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ABSTRACT

The optimal diversity-multiplexing tradeoff (DMT) has provided a comprehensive view for
multiple-input multiple-output (MIMO) systems with multiple transmit and receive antennas.
It is widely used as a benchmark to evaluate different space-time schemes in high signal-to-
noise ration (SNR) regime. However, previous results depend on the assumption of independent
and identical distributed (i.i.d) Rayleigh fading while practical channel models may be more
complicated. In this thesis, we investigate for a family of MIMO fading channels the optimal
DMT , which is characterized by the near zero and near infinity behaviors of its bounded
probability density function (pdf). We believe this family is quite general since it includes i.i.d
Rayleigh as well as many other known models as special cases. The progress we have made is
built upon our analysis of the probability of the outage set. We find the relation between the
parameters of a channel model and the probability of the dominant events in the outage set in
high SNR regime. Two different methods are used to obtain the asymptotic outage probability
for low and high multiplexing gains. Based on the outage result, we show that optimal DMT
can be characterized exactly in a simple piece-wise linear function given long enough channel
coherent length while we only provide lower and upper bounds for the optimal DMT when the
channel coherent length is short. In the extension section, we consider the effect of correlation
on optimal DMT given that the transmit correlation and receive correlation are separable. We
also discuss the effect of non-zero-mean channel and derive the optimal DMT result for some

specific fading types added with a determinant channel mean.



CHAPTER 1. Introduction

1.1 Literature Review

Recently multiple antenna system has received intense research attention for its potential to
combat fading environment. Multiple antennas at both transmitter and receiver ends increase
the number of fading paths. The receiver can obtain multiple replicas of one information
symbol for detection and therefore the detection error probability is decreased. On the other
hand, we could use the extra degrees of freedom brought by the multiple fading paths to
transmit independent information streams to increase the transmission bit rate of the system.
In high signal-to-noise ration (SNR) regime, the error probability is quantized by diversity
gain, i.e. limgNR— oo — log P/ log SNR. The maximum transmission rate of the system is given
by the ergodic capacity of the MIMO channel.

While traditional design focused on maximizing either the diversity gain or the transmission
rate, Zheng and Tse gave a novel asymptotic view of MIMO systems in their seminal work [1] by
considering them jointly. Their result is essentially the tradeoff between the error probability
and the transmission rate of a MIOM system. From a DMT’s point of view, we can say a
scheme has a spatial multiplexing gain r and a diversity advantage d, if the rate of the scheme
scales like 7log SNR and the average error probability decays like 1 /SNR“d. A remarkable
result of the paper is the characterization of the optimal DMT for a MIMO systems with np
transmit ant‘ennas and np receive antennas under i.i.d Rayleigh fading. It was proved that the
optimal diversity gain d(r) given the system operates with a multiplexing gain 7 is a simple
piecewise linear function [1, Fig. 1] shown in Fig 1.1 here.

Following similar ideas, optimal tradeoff curves have been calculated in different scenarios

. For example, the DMT for the non-coherent MIMO channel is considered in [2]. The tradeoff
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Figure 1.1 Diversity and Multiplexing Tradeoff for i.i.d Rayleigh Fading

result in multiple-access channels is obtained in [3]. In [4], the authors derived the DMT for
cooperative wireless systems. the DMT result for multiaccess relay channel is provided in
[5]. To determine which point of the optimal DMT curve a MIMO systelﬁ should operate
on, the author of [6] considered an additional end-to-end distortion constraint. The MIMO
ARQ Channel is studied from a DMT point of view in [7]. Inner bounds and outer bounds are
derived for the tradeoff of a 2-by-2 broadcast/multiple access channels [8].

Popular schemes such as Alamouti, V-BLAST and D-BLAST are evaluated using diversity
and multiplexing tradeoff as a metric in [1]. This kind of tradeoff has been serving as a
new performance benchmark to compare existing schemes and evaluate new ones [3, 9, 10].
Meanwhile, the lack of optimality of many existing schemes inspires the design of new MIMO

schemes that achieve the optimal tradeoff curve [11].

1.2 Motivation

Previous works [1] etc. employed the assumption of i.i.d Rayléigh fading condition to

derive the optimal DMT result. In practical MIMO communication scenarios, there exist many



channel conditions that cannot be accurately modeled by Rayleigh fading. For example, the
line-of-sight micro-cellular communication channels can be modelled by the Rician distribution
[12, 13, 14]. A large number of indoor and outdoor mobile communication channels have
been shown to be matched with the Nakagami-m distribution [15, 12, 13, 14]. The Weibull
distribution also has gained popularity as a versatile channel model for both indoor and outdoor
digital communications [16, 17, 18, 19]. Furthermore, due to the size-limitation at the transmit
and/or receive antenna arrays the fading correlation arises [20], which substantially affects the
achievable performance of MIMO and space-time coded systems [21, 22, 23]. Therefore, it is of
theoretical interest and practical importance to develop a technique to enable the calculation
of optimal DMT in general fading channel cases.

The various fading types discussed above motivate us to investigate the DMT problem in a
general fading channel condition, which includes Rayleigh, Rician, Nakagami-m, Weibull and
Nakagami-q fading distributions , and to quantify the effects of correlation, among the MIMO

channel elements and the non-zero channel mean.

1.3 Thesis Outline

In Chapter 2, we first introduce the MIMO system model and review some definitions such
as scheme, diversity gain, multiplexing gain and others made by Zheng and Tse in [1]. We
dgﬁne the regular fading conditions, which the MIMO channel we study satisfies. We also give
examples of existing channel models that meet the regular fading conditions. Next, a brief
mathematical prerequisite on random matrix is provided, followed by our discussion on outage
diversity. We review the concept of outage and the technique that is used to obtain asymptotic
result in [1]. Next several simplifications are made for the derivation of outage probability. We
give two heuristic calculations for small multiplexing gain case (r < 1)and large multiplexing
case (r > 1) to provide some intuitive explanation. We use the outage probability as an lower
bound on the detection error probability and construct an upper bound using i.i.d Gaussain
ensemble as the input codebook. Based on the coherent block length of the channel, we give

either exact optimal DMT curve or lower and upper bounds for general fading. At the end of



the chapter, we illustrate the difference between our new result and the previous i.i.d Rayleigh
result.

In Chapter 3, the optimal DMT result obtained in Chapter 2 is extended to an even more
general scenario. First, we show that Nakagami-q can be included in our general model. Next.,.
the effect of channel correlatioﬂs aré discussed. We also éonsider the effect and non-zero mean
and provide an explicit optimal DMT for some existing channel models. The joint effect of
channel mean and channel correlation is investigated at the end of the chapter and an explicit
optimal DMT result is summarized in a corollary.

We make the conclusions in Chapter 4 and summarize the contributions of this thesis.

The result in this thesis is also reported in [28] and [29]

1.4 Notations

Bold faced letters denote random variables, vectors, or matrices; plain letters denote the
corresponding realizations or constants; I, denotes m x m identity matrix; superscripts (-)*,
()T, and ()Jr denote scalar complex conjugate, vector and matrix transpose and conjugate
transpose, respectively. || -||r denotes the Frobenius norm. Unless otherwise indicated, the
(¢,7)th entry of a matrix H is denoted by h;; or [Hs;.

We also list two tables for convenience of reading this thesis:

DMT diversity-multiplexing tradeoff
pdf probability density function
MIMO multiple-input multiple-output
SNR signal-to-noise ratio
iid. | independent and identical distributed

Table 1.1 Abbreviation Table.



X transmitted codeword
H channel matrix
w additive white Gaussian noise
P normalized transmit power
nr number of transmit antennas
nR number of receive antennas
{ channel coherent block length
A the 5th ordered eigenvalue of HH' or HTH
A [>\17 D) Amin{nT,nR}]
o a; = —logA;/logp
T multiplexing gain
d*(r) the supreme of all the scheme achieving r
dout (1) outage diversity for multiplexing gain 7

Table 1.2 Frequently used variables




" CHAPTER 2. Diversity and Multiplexing Tradeoff for Independent

Fading Channels

2.1 System Model

We consider a wireless link with ne transmit and ng receive antennas. The fading coefficient
h; is the complex path gain from transmit antenna j to receive antenna 4. We assume that the
coefficients are independent random variables, and write H = [h;;] € C"R*"T. More general
cases will be explored in Section 3. H is assumed to be known at the receiver, but unknown
at the transmitter. We also assume that H remains constant within a block of I symbols, then

the received data within one block can be written as

Y=,/LHX+W, (2.1)
nr

where X € C"T*! is the transmitted codeword, the additive noise matrix W has independent
circular symmetric complex Gaussian distributed entries w;; ~ CA(0,1), and p controls the
signal-to-noise ratio (SNR).

We assume that V 7, 7, the pdf of channel h;;, i.e. Ph, (), satisfies the following conditions?:
1. near 0 behavior: |h| — 0, Ph,; (h) = O(|hl"), t;; 2 0

2. near oo behavior: |h| — oo, Ph,, (h) = O(e_bij’hlﬁij), bi; >0 and Bi; >0

3. Ph,, (h) is bounded by a constant K.

We call channels that satisfy the above three conditions regular. This general model is valid
for many frequently used fading channels, including complex Gaussian, whose amplitude fol-

lows Rayleigh or Rician distribution, as well as Nakagami-m (m > 1), Weibull (n > 2), and

'We use f(z) = ©(g(z)) to mean there exits positive ci,cz, such that cig(z) < f(z) < cag(z) and use
f{z) = O(g(z)) to mean there exits positive ¢z, such that f(z) < c2g(z)



pdf t b Jé]
2

Rayleigh L~ 0 Loy |2
Rician L e—ﬁl:ﬁﬂi 0 L_ 4 9

zQ [y

. m™|hj2m—2 —m[glz B m
Nakagami-m Ty ¢ 2m — 2 k4 2
Weibull v ”g—;”h]"—%—(%)" n—2 | Q=9 |9
N o2 | Q) oy SRR | | a4 9

akagami-q T o 170 Je 4 e

P éan be any positive number which makes parameter b > 0.
For example, for Nakagami-m, ¢ can be m/Q/2.

Table 2.1 Pdf of different fading channels.

Nakagami-g (0 < ¢ < 1) with the assumption that the phase is uniformly distributed over
[0,27) and independent from the amplitude. The corresponding parameters ¢, b and 3 are
listed in Table 2.1. € is the channel variance, except for Weibull, for which case, the channel
variance is Q2T'(1 + 2/n), where I'(-) is the gamma function.

Since H has independent elements, the pdf of H can be written as

nr nr

pa(H)=]] thij([H]ij) (2.2)

i=1j=1
A codebook C of rate R with unit bits per channel use has |C| = |28 | codewords {X (1), ..., X (|C])}-

We further assume a power constraint on the codebook C:

Ic|
1
— X% < nrl, 2.3
G 2 X @I < or (23
so that p in (2.1) is the average transmit power, regardless of the value of np.

The. following definitions were introduced in [1]:

Definition 1: The symbol = denotes ezponential equality, i.e., we write f(p) = p® to denote

lim 28500 _y (2.4)
p—oo logp
and >, < are similarly defined.

Definition 2: A scheme is a family of codes {C(p)} of block length [, one at each transmit

power level. R(p) is the rate of the code C(p) .

2
*Notice that 1 < Io(z) = 3252, (mélzk)‘” < (22020 (zﬁ)") =e"




Definition 8: A scheme {C(p)} is said to achieve spatial multiplezing gain r and diversity
gain d if the data rate R(p) and the average error probability P.(p) satisfy the following

equalities, respectively,

. R(p) _ |
}Lrgo@ = (2.5)
P(p) = p7% (2.6)

For each r, we define d*(r) as the supremum of the diversity gain achieved over all schemes.

2.2 Mathematical Prerequisite on Random Matrices

In this section, we present some important results on random matrices without proof.
Interested readers can refer to [24] and [25].
For a nonsingular matrix H € C™" (m < n) with pdf pg(H), there is a unique LQ

factorization

H=1LQ, (2.7)

where L € C™*™ is upper-triangular with positive diagonal elements and @ € C™*™ with

QQ' = I,,. If H is random, the pdf of L can be written as

pr(L) = [ 22+ / pr(LQ)dQ, (2.8)
i=1 Vin,n

where Vi, , is the complex Stiefel manifold, i.e., a sub-manifold of m by n complex matrices
Q) such that QQT = Ip,, and the dimension of V;,, 5, is 2mn — m2.
Let
W=HH'=LL', (2.9)

then the pdf of W is

pw (W) = (2__m H Z?Z-i_zm—lpL(L)>
=1

LLt=W (2.10)

- (2"’% det W[ /V PH(LQ)dQ)

LLT=W



Since H is nonsingular with probability one, W € C"™*™ has full rank of m. Thus, there is a

unique eigenvalue decomposition of W as
W =UAU", (2.11)

if we assume the diagonal elements of A are ordered non—decréasingly and the first row of the

unitary matrix U is real and non-negative. Then, we have the pdf of A as

pa(A) = @1—)%- [T =22 /V pw (UAU)U. (2.12)

Z<] m,m

The factor (27}),,1 comes from the fact that we assume the first row of U is non-negative and
integrate U over the whole manifold V,, y,.
We know that

LLt = (UA1/2) (UAl/z)T,

and L is unique for a given H, hence there is a unique unitary matrix Q; € C™*™ for the
given H such that
L=UAY?Q,. (2.13)

Combining (2.10), (2.12) and (2.13), we obtain |
1 m
Pa(d) = 5w (H A?”’”) I =22 fv /V pa(UAY2Q,Q)dQdU
i=1 m,m m,m

i<j

1 m
_ n—m | . R Y /
g (D) oot [, oo

1<J

(2.14)

the second equality follows from the fact that the measure defined by d@ is invariant under

unitary transformations.

2.3 Outage Formulation

Consider a non-ergodic fading channel model

Y; = £——H$z—|—wz, fOI"I;=1,2,...,OO, (215)

nr
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where z; € C"T, y; € C"%, and w; € C™E are the transmitted data, received data, and additive
white Gaussian noise at time i. The channel matrix H is chosen randomly but is held fixed
for all time.

outage is defined as the event that the mutual information of this channel does not support
a target data rate R [26]. Without loss of optimality, the input distribution can be taken to

be complex Gaussian with a covariance matrix Cyz, then
I(IBZ,yZIH = H) = logdet (InR + ;LP—HCxxHT> . (216)
T
Optimizing over all input distributions that satisfy the average power constraint, the outage

probability is

. p "
= P —H H .
Pyt (R) o0, Tl\rrzg s [log det <InR + - Ciz ) < R} , (2.17)

where the probability is taken over the random channel matrix H. It is shown in [1} that
Pout(R) = P {mg det(In, + pHH') < R] . (2.18)
We assume, without loss of generality, that ng < np. This is because
p +\ P rrt
logdet { In, + —HH'" ) =logdet | I,, + —H'H |} .
nr nr

hence, swapping ng and nr has no effect on the mutual information, except a scaling factor
of nr/ng on p, which can be ignored on the scale of interest.

Since the elements of H are independent, H has full rank of m with probability one. Let
A1 € Az < ... € Ay, be the nonzero eigenvalues of W, data rate be R = rlog p (which means

a multiplexing gain 7), we have

ng
Pyut(rlogp) =P [log det(I,, + pHH') < R] =P H(l +pA) < p’} .
i=1
Denotes a; = —log A;j/logp and o = [y, ..., |- It is shown in [1] that
Pout(T logp) =P Z(l - ai)+ < 7} = / pa(a)da>3 (2'19)
i Alr)

3This = is rigorous as used in [1] since p(l_"‘i)+ Ll+pmg 2p(1_°‘i)+.
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where (z)* denotes max{0,z} and A(r) = {a: > ;(1 — )t <7}

Pala) = (l(ﬁp )nR <H p“”T‘”R“)“’) e = pm)?- /V /V per(UDQ)dQdU,
i=1

i<j TRITR nR.T

(2.20)

Using (2.14) and change of variables, we obtain the joint pdf of o as

ala) = (2} (H p‘“T‘"R*”‘”) M-y [ [ pawpQuaew,

i=1 i<j nR:MR Y VMR
(2.21)
where D = diag[p~®/2, ..., p~®x=/?]. So, we have
Poui(rlog p) = / (4—> (H prrrrried | TT(p=% — p=09)?
A(r) \ =T =1 i<j
(2.22)
- [ / / per(UDQ)dQdU | do.
V'"’R!'"'R V'"’R""’T
Since Poyi(rlogp) — 0 as p — oo, and we are only interested in the p exponent of Py,
ie.,
1 1
lim 108 Fout(r10g o) (2.23)
p—00 log p
thus we can make some approximations to simplify the integral.
- .
First, the term (%) " has no effect on the p exponent, since
log (%Q)nl-?.
T
lim ————— =0. (2.24)

p—00 log p
Second, we can ignore the outer integral over the range with any «; < 0 when p — o0, and
replace the outer integral range A(r) with A'(r) = A(r)(YR™", where R™" is the set of real
n-vectors with nonnegative elements. To see this, notice that we can assume that oy, < 0
w.l.0.g., for the case with any a; < 0 and
ng
D lhig? = te(HHT) = p7% > p™ons, (2.25)
=y

1,7 1

1
nRNT

thus at least for one path |hy| > p“"na/ 2 whose pdf can be upper bounded by an

— min{b; }p~ "R max{B;;}/2

exponential term e when p — o0, which decays with p exponentially. A

rigorous proof is provided in Appendix A.3.
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As we will see later, the dominant part of the outage event is different for 0 < r < 1 and
r > 1. While a rigorous proof is provided in the appendix, we make a heuristic calculation

here for some intuitive explanation.

2.3.1 Outage diversity when 0 <r <1

As stated before, we only need to consider A’(r). When r < 1, since outage occurs when
> (1 —a;)T < r, it is obvious that a; > 1 — 7. Thus every eigenvalue \; = p~% < p—(1-7)
and goes to 0 as p — oo, which implies |h;;| — 0 as p — oo. This means the outage occurs
when all the elements of H is small, so we can use the near 0 behavior of the pdf of H to

calculate the outage diversity:

pr(H) =0 | [T Inylt " (2.26)
H=UDQ 1,5 hi;=[UDQ);;

Notice that [UDQ);; is a polynomial of p, where the coefficient are function of @ and U. The
term with the highest order is p~®r&/2 and its corresponding coefficient is nonzero almost
everywhere. We can approximate |h;;[% by p~%nrti/2,

For the polynomial in the Jacobian part, [[}5 p~(*r—na+be: . T, <P = p~%)2, we only
need to consider the case that «;’s are distinct, since otherwise the integrand is zero. In this
case, |p~% — p~%| is dominated by p~% for any ¢ < j. Therefore, we can approximate this
polynomial by p~ Ziti(nr—nr+2i-1as and approximate the outage probability by:

Pout(rlogp) = /A o p~ Zifi(nr—nat2i-Nai y=ang T i ti/2gq, (2.27)
(r

As p — o0, the integral is dominated by the term with the largest p exponent:

R

— inf nr—ngp+2t—Dao; +« t:/2
g or o3t o S
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- 2.3.2 OQutage diversity when r > 1

First, let us consider a simple upper bound on the outage probability:

: v nR
Poui(rlog p)< / 11 prrnatlo: ) [T — p7e9)? / K" dQdU dor.
o Jam K

i=1 i<j Vagpmg Y Vagnr

< / p'— SR (np—np+2i—1)y dov.
'(r)
(2.28)

Compared with (2.27), it is obvious that this upper bound is not tight for » < 1. The reason
is that using the upper bound K™E"T on the pdf of H ignores the fact the prr(H) goes to 0

when p — oo and r < 1. However, when r > 1, as p goes to infinity, the outage events will

include the neighborhood of H with the structure* (U diag[o, ..., 0, )\:ﬁ 10 )\71,43 ]Q) By
choosing proper U, @ and ()\711{3 10 )\%3 ), we can find that the pdf of this kind of H is

bounded away from 0. And the upper bound (2.28) is tight in the p exponent sense. Again as

p — 00, the integral is dominated by the term with the largest p exponent:
nR
— aeiﬁ'f(r) 2 (nr—nrp+2— o
Notice the above p exponent does not depends on parameters t;;, b;; and f;;, and is only
a function of r, ng and np. Furthermore, it is the same as that of i.i.d Rayleigh channel
considered in [1, Theorem 4], thus the outage diversity for 7 > 1 is the same for all the general
fading channel models we consider.

Roughly summarizing, when r is small (r < 1), outage only occurs when all the elements
of H are small so that parameters ¢;; take effect; When r > 1, outage still occurs when all
elements of H are small. But such outage events are no longer dominant, because in this case
outage can also occur when all elements of H are bounded away from 0, which are actually the
dominant error events because they are more probable than the case with all elements of H
close to zero. The probability of such dominant error events does not depend on the behavior

of the pdf of the elements of H near zero, specifically the parameters t;;, provided the pdf is

bounded, but only depends on the Jacobian between the elements of H and the eigenvalues

“[z] is the largest integer no greater than x and [z] is the smallest integer no less than x.
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of H. The Jacobian in turn only depends on the system dimensions, nr and ng, and not the
channel statistical characteristics.

It is of interest to notice that when ng < nr [c.f. Appendix B

"R S it
aelﬁ)f(r) Z(nT —np+2i—Dao; + —1’21——an = ael.»xéll’f('r) Z(nT ~ng+2i—1)a;, whenr > 1

since the optimization will result in a,, = 0 for both termes. So we can unify our result in

the following theorem with a proof provided in Appendix A.1.

Theorem 1 (Outage Probability) For the MIMO channel defined in (2.1) and (2.2), let m =

min{ng, nr}, and the data rate be R = rlog p, with 0 < r < m. The outage probability satisfies
Pout(R) = p_dout(r)a (2'29)
where
dow(r) = f(a®) = inf f(a), (2.30)
acA(r)
and

= Doy D055 b
fla) = Z(]nT —ng|+ 2t - 1o + —z————E—J———am,

=1 (2.31)

A(r) = {a o > >0, Z(l — ;)" }

dout(r), shown in Fig 2.1, is given by the piecewise-linear function connecting the points

(k,d*(k)), for k=0,1,...,n, where

ng — k)(nt — ifk=1,...,n,
(k) = (nr—k)(nr —k)  ifk=1 (232

ST A+ E) ifk=0.

2.4 Optimal Tradeoff Curve

The outage probability provides a lower bound on the average error probability for chan-
nel defined in (2.1), which is proved by [1, Lemma 5] for i.i.d Rayleigh fading case. Based
on Theorem 1, this result still holds for the general channel model defined in this paper. For

convenience, we restate it as follows without proof:
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Figure 2.1 Outage diversity for Rayleigh and General Fading

Lemma 1 (Outage Bound)[1] For the channel defined in (2.1) and (2.2), let the data rate be

scaled as R = rlogp. For any coding scheme, the average error probability is lower-bounded as
Po(p)2p ), (2.33)

where doyu(r) is defined in (2.30).

With Lemma 1 providing a lower bound on the average error probability, to obtain the p
exponent of P., we only need to derive an upper bound on P, (a lower bound on the optimal
diversity gain).

Consider at data rate R = rlogp,

P.(p) =Pout(R)P(error|outage) + P(error, no outage)
(2.34)
L Pout (R) + P(error, no outage).
By choosing the input to be the random code from the i.i.d Gaussian ensemble, the second

term in (2.34) can be upper-bounded via a union bound [1]:

. in{ng,nr}
P(error, no outage)g/ pala)p 2= o (=)l g, (2.35)
Ae(r)

where A°(r) is the complementary set of A(r).
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Using the similar argument used in the outage probability, we can change the integral
region to A¢(r) () Rmin{nr.nT}+ and approximate p exponent of the integral, which is stated in

the following lemma.

Lemma 2 For the MIMO channel defined in (2.1) and (2.2), let m = min{ng,nr}, and the
data rate be R = rlog p, with 0 < 7 < n. The average error probability when no channel outage

occurs satisfies:

P(error, no outage)<p~96) (2.36)
where
dg(r) =dg(r,a*) = inf dg(r, o), (2.37)
acAe(r) R
and

da(r,a) = 3 (2 - 1+ |nz — ngl)a; + Z2t- am+1 3(1= ) = 1),

i=1 i=1

AC(T)ﬂRm+={a:a1> O,i 1——0@)*’27’}.

i=1

(2.38)

It can be verified that [c.f. [1, Section IV-A]] when ! > nyr +np—1+ Zi,j tij/2, dg(r) agrees
with doyt(r) ; when l < np+ngp—1+ Z” ti;/2, da(r) = dow(r) for m — k1 < r < m, while

dg(r) is linear with slope —! and is strictly below doyt(r) for 0 < r < m — ki, where

ky =min{[l_ ]”R;”ﬂ - 1] ,min{ng,nr} — 1}. (2.39)

For convenience, we call a system with np transmit, ng receive antennas, and a block
length ! as an (np,ng,!) system. Combining the results from Theorem 1, Lemma 1, and
Lemma 2, we can see that given a multiplexing gain r, the optimal diversity gain is bounded
by min{dg(r),dout(7)} < d*(r) < dout(r). Whether the optimal tradeoff curve d*(r) can
be exactly characterized depends on the relation among nr, ng, [ and ;; as we conclude

in Theorem 2 and Theorem 3.

Theorem 2 For an (ny,ng,l) system with independent and regular fading pathes and | >

ne+nr — 1432 t; /2, the optimal tradeoff curve d*(r) is given by the piecewise-linear
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function connecting the points (k,d*(k)), k =0,1,...,min{ng, nr}, where

(nR——k)(nT—k) kaz 1,...,min{nR,nT},

&* (k) = (2.40)

SRS (1) ifk=0.

In particular, the mazimum diversity gain di,, = 3 25 3751+ %)Y and the mazimum

multiplezing gain v}, = min{ng,nr}.

Theorem 3 For an (nr,ng,l) system with independent and regular fading pathes and | <
nr+nr—1+437, ;tij/2, the optimal tradeoff curve d*(r) is upper bounded by dow(r) and lower
bounded by dg(r). With ki provided by eq. (2.89), for min{ng,nr} — k1 < r < min{ng,nr},
da(r) agrees with the upper bound dey(r) ; For 0 < r < min{ng,nr}—ki, da(r) is linear with

slope —l and is strictly below dow(r).

Remark: 1t is interesting to notice that the optimal tradeoff curve (or bounds) only depends
on param;ater ti; and not on b;;, B;; and K.

As an example, in Figs. 2.2 ~ 2.4, tradeoff curves are plotted for systems with ng = ny = 4,
ii.d Nakagami-m fading (m = 1.5) and block length [ = 1,10, 15, compared with the curves
for i.i.d Rayleigh case. As indicated by Fig. 2.2, when the block length is short for both
Nakagami-m and Rayleigh cases, their lower bounds are the same but Nakagami-m case yields
a higher upper bound; When block length is long enough for Rayleigh case but still short for
Nakagami-m case, the upper and lower bounds for Rayleigh case are exactly the same while
the lower bound of Nakagami-m case is no less than that of Rayleigh case as shown in Fig. 2.3.
Fig. 2.4 illustrates the tradeoff curves when the block length is long for both cases. The upper
and lower bounds for either of the two channels are identical, thus exactly characterize the
channel. We observe that, although the Nakagami-m case has a higher tradeoff curve when
0 < r < 1, it yields the same result when r > 1 as the Rayleigh case. In general, different
fading models only affect the first segment of the optimal tradeoff curve (or bounds), compared.

with the results in [1].
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Figure 2.2 The bounds of optimal tradeoff curves for a (4, 4, 1) system
over Rayleigh and Nakagami-m (m = 1.5) fading channels
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Figure 2.3 The bounds of optimal tradeoff curves for a (4, 4, 10) system
over Rayleigh and Nakagami-m (m = 1.5) fading channels
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Figure 2.4 Optimal tradeoff curves for a (4, 4, 15) system over Rayleigh
and Nakagami-m (m = 1.5) fading channels
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CHAPTER 3. Extensions

In previous section, we derive the DMT result for independent channel model. Based on the
techniques we have use, we are ready to extend our result to some more general and practical

models.

3.1 Effect of Correlation

We will study the DMT of a correlated MIMO channel in this section. Suppose that the
channel matrix H can be decoupled as Elﬁzg, where H has independent and regular entries,
¥1 and Xq are the covariance matrices at the receiver and the transmitter, respectively, both
of full rank.

First, let us consider a special case, where ¥; and Xs are unitary matrices. By (2.14),
the distribution of the eigenvalues of HHT and that of ﬁﬁT are the same. Thus those two
channels yield the same DMT.

Second, let us consider another special case where ¥ and X4 are diagonal matrices with
positive elements on the diagonal. It is easy to see that the elements of H are still independent.
The pdf’s of elements of H share the same parameters as those of [ﬁ]” except that the variance
{)’s are re-scaled, which has no effect on the tradeoff as long as it is a positive constant. Thus
H and [ﬁ]” yield the same tradeoff.

Finally, for arbitrary full-rank covariance matrices ¥; and Y9, we can do the eigenvalue
decomposition of both matrices and get H = sz’zz = Ui\ U;r ﬁUgAgUZT . Based on the

discussions of previous two special cases, it is straightforward to prove the following corollary:

Corollary 1 Suppose that the channel matric H can be decoupled as Elﬁzg, where H has

independent and regular entries, 31 and Xo are the covariance matrices at the receiver and the
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!

transmitter, respectively, both of full rank. Then doy(r) and dg(r) of this channel are the same
as those of a MIMO system with channel H. The optimal DMT curve (or bounds) for channel

H is the same as that for ﬁ, which can be characterized using Theorem 2 and Theorem 3.

3.2 Effect of Channel Mean

In Table 2.1, the only model with a non-zero channel mean is the Rician channel. For both
Rayleigh and Rician channels, the parameter ¢;; is 0. Therefore, for a fading coefficient h;;
with complex Gaussian distribution, its channel mean will not affect the optimal tradeoff.

For other models where t;; # 0, adding a channel mean H,ie, H= H + H, where H has

independent and regular entries, results in the pdf of the fading coefficient h;; as

Ph; () = pg, (h—[Hl;)
It is obvious that the near oo behavior of the pdf of h;; is the same as that of Eij, ie. as
|| — o0, pp,. (R) = O(e*bz’jlhlﬂ“). Also Ph,, (h) is bounded by K. But the near 0 behavior of
(%] 3
h;;’s pdf is the near —[H];; behavior of ﬁij’s pdf, which the DMT result of channel H depends
on.

Let us associate (p(-),h) with a channel, where A is the channel mean and p(-) is the pdf

of the channel subtract the channel mean. We call a channel strictly regular if
1. p(-) satisfies the three regular conditions,
2. if b # 0, when |h + h| — 0, p(h) = O(1).

Notice when A s 0, a strictly regular channel is equivalent to a zero-mean complex gaussian
channel (recall that its paramter ¢ = 0 ) from a DMT’s point of view, which means that the

non-zero will be non-beneficial to the DMT result. In summary, we have the following corollary.

Corollary 2 Suppose that the channel matriz H has independent and strictly regular entries.
Denote H = E{H} and H = H —H. Then dou(r) and dg(r) of channel H are the same as

those of a MIMO system with channel matriz B with independent elements such that:

o If H;j # 0, Bi; has a zero mean compler Gaussian distribution;
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. ifﬁij =0, Bj; has the same distribution as /ﬁzj

The optimal diversity and multiplezing tradéoﬁ (or bounds) for channel H is the same as that

for B, which can be characterized using Theorem 2 and Theorem 3.

We remark that for channels that are not strictly regular, the presence of a non-zero channel

mean may be beneficial.

3.3 Effect of Combination of Channel Mean and Channel Correlation

In fact we can generalize the result in Section 3.1 and Section 3.2 in one corollary. The

-

proof is similar thus omitted here.

Corollary 8 Suppose that the channel matriz H has the form of H = 1 HY,, where 3 and
2.9 are the covariance matrices at the receiver and the transmitter, respectively, both of full
rank; H has independent and strictly reqular entries. Then dout(r) and dg(r) of channel H
are the same as those of a MIMO system with channel matriz H , which can be calculated via

Corollary 2.
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CHAPTER 4. Conclusions

In this thesis, we derived the optimal multiplexing-diversity tradeoff for general MIMO
fading channels, which include different fading types as special cases. We also treated channels
with non-identical fading distributions, spatial correlation, and non-zero channel means.

Our approach is based on the joint pdf of the eigenvalues of the Gram matrix of the channel
which is the mathematical foot stone to determine the DMT. It is available in a simple and
nice form [1, eq.(10)] under i.i.d Rayleigh channel assumption. Although a closed form is hard
to derive for other fading types, we show that it is still possible to characterize this pdf in the
high SNR regime to derive the DMT. Roughly speaking, if the joint pdf of the eigenvalues can
be well approximated by a polynomial near zeros and as exponential near infinity, the DMT
can be computed explicitly, which we believe is novel according to the literature we have.
The order of this polynomial approximation depends on the near-zero behavior of the specific
channel model we choose, to which different DMT results are attributed.

We showed that for a (ng,nr,l) system with ng receive antennas, nr transmit antennas,
and encoding block length I, the optimal tradeoff is determined by a set of parameters i;;,
i € [1,ng], 7 € [1,nr], one for each fading path, describing the near-zero (or deep-fade)
behavior of the probability density function of the fading path. The ii.d Rayleigh fading
case considered in [I] corresponds to t;; = 0, Vi,j. Compared with the results in.[l] for
i.i.d. Rayleigh channels, the optimal tradeoff in the general case may be different only on
first segment, i.e. for multiplexing gain r € [0,1), which suggests that for » > 1, the optimal
tradeoff depends only on the MIMO system array structure, rather than the channel fading
types. We proved that under certain full-rank assumptions spatial correlation has no effect on

the optimal tradeoff. We discussed the channel mean effect from a DMT point’s of view, and
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also argued that non-zero channel means are not beneficial for multiplexing-diversity tradeoff
for some fading types.

Since we only require the near zero and near infinity behavior of the channel pdf with
the bounded condition satisfied, any new practical channel model is relatively easy to check
whether it falls within the category we have considered. With the assist of our result and
the mathematical techniques we have developed, it is now possible to compare different space
time schemes under a unified framework for not only i.i.d Rayleigh channel but a much more
generalized fading models while the optimal DMT result we have derived in the paper can serve
as a benchmark. Our new DMT results may also facilitate a more comprehensive understanding

of the limiting performance of MIMO systems under generalized fading conditions.
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APPENDIX A. Proofs

A.1 Proof of Theorem 1

Without loss of generality, we assume that ng < ny. Let A'(r) = A(r)(\R"& = {a :

ST (1 — o)t <7} Recall that,

Pout(rlog p)
nR
i/ (H p~(nT—nR+l)ai> . H(p—ai . p—aj)2 . { / pH(UDQ)deU do.
A(r) \;=1 i<j Vg 4 Vo gy

(A.1)
A.1.1 Outage diversity when 0 <r <1

Notice that when r < 1, Vo € A'(r), since Y _,(1—oy)™ < r, it is obvious that Vi,1—a; <7,
thus \; = p~% < p~(=7). Therefore for every element of H, |h;;|? < tr(HH) = 308 p~% <

nrp~ "), As p — oo, |hij| — 0, so we can use the near 0 behavior of phij(')‘

Pout (7' 10g :0) =

nR
/ [[ o (rrnatie:
"(r) 1=1

nRr NT

L1 = pme)* /V /V [1111wDQl; [%dQdU | de.

1<j "R:™R Y YRRMT §=1j=1
(A.2)
Define

g(Oé, P, U: Q>7/7.7) = HUDQ]lJl (A3)

A.1.1.1 upper bound

Since U and @ are unitary matrices, their elements are bounded by 1. Notice [UDQ);; is

just a polynomial of p with the highest order —a, /2, therefore there exits a positive constant
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Nj such that g(a, p,U, Q,4,7) < Ny p~%=r/2 Thus we can upper bound the outage probability

as:
Pyt (rlog p)
nr nT
—(np—np+l)a; . H( —ay 0)2 / / H H p —Qnp Z” ”/dedU dov
/I(T) =1 i<j VnR np V'"'R np =1 j=1
é/ p~ T @da. ,
Al(r)
(A4)
where
nR ) tij
Fley=> (nr—nrp+2%—1Dai+ang Y - (A.5)
=1 %,
Following the same argument used to prove [1, (44)], we obtain
/ o=@ g = = Fle) (A.6)
A(r)
where o* = arginf 4y f().
A.1.1.2° Lower bound
For any ¢ > 0, define
S(0) = {o: Jay — o] > 6,Vi # 7}, (A7)
For any O<ex m’ define
Quanr(6) ={Q €™ : QQ = Ly, |[Qlungl > 4 =1,z },
(A.8)

nnn(€) = {U € CHRMR L UUY = L, (Uil 2 €6 = 1,0mR

Given Q € Qupnp(€) and U € Upy, g (€), the amplitude of the coefficient of p~%"#/2 in the

expansion of g(«, p, U, @Q,4,7) can be lower bounded by e

Given a € §(6), we could lower bound g(a, p,U, Q,4,7) as

nR—l
9(a, p,U,Q,1,5) >e2ponr/? — Z o2 > ,0_0‘"1?/2(62 —ng- p_6/2), when p > 1. (A.9)
i=1
It is true that V6 > 0, €2 — ngp~%/2 > 0, when p > (Qf‘) 28,
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Now, we can construct a lower bound on Py (r log p):

Pyt (rlog p)
. nR Slij tig .4 tii/2
> / [J o trmrado [T(1 = p=0)pm9)? - p= =5 o (= g o 2)2 o
A(r)NS(8) 1= i<j

: [ / dU - / dQ] da
Unpg,ng(€) Qnpnp(€)

s tii /2
i(]. _ p—é)nRz—nR (62 —ng- p—é/Z)zw i/ / p_f(a)da,
A'NS(8)

[cf. Lemma 4 in Appendix A.2]

A'(r)(1S(8)

=p~ Mamnse (@)
(A.10)

By the continuity of f(-), inf4()s(s) f() approaches f(a*) as § — 0. Based on the upper

and lower bounds we have constructed, we have
~ o —dout(T)
Pous(r log p) = p=%), (A.11)

where doy(7) is defined in (2.30).

A.1.2 OQutage diversity when r > 1
A.1.2.1 Upper bound

Notice that since Ph,; () is bounded by K. It is straightforward to obtain an upper bound

on Pyt (7' log P)3

Pyt (rlog p)
ng
< (Hp““T“"R“)‘“) Te==sp [ | &raqavde
A(r) \3=1 i<j Vagng /Vi

mRnT (A.12)
< / p~ SiE (nr—np+2i-1)ai g,
A(r)

ip-f’(a*),

where f'(a) = > 0% (nr —np + 2 — D)oy and o = arginf 4y f'().
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A.1.2.2 lower bound

We have assumed that the entries of H are independent and regular. For each value of
r € [1,ng), we could find a channel realization Hy(r), two positive numbers ¢ and w, both
depending on 7, such that Hy(r) is of rank |r| and VH in the neighbor hood of Hy(r), i.e.
[|H — Ho(r)|lF < ¢, its pdf is lower bounded by w, i.e. pgr(H) > w. To see this, notice that we
can find a rank |7| matrix H(r) with non-zero élements, and Ho(r) = aH(r) is also of rank
|7 | where a is a positive number. Thus we can make a arbitrarily small so that we can use the
near 0 behavior of the channel to get the lower bound w. !

The singular value decomposition of Hy(r) is Ho(r) = Up(r)Do(r)Qo(r). Since Hy(r) is of
rank |7}, [Do(r)]s =0, for 1 <i <nr—|r] and [Do(r)}is > 0, for ng— |7] +1 < i < ng. Also
we can consider the Hy(r) with distinct positive singular values?.

Define
BUO(’I’) (.’Z:) = {U :U € Vapng, HU - UO(T)“F < :Z:},
Boor () ={Q : Q € Vagns, [|1Q — Uo(n)l|r < 2},

p < x, 1<i<npg—|rf; (A.13)
C(Do(r), pyz) = Q e : s

[Do(r)}is < p=* < [Do(r)lus +2, np—|r]+1<i< ng.
S@,r)={a:|os—aj|>6 for 1<i<j<ng—|r}.

By the continuity of Frobenius norm, there exits a positive number z, which depends on
¢ such that YU € By,()(z), YQ € By (z) and Yo € C(Do(r), p,z), |[UDQ — Ho(r)|lr < ¢
(recall that D = diag[p~®1/2, ..., p=@r/?)).

Since [Do(r)}is’s are different when ¢ > ng — |r] + 1, we can make z small enough such that
Va € C(Do(r), p,x), |p7% — p~®i| >z for ng — |r] +1 < i < j < ng and z < [Do(r)];4, for

ng—|r] +1<j < ng.

"Here we just use the near-zero behavior to find Hp(r), but actually, we only require that for each integer
7, we can find a channel matrix realization Ho(r) such that Ho(r) has rank r and a neighborhood in which the
pdf of every matrix can be lower bounded by a positive number.

2A Hy (r) with repeated singular values will also be enough for our proof. We can construct non-overlapping
intervals of the largest [r] eigenvalues in set C(Do(r), p,z) to get a lower bound.

%t is possible that some «; are negative, but as p — oo, those a; — 0 s0 it is not contradictionay to our
claim that we can focus on A’(r) instead of A(r).
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So for a € §(4,7)(NC(Do(r), p,x), we can handle the term J[;_; lp~% — p~%|? in the

following way:

[Tipmo = pmo?

1<g
2
> I (a-r%) - T o I (Doly-27?
1<i<i<ng—|r] nr~|r|+1<i<j<ne iSnp—|r]<j
ng—|r] 0 (A.14)
> [ 72 ] (1_,,—6) : II 22
j=1 1<i<j<np—|r] np—|r|+1<i<j<nr

I Doy —=)?

iKnp—|r]<j

Only the first term H?j; Lrl p~ =22 affects the p exponent. The other terms can be
viewed as constants and removed in the following calculations.
Notice that our choice of z and ¢ does not depend on p.
For fixed z, any 6 > 0 and p large enough, we have |logz/logp| < 6, and |log([Do]: +
z)/logp| <4, for np — |r] +1 < i < ng.
It follows that when p is large enough, we have Aq(r,d) C A(r) (N C(Do(r), p, ) N S(4,7),
where*

nr—|r]
Ao(r, 6) ={ar~l") Z (1—a)t <r—[r](1+68)} s

ﬂ{a?R_LTJ tenZ 2 ey 20, la; — o] > 6},

and of = {a1, g, ..., a4}

“If r is an integer, we can use continuity to get dous (r).
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Then the lower bound of Puyt (7 log p) can be constructed as:

P(rlog p)
;s

1/

 JA) NC(Do(r),p,7) 31

-w[ / aU / dQ} da
Buy(@)  JBgy(@)

nR

p—(nT—nR+1)ai H lp—ai . p—aj i2
1<j

> —(nT —ngp+1)a; H lp _ p-—aj [2da,

1<j

/.A(T) ﬂC(DO(T),P,I) 1=1

[c.f. Lemma 3 in Appendix A.2]

nr—|r] ng

H p—(nT—nR—I-Qi—l)ai . H p—(’n/_'p—-’n,R—I-1)(17;da7

g
A(r)NC(Do(r),px) NSGr) 54 i=ng—|r]+1

(A.16)
[cf. eq. (A.14)]

ngr~|r]
/ IT o rre% oo - dog ey
Ao(r, 5) P

1 D ZZ
/ ng o(r)}is) p_(nT—nR+2i)ai dai,
t=ngp— [_1'J+1 Ing [Do(r)]ss+x)

> / p— E?_R L7 (nr—np+2i—1)ey dOl]_ . danR——[_’r‘J
Ao(r,0)

nR Do)+ N
i=n l:[L1~J+1logp ([—[OD(—O)(%;—> (1Do(r)]ia) +2

3 / P+ @Dday - dog )
Ao(r,5)

where
ng—|r]

frly= > (nr—nr+2 - o (A.17)
=1
So the lower bound of outage probability is

P(rlogp) = p~ ™o 7@ ys >0 (A.18)

By the continuity of f,(-), inf 4. (s fr(a) approaches inf 4 ¢.q) fr(a) as 6 — 0. The upper
bound and lower bounds we have obtained for > 1 case turns out to be two simple optimiza-
tion problems. It is easy to show that the diversity of those two bounds are the same, which

can be further shown to be a simple curve dou (7) defined by (2.30).
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A.2 Lemma 3 and Lemma 4

Lemma 3 Define the.topological metric/distance in the complex Stiefel manifold Vipn as

d(Q1,Q2) = ||Q1 — Q2l|lF, for Q1,Q2 € V.

YQo € Vi n and Yr > 0, the volume of a ball centered at Qo with radius r is always positive.

i.e.,

/ d@ >0
d(Q,Qo)<r

Proof: First, due to the invariant property of d@, the volume does not depend on the
center of the ball. Second, when the distance is defined as the geodesic distance instead, a
positive lower bound of the volume of a ball is given in [27, (42)-(46)]. Finally, the distances

under these two definitions are locally equivalent [27, (21)], which completes the proof. O

Lemma 4 For any 0 < e < ﬁl—, define

max{ng,nr

QnR,nT(e) = {Q € CnRan : QQT = I’nRa ”:Q]nR]l > eaj = ]-7 ---anT}y

(A.19)
Unpinn(€) ={U € C'55 : UUY = L, |[Uling] > 6= 1,.ma}
Then
/ dQ > 0, / au > 0. (A.20)
QnR,nT(G) u’nR,’nR(f)
Proof: We can find a Uy € Vipny whose last column is | }m, 1113""’ ;R]T. Thus

1 _ . .
for any 0 < € < Tt we can construct a ball By, (x) centered at Up with sufficient

small radius 0 < z < ¢, such that By,(z) is a subset of Un, ny(€). To see this, VU € By,

lUo—Ul|lp <7. Thus, for 0 <r<e 1<i< ng
T2 ][UO]iTZR - [U]inR| 2 |[U0]ian - I[U]ian = 2¢ — |[U]ian7 (A'Ql)

then we have |[Uling| = 2e—7 > €, i.e., U € Uppnyp(€). Since By, (x) € Unpnp(€), by Lemma 3,

= MR

funR,nR © dU > 0. Similarly | Qg () dQ > 0. |
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A.3 Discussion on ignoring negative «;

Let us first partition the outage set A(r) in the following way:

np—1

A =A@ U (A0NB), (A.22)

g=1
where By = {@ : aq,...,04 = 0 > agy1 > --+ = ang}. Notice that By is the set in which
Vi, a; < 0 and A(r) By = 0.
To ignore the integration over the region other than A’(r), we need to show that:
/ pa(a)da)i/ pala)da, (A.23)
A(r) N By A(r)
Notice
g nR
A(T)ﬂBq ={a: z(l —a)" <r—(nr-q+ Z Qg
i=1 i=q+1

Qly ey Og 20,001y 0g 20> gy 2 --- 2 opgt

g
A24
cla: S (1 —a)t <r—(nz—aq) (A.24)
=1
A1y 0g 20,11,y 0g 20> g1 > --- 2 apg )
=C(g,7)
When r < n, — g, C(g,r) = 0, it is trivial that fA(T)an pa(a)da)< fA’(r) Pala)da,
When r = n, — ¢, we have
/ Pala)da)
A(r) N Bq
</ pa(a)da
C(r,q)
(A.25)

< / o~ S (np—ngp+2i—1)oy;
C(rq)

n . 2ij tig
[/ / ,0_ Eigﬁl(nq«—n}g—l—h—l)ai— Jzt]aanH(UDQ)deU da
V""R?'"'R \Z

nRT
Choose a sufficient large M, such that when |h| > M, Vi, j, Phn) < O(e_bijlh[ﬁij)7 ie. the
ij

near oo behavior takes effect.
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If p~%rr > M./ngnT, notice tr(HHT) Zz—q—l—lp , there exist 7,7 such that |hl;; >

\/W Zl_q 1P~ % > M, thus the pdf of this hs; can be upper bounded by an exponential

function. Define b = min;; b;;, § = max;; B;;. This pdf can be upper bounded by O(e“b|h|ﬁ).

Since (3 7F A p“"")ﬁ/ 2 > %Effq 1 p~B/2 this pdf can be further upper bounded by
O(e_b VTR ), where ¥/ = —ﬁ—/—mb— and ' = (/2. We can use K to upper bound the
'y nrB/2

pdf of each other elements in H':

/ / / 1—q+1(nT_nR+21 Do thij aanH(UDQ)deU
0>aq412Z2ong [V v

"R"R TRMT

dogir -~ dom,,
_STR _ . ity SR —a; 8
</ p Zz=q+1(nT np+2i—1)oy ) O‘”RO(e b Zz=q+1p i )daq—i—l"‘danR
0>agt12-20ng

/ / dQdU
Vagng I Vs

TRMT
<M; where M is a positive number and does not depend on p

(A.26)

If p~%r < M./mgnr, then we use K"E"T to upper bound pg(UDQ) and use (\/W)y to

Tiits
upper bound p~ P %rr_ where y = Ei:q—l—l (np—np+2i—1)+ —z—:—%t—”—

/O>ozq+1 2 20n g >—log(M/ngnr)/logp

[/ / EHonor-nati e S an (0 DQ) QAU
daq+1 o dap,
(A.27)
(10g(M \/anT)>"R qul( M yygnane
log p /MRT
/ / dQdU
VnR,nR VnR np

< <1og M2

nrp—q+1
1 ) where Ms is a positive number and does not depend on p
0g p
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Based on (A.25), we have:

/ Pal(a)da)
A(r) N By

. log M.
g((MH_(_‘E__E

)nR—q+l> / p—‘ 25:1("T—HR+2i'—1)ai dal B daq
log p S (1—a) T <r—(nr—q),01 > >0q 20

e - i .
< / p Zi:1(nT np+2i—1)a; dOll .. daq
S I1—oy)t<r—(ngr—q),0n 2 2aq20

. q ) .
—infna ot cr—(np—g)a13>->ag>0 iz (nr—nr+2i—ljoy

=p
<p~— ian,(r) Z:;% (nT—nR+2i—l)ai+&%Ei—j—anR
<p"dout (7')

(A.28)

Based on the discussions above, we can always ignore the region A(r) [ By, 0 < g < nr—1

and only consider A'(r).
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APPENDIX B. Linear Optimization Problem

Though the optimization result for i.i.d Rayleigh case is given in [1] which is similar to the
general case, we make a self-contained derivation here for completeness. As we have discussed
before, we only need to consider the case ng < nr since the result of the other case is just an

exchange in ny and ng. Therefore, the optimization problem we face in the thesis is of the

form:
nR
inf o) =) ci
i=1
nR
st > (L—a)T<r . (B.1)
i=1
a1 2 g 2 opy 20
where

nr—ng+2i—1 1<i<ng—-1
¢ = (B.2)

TR ST 4
nr+ng—1+ ZemiZam Z2IJ_1 = i=ng

Notice we assume t;; > 0, we have 0 < ¢; < -+ < ¢p . And there is no benefit to make any
a; > 1, since replace this with o; > 1 will always yield as smaller f(«). Thus the optimization

problem is equivalent to:
nR
min f(a) = Zciai
i=1

s.t. Z o Zn—r (B.3)
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Do the following change of variables:

Q; — Q41 1<7:<’TLR—1

i
b= ¢
i=1

The optimization problem now changes to:

R

min E bi ,31
=1
TR

s.t. Ziﬁi >n—r
i=1 (B.5)

nR
Zﬂi <1
i=1

Bi =0
The benefit of changing «; to §; is that there is no ordering among f3;’s, which makes the

optimization problem easier to solve. After some algebra, we get:

(nT—nR)i+i2 1<ig<ng—1
b = (B.6)

nrng + T 2 ="NR
oty
where T' = &%
One useful properties of b;’s is:

b b; b
D<= < e <ove < £ (B.7)
1 7 nRr

The constrain area of 3;’s is a polyhedron in nr-dimension vector space. And the objective
function is a plane in this vector space. Thus the optimal point should be one of the vertexes
of this polyhedron.

The vertexes are the points obtained by the following procedure:

1. First kind: For each 1 < ¢ < mng, the intersection point of line 8; = 0,% # ¢ and plane

np—7r
q

qfy = ng —rif By = < 1,ie. g > ngr —r which gives the value of the objective

function as: f = —lfqi(nR —)
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2. Second kind: For each 1 < ¢ < npg, the intersection point of line g; = 0,4 # ¢ and plane

By = 1, if ¢ > ng — r which give the value of the objective function as: f = b,

3. Third kind: For each pair of p and ¢ such that 1 < p < g < ng, the intersection point
of plane §; = 0,% # p and © # g, plane pB, + pBp = n — r and plane B, + G, = 1, if

ﬂpzq;gl:%ﬁZOandﬂq=(—n—R}1—__—%j20, ie. p<ng—r and q > ng — r, which give

(nr—r) (np=r)—p
q—p +b‘1 q—p

the value of the objective function as: f = b, 1=
- Since if ¢ = ng — 7, %‘l(nR — 1) < by, the vertexes of the second kind will always not be the
solution.

Let us first ignore the case when r is an integer, which can be obtained by continuity. If

we could find p < ngp —r < ¢, notice.

q—(NR—T)+b (nR—r)—p

b
" og-p Togq-p
by b
b, (% — 1)(q — (g — 7))
=—(ng—r)+ (B.8)
q( ) (¢ —p)(pg®
bq . b D
<—=(ng —r) since = < —+
q q

Thus, if there exits p < ng — r < g, then the vertexes of the first kind will always not be the

solution.

Also, define g(p,q) = by, q_(;_Rp_T) + bg (an:T;“p , 1t is easy to check that %’;;q) < 0 and
Q_gé_z;)@ = 0, which means we should choose both p and g as close to ng — r as possible to
minimize the objective function.

When ng —1 <r <ng, 0 <ng—r <1, we only need to consider the vertexes of the first

kind. Therefore, the minimum objective function value is b1(ng — 1) = (ny —nr + 1)(n —r).

Thus the corresponding a and doys(r) is:

ng—r 1=1
oy =

0 i>1 (B-9)
dout(r) = (n ~nr +1)(n — 1)
When m < r < m + 1, where m is an integer and 0 < m < ng — 1, in this case we

have ng — 1 —m < ng —r < ng — m, the vertex we should choose is of the third kind with
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p =nr—1-mand g = ng—m and the minimum objective function is b, (r—m)+bg(m+1—r)) =
by — (bg — by)(r —m) = by — ¢cq(r — m). Thus the corresponding a and doyus(r) is:

1 t<nrp—m-—1

ai:Jm—l—l—r t=nr—m
(B.10)

0 t>NR—mM
\

dout(T) = bnp—m — Cnp—m(r —m)

A key observation here is that a; = 0 when ¢ > ng — |r| + 1, which means:

nR nr—|r]

inf Z cijo; = inf Z co; (B.11)

i=1 i=1
under the constrain
SRl —a)t<r, a1z ap, 20
and
srla eyt <r—Ir), x> Opp—|r]s Ong—|r|+1 =" = Qnp =0

respectively.
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