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Abstract An analytical solution of Laplace’s equation is
presented for appropriate boundary conditions associated with
the problem of dual-pipe subirrigation and drainage. The
solution describes stream function and hydraulic head within
the groundwater flow region and likewise the associated
water table shape. The solution is general and flexible.
Response of the groundwater system can be studied relative
to thickness of saturated zone, position of subirrigation and
drainage pipes, heads in the subirrigation and drainage
pipes, crop evapotranspiration,  fraction of inflowing
subirrigation water that exits the drains, and the aquifer
hydraulic conductivity. Calculations are presented showing how
pipe spacing affects shape of water table. The general
solution can be used also to predict salt flow through the
system as well as water flow.

Gestion de la nappe phréatique par un systdéme d’irrigation
souterraine i deux tuyaux

Résumé Une solution analytique de I’équation de Laplace est
présentée pour les conditions aux limites qui sont associées aux
problémes d’irrigation et de drainage souterrains & deux tuyaux.
La solution décrit la fonction courante et la charge
hydraulique dans la région d’écoulement souterrain et la forme
de la surface ‘de la nappe. La -solution -est -générale -et -souple.
On peut étudier la réponse du systtme des eaux souterraines
par rapport & I’épaisseur de la zone saturée, aux profondeurs
des tuyaux d'irrigation et drainage, aux charges des tuyaux
d’irrigation et drainage, a I'évapotranspiration des cultures,
a la proportion d'eaux entrantes qui ressort par les drains, et
a4 la conductivité hydrauligue du milien poreux. Les calculs
presentés montrent comment change la forme de la surface du
niveau d’eau quand lintervalle entre les tuyaux est changé. On
peut utiliser la solution générale pour prévoir le mouvement
des sels vers le systéme aussi bien que I’écoulement d’eau.

INTRODUCTION
Figures 1 and 2, after Kirkham & Horton (1986), illustrate the problem. It is
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Fig. 1 The dual-pipe subirrigation-drainage system.

to determine, with the aid of the stream function, heads, velocities, and other
hydrological quantities for a dual-pipe subirrigation-drainage system patented
by Thornton (1985). Some analysis of the problem has already been done
whereby, instead of dual cylindrical pipes, rectangular (slit) tubes were used
(Kirkham & Horton, 1986). The work is now extended to cylindrical (circle)
tubes.

Literature on subirrigation is scarce. One may see Ernst (1962), Brandyk
& Wesseling (1987), Willardson (1987), Van Bakel (1988), Cooper & Fouss
(1988) and Arthur (1988). For practice, this paper identifies system parameters
and shows how they enter into groundwater management for clean water and
crop growth; a main aim is to find formulas for the water table arch z with
maximum height H as they depend on the tube spacing, evapotranspiration
and the other parameters of Fig. 2.
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Fig. 2 Geometry, hydraulics, and most symbols for a typical flow
semisection of the dual-pipe subirrigation-drainage system.
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ANALYSIS

Streamlines serve as a graphical representation of the stream function and
are indicated in Figs 1 and 2. Some of the streamlines go to drainage
outflow (a sink) and some to evapotranspiration (another sink). All
streamlines originate at the irrigation tube (the source). Figure 1 has
symmetry and because of it we may consider flow only in the space
OAD'EPO, less the space occupied by tubes and by a water table arch
DD'E. In this work it is to be understood that the flow region (problem
domain) extends a distance of 1 m, perpendicular to the plane of the
figure.

Denoting the stream function by ¢ [m® m™! day!], streamlines are
indicated graphically in Fig. 2 as a set of arrowed curves 0.04, 0.2¢,, 0.4,
- 1.0¢,. Here ) is given by the relation:

¢0 = Q/2 (1)

where Qf2 is the total flow (per 1 m length of inflow tube) moving to the left
of the flow region.

In Fig. 2 the streamline 043, is particularly important because the
quantity 0.4y, is selected to be the amount of water (0.4¢, —0.04, = 0.4¢)
that enters the drain tube sink. In general, let f denote the fraction of flow
going to the drain tube. Therefore an amount (1 - f)y); goes into
evapotranspiration. The 0.43, streamline in Fig. 2 is branched at point P. One
branch, 0.4%, moves up and another branch, also 0.4nb0, moves down. The
0.4¢’0 and other streamlines in the figure are approximate. Iet e
[m® m? day!] represent the evapotranspiration coefficient and take s to be
the distance between an adjacent pair of tube centres. The extremely
important continuity equation is:

es = (1 - N, 2)

where e is taken as a constant.

Laplace’s equation is needed to solve the problem. It will be solved first
for fictitious narrow rectangular vertical (slit) "tubes” assumed to replace the
circle tubes in Fig. 2. These slits will then be shrunk to points which in turn
become centres of drain tube circles, a procedure used in Kirkham (1958),
and again in Kirkham & Horton (1986).

In Fig. 2, but now with the slits replacing the circle tubes, take the
bottom of the left slit at (O,x), its centre at (O,8) and its top at (0,Y). The
corresponding values for the right slits are (s,a), (s,0), and (s,¢). The slits are
considered to be so thin that flow passing into and out of the top and
bottom of a slit may be neglected. These slits will be used tu get a stream
function solution of Laplace’s equation. From ¢ the velocity potentials and
heads will then be derived.

The stream function ¥ = P(,y) [m® m? day!] satisfies Laplace’s
equation as is proved by Kirkham & Powers (1984, p. 108). The equation for
Cartesian x,y coordinates is:
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The equation is like that for Laplace’s equation when ¢ = k¢ or just ¢ is the

potential function. A previous groundwater example is in Kirkham (1957). In

order to solve this current problem, boundary condition equations have to be
stated. To do this first choose an origin O of x,y coordinates. Choose O at
the lower left-hand corner of the flow region similar to the "standard” as in

Walker (1933, pp. 9 and 10). Boundaries in Fig. 2 are numbered 1, 2, ..., §,

and the boundary conditions may now be expressed similar to those in

Kirkham & Horton (1986) and Kirkham & Powers (1984, pp. 99-101).

With Fig. 2 in view, consider the circle tubes shown to be replaced by

fictitious slit tubes and now write down the boundary conditions for bottom,
right, top, and left boundaries for ¢, for the slit tube system, as follows:

=0 ©)

Bottom:

1. YE0) =90 0<sxs€s

Right b_,

2. Yy =0 ) 0<y<a
y—-a

300 Plsy) =—— ¥, asys<c
c—-a

4. Plsy) = ¥, c<y<h

Top a,,

5. WEh) = i + (1 —f)“:_;po 0<x<s

Left c,,

6. PO =0 0sy €

7 oy =% <y €

Y( :}’)-7'7—:—&]0% axsy sy

8. ¥(0y) = fih, Y<y <h 4)

To satisfy the boundary conditions, except possibly for points (O,#) and
(s,/), which may, for now, be considered as removed from the flow medium,
select (Kirkham & Powers, 1972, pp. 91-101) the function ¢ as:

. inh "
Y v singnmds) SVE) v ngmmymy )
U m sinh(mmnh/s) m sinh{(mmns/h)
inh - x)/h
+ X ¢, sin(mmy/h) siphfrrm(s - ©)/h] (5)

sinh(mns/ k)
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where the summing is for m = 1, 2, .., @ (which is to be understood in
the following for the infinite sums, unless otherwise stated).
The assembled a _, b and Con for circle tubes are found to be:

m’ “m

2 cosmn
“m = E[;rf_ m ] ©)

2(1 mnb 1
b = —|— cO§ —— — — cosmn (7)
mooonm h m

2.1 mnB 1

= —f{—- cO§ — =~ — m 8

€ nf[mco P mcosm] (8)

The constants 4, b, and ¢, of equations (6)—(8) when substituted in
equation (5) satisfy the boundary conditions of Fig. 3 for line sources and
sinks and hence for the circle tubes for the normalized stream function ([)/lbo.
To get needed heads and velocities for the flow region convert ¢ of equation
(5) to a velocity potential & defined by:

® = k¢ [&(m? day'?), k(m day'*), ¢(m)] 9)

Fig. 3 A computed flow net with water table WT curve: for f =
04 s =3m h =24 B=10D0=14 p=005r-= 00375
and e/k = 0.2; maximum height of the water table is 0.6286.
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where k& is the hydraulic conductivity, assumed a constant of the flow
medium, and ¢ is the hydraulic head. Choose the reference level of ¢ to be
aty = 0.

To convert ¢ to ® Cauchy-Riemann (CR) relations will be used which
are

0%/dx = 3Y/dy;  OP/Fy = -0¥/tx (10

These CR differential equations are derived and calculated in some integrated
forms in Kirkham & Powers (1984, pp. 105, 106, 491-494).

To get @ of equation (9) from ¢ of equation (5) with the a_, b , and
¢,, a in equations (6)—(8) and & subject to equation (10) proceed as
follows.

Define a variable V(xy) the form of which we write down by selecting &
elements in Kirkham & Powers (1984, Table 3-1) from ¢ elements of
equation (5). The form of V(xy) found for @ (independently of whether we
use the @, b and ¢, for slits or for circles — because points for centres of
circles are special cases of the slits) given by:

cosh(mmny/s) cosh(mmnx/h)
= -1 —— b h) e
Pey) = I a,(-1) costmidls) sy * & O S
- x)/h
+ L ¢ (-1) cos(mmy/h) cosh{mm(s — x)/h] (11)

sinh(mns/ h)

and one can write a general integrated form of the ¢ of equation (10) as:
d@y) =Y, Vixy) + G (12)

where G is a constant (Kirkham & Powers, 1984, Table 3-1).
To get G write equation (13) via equation (9) as:

koxy) =y Vixy) + G (13)

In Fig. 2 the water table by definition is at atmospheric pressure and this is
true in particular for the point (O,k), where # is the height above the barrier
which is also the reference level. Therefore ¢(O,h) = h (see Kirkham &
Powers, 1972, pp. 98-99) and equation (13) becomes:

kh =y V(OR) + G (13a)
which gives:
G = kh - Y, V(O,h) . (13b)

Put G as given by equation (13b) in (13), divide the result by k£ and find
after rearranging:
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o®.y) = b = (Yo/R[Vx,y) - V(O,h)] (14)

Equation (14) is an important equation but does not involve the
evapotranspiration coefficient e. Returning to equation (2) and dividing both
sides by the hydraulic conductivity £ equation (2) becomes:

ok = (e/)ls/(1 - f] (14a)
Putting the right-hand side of equation (14a) in equation (14) yields:

s

1-f

oxy) = h = Vx.y) = V(0,h)] = ¢*(x.y) (14b)

bl B

which is a key equation involving e. In equation (14b) a number of
parameters do not appear. A more complete form of V{x,y)is V(x,y:f, s, h, B,
b) (as is seen from equations (11) and (6)—(8)).

From equation (14b) the water table arch heights z and H can be found
as they are shown in Fig. 2. Putting y = 4 into equation (14b) z must be
given by:

z = Q,h) -k (14b")
Changing y to A in equation (14b) and then using equation (14b') gives:

s

e
=TT [V(x,h) - V(O,h)] (14c)

For H, substitute x = s in equation (14c) and change, in view of Fig. 2, z in
equation (14c) to H and find H as:

N

1-f

H = [V(s,h) - V(O,h)] (14d)

bl I

Some more important heads &  and s seen in Fig. 2 can be obtained
from equation (14b). The head h  is for drainage ditch or sink (well head),
and the head h, is for irrigation inflow or (originating) head. Therefore, for
h, put x = p and y = B in equation (14b) and get:

S

1-f

h —~h=

w

M(p,8) -V(O,m)] =h; (14e)

= ©

and similarly put x = s — r and y = h in equation (14b) to yield:
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e S
k1-f

hy = h = V(s - 1, b) - V(O,h)] =hy* (14f)

and the three heads ¢*, h * and hy* are nothing more (see Fig. 2) than
heads for the flow region points (x,y), (p,8) and (s — r, b), each with respect
to the level y = A.

The heights z and H of the water table arch (see Fig. 2) can be
obtained in terms of starred values as;

¢*(x,h) =z (14g)
which for the maximum value H of z becomes:

d*(s,h)=H (14h)

In all the preceding equations the value of V{x,y) in terms of the original
parameters is not available. In order to resolve this, ¥V{(x,y) will be-found in

terms of the parameters f, s, k, B, b and of the variables x, y.
Putting @, b, and ¢, of equations (6)—(8) in equation (11) gives:

2 (f cosmn cosh(mmy/s)

= w— — — -—1 U —

e -2 [ =S b oy S
211 cosmi cosh(mmx/h)
+ L — [;n cos{mmnb/h) - J cos(mmy/h) —————
m ‘ m sinh(ms /h)

coshfrm(s — x)/h)
sinh(mmns/ h)

2 1 cosmn
+ L ﬁf [;cos (mnB/h) - T] (~1) cos(mmy/h)

(15)

Following Kirkham (1958) to overcome convergence difficulties in
equation (15):

Vay) =V +V +V + V, + T, + T, + Ty (16)
where

h -y In 2

Vy) =0 -5 ( - ————} (16a)
S T

1 cosh[n(h — y)is] — cos(7x/s)
= — h
V) = I ) + cos(my/ () # (04) (16b)

1. coshin(s — x)h] - cos(ny/h)
Vxa) = Eln cosh{n(h — y)/s + cos(mx/s) @) # (sh) (160)

1
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Vxy) = ;ﬁln [{[cosh(mc/h) — cos(n(B + y)/h)][cosh(me/h) — cos(n(B — y)/m)]Y.

x {[cosh(n(s — x)/h) — cos(n(b + y)/r)][cosh(n(s — x)/h) — cos(n(b - y)/h)]}'i]
(16d)
Txy)=X Z 1 (f — cosmm) (-1) cos(mTix/s) exp(-mmnh/s) .
nm

cosh[mm(h — y)/s]

Smh(mh [ 5) (16¢)
21
T,xy)=X = (cos(mmnb/h) — cosmT) cos(mmy/h) exp(-mmns/h) -
N cosh[mm(s — x)/h] (160

sinh(mmns/ h)
2 1
Texy)= X = f - (cos(mmnB/h) — cos mm) (=1) cos{mmny/h) exp(—mTus/h) .

5 cosh(mmx/h) (16g)
sinh(mmns/h)

Further simplifications (not included here) of equations (16)—(16g) have
been made for special values of V(x,y), namely, (I(0,h), V{(s,h), V(p, B),
V(s — rb), and V{(s, k) — V(O, h) for H). In equation (16b) use (O + ¢,
y — 8) for (x,y) and let ¢ and & approach zero to find V(O,h) = (f(/n)
In(h¥s%). Equation (16¢) gives V(s,k) = (1/m) In(s%h?).

RESULTS AND DISCUSSION

To present results one needs to have "knowns” and "unkowns" (independent
and dependent variables) in mind. They are (see Fig. 2 and its legend):

knowns: x,y, e k, f, h, B, b, p, r
unknowns: Q/2, ¢(xy), ¢*(xy), z, H, h*, hy*; also a flow
net; a set of graphs of z vs. s with k as

parameter, and graphs of A F, hy* and H all
Vs, S. (17)

Considering the "unknowns” in order:
From equations (1) and (2) the formula for Q/2 is:

012 = (els)I(1 - P (18)
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Note that Q/2 depends on e, s and f only (not on &, h, B, b, p or r).

From equation (14b) (with V{xy) as in equations (16)-(16g)):

¢ = h + [(e/k)s/(1 - NIVx.y) = V(O,h)] (19)

By definition:

p*xy)= ¢ - h (19a)

The height z and H of the water table arch can be obtained from

equations (14c) and (14d), respectively.

(@)
(b)

There are two points about H of equation (14d):

If in Fig. 2, the thickness of the land overburden is less than H there
will be a "blowout" or seep above the inflow tube.

Drain radii p and r of the "knowns" in eguation (17) do not appear
explicitly in H of equation (14d) (nor in equations (18), (19), (14c)).
Nevertheless the problem tacitly assumes that the tube radii are non-
zero; otherwise no water would flow through the flow region and there
would be no problem. The larger the radii of the tubes the less head
difference will be required to get a certain amount Q/2 [= es/(1 - f) of
equation (18)] of flow through to the flow region. The reason is that
large tubes cut down convergence loss of head in the flow region.
Because H of equation (14d) is so important, equation (14d) will be

expanded. With some simplification one finds, from equation (14d), that H,
the water table arch height, is given by:

e s 0sf<1
H=I—C-1 f(A+B+C+D+E) 0<p<h-8B
O<r<h-b (20)
where
4 2 e+l s/h
= - + N — e
i sinh(7s/2k)
B - 1 n F:osh(ns/h) + cos(nB/h)]f cosh(ns/h) + cos(nb/h)
n U 2 cosk(mB2h) 2 cosi(mb/2h)
41
C = Zm=1,3,5,..‘7'; - (1 + ) [coth(mnhls) — 1]
41 2 2
D = Zm=1,3,5,...7'1‘ - [cos“(mmb/2h) + f cos*(mnB/2h)] exp(-mmns/h) .
x tanh(mms/2h)
41
E=1% — — [sin®(mnb/2h) + f sin?(mnB/2R)] exp(-mmus/h) .

m=2,4,6,...n m
x tanh(mmns/2h)
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In equation (20), f may not be 1 because of the factor 1/(1 — f); and neither
B nor b may be equal to 4 because of 2cos®(nB/2k) and 2cos?(mb/2h), in B.

Coming now to k_* and hy* of the "unknowns". (Note that the stars
mean heads with respect to level y = & in Fig. 2.) The formula A * is found
from equation (14e), and the formula for 4,* is found from equation (14f).

A flow net (Fig. 3) is the next "unknown". It consists of normalized
equipotentials and streamlines (and a water table (WT) curve z vs. x of
equation (14c¢)) derived from the ¥ and ¢ functions for the parameters:

elk =020 f=040 s=3m Ah=24m

B=10m b=14m p=005m r =00375m 21

In the net, streamlines and equipotentials intersect at 90° as they
should. The 40% (f = 0.4) streamline is important. It separates flow that goes
into the drain tube from flow that goes into evapotranspiration. The 40 line
is branched. It branches at a stagnation point labelled § at (0, 1.73). One
branch goes to the top left corner of the flow region, and the other branch
goes down the left side of the flow region to the drain tube. The 40%
streamline approaches the left side of the flow region at the point S at 90°
In Fig. 3, the net is valid for e/k = 0.20, but it is also valid for other values
of e/k because the net is normalized and the ratio e/k cancels in the
‘normalization process. At the top of Fig. 3 a water table curve z vs. x of
equation (14c) is shown for the parameters of equation (21). This Fig. 3 water
table curve is flat at x = 0 and again at x = § which must be as is seen from
the symmetry of Fig. 1. The flatness property is useful in using a spline to
connect plotted points, especially if only the two head points ¢*(0,h) and
$*(s,h) of a water table are known.

The next "unkown" of equation (17) is a set of graphs of z vs. x with &
as a parameter; Fig. 4 gives such a set for £ = (0.025, 0.050, 0.100 and 1.00 m

1.8 T T T T

HEAD z (m)
o

Q
<3

o 06 1.2 1.8 2.4 3.0
DISTANCE x {m}

Fig. 4 Water table height z vs. x for several values of k when ¢
0.01 m day*, f =040, s =3m h=24B8=100b=14 p-=
0.05, r = 0375 m,; example values of z (at x = 1.2 m, circled
points) are z = 0.0084, 0.0840, 0.1680 and 0.3360 m.
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Table 1 Points for z vs. x of Fig. 4, where ¢*(x,h) = z of equation
(14c) and parameters are e = 0.01 m day’®, f= 0.4, s=3.0m, h =
24 m, B=10m b =14 m and p and r are any values that are
sufficiently small to approximate radii of circles; x and z are in
metres and k in metres per day

X

0.6 1.2 1.8 24 3.0
k 0.05/k) =z z z z z z
0.025 2 0.0 0.0926  0.3360 0.6802 1.0578 1.2572
0.05 1 0.0 0.0463 0.1680 0.3401 0.5289 0.6286
0.1 0.50 0.0 0.0232 0.0840 0.1701 0.2645 0.3143
1.0 0.05 0.0 0.0023 0.0084 0.0170 0.0264 0.0314

day'! where the other parameters (the same for each curve) are e = 0.01 m
dayt, f=04,5s=30m h=24m B=10m,b=14m (and p and r for
streamlines can be any values, but for equipotentials one must specify p and r
and choose them as p = 0.05 and r = 0.0375).

The curve for k£ = 0.05 of Fig. 4, because it is for ¢ = 0.01 (and £ =
0.05) is also for e/k = 0.01/0.05 = 0.2 and hence is the same as at the top of
Fig. 3.

In Fig. 4 there are four values of k, viz. 0.025, 0.50, 0.10 and 1 m day*.
Three of the curves were obtained from the curve k¥ = 0.05 m day ! which is
the curve at the top of Fig. 3 as just explained. Values are presented in Table
1. If (e/k) is nmot 02 but is say (e,/k;), then multiply each z-value by
[(e4/k,)/0.2] to get a new z-set. As a sample calculation:

[(0.01/0.025)/(0.2)](0.1680) = 0.3360

which is the top singled out z in Fig. 4. In this calculation the number 0.1680
is taken from Table 1.

Coming next to the "graphs of hw*, ho*, and H all vs. s", of the
"unkowns”, for these graphs values of A *, hy* and H are needed for a
number of values of s. Choosing s = 2, 2.5, 3, 5, 10, 20 and 40 m and using
as before f = 04, h = 24, B = 10, b = 14 and (b * and hy*) p = 0.05 and r
= 0.0375 (H does not need radii values, except that they be small as noted in
the heading of Table 1). Figure 5 (including the case of f = () can be used
to calculate values of A %, hy*, and H for other values of e/k. Thus, it is a
practical and wuseful representation of the mathematical solution of
subirrigation and drainage.

FUTURE WORK

This water flow solution is being investigated further for additional practical
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300

700}

500

Head {m)

300}

hy (e/ k)
0 3 16 24 32 40

s(m)

Fig. 5 Normalized heads h */(e/k), H/(e/k). and hy*/(e/k) vs. s
forf=04 andf=0and forh =24, 8B=1 b= 14, p=0.05r=0.0375
m,; multiply ordinates by the numerical value of e/k to get the heads in
metres; for example to get the head for the real value of the
normalized head hy*/(e/k) = 800 m when s = 40, e = 0.01 m day™* and
k = 100 m day'* (coarse sand), get hq* =800 (0.01/100) = 0.08 m, and
Jorf=0, hy* =340(0.01/100) = 0.034 m.

relationships useful fo groundwater management. The effects of size of
irrigation and drainage pipes on the inflow heads and outflow heads will be
analysed. The positioning of irrigation and drainage pipes, and the use of
"negative" drainage (use of drain pipe for additional subirrigation) will be
analysed for effects on water table shape, inflow and outflow heads, and
water travel times within the flow region.
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