (B.43) and (B.44) we need one

more phyvsical condition. For this we will use the commutator of Po

. w 2
with > o .
The commutator of Pp with %-02 is calculated using [P,p] = B/i

and is:
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2o, 071 = ZE(2.hH . (B.45)

Satisfying Eq. (B.45) using the transformation equations (B.8), (B.9),
(B.10) and (B.2) will verify condition C (commutation of the trznsforma-
tion equations) and will further restrict the Hilbert space and thus
make a choice between the Hamiltonians given in Eqs. (B.43) and (B.44).
Substituting the transformation equations into Eq. (B.45) (with both

f(J;) and f(J; + 278) real) we find:
1+ L+ 1 w1 o 28 1
['f (d + 4d), 5;'(d -d) + " H(JD,J¢)] = 3 { 53 (d d)
+Xag.,mm . (B.46)
w P76

From Eq. (B.46) we obtain:

1 .+ 1 .+ 1 _ + 2R
- 57 [d,d] + 5= [d,H] +3-[d,B] = -6 +HEd+-H . (B.47)

Using the definitions of d, d+ and H we can calculate each term on the
left of Eq. (B.47). We now use the Hamiltonian as given in Eq. (B.32)

with both signs and the definition of d , Eq. (B.10), to find:

1, .+ + 127w ©
2 [d ,H] = [f (Jp) e > £ 5 (ZJp + J; + 27H) ]
= = £ )[eizwwp, 11
P p
= +rd . (B.48)

Similarly, we find:

> [4,8] = B . (.49)
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Finally, we calculate -+ [d+,d] using the definitions of d and d+,

2i
Eq. (B.10):
-i2mw i2mw
1o+ .0 _ _1 .+ | TR+ 0
71 [d ,d] = 21 {f (Jo)f(Jp) e £ (Jp)f(Jp) e } .

(B.50)

Using Eq. (B.28), £(J )eisz = einw £(J + 27h), Eq. (B.50) becomes:

1 .+ . _ 1 .+ _ ot
-5 [d,d] = 27 £ (Jo)f(Jp) £ (Jo + Zvﬁ)f(Jo + 27H) .

(B.51)

We have restricted ourselves to states for which both f(Jp) and

f(Jo + 2wh), and we thus obtain:

1 + = - L _l- " 2 - "2 - " 2 112

-3 [d,dl = -3 ( 2 ]{(ZJ0 + TN =00 - (23 + 4mE I+ 507
- ﬁ " Y

= == {ZJp + J¢ + 2wh! . (B.52)

We have now calculated the three terms on the left side of Eq. (B.47).
We now substitute Eqs. (B.48), (B.49) and (B.52) into their respective

positions in Eq. (B.47) and find:

cB R - D {20 + 3"+ 2mE) = -Rd +E+Rg . (8.53)
Ti P ¢ 1w

+-

The left side of Eq. (B.53) will equal the right side of Eq. (B.53) pro-
viding we choose the plus sign in Eq. (B.32) and hence choose Eq. (B.43)

but reject Eq. (B.44) for the Hamiltonian:

17" - . _9_ 11" - - s
H(JO,J¢) =+ (ZJp + .‘I(;D + 27R) for states with Jo >0 . (B.43)
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Thus the commutator of Pp with %-oz will be satisfied if and only if
the Hamiltonian is chosen as in Eq. (B.43) and the Hilbert space is
restricted to those states having J' 2 0.

Satisfying this commutator completes the verification of conditions
A~F as given in Chapter II. We conclude, then, that the transformation
equations (B.8), (B.9), (B.10) and (B.1l2) define a valid transformation
from P and p to JD and wp for the restricted or physical Hilbert space.
Having completed our treatmeat of the transformation equations, we can
now find the energy levels of H(JD,J;).

We find the energy levels of H(Jp,Jg) using Eq. (B.43). Allowing

H(JQ,J;) to act on a state [JQ,J5>, we have:

(1] 4 !
H(JD,J¢) [Jo ,J'>

_CD_ ] + LU [ ]
5 o (23] + 37 4 Zvrﬁ)[Jp,J >

¢

? \ 4
EnlJo,J¢> (B.54)

where J' = 27Bn , n_ = 0,1,2, ... and J" = 27An", m" = 0,1,2, ... .
° £° P ?

Hence, the energy levels are:

4 - > 11]
En = nuu(ZnO + o' + 1) . (B.55)

Gathering together the transformation equations, Hamiltonianm,

energy levels and Hilbert space we have:

+
Po = %‘-(d + d) ,
2.2 = i @ - a + ——H(J°’J°)
2° 21 ® ’
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1/2 i2ww
+ = _l_ 1" 2 o]
d = 2 [(ZJO + J°) ] e ’
J" = +/11% = 4+ 2 AC'Z i
0 % 27 79
1 e 1 ,,
H(P,p) = — PpP +.-—2 +—wop ’
P e} 4
= X .
H(JD,J¢) = 50 (23p + EJ¢[ + 27R) :
] L > 1] -
!JD’J¢> restricted to Jp 2 0:
' - y = PR,
Jp Zwﬁno ’ o, 0,1,2,3, ,
Jg = 2vhm" , n" = 0,1,2,3, ... 3
E = hw(2n + o" + 1) .
n p

This completes the treatment of the planar harmonic oscillator.
All six conditions placed on a set of transformation equations have been
verified. The Hamiltonian H(JQ,J(;) is independent of all coordinates
and its energy levels have the trivial form (B.55) which agrees with
normal quantum calculations. This calculation does show that it is
possible to carry out the (p,q) - (J,w) transformation for a simple

planar system.
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*
VITII. APPENDIX C: LOCATION OF POLES OF p (z2'L,E")
USING ZEROS OF THE WAVEFUNCTION

In order to evaluate the integral for J(E'), it is helpful to know
as much as possible about the location of the singularities of p*(z',E').
This is most easily done by retreating to our knowledge of the wavefunc-
tion <b'lE'> since, e.g., a zero of the wavefunction will be located at
the same place as a pole of p*(z',E'). This may be seen by noting that

*
p (2',E') is defined via Wo(z',E') where:

iWO(z',E')/ﬁ

<z'|E™> e ’ . (c.1)
P (z',E") dw—‘ﬁ:——i : c.2)

Using Eqs. (C.1l) and (C.2) we have:
p*(z',E') = ( %) ﬁﬁ?‘; (Lz'|E™) . (C.3)

From Eq. (C.3) it is clear that if <z'|E"> is amalytic at a point 25

has nonzero derivatves and is itself zero at that point, then p*(zé,E')
will have a pole at 26 with residue H/i.

The advantage of studying the zeros of <z'|E'> instead of p*(z',E')
itself is that the wavefunction satisfies a second-order differential
equation. The problem of locating the zeros of solutions of second-
order differential equations has been studied extensively and we need
only refer to the relevant theorems. The mathematical discussion below

follows in Ince (19) (see especially Chapter 21). The reader is

referred to that source for a more complete treatment.
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Any ''self-adjoint" equation of the form:
d dw _
3s [h(S) as ]+ k(S)w = 0 (C.4)

can be transformed to:

2

Jiz-w +D(h)w = 0 (c.5)
dh

where dS = hdh and
d(h) - h(S)k(S) . (C.6)

The theorems which we will use as invariant :—der such a transforma-
tion are written for equations of the form (C.5). As we will later dis-
cuss, this general form of the differential equation (C.5) is very useful
to physicists since most Schrddinger’'s equations can be put in that
form. Thus, the locations of many of the zeros of solutions of
Schrddinger's equations may be found using the methods which we are
now presenting.

We now quote frqm Ince (19), Chapter 21 (pp. 513-515) three
theorems which depend only on D(z) and the properties of w(z). For
proofs and background material on these theorems, the reader is referred
to the above reference. These mathematical results are reproduced here
as a convenience to the reader for the discussions which follow.

Four theorems which depend only on D(z) and properties of w(z) are:
Theorem A: "If w(z) is a solution which is real on a segment (a,b) of

the real axis; if, further, T is a region symmetrically

situated with respect to the real axis, and such that every



Theorem B:

Theorem C:
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line perpendicular to the real axis which cuts the region
cuts its boundary in two points and meets (a,b) in an
interior point; and if finally Re{D(x)} 2 O throughout T,
then w(z) can have no complex zero or extremum (i.e.,

w dw/dz # 0) in T."

"On the real axis, if throughout the interval (a,b), either
ReD(z) s O or ImD(z) does not change sign, then there can
be at most one zero of w g%-in that interval (where w is

a real function of z)."

"Let the region T be as before, and let w(z) be a solution,
real on the segment (a,b) and such that in (a,b) w %E-has a
fixed sign; let Im{D(z)} have this sign throughout that

part of the region T which lies azbove the real axis, then

w(z) can have no complex zero on extremem in T."

The following theorem is a direct result of theorem C:

Thecrem D:

Let the region T be as befcre, and let w(z) be a solution,

Ee]

real on the segment (a,b) such that in (a,b) w %} has a

fixed sign; let Im{D(2)} have the opposite of this sign
throughout that part of the region T which lies below the

real axis, then w(z) can have no complex zero or extremum

in T.

The final theorem which we will quote here deals with '"the zero-free

star." We consider a point a at which D(z) is regular but not zero.

We define (following Ince (19)):

z = a+r ele . (c.n
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(z-2)%D(z) = P(2) + iQ(z) (C.8)

L}

D(z2) 81(2) + ig,(2) > (c.9)

where P, Q, 8, and g, are real functions of z.
The curves P(z) = 0, Q(2) = 0 intersect at a with tangents having

angles 51 and 62, with respect to the real axis given by:

4+
]

. - Y a8
0: gl(a)cosze1 gz(a)sznzvl 0 ’

(C.10)

0
o
.

Q = 0: gz(a)c03262 + gl(a)51n262

Following Ince (19), the star originating at a is the set of
straight line segments (rays) from a to p(€) where p(8) is defined as
follows. Starting at the point a, move in the direction € along a ray
until Q changes sign. If along the ray P{z) has been positive or
changed sign, then p(6) is the point at which Q changes sign. If P(z)
has been negative only, then one continues along the ray until P(z)
changes sign and that point is defined as p(€). If a singular point or
zero of D(z) is located within the star, then it is excluded by a
rectilinear cut going away from a. Given the above, the region of the
plane which is excluded from the star comsists of at least those points
with P > 0 which lie between the branch of Q = 0 in P > 0 and the
tangent to Q = 0 at z = a. This is illustrated in Figure 3. The
theorem relating to the star is:

Theorem E: "If z = a is a zero of w-%%; then this product does not
vanish at any point of the star belonging to a, including

the nonsingular points of its boundary."



Figure 3.

139

Illustration of a star. The line, 1, is the tangent to the
curve, Q = 0, in the region having P > 0. The shaded region,
B, is excluded from the star. The cut, C, begins at a
singular point or zero of D(z) and is also excluded from the
star
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The importance of these theorems to physicists lies in the fact
that virtually all one-~dimensional Hamiltonians can be written in the

form of Eq. (C.4) and transformed to the form (C.5): 2m =1

2

% w + % (E-V(z))w = O , (c.11)
dz pot
D(z) = Eiz E - vz) . (c.12)

From Eq. (C.11) for real E we have:

Re{D(z)} = =5 (E - Re V()
i
Im{D(z)} = -iz Im V(z) . (c.13)
5

Knowing tke potential allows one to apply the theorems. First,
normally, physical potentials are real on the real axis. From this
fact we have that solutions of Eg. (C.ll) can be found which are real.

Also we have (z = x + iy):

ImD(z) = O for y=0, z=x R (C.14)
Re D(z) = %,_ (E-V(x)) for y=0 . (C.15)
A

On the real axis we can use Eq. (C.15) to denote two regions for a
potential as illustrated in Figure 4: the classical region for which
E 2 V and the nonclassical region in which V > E. Using Theorem B,
in the nonclassical region, on the real axis, the wavefunction w(z)

(where w(z) = <z"|E">, z = z') can have at most one zero or extremum,
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igure 4. A typical simple potential
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that is one zero of w(x) g%-is at x = infinity (Ref. 22). It follows,
then, that for an eigenstate, w g% does not change sign in a nonclassical
region. Also, for an eigenstate (of a potential as in Figure 4) in the

right nonclassical regionm, w-gz-is negative and in the left nonclassical

dz
. aw . dw
region w — is positive (where we have assumed that the zero of w E;-is

dz

at x = infinity).

For a real potential, we see that Eq. (C.14) has Im D(z) = 0 on
the real axis, for E real. Let us suppose that in the right nonclassical
region Im D(2) <0 for y > 0 and Im D(2) > 0 for y < 0 (i.e., Im D(2) < O
above the real axis and Im D > O below the real axis). From Theorems
C and D it follows that there are no zeros in this nonclassical region
above or below the real axis, for any eigenstate of the system. Similar
statements can be made about the left nonclassical region (i.e., above
and below the real axis) as will be seen when we analyze the harmonic
oscillator.

These and other ideas are most easily illustrated with some
examples. The first one which we will consider is the harmonic oscil-

lator. For this potential we have:

2
d_v?j+ E-L%%¢ = 0 (C.16)
dz 4

where 2m = 1, B = 1, and where E is real and positive. From Eq. (C.16)

we have:

D = E - % wzzz (C.17)
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ReD = E - % w2 - vP) (C.18)
ImD = -%wzxy X (C.19)

The various D regions are illustrated in Figures 5 and 6.
Let us assume that Eq. (C.16) has been solved for real w(z). Then,
using Theorem A, it follows from Figure 6 and Eq. (C.18) that the region

TO has no complex zeros or extremum for any energy, E. Applying

Theorems C and D to regions Tl, Tz, T3 and 'I'4 (see Figures 5 and 6), it

follows that at an eigenstate these regions have no zeros of w'gz.

From Theorem B, it follows that at an eigenstate on the real axis with

1/2

IRe| 2 (4E/w2) , the only zeros are at Re(z) = infinity. Thus, at an

eigenstate the zeros of w(z) are restricted to be at Re(z) = infinity

and on the real axis in the interval ((AE/wz)l/z, -(l;l'-:/wz)]'/2

). Thexe
are no other zeros in the complex plane. Hence, form Eq. (C.3) p*(z',E')
may have poles only at Re(z) = infinity and on the real axis ia the
classical region. When one is not at an eigenstate of the system,

*
p (z',E') is allowed to have poles off the real axis in regioms Tl’ Tz,

T3 and T4 of Figure 6. Thus, an eigenstate has a simpler singularity

*
for p (2',E").

An example ir which the "star" technique is useful is the Coulomb
potential. When placed in the form of Eq. (C.5), Schrdodinger's equation

for the radial coordinate is:

d2w L
dz z z
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ImD >0 ImD <O

ImD <0 ImD>20

Figure 5. Regions of Im D as given by Eq. (C.19). Note that the lines
x=0and y=0have ImD =0

k / 1
Re D 1< 0

T3 / 1
£ \ i X
q, a_\ ’
\
Re D 0 Re D |> 0 Re D 0
T4 TO T2

Figure 6. Regions of Re D as given by Eq. (C.18). Note that the curves
Cy and C2 have Re D = 0. The points, q4+ and 7_, are the
classical turning points where q, = =(4E/w2)1/2
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where E is real, 2m =1, A =1, g > 0 (and real), and where L = 2(2 + 1),

(=0, 1, 2, ...). The real and imaginary parts of D(z) are:

2 2
Rep = E-LEgg.E
(x=+y9) x +y
. g-L co;(ZS) + 8088 o QI8 (C.21)
r T
mp = - A,
x= + 39 X +5
2L cosg sind _ g sinf . (C.22)
r r

For E < 0, there are two classical turning points on the real axis,
z; and z, (z+ > z_), where D(z+) = D(z_) = 0. Between z_ and z,,
Re D > 0, and Re D <0 for all other points on the real axis (excluding
the point z = 0). In the region on the real axis having z > z, (to
the right of z+), Re D € 0 and Theroem B tells us that w g%-will have
at most one zero. Let us assume that this zero is at z = a (on the
real axis). From the definition of the star using Egs. (C.8) and (C.9)

and the equations for Re D and Im D, Egqs. (C.21) and C(.22), the star

for the Coulomb problem is defined by:

(z - a)2(E - L+8 = @)+ . (C.23)
z z
From Eq. (C.23) we find:
P(z) = E[(x-a)2 - yz] - J% (xz(r-a)2 - x2y2 + 4xy2(x-a) + y4 - yz(x-a)z)

T
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+ £ ke’ -t F ] (c.26)
r
Q(z} = 2Ey(x-a) - lz [2xy3 - ny(x-a)2 + szy(x-a) - 2y3(x-a)]
r
+ _g_ [ 3 2 o
> [y7 = y(x-a)" + 2xy(x-a)] . (C.25)

r

The star originating at x = a as generated by Eqs. (C.24) and (C.25) is
pictured in Figure 7. Referring to Theorem E, we see that there are no
zeros of we to the left or right of the shaded regions in Figure 7,
excluding the cut on the real axis which begins at z_ where D(z+) = 0.
At an eigenstate a -+ +», and there are no zeros of w off the real axis
in the finite z plane. At an eigenstate the only zeros of w are on the
real axis between z_ and Z., i.e., in the classical region.

On the real axis, the intervals from z, to +» and from z_ to —»
each have Re D < 0 (see (Eq. (C.21)). In these intervals w(z) has at
most.one zero. The zeros of w are at z = 0 and z = a = +» for an
eigenstate. Thus, the zeros of w gg'and the poles of p*(z',E') in the
finite z'-plane are only allowed on the real axis between z_ and z.,
at z = 0 and at z = a = +» at an eigenstate.

The point z = a2 = += can be studied more closely in order to

. dw .
verify that there are no zeros of w =— "above' or "below' that point.

dz
This is done by transforming Schrddinger's euqation (C.20), using
z' = S-l:
dz E L
——‘2’+[—Z-—2+-5§w =0 . (C.27)
das S S S
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RP=O A _0
L Q- AP =0
1
P>0 :j P>0
Q>0 -{ Q<0
P<O P<O
Q>0 . Q<0
f
C \|/2 Q=0
r, X
P<0 P<O
Q<9 -f! Q>0
) N
P>0 P>0
Q<0 Q>0 A
v \\3
1
Y

Figure 7. Illustration of the star at the zero, x = a, for the radial
Coulomb problem with 0 > E > —(g2/4L). The cut, C, which
begins at the right classical turning point, r,, and the
shaded region are excluded from the star. The line, 2, is
the tangent to Q = 0 at z = a (in the region having P > 0)



148

Re D(S) = t_a E cos4g - Lt-2 cos2¢ + gt-3 cos38 , (C.28)
-4 . -2 . -3
Imn D(S) = -t E sin4g + Lt ~ sin26 - gt ~ cos3§ . (C.29)
At S =0, we have Im D(S) > 0 for 8 = w/2 and Im D(S) < O for 8 = - /2.

On the real axis the sign of w % is negative for z -+ *=. Thus, at

S =0, the sign of w Qv is thus negative since it is negative in the

dz
limit of S+ +0 and S - -0 (i.e., z >~ *=). The signofw%is given
dw _ 2 dw dw . . _ . .
by: wa—-s v S e Thus,wds is positive at S = 0. With this

assignment of the sign of w g—; and Theorems C and D, there are no

zeros of w % on the line through S = 0 with &8 = =%/2, at an eigen-
state of the system. This completes the specification of the zeros of
w % at an eigenstate. Thus, all of the zeros of w % for the attractive
Coulomb potential at an eigenstate are limited to the real axis in the
classical region, plus one at z = 0 and one at x = += (S = 0).

This completes our treatment of the Coulomb problem. Other problems
and potentials are similarly handled. If severe difficulties arise, a
reference to consult is Ince (19), Chapter 21. While we do not say that
for all physical potentials, eigenstates have all zeros of w g—: on the
real axis, a trend does seem to exist and a proof of such a proposition

would be quite convenient when one attempts to evaluate the contour

integrals which define J'(E') at an eigenstate.
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