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CHAPTER 1. INTRODUCTION

Traditionally, there have been two major streams of research in spatial interpolation
and prediction: kriging and splines. The two methods have developed almost indepen-
dently, and each provides a variety of models. Regarding splines, an extensive compara-
tive study was carried out by Franke [25]. He reported that radial basis function methods
rank high in predictive power, when compared to other spline methods, such as tensor
product, blending or finite element methods. Further, within the group of radial basis
function methods, Hardy’s multiquadric harmonic (MQ-H) and biharmonic (MQ-B) [29]
and Duchon’s thin plate spline (TPS) [21] methods performed especially well. Tt is worthy
of note that Franke’s study excluded kriging and that other studies such as Laslett et.al.
[40], have reported kriging to be superior to splines, without considering MQ method.

The two approaches generally are thought to be distinct. In point of fact, Cressie [15]
and Wahba [73] adopt somewhat partisan positions in the matter: the former for kriging
and the latter for splines. On the other hand, the point of view also has been expressed
that kriging and splines share essentially the same structure as in Kimeldorf and Wahba
[38]. Further, Matheron [51] showed that thin plate spline (TPS) modeling is equivalent
to a certain form of kriging in the sense of convergence in a Hilbert space setting. Also,
Salkaukas [65] has demonstrated that kriging and TPS method are algebraically equivalent

in terms of a certain generalized function concept. A third sense in which kriging and



splines are similar is espoused by Dubrule [20] and Watson [74]. The notion is extended
by Myers [56] to vector valued functions viz., cokriging.

Comparisons of splines with kriging typically are performed with a view to TPS.
Such comparisons rarely are done with MQ-H or MQ-B in mind. The reason for this may
be that the origins of MQ lie in the physical sciences rather than in mathematics.

This work reviews the equivalence of kriging and splines, from a variety of points of
view. Their common basis in such matters as model building and validity checking of
kernels are reinvestigated, with a view to an application to the geometric-shape rendering
of manufactured parts. Our main illustrative emphasis is on the engineering problem of
characterizationing the attained shape of manufactured objects intended to be “round”.

Chapter 2 is reserved for an exposition of the author’s perception of the common
ground of splines and kriging. Chapter 3 is devoted to a description of kriging with a
view to comparison with splines, while section 4 deals reciprocally with splines.

Chapter 5 examines some details of unified model building and explores the possibil-
ity of validity checking in relation to MQ kernels. The author’s perception of the common
aspects of splines and kriging is exposed in chapter 6. In chapter 7, the author’s interpre-
tation of MQ model in kriging terms is discussed. In chapter 8, the links between existing
spatial prediction methods including least square method were examined with a view to
interpreting the spatial prediction method as a generalization of least square method.

In the remaining chapters 9 and 10, an application to a manufacturing problem is
studied, particularly for the estimation of geometric objects intended to exhibit some form
of roundness, such as circles, spheres, cylinders and toruses, in an attempt to develop an

approach to geometric-shape rendering based on the material discussed in the previous

chapters.



CHAPTER 2. COMMON GROUND OF SPLINES AND KRIGING

Kriging and spline models have at least one point of view in common : irregular
surfaces z(a) viewed as realizations of stochastic process Z(z), these viewed in turn as
superpositions of large and small-scale components. In some cases, such a superposition
model will include a micro-scale component, typically interpreted as measurement error;

thus Z(x) is viewed as composed of large (), small (€) and micro(¥) scale variations:
Z(=) = p(@) + &) +9(a) (2.1)

Here, p(®) is deterministic but () and #(x) are random with statistical expectation
zero. It is also usually assumed that e(x) and e(2’) , ® # @', are correlated, while
9(x) and J(z') are not. Further, both krigers and spliners assume that z(z) is available
on a sub-domain D’ of a domain D C R" of interest. Throughout this paper, D’ is
assumed to be a finite set of distinct points: D' = {a1,---,® N} The observations

(D) = {z(mi)}ﬁ_l is used to deduce an estimate:
#(x) = m(z) + e(x) (2.2)

of z(x) on D. When p() is the multivariable polynomial of degree & — 1, the model for
Z(=) is said to be of order k. If the large scale part is omitted, it is of order 0.
Both krigers and spliners avail themselves of the option of excluding the micro-scale

variation ¥ from the model; in that case, krigers call the problem of developing an 2(-)




one of predictions by interpolation, the latter term also being common among spliners.
When micro-scale variation is included, both disciplines speak of “measurement error”
and “smoothing”. Krigers deal with measurement error through introducing a “nugget

effect”, while spliners invoke a certain variational principle.

2.1 Large-scale Variation

The large-scale variation u(z) of z(x) is usually represented as a multivariable poly-
nomial py(x) of degree k — 1. Let Q; be the set {g(x)|q(z) = z? e a:,%" 084+
+¢&n < k—1}. The cardinality |Qp| of this set is (n+£’_1) = m. A polynomial of degree,
say k —1 = 2, in, say n = 2, dimensions will then consist of m = 6 monomials; ¢ (x) =1,
p(x) =z, q3(x) =y, () = a:z, g5(x) = zy and gg(x) = y2. Let P}, be the class
of multivariate polynomials of degree £ — 1. A polynomial pj(x) of degree k — 1 can be

_expressed as Z;-":l ﬂjqj (), where the ﬁj ’s are real constants. For the discussion in later

sections, it is useful to introduce the following constructs related to large-scale variation.

(=) @) - ame) a1(2) o)

>
1]
b
il
N
il

ql(fvz) qz(fv2) ‘Im(."’2) q2(.a,-) (#2) (2.3)

| a1(zy) wfen) o am(zy) | | gm() | | Z(zy) |

In the context of known z and k, a key task for both krigers and spliners is to estimate

B=(h, ,Bm) and therefore also pr(e) = Z;”:l ﬂjqj(a:) = g/x.

Example 2.0.1 In the case of multivariable polynomial regression, the model can be iden-
tified as Z(x) = p(x) + J(x), where d(x) consists of independent errors. The associated
normal equation is given by 3 = b = (X/X)_IX'z‘ The corresponding estimates fi(wx)
of () can be expressed as j(x) =b/ -x =2'X - (X'X)_1 “ X.



2.2 Small-scale Variation

When large and small-scale variations are considered, the model for z(-) becomes:
Z /
z) = ) Bijgj(e) +e(x) =B - x+¢(x) (24)
j=1
where €() is a mutually correlated residual, with estimated interpolant: #(z) = b'x +
e(z), where b = 3 and e(x) = &x). The correlation structure of e(z), and the inter-
polation and treatment of that correlation structure, is the key part of the model and
the major source of difference among interpolation methods such as splines, kriging and

possibly other types of techniques. The structure described below generalizes and unifies

the above viewpoints. Given z(;),7 = 1,---, N, the interpolant Z(x) must satisfy
Z 795! (2;) + e(=;) Z Bjq; () + e(w;) = z(‘”z) (2.5)
Jj=1

The problem common to krigers and spliners is to choose an interpolant ( or approximant)

Z 54j() + e(x) (2.6)

which amounts to choosing {b;} and {e(mi)} subject to (2.5). To analyze this type
of general order model, a so-called “detrending” technique is employed. Detrending is
applicable to “smoothing” models that incorporate independent errors J(x), as well as to
interpolation models such as (2.4) that do not. For maximal generality, the next section

discusses detrending in the former case.

2.3 Detrending

This section on detrending emphasizes conceptual approaches to eliminate the trend

rather than actually implementable data analytic detrending methodologies. The problem




faced by both krigers and spliners is how to treat the nuisance parameter 3. This problem
is in effect approached by both schools in the following way. The whole idea is to filter,
linearly, the data z such that Gz = Ge, where G is a linear operator (matrix). There are
several known filtering methods depending on the matrix GG used. In this study, only the
subtraction and partial differential operator V is being considered. The easiest way of

detrending is to use the subtraction,
Zy(e) = Z(x) - B'x = e(z) + V() (2.7)

in which case the nature of the stochastic processes (@) and J(x) remain intact. The

more sophisticated one would be to use the partial differential operator V,

Zo(x) = VFZ(2) = VFu(@)+ VEe(@) + VFo(z) = cpl@) +9p(z) (2.8)

The large scale part p(2) vanishes and the nature of the stochastic process changes. As

noted, the detrended model embraces small-scale and micro-scale variations only.
Zg(®) = eg(z) + Ig(z) (2.9)

Note that after being detrended, the nature of the stochastic process changes. Basically,
it is assumed that £g(2) and Jg(x) are covariance stationary white noise processes, the

kernels of which must be of particular type, as will be discussed in later sections.

2.4 Whitening Operation and Positive Transformation

Now we consider the simple algebra involved in the calculation of an interpolant,
which corresponds to the above mentioned reproducing kernel hilbert space approach.

Consider the simplest form of a spatial prediction model that reflects only the small




scale variation Z(x) = e(x) taken to be the detrended model. Let us define a vec-
tor E = [e(a:l),---,e(:cN)]’ of correlated random variables {e(wz)}fy__l with mean zero
and finite variance. Suppose E ~ N(0,X), where X is a positive definite variance
covariance matrix. If we define N = T—1E = [v(=y), -+, v(wN)]', where T is a
symmetric and invertible square root of ¥ as in appendix 12.3, then N ~ N(0,I),
where T~! = £71/2 is called Whitening operator that changes correlated random vari-
ables {e(wz)}z‘]\; | into independent random variables {v(azz)}ZN= 1- Asgain, let us define
A=3x"12N = [a(wl),---,a(mN)]', then A ~ N(0,571). Further define v and o
by E=IE =TN = T2A. Let the observation vectors of E, N and A be ¢, v and «,

respectively. Then the detrended observation vector z can be expressed as
z = Ie = Tv = T?a = Sa (2.10)

In the language of vector spaces, € and o are mutually covariant and contravariant. Both
for kriging and splines, v is regarded as a vector of independent residuals. For simplicity,

we introduce the following vectors of kernel functions functions:

- Mz, z1) - [ T(z,®1) - [ s(z, @1) -
A= /\(a:,.:cz) , T = 7'(33,.2}2) and K = n(m,'a:2) (2.11)
_’\(‘cva)_ _T(zawN)_ -IC(T.,G!N)~

An interpolant can be obtained by specifying a kernel {\(-)} such that I = (’\ij)zNj=1

with A;; = /\(:ci,:vj). Alternatively, one can obtain an interpolant by specifying {r(-)}

such that T = ('rz])%:

and splines for obtaining an interpolant is to specify a function {(-)} such that ¥ = T2 =

| With Tij = (5, J) Still another method common to kriging

("‘ij)zszl with Kij = K(x;, :cj), where ¥ is positive definite because it is a multiplication




of two identical symmetric invertible matrices. The interpolant corresponding to (2.10) is

an extension of observations beyond the data points using the relation v = Ta = T—1¢

and 7 =Tl =T

He) = é(x) = dx=¢ 177l r=¢€.571g (2.12)

= € A=V T=0"K (2.13)

Note that equations in (2.12) are standard form of Hilbert space approach. Usually,
krigers try to estimate the covariance kernel (-) from the given observational data, while
spliners choose and specify splines &(:) on their own criterion.

The purpose of this chapter has been to introduce the reader to the notation involved
in the subsequent chapters, and to models common to both kriging and splines in the
conte.xt of linear spatial prediction models. The rest of this work is based on this notation'

and these models.




CHAPTER 3. KRIGING WITH REGIONAL DATA

The spatial prediction method named “kriging” is an analogue for spatial stochastic
processes of Wiener-Kolmogorov prediction theory that has been developed and used
mainly by Matheron and his school in mining industry. In this method, an irregular
surface z(x) is regarde;i as a realization of multi-dimensional random variable Z(z),
where {Z(x) : ® € D C R"} is thought of as a real-valued stochastic process defined
on a domain D of R™. Conceptually, we divide the random process Z(«) into a drift or
trend x(x) and a small-scale random process e(z) : Z() = p(x) +¢e(x). The distinction
between the drift ( trend ) and fluctuation is not clear cut. Usually, (=) is a multivariate
polynomial. Generally, we think of the drift as a large scale variation, regarded as fixed,
and the fluctuation as a small-scale variation. The model could encompass a micro-scale
process for pure “nugget effect” or measurement error of the process.

The kriging model for spatial prediction is based on the multivariate normal dis-
tribution, which is assumed throughout. The model for interpolation takes the form of
Z(x) = p(z) + é(x). The model type depends on the way we regard (). In the litera-
ture, there are many types of models for kriging. In some cases, the small-scale variation
is viewed as a white noise process. Under this assumption, the estimation lends itself to
Ordinary Least Square. In some other cases, e(@) is regarded as a Brownian motion or a

higher order random process. The prediction of kriging is much the same as Generalized
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Linear Regression analysis and logged likelihood analysis.

3.1 Stationarity

The most common assumption of kriging is that the stochastic process is stationary
in the domain of interest ( D C R™ ). The term stationary, however, can have different

meanings and different degrees. A stochastic process {Z(z) : & € D C R"} is called

1. Strictly Stationary : if the joint distribution of {Z(a),---, Z(=py)} is the same
as the joint distribution of {Z(a:’l), e, Z(a:’N)} for any set of points {mz}z]\il and
{&itV ) = {z; + R}V e R

2. Covariance Stationary : if it has finite second moments and satisfies 1) E[Z()]
exists for all # € R®, and 2) Cov[Z(2'), Z(x)] is a function of ||&’ — &| for all
/

(2',z) € R™ x R™, where || - || is the Euclidean norm. A covariance stationary

stochastic process is also called Wide Sense Stationary or Second Order Stationary.

3. Intrinsically Stationary : if it satisfies 1) E[Z(x)] exists for all # € R", and
2) for any (2/,2) € R™® x R", the increment variable [Z(z') — Z(2)] has finite
variance, which depends only on ||@’ —||. An intrinsic stationary stochastic process
is also called Variogram Stationary or Wider Sense Stationary, since 3. does in fact

generalizes 2.

3.2 Covariogram and Variogram

The covariogram and variogram are functions that characterize the second moment
dependence properties of a stochastic process defined on R", and underlie intrinsic sta-

tionarity or variogram stationarity a further sort of stationarity. They play an important
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role in stochastic spatial prediction or kriging. In particular, with @’ — @ = h, suppose

that for the increment variable [Z(2) — Z ()],

E[Z@Y-2Z=)] = 0, foralla’,zeD (3.1)

Var[Z(a') — Z(2)] = 2y(h), foralla’,ceD (3.2)

The quantity 2v(:), which is a function only of the difference between the spatial locations
@ and @, has been called the variogram by Matheron [49]. Earlier appearances in the
scientific literature can be found and have been called structure functions in physics and

meteorology, and a serial variation function in time series. Replacing equation (3.2) by
Cov [Z(a:’),Z(a:)] = x(h) forall ¢,&’ €D (3.3)

defines the class of covariance stationary processes. Here k(-) is called the covariograms
or covariance kernels. Usually, the semi-variograms, one half 6f the variograms, have the
properties of y(—h) = v(h) and 4(0) = 0. Whén the semi-variograrﬁ (k) = 7.0(||h||), it
is said to be isotropic or rotationally symmetric. If Var[Z(2)] < +o0 is not a function of @
and we define h = ||h||, the semi-variogram '70(h) is related very simply to the covariance

kernel IiO(') if ch(h) exists. This can be easily seen from the followings

k) = %Var [2(2) - Z(=)] (3.4)
= % {Var(z(a")] + Var[Z(=)] - 2Cov[Z(2'), Z(2)]} (3.5)
- %{m0(0)+n0(0)—2n0(h)} = x00) = Oh) (3.6)

Further, it is often seen that limy_, 70(h) = h:O(O), called the sill, by the the near-

independence of distant quantities.
While conventional models envisage 'yo(h) with finite asymptote ch(O), one can ex-

tend the class of covariance stationary processes to include cases where the variance
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70(h) = Var[Z(2') — Z(2)] can become arbitrarily large as h — co. Thus, one obtains
the class of the intrinsically stationary processes, defined by (3.1) and (3.2), that includes
covariance stationary processes with finite sill as well as stationary-increment processes
like Brownian motion. Thus the class ) of variogram-stationary processes strictly con-
tains the class Q9 of second-order (covariance) stationary processes, and define the class

Q3 of variogram-only-stationary processes as Q03 = 21 \Q9, we have that
0 =09+ Qg (3.7)

The major distinction between variogram-only-stationary processes and covariance sta-
tionary processes is that the latter posesses a covariogram depending on k = ||&/ — &||,
in which case the variogram will have a finite sill, while the former does not. Various
variogram models are presented in Journel and Huijbregts [35] and Salkaukas [65]. Var-
iogram models are more versatile than covariogram models in the sense. that (3.2) holds
more often than does (3.3). In this connection, Matheron [50] has invented a generalized
covariance concept. The functional relationship between the (generalized) covariance «(-)
and the semi-variogram (-) is the same as that given by (3.1), (3.2) and (3.3). Kitanidis

[39] discusses on the estimation of generalized covariance function from the data.

Example 3.0.2 Suppose {Z(x)|Z(x) = p+e(x),x € D} is a Brownian motion process,
where i is a constant. The increment variable [Z(a) — Z ()] = [e(2') —e(e)] is normally
distributed with mean zero and variance Varle(z') — e(z)] = 70(h) = azh, where 02 a
fized parameter and b = ||’ - z|| > 0. Then, Z(x) is an intrinsically stationary, but
not covariance stationary, stochastic process. When o? = 1, the process is often called

standard Brownian motion.
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3.3 Choices of Covariogram and Variogram

In this work, /so(h) represents the generalized covariance kernels, unless stated oth-
erwise. Examples of the covariance-stationary and variogram stationary covariograms are

given in Fig. 3.1 and Fig. 3.2, respectively. For the former, the sill is set equal to ;.

C1
h h vnv > h

(a) (b) (c)

Figure 3.1: Covariance-Stationary Semi-variograms

| h ] h_{ h
" ’\ |\ ’\
(d) (e) [}

Figure 3.2: Variogram-Only-Stationary Semi-variograms

‘Among the covariance-stationary functions ICO(h) are the (a) Gaussian, (b) Exponen-
tial, and (c) Hole Effect, while the (d) Linear, (e) Logarithmic, and (f) Power functions
are examples of Variogram-only-stationary-functions.

We now consider a family of (generalized) covariance functions called Gaussian Fam-
ily by Whittle [75] and largely used by krigers that include most existing (generalized)

covariance functions as special cases.

(k) = 5*7—2121*—(17) (%)yzc,, (%) L v>0 (3.8)
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where Kp(:) is the modified Bessell function of order v. The range parameter a works
in the same way as scale parameters do in the ezponential and Gaussian functions. The
parameter v is the order and controls the smoothness of the process. This family can be
easily generalized to higher dimensions. For smoothing, krigers construct the following

function using the kernel h:,g(h)
Cu (k) = cgd(k) + ey Ky (k) (39)

where 6(-) is the indicator function ( or white noise kernel), ¢y the nugget, and (cg + ¢1)
the sill.

Now let us discuss how the kernel is tied to the order of the model. When'one assumes
the model Z(&) = p(x) + ¢(), e(x) is the process that has the associated (generalized)
covariance function no(h) and semi-variogram '70(h). The partial derivative Ve(a) is also
a stochastic process, whose associated covariogram or semi-variogram becomes negative
Laplacians of the original (.)nes, provided they are isotropic or radially symmetric. Suppose
that Zp(x) is a k times “differentiable” random function on D C R" with a semi-
variogram 72(h) or a covariogram n%(h). Assume the model to be: Zp(z) = pp(x) +
(), where pi(2) is a polynomial of degree not exceeding k — 1 and ej(x) is a k times

differentiable small-scale stochastic process. Let 72_1(h) and n%_l(h) be the associated

semi-variogram and covariogram of VZ (). As shown in Matheron [49] and Kent and

Mardia [37],
Mo1(h) = —Ay(h) (3.10)
Wi_1(h) = —Axd(h) (3.11)

where A is the Laplacian operator V2. In the same fashion, if we let viz 1 (z) have associ-

ated semi-variogram and covariogram 72_ ¢(h)or n?c_ ¢(h), then they can be represented
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as follows

W_gh) = (=1 Al (3.12)
(-1)faled(n) (3.13)

K0 _o(h)

These facts are enough to give one a hint that certain random functions can be expanded
in a finite Taylor-like series with the remainder expressed in terms of a white noise process

o(x), which is the main topic of chapter 5.

Example 3.0.3 White noise is defined by analogy to the continuous energy distribution
in white light from an incandescent body. A covariance stationary stochastic process which
has equal power in all frequency intervals over a wide frequency range is called white noise.

For most purposes, it suffices to regard white noise as a normal process with covariogram
nO(h) = pe—ph 0<h<oo (3.14)

where p is so large as to be considered infinite. If p is thought of as a variance of the

process, the semi-variogram becomes
OR) =x00) = xOh) = p—pe P 0<h<oo (3.15)

With finite p, (3.14) becomes the semi-variogram of covariance stationary processes. There

could ezist many possible ways of giving a precise mathematical definition of white noise.

Typical covariograms (or semi-variograms) of the white noise and Brownian motion are
shown in Fig 3.3. The covariogram (or semi-variogram) of the white noise process works
like a Dirac Delta Function encountered frequently in differential equation problems and
regarded as a Generalized Function. A white noise kernel is characterized by complete

monotonicity, which plays a key role in validity checking of kernels, as will be discussed in
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Figure 3.3: White Noise (a) and Standard Brownian Motion (b)

chapter 5. It would be of help in later chapters to note that the derivative of a white noise
kernel is again a white noise kernel, and one can take the Laplacian an infinite number of
times. The sign of the Laplacian alternates, whenever the Laplacian is taken, and hence

the white noise kernel is completely monotonic.

3.4 Kriging Models of General Order

The use of kernels in the model is interrelated with the order of the model. The
kriging predictor defined as Z(z) = 22-1\;1 Aj(e)Z(;) with A, = () = Me,@;) is
known as the Best Linear Unbiased Predictor (BLUP), where A;(®;) = Ma;, ;) =
Ajj =6;5. Let z= [2(=1),- - ,z(a:N)]’ be an observation vector of the random vector Z
=[Z(e1),- -, Z(a:N)]/ in the context of known {z;, z(a:z)}zN=1 , then the kriging predictor
for A = [A(z), \g(2), -+, Ay ()] becomes

N
Z@) = Y M(@)-2(z;) = Nz (3.16)
g=1

The Unbiasedness requires the following condition: E[Z(z)] = E [sz\; 1 /\z(m)Z(wz)]
which reduces to x’8 = NXB orx = X'A. A key task for krigers is to determine the

order k: py(x) = Z;-n=1 ﬂjqj(:c) = A x as in section 2. Depending on the order k, there
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exist three types of Covariance Stationary models:
1. Simple Kriging (k=0): p() is known or zero.
2. Ordinary Kriging (k=1):  pu(=) is an unknown constant.

3. Universal Kriging (¥ > 1): pu(®) is an unknown multivariate polynomial.

In the same manner, the variogram-only-stationary models can be classified in accordance

with the order ranging from 0 to £ > 1.

1. Order 0 (k=0):  p(=) is known or zero.
2. Order 1 (k=1):  p(x) is an unknown constant.

3. Order k (k> 1): p(=) is an unknown multivariate polynomial.

According to the classification by Matheron [50] and Chritakos [11], a 0-IRF model is of
order 1, a 1-IRF model order 2 and so on. Based on stochastic process theory, order 0
model corresponds to white noise and order 1 to Brownian motion. If £ > 1, then it is

called Brownian motion of higher order.

3.5 Objective of Kriging

Kriging predictors are devised with a view to an Error Variance Reduction at predic-
tion points &, which is often referred to as a Conditional Variance reduction. The variance
of Z(x) can be decomposed into two parts; Conditional Variance (CV) and Variance of

Conditional Ezpectation (VCE):
Var{Z(z)} = Var{Z(z) - Z(x)} + Var{Z(=)} (3.17)

N N
= Var [Z(w) -3 z\z-Z(a:z')] + Var |: /\z'Z(a:i)} (3.18)

=1 1=1
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The second term of right hand side of (3.17) is the variance of conditional expectation,
which is less than Var{Z(x)} itself by virtue of having observed data. Actually, use of
Z(a) minimize the first term, which is one way of achieving what kriger’s hoped-for error

variance reduction.

3.6 Covariogram Modeling

Together with the unbiasedness of the estimates, the objective can be given by

N . 2
mAin Var[ Z A Z( Z):l mln E [(Z(a:) -y ’\iZ(‘l’i)) } (3.19)
=1
N
subject to ) ’\iqj("’z') =gqj(z),j=1,--,m (3.20)
=1
Note that in case of simple kriging (k=0), no such constraint is needed. In general,

however, Z (&) is supposed to be k-th order stochastic process. After removing the large-

scale part from the model, the M SE function can be rearranged as follows:

(Z(a}) -5 ’\iZ(“’i)) :l = E L(x’ﬂ +e(@)—-N'X8 - 3 /\ie(“’i)) } (3.21)
i=1

=1

- N 2
= & (e(w) > Az-.e<wz-)) (3:22)
1=1
since the unbiasedness condition x'B = N X holds. Thus, the optimization becomes

N
rri\m Varle(e)] + Z z AiAj Covle(x;),e(e5)] — 2 Z A; Covle(),e(=;)] (3.23)
1=1j= 1=1
N
subject to ) ’\i‘Zj(“’i) = qj(a:) yj=1-m (3.24)
i=1
The problem is identified as an Equality Constrained Quadratic Optimization (ECQO):

mAin NEA -2M ke +£(0) subject to X'A=x (3.25)
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where £(0) = Varfe(x)]. Let the Lagrangian Multiplier be 2w = 2(wq, wg, *-+, wm)'.
Upon taking derivatives with respect to (A, w’), this optimization problem reduces to a

linear system called First Order Necessary Condition (FONC)

TA+Xw = & (3.26)
X'

I
"

(3.27)
The system of equation solves uniquely, if the matrix ¥ is Positive Definite on the Subspace
defined by M = {A: X'A = 0}.

3.7 Variogram Modeling

The Covariogram Model changes to the Variogram Model through the relations

k(e,ej) = lCov[e(a}),e(mj)] = Var[s(a:)]—*y(:c,a:j) . (3.28)

w(zg, @) = Covle(z;),e(e;)] = Varle(e;)] — (25, z;) (3.29)

On condition that Zij\i 1 A = 1, the equation (3.23)-(3.24) can be rearranged as

N N N
min 2 Y A (=)= Y, D Y RICIN2) (3.30)
A3 i=1j=1
N
subject to ) Xiq;(%;) = ¢;(=) (3.31)
=1

Let us define the matrix V = ('Vij)fvj=1 with ;5 = 'y(wi,wj) and v = [y(®,21), -,

7(w,wN)]'. In turn, the objective function can be given by

m)in 2A 4 — ANV subject to X'A=x (3.32)
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This is also an ECQO, the FONC of which is the following

VA+Xw = ~ (3.33)

where 2w is the Lagrangian Multiplier. Just as in covariogram modeling, the solution

14

in A and w are uniquely determined if V4 = is invertible. The system of
x' o
equations solves uniquely, if the matrix V is positive (negative) definite on the tangent

subspace M = {X: X'\ = 0}. From equation (3.33),
A=V v - Xw) =v1ly-vlxw (3.35)

Due to the unbiasedness condition (3.34), it follows that X'A = X ’V"l('y - Xw) =x.

Thus, the estimates of A and w can be obtained as follows:
w = (X'vix)=l. [x'v=ly | (3.36)
By substuting equation (3.36) into (3.35), one obtains
A = vy ovlx(xlvelxg Tl x'v 1y -+ (3.37)
= [vol-vixx'v-lo=tx'v-l)y + [volx(x'v-lx) "l x (3.39)

For convenience, let A = A -+ + B - x. The interpolant can be expressed as

2e) = 2 A=2 Bx+72 A-y=0b.x+a -+ (3.39)

where
d = A vlovix. (x'v-ix)t xIvl (3.40)
vV o= 2 vlx. . (x'v-lxy-! (3.41)

Note that X’a = G, which indicate the orthogonal decomposition. (3.39) is called the

dual form for kriging.
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3.8 Confidence Interval of Prediction

Since the kriging objective is to minimize M SE, the optimized value is the variance
estimate of kriging prediction. Assuming covariance stationarity, the variance estimate

sz(a:) at a prediction point @ is given by
s2(z) = 52(2) = NI — 2Ak + £(0) (3.42)
where £(0) is Var [e(2)]. Assuming variogram only stationarity, one can infer that
2(x) = 62(z) = 22y — A'VA (3.43)
The 95% confidence interval (CI) can be evaluated using standard deviation s(z)
CI = (Z(x)—1.96 5(2) , Z(x)+1.96 s(x)) (3.44)

Under the assumption that Z(x) is Gaussian, the probability that the actual surface z(z)
is within the interval is 0.95 : Pr [z(x) € CI] = 0.95, where the Pr[] is calculated from
the joint distribution of Z(x), Z(®1), -+, Z(x ).

3.8.1 Smoothing of Data

In most cases of real world problems, the sampled data are subject to random effect
errors. In the absence of formal fitting procedures, the best way to assess the smoothing
parameter or nugget c) seems to be Cross Validation. Each data point is deleted in
turn and its valﬁe predicted from the rest of the data, using the fitted or specified kernel
function. The predicted error are then assessed. It is tempting to form the sum of squares
of these errors. Based on this idea, Cressie [16] and Wahba [72] presented the formal fitting

procedures, such as Ordinary Cross Validation and Generalized Cross Validation.



22

CHAPTER 4. SPLINES WITH SCATTERED DATA

We now consider a deterministic approach to multi-dimensional interpolation and
smoothing problem for “scattered” data using spline functions. Formally and computa-
tionally, the analysis of deterministic splines follows the Hilbert space approach.

The deviation of an interpolant Z(x) from the actual surface z(x) is called the error
of the interpolant. The error £() at a point & committed by interpolation is defined as

E(x) = z(x) — 2(x). The objective function is min |S(:t:)|2 or
min [|z(z) - 4(=)| (4.1)

The optimal estimate 2(z) € M = span{¢; (&)} ;, where £;(x)’s form a basis, becomes
2 =1 2

an interpolant when m > N and the least square approximant when m < N.

4.1 Representation of an Interpolant

We first describe a way of representating an interpolant at the prediction point 2 € D.
Consider a scalar-valued function A(x, J) defined on @ € D such that
1 ;=2 j
Mz, z;) = 6,5 = (4.2)
) )
0 ,xz;#e j
where 62-]‘ (¢,g = 1,--+,N) is Kronecker Delta. These are what spliners call Cardinal

Functions \; = Az, ;). When @ is fixed, the interpolant Z(a) is just a linear combination
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of the cardinal functions with different z(«;). The interpolant 2(2) based on these basis
functions has a Representation in terms of a linear combination with the observations

z; = z(@;), which is often called Lagrange Formula

N N
2(x) = Z Mz, z;)z(x;) = Z:l A;%; (4.3)

i=1
Among famous examples of the cardinal function found in the literature is the kernel of
Lagrangian Polynomial. This type of representation leaves something to be desired, for
the interpolant is not unique and in some cases the interpolant might behave erratically.
The measure against this would be to secure the boundedness and uniqueness of the

interpolant.

4.1.1 Optimization at Prediction Point

For our purpose, let us define zg = [2g, 27, ", zN]/ = [2(x), 2(21),- -, z(a:N)]’ and
Aa = [=LA, Ay = -1 M, 2q), - ,/\(w,:cN)]'. The error |E(x)|can be written
as a dot product of the two vectors

N
Ex) = z(z) - Z:l)\(a:,:ci)z(wz-) (4.4)

1=

= "'(20721""721\[)'(_1”\]_"“7’\]\7), = —Za'Aa (45)

Further, let us define a (N + 1) x (N + 1) matrix Kq = Tg with Tq and Kgq are:

CT, CK,I

Ta = and I(a= (46)
T T k K

where c is a certain constant (possibly 1). For our purposes, we shall insist that T be

symmetric. Now it is possible to show that the magnitude of £(x) in equation (4.4) can
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be bounded as follows:

|1/2

E(z)| = |2h- Ad| < |2bK7 2 -|A{,KaAa]1/2 (4.7)

This is the consequence of the well known Cauchy—Schwarz inequality. The upper bound

can take several forms and can be expressed in terms of weighted norms:

1/2

ek 1z [MyKara|'2 = CMpKarG[M? = ClkhEzlka|? (48)

where the constant C depends on K¢ and the values zg, 21, -, 2.

4.1.2 Zero Order Model (k = 0)

We come now to the optimization of Zf\_[_:__ 1 A(®, ®;)2(x;). Ideally, we would like
to minimize the absolute error |E(x)|, but since z(«) is unknown, this is not possible.

- Instead, we choose a suitable K and minimize the upper bound of |€(z)| in (4.8):

~1
A
. /! _ . cC K 1
rglan AgKara = nxizn [ =LA, AN ] [ o K] : (4.9)
AN
= min {c— 2N+ NKA 4.10
iin { } (4.10)

where £ = [k(z,21), k(@ zpy)) and K = (fcz-j)zj-:/;-=1 with k;; = s(2;, ;).
Note that equation (4.10) is an unconstrained quadratic optimization problem. In order
for this problem to solve uniquely, K must be Positive Definite and hence T invertible.

The interpolant can be given as
t@)=2 - A=d - T7l.r=d k1.« (4.11)

Note that this is the standard form of Hilbert space approach in chapter 2.
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4.1.3 General Order Model (k > 1)

In order to make large-scale variation independent of small-scale one, we assume that
m associated with the order k be smaller than the number N of data points. In addition,
the constraint X/ = x is to be imposed on the permissible values of A+ AN. Then,

the optimization becomes
mAin NEX—2M & +¢ subject to X/A=x (4.12)

Note that this is a typical Quadratic Programming of optimization problem with equality
constraints as in Luenberger [43]. The use of Lagrangian multipliers (2w) leads to the

following First Order Necessary Condition (FONC)

KA+Xw = & (4.13)

X' = x (4.14)

whose solution in A and w are uniquely obtainable if K 4 = ) is invertible. The
X 0

system of equations solves uniquely, if and only if V' is Positive (Negative) definite on the

tangent subspace M = {A: XA = 0}.

4.2 Standard Form of Splines

The standard representation of interpolant in splines are based on Reproducing Kernel

Hilbert Space theory and can be given by
, N
2@)y=0"-x+ ) ajk(e, ;) (4.15)
J=1

where z(x) is a polynomial in @ of degree k¥ — 1 plus a linear combination of N copies

of the kernel function centered at data sites {a j }“7N= 1- This form can be derived directly
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from (4.13) and (4.14) as will be shown in chapter 6. The parameter estimates are

a=a = (Kl-k7Ix . (Xk~1x)71. xX'k71) 2 (4.16)

b=p8= X£k1x)y1.x'k"1. (4.17)

Note that X'a = X/(K~1 - k=1x . (X’Kk~1x)~1. X'K—1) = 0, where a represents
any vector residing in the subspace orthogonal to the subspace spanned by column vector

of matrix X.

4.3 Choices of Spline Functions

Usually, spliners adopt the class of Radially Symmetric Basis Function for kernels
k(-), mainly because of the Rotation Invariance of the interpolants. According to Powell
and his associates [63], radially symmetric basis function models have many desirable
properties and hence they provide many opportunities for application. For this reason,
radial function method is the major part of the analysis of splines.

Radial symmetry is analogous to the concept of Isotropy of covariogram or semi-
variogram kernels of kriging. Usually, the functions & — ¢0(||a: - wj||%), zxeR? j=
1,---, N are referred to as radially symmetric functions “centered” at . If a radial
function is centered at 0, then ¢(2) = ¢(—=) and hence ¢(z) = ¢0(Ha:l|%) A function

#(x) is called Harmonic in D C R"™, where the Laplacian of the function vanishes.

Example 4.0.4 Let ¢ = (a,',y,z)’: n=3, then the following condition, called Laplace

equation, must be satisfied

2 2 2
Adl@) = V24(@) = —p(a) + 5%—;¢(w) + 2 (e) =0 (4.18)
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for the ¢(x) to be harmonic. The theory of the solutions of Laplace’s equation is called
Potential Theory. In the same way, the Biharmonic and Polyharmonic conditions can be

expressed as follows:

( biharmonic )  A24(x) = Vig(z) = V2 (V24(2)) =0 (4.19)
( polyharmonic ) AFg(@) = V2g(@) = V2 (- (V2(x))---) =0 (4.20)

The kernel function that satisfies these conditions renders very smooth surface in D C R™

in terms of curvature.
Example 4.0.5 Both ¢1(m> = log(:v2 + y2) and ¢o(x) = 22 +y2 + 22 are harmonic:

V241(2,y) = Vlog(a? +42) =0, 22 +y2 #0 (4.21)
V29(z,9,2) = VA/e24+y2422=0, 2442422 40 (4.22)

Note that the Laplacians of the two functions are no.t defined when 22 + y2 =0 or

22 4+ y2 +22 =0. This fact gives the notion that the Laplacian is proportional to 6(-).

In this work, we only take into account the multiquadrics and Thin Plate Spline
(Surface Spline), while we do not exclude other spline models. Qur selection is based on
Franke’s [25] test of various methods for interpolation over planar domain, in which the

performance of these three methods ranks high.

4.3.1 Thin Plate Spline (Surface Spline)

The Thin Plate Spline (TPS) was introduced by Duchon [21] and later technically
advanced by Duchon and Meinguet in a series of papers [52, 53, 54]. The interpolant is

known to be a generalization of univariate Natural Spline or Surface Spline. The objective
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of TPS is to find a function ¢*(x) that minimizes the Roughness Measure or Penalty,

= /Rn IVEg(2)2dw (4.23)

among all functions g(x) interpolating the data {g(z;) = 2(=;),? -, N}, where £ is
the order of the model. In the case of n=2, Jg(g) measures the Bending Energy of a thin
plate of infinite extent, and the solution models such a plate clamped at the datapoints

{(mz,z(wz))}z‘}\; 1- Suppose any interpolant g(x) takes the form of
g=x)=p0"x+ Z K(x, @) (4.24)
and for which ng(:c) is square integrable, let g(z) = g*(x) + g (), where g (z) =
g(x) — g* () satisfies {g)(=;) = O}ﬁ: 1- The roughness measure can be expressed as
JR(9) = TR + TR (g) +2 [(TEg*) - (Vg )da (4.25)
With the last cross term vanishing, the following always holds.
JR(9) = JPg") (4.26)

The equality holds if and only if g(z) = ¢*(x). Taking integration by parts k times of
the last term of (4.25) and using the facts that ¢*(2) = 8/ - x + j aj/c* (¢,2;) and

2k 2k N
VeEg* (@) = V4 Y ajn*(a:,a:j) (21r Z a; (4.27)
j=1

one can make vanish the last term of (4.25) 2f(ng*) . (ngl)da:

= )’°/{V2’c *(@)}g) (z)de = /{ IET }91( x)de

(27r)n { 8@ -2j)g1(= )} = 2(2r)" Zlajgl(:cj)zﬂ (4.28)
J=

j=
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Using the fact that —Axy(z) = £y_1(z), the kernel of the optimal interpolating surface

can be obtained by solving Partial Differential Equations :

Vic* () = V2V2k*(2) o §() (4.29)
As discussed earlier, for n = 2, V2 log(:z:2 + y2) x é(x) and for n = 3, V2\/m2 +y2 4 22
o (). For the order k, the optimal kernel £*(t) is given as follows:

tl"_llogtl/2 ifn=24,-.

m*(a:,a:j) (4.30)

tk—1/2 ifn =13,

where ¢, in (4.30) and henceforth is set equal to ||& — w]”% For k£ = 2, the model can be

constructed as follows

(odd dim) g¢*(x)

,3’-x+2a-||:c—:c-||3 (4.31)
= J 2112 )
= .

(even dim ) g*(a:)

N _ :
g -x+ Z ajlle - a:j”%log = —=;ll2 (4.32)
J=1

After estimating the parameters 8 and & by b and a, respectively, one gets, with X 'a=0,

as in section 4.2,

N

(odd dim) 3(z)=g*(z) = b -x+ '21 ajlle — ;13 (4.33)
]=
* ! N 2
(even dim) 2(z)=§"(¢) = b'-x+ zl ajlle - z;||5loglle —x;lla (4.34)
J=

For more detailed justification, refer to Duchon [21] and Kent and Mardia [37].

4.3.2 Radial Basis Functions and Matern Spline

The choice of splines is not restricted to thin plate splines. In fact, many types of

spline functions are being used in practice. Among these spline functions, one can name
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the following, of which the first three are derivable from a Variational Principle, now is

to be discussed in section 4.4.

1) Linear fc(ic,a!j) = |« —“’j”
2) Cubic k{2, T
3) Thin Plate fs(a:,:cj

= o a3

= |z —z;||?log ||z — ;]|
4) Exponential K
5) Gaussian K

6) MQ-H K

= exp{-ll= - 2;}
= 1/y/le ;12 + &
=l =12 + 2

Note that some spliners regard the multiquadric kernels 6) and T) as spline functions.

)
)
z,z;) = exp{—|lz - ;| }
)
)
)

7) MQ-B k(z,z

We now consider a family of splines that includes most existing models as special cases.

Consider the kernel function Cy(k) depending on four parameters cq,c1,a and v, already

mentioned in chapter 3
Cy(k) = cgb(h) + e I (h) (4.35)

where xy is the function ¢(v)(\/vh/2)Y Ky (1/vh/2) where ICy() is the modified Bessel
function of order » and §(-) is the indicator (dirac delta) function. Note that the scale
parameter a works in the same way as in the Ezponential and Gaussian functionss. The
parameter v is the order and controls the smoothness of the spline. This family, first
suggested in kriging by Whittle [75] and later extended in the area of splines by Matern
[48], can be easily generalized to higher dimensions.

The most interesting special cases are that with v = %, where /co(h) will follow
the exponential model, and that with v = 1.5 and @ near infinity, where /co(h) will

approximate the thin plate spline 3) associated with a cubic smoothing (thin plate) spline.
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For this reason, we consider this family as defining a larger class of splines : Matern or

M spline.

4.4 Smoothing with Splines
In the case of smoothing with splines, we are assuming the model to be
z(x) = p(x) + e(x) + 0(x) (4.36)

where e(x) and 6(x) are the realizations of e(x) and J(=x), respectively. Let g(z) =

p(®) + €(x) be any smoothing function. Because of the presence of 6(z),
z(2;) # 9(2;) = p(=;) + () , fori=1,---,N (4.37)

To provide a setting to incbrporate the 0 into the model, a Variational Principle is invoked
as in Wahba [72] and Watson {74]. A minimizing problem is defined as follows:

o [hle) ~ gl
g No?

+6 [ Ivkg(w)l%] (4.38)
If we let N2 = 1, then equation (4.38) reduces to
N
ngn [0 PEICD) —g(:vz')]2 + /’R.n |ng(:c)|2dm] (4.39)
=1

The choice of §, 0 < § < oo determines the extent to which smoothing is allowed. Let

g =lg* (1), ,g*(:cN)]’; then g = X3 + K. Based on the same argument in (4.28),

Jrn 196" @) = @n)" 3 aig"(@i) = nale (440

= 2n)"[XB+ Ka] = 2r)*dKa = (2r)"g Ag (4.41)

T2
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Here, one uses the facts that X’ = 0 and o/ = 7' A, as in section 4.2. Using this fact,

the minimization problem (4.39) can be restated as
mgin 6 |z——g|2+g’-A-g=mgin 0 |z—X,3—-Ka|2+a'-K~a (4.42)
The Minimization is straightforward and yields g* = (61 + A)—lz. Thus,

i*x) = g/ B-x+g' - A-& (4.43)

2 0I+A)1-B.x+2 - (01+4)"! A« (4.44)

The formulas (4.42)-(4.44) turn out to be the same as those of kriging. To determine
the smoothing parameter 8, Ordinary and Generalized Cross Validation techniques are

employed as in kriging.
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CHAPTER 5. THE ROLE OF KERNELS AND CONSTRAINTS

So far, we have briefly reviewed kriging and spline methods, and that the kernels of
kriging and the spline functions play equivalent roles in a spatial prediction model, even
though the objective functions of the two method look different.

As is to be discussed below, the isotrophy of a semi-variogram , or radial symmetry
of a spline function lends the property of Rotation Invariance to the interpolant, while the
constrained models features Translation Invariance (splines) and Annihilation (kriging).
The radially symmetric splines or isotrophic kernels have very interesting properties that
facilitate the application of spatial prediction. It is convenient and even customary to
express the norm of radius vector as t = B2 = ||a:“%, as in chapter 4. For later use, let us
define further that #; = h%j = ||l - x; H2 and t;; = hzzj = |le; — :cj||2.

As noted earlier and also to be further discussed below, the optimization problem
demands that the matrices V or K be Positive Definite on the Tangent Subspace given by
M = {u: Xu = 0}. The kernels that yield V or K and satisfy these conditions are called
Valid and Conditionally Positive Definite. By employing conditionally positive definite
kernels of order k, the boundedness and uniqueness of the interpolant can be attained
at the same time. Conversely, one can say that the positive definiteness condition on
matrices V or K is ralaxable by increasing the order of the model. The main objective of

this chapter is to discuss how to relax the restrictions on the matrices K or V.
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5.1 Effect of Constraints on Splines and Kriging

Now, we investigate the effect of Constraints imposed on the objective function of
spline model, the proof of which is also available in Micchelli [55]. Recall that the objective
of a spline model is to minimize the roughness penalty o/ Ko accompanied by X'a = 0.

Since the splines are functions of distance, the matrix K is a function of t;j or hz’j-

Lemma 5.0.1 The conditions of splines Zi]\Ll aiqj(‘”z') =0, forj =1,2,---,m imply
that TN 1 SN 1 ajajlle; - 25|12 =0, for = 0,1,k —1.

Proof : By expanding the kernel, one gets ||z; —; I]% = (II:!:ZII2 + ||:c.7||2 - 2(w;, :cj))e.

The objective function is a sum of multiples of polynomial terms with respect to x; or @

J
N X 2u 2 w
> 2aiay X el e 17 (-2) (g, 25)" R
1=1j=1 ut+v+w=~¢
where u,v and w are nonnegative integers that sum to £. For u < v, let us define
N 2 2
Q=)= > a; 3 lell®l=;1°(-2)" (=, ;)" (5.2)

71=1  utv4+w={
Note that Q(x) is the summation of polynomials of degree at most ¥ — 1. Therefore,

Zij\il a;Q(x;) = 0. Likewise, the same thing is true of the case with u < v. Thus, the

lemma holds.

Corollary 5.0.1 Due to the condition of X'a = 0, adding to the kernel function the term

pk(h2) = Zf:ol cihzi = Zf_:ol citi has no effect at all on the associated spline model.

Example 5.0.6 In the case of splines, Zij\;l 2';-\/:1 cplle; — "’j“%eaiaj =0, for { =
0,1,2,--+, k— 1, on condition that Zz]'\_/-:l az'qj(a:i) =0, forj=1,---,m.
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In the case of kriging, it suffices to investigate intrinsically stationary models, because
the unbiasedness constraint X/ X = x can be used without any restriction in the case of

covariance stationary models. In the intrinsically stationary cases, one can derive the

MSE function.
N N N
min MSE = min |2 Z >‘]’Y(h0]) - > )\z)\J'y z]) (5.3)
Jj=1 i=1j=1
Lemma 5.0.2 The unbiasedness conditions Zi]\il /\iqj(mi) = gj(=), forj =1,2,--+,m
or X'\ = x imply the equation

N& 2¢ 2¢
2 2 Adjlles — =% =2 Z Ajlle —=[1%, £=0,1,2,---,k~1 (5.4)
1=1j5=1 Jj=1

Proof : Due to the unbiasedness constraints, the MSE is the same whether one uses

~(h) or y(h) + Zk czhzZ By expanding the functions in (5.4), one obtains

i — 2512 = (sl + ;12 - 2es,2)C , e=1,2, b~ 1 (5.5)
e — 212 = ()2 + 2112 - 2(2,2,)* , €=1,2,- k=1 (5.6)
The left hand side of equation (5.4) is a sum of multiples of polynomial terms in @; or @ j '
N N 5 5
S AN 2 e Y (=2 (g, ) (5.7)
1=17=1 ut+vt+w={
where u,v, and w are nonnegative integers that sum to ¢. Let us assume u < v, let
N 2 2
A 2 =l e 10 (=2) Y (=, )Y (5.8)

=1  utv+w=¢
which is a polynomial of degree at most £ — 1 in . Due to the unbiasedness constraint,

N N 90
Zl 2iQ(z;) = Q(e) = _Zl Ajllw; — =5l (5.9)
= 1=
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Likewise, the expression is the same when u > v. Hence, the following holds

Zzunwz |2”—22A||a: z ;|2 (5.10)

1=1j=1 J=1

Corollary 5.0.2 Due to the unbiasedness conditions, adding to the variogram function
the term pk(hz) = Zf:()l cihzi = Zf__’_’ol citi has no effect at all on the MSE or on the

assoctated kriging objective function.

These phenomena are often called Annihilation and play a key role in constructing a

general order model of kriging and splines. For more details, refer to Kitanidis [39]

5.2 Laplacian of Radially Symmetric Functions

As discussed in previous sections, there exists the link between models of different
order. Now let us review a kﬁown technique of obtaining the Laplacian of radially sym-
rﬁetric functions. If we let f() be a radially symmetric function centered at = 0 and
g(x) be the Laplacian of f(x), then g(«) is also radially symmetric and with slight abuse
of notation : g(x) = g0(||:c||%) =4%¢), t>0.

Example 5.0.7 The Laplacian of a radially symmetric function f(-) is expressible as a

combination of the first and second order derivatives of f(-), expressed as a function of t.

Let f(x) be radially symmetric, then with a slight abuse of notation, f(x) = fO(]|a:||%) =
).

252y = 3 Pf) & 02f° Ilelz 29 (a0 ot

VIE = S T X T e T M\ & ) O
n [9260) ot as0%) 8%t a2t n [92£00) (0t \% a0 8%

- 4;1 Oz ;0t ax,+ ot =2 ( ) LT 0a? (5.12)
2f )

0
dfdt() 2, t>0 (5.13)

( -4t +
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Note that the second order derivative term of equation (5.13) is multiplied by ¢. There

are some cases for which this feature allows Af(z) to be expressed simply as a constant
0
multiple of o tt .

Example 5.0.8 Using this relationship, it is easy to verify that f?(t) = ||:c||2_1 is har-
monic only for n = 3 and fg(t) = log||®|| is harmonic only for n = 2 and hence
fg(t) = ||:c||210g ||| is biharmonic for n = 2, but not forn = 3. In general, a har-

monic function is biharmonic and bitharmonic function is triharmonic, and so on.

Example 5.0.9 IffO(t) = ag + a1t®, a#0, then g(t) = clta_l, where agy, a] and c|
are arbitrary constants. Likewise, if fo(t) = t%logt,a # 0, then go(t) =t 1liogt +
o1 = pa—l(jogt 4 1),

Let f(x) = Af(x) and g(@) be radially symmetric. For known g(2), f(®) can be obtained
by solving |

2 0
4t.w+2n.

i) _ o
dt2 dt

g-(t), t>0 (5.14)

Example 5.0.10 If one has go(t) = ¢g + ¢y logt, then fo(t) = dy + dit + dotlogt.
Likewise, if one has gO(t) =cg+c1t™ %, then the indefinite integral ofgo(t), providing
a candidate fo(t) to be checked by (5.14), is given by

dy +dyt +dot™ 2l o £1 (5.15)

dg + dit + dglogt, a=1 (5.16)

For example, the semi-variogram of a white noise process centered at j is 7 (:n,wj)

= || - “’j"z_l- The interpolant in this case can be expressed as zp(x) = Z;'\L.-l aj -

70(2, ¢;). By integrating yo (e, z;) = ||a:-a:j||2—1 = t_1/2, one obtains a semi-variogram




38

for Brownian motion with corresponding interpolant given by z(z) = By + Zﬁ'\;l a; -

(=, ;).
5.3 Validity of Kernels

Our next task is to investigate the admissibility (i.e. everywhere- invertiblity) of the
kernels of the model. A thorough study of validity checking is available in the literature
as in Matheron [49], Christakos [11], Micchelli [55], Powell [61] and Sun [70]. Their
approaches are based in part on Fourier transforms, so complex variables are involved.
On the other hand, Christakos [11] dispenses with complex variables by introducing a
Generalized Function concept to prove the validity of certain kernels. As discussed in
Micchelli [55], Powell [61] and Sun [70], validity checking in real domain also is possible
for monotonic kernels. The relationship between non-negative definite and monotonic
functions plays a key role in checking the admissibility of wider sense stationary semi-

variograms or spline functions.

5.3.1 Positive Definite Functions

A set T of elements, or points @, z’,wl,wz, -++, is said to be a metric space if it is
provided with a distance function on d(, ') with the following
1. d(z,2') = d(«', )

2. d(z,2') = 0 if and only if = =/
3. d(z,2") > d(z,2') + d(, ")

A real or complex valued function ¢(d(x;,x ])), a metric transform of pairs of points of

T is called positive definite (Hermitian), if it enjoys the following two properties
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1. Hermitian symmetry : ¢(:c2-,a:j) =T¢(m]‘,wz‘) yih,j=1,---,N
i .5 N N o VEE
2. For any N points &1, 29, -, & of T : 20 Z]:l ¢(wz,w])€zﬁj >0

where ¢ and zj are complex conjugates of ¢ and £ > respectively.

Now, let us assume that 7 = R" is a linear vector space with the metric or norm
d(z,2') = || — &/||. If the function ¢ is a function of the length ||@ — @/|| of the vector
only, then it is necessarily real, because of the Hermitian symmetry, and will be denoted
by g(-).

A real valued function G(-), a metric transform, defined in 7, is said to be positive
definite over RN, if for any N points @, &9, -,z of 7,

N N
zg E.;:l G(||le; — z;|)aja; 2 0 (5.17)
for arbitrary real {ai}z'N—_—l and any N points {:ci}z-N=1, N=23,---of T. Usﬁally, the
theory goes with saying that if a function is positive definite over H, then it is also positive
definite over RV, while the converse is not true. Refer to Shoenberg [66, 67].
Bochner [8] establishes the identity of the class of positive definite functions g(-) with

the class of characteristic functions of distribution functions in ’RN .

g(z) = /’RN e_imudil)(u) , —00<T<00 (5.18)

where 1(u) is a non-negative and bounded measure on [0,00). On the other hand, Shoen-

berg [66, 67] showed that the class of positive definite functions g(-) is expressible as
2.2
g(h) = ‘/Ooo e~hu da(u), 0<h<oo (5.19)

where a(u) is a non-negative and bounded measure on [0,00). The positive definite

functions are closely related to the complete monotonicity of a function. A real function
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f(k) is said to be completely monotonic for & > 0, if
(-1)¥fF)h) > 0 for 0<h<oo and k=0,1,2,-- (5.20)

where f(0) = f(07), which expresses the continuity of f(k) at the origin. A fundamen-
tal theorem of Shoenberg [66] states the identity of this class of completely monotonic

functions with the class of functions representable as a Laplace-Stieltjes integral
X _hu
f(h) = /0 e~ Mdp), 0<h<oo (5.21)

where df(u) is a non-negative and bounded measure on [0, 00). If ¢(k) is positive definite

in Hilbert space (H) of real functions, then one may write, in view of equations (5.19)

and (5.21),

8(h) = [ W dafu) = [ o uaa( i) = [ e ap) = ph?) (522)

This relationship states that a function f(k) is completely monotonic for A > 0, if and
only if f (h2) is positive definite in H, as shown in Shoenberg [66].

Recall that for convenience, we defined ¢ = || — :cj||% and h = |j& — zjllg: t= h2.

Example 5.0.11 Consider a white noise semi-variogram y(t) =t~%, a > 0. It is easy

to see that the function is completely monotonic. Since 4(t) = f0°° e—tudﬁ(u) by (5.21)
N N oo VN T _illzs—a 112
¥ 5 ez = /0 D> [e llae;—;l ]aiajdﬂ(u)?_O (5.23)
1=1y=1 1=1y=1

where B(u) can be identified as in Powell [61]. In general, the white noise kernels ( of

which (-) is an example ) are positive definite.
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5.3.2 Validity Checking of Splines and Intrinsic Kriging

In the case of kriging, wide-sense stationary semi-variograms are said to be valid if
they are positive definite. Thus, if one can prove the positive deﬁnitenes;c, of a certain
kernel, then that kernel is valid.

In the case of splines or intrinsic kriging, the operative property of a semi-variogram
v(t) {or a spline function «(t)) becomes conditional positive definiteness. In other words,
one needs check whether a given kernel is positive definite under the relevant linear con-

ditions
2 az'qj(mz') =0, for j=1,---,m (5.24)

The following procedure is available for intrinsically stationary processes. For such pro-

cesses, the Taylor series allows writing, as in Micchelli [55] and Powell [61],

E 00 2 -0k LB, 120 (5.25)

where v(+) is the semi-variogram of white noise process and hence completely monotonic,

so that 7(F)(6) = f§° e~ dy(u), 8 > 0. Hence,

k=1, 0) u
EO'V z'( 1)k-1 /0 [ !t e—Ut] uFdyp(u) (5.27)

! Z—
where () is a non-negative measure on [0, c0) such that

k=1 (4)
() = EOV Z,(O)t“ _1 e ]0 -0t Wapapu)  (5.26)

/000 u_kdzp(u) < oo and /Ooo dp(u) >0 (5.28)

It follows in turn that
N N

o
Z Wijlazaj = >0 (@zjaja; = 3 {Z O

2,J=1 $,7=1 2,j=1 é
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cutiff
k 1/(‘J [ !J) e tz]] u—kd¢(u)}aiaj(5.29)

Now it has been shown in section 5.1 that

N E) N )
> {Z 7 !0) ¢ }aza] = > {Z 7 —a:j||2e}az'aj=0 (5.30)

2,J=1 t,J=1

and

N [k=1 (—ut;;)f N (k=1 (—u)f)je; — 2
x {Z( ﬂj)}aiaj _ X {Z( fiei -l }aiaj=0(5.31)

i,j=1 {=0 ',j=1 =0
under conditions (5.24). If the second term of (5.29) is positive (negative) definite, then the
function 7(-) is positive (negative) definite on the tangent subspace M = {a]|X'a = 0};

i.e., conditionally positive (negative) definite of order k.

Example. 5.0.12 Let us suppose that the kernel 4(t) = $1/2 is given. Then one can infer
from Taylor series expansion that v(t) = v(0) + fé_*_ 7(1)(0)d0 where 7(1)(0) is a white

notse kernel and hence completely monotonic, and

4(t) = +(0) + /0 t+ /0 % =0 d0dip (u) (5.32)
= 4(0) + /0 e~y Ldy(u) (5.33)
= 20+ [~ -1d¢<u) b e e ldp(w) (5.34)

The first and second terms are just constants. Also the third term is negative definite in
view of the general argument just given. Thus, it can be seen that Zij\il Zjl'v—l ¥(||; —
:nj||2) - < 0 on condition that Z —1¢j = 0; i.e., conditionally negative definite of

order k = 1. In the same manner, it can be shown that the TPS kernel is conditionally

positive definite of order k = 2.
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5.4 Decomposition of Distance Matrix

Based on the arguments in the previous sections, if 4(:) is a valid kernel, the matrix

V can be decomposed into several matrices based on a Taylor-like expansion:
V=W+W++V_1+V , £20 (5.35)

It should be noted that u’'Vu = u’(VO +WV 4+ Ve +Vu= u’Vku, on condition
that X’u = 0, since V0: V1, -+, Vg1 is annihilated by the condition. The matrix Vj,
is positive ( or negative ) definite over the whole space, hence V must be positive ( or
negative ) definite on the subspace M = {u|X’u = 0}. Note that u is a dummy variable
and hence the above fact holds for u = A or u = a. As will be discussed in some detail
in chapter 6, if the Vandermondian (distance) matrix is positive definite on M then a
- unique solution is obtainable. Consequently, one can say that if a kernel is valid, then
there exists a unique soiution. If the predicted value at a prediction point @ is unique,

then the entire interpolant is uniquely determined.

5.5 Relaxation of Restrictions on Kernels
To discuss the idea of relaxation, consider the following kernel function
V(e,z;) = |l — wﬂlg , —00 <7 <00 (5.36)

By applying section 5.3, it can be shown that, the kernel is valid, if < 2k -1, £ > 0,
where £ is the order of the model, in other words, if & > [ﬂ%——l’l, where [-] is the ceiling

function. Here, 5 can be an arbitrary real number. For example, one can infer that

(e, 2)) = ||z — |13 (5.37)
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can be used for a model of order k = 2 or higher. Indeed, it can be shown that it is not

valid for £ = 1. In the case of TPS in 2-D,

Y, 25) = [l - 2;]2 2 log | — 25| (5.38)

is valid for k£ > 2, In general, the higher the order of a model, the more freedom one has in
choosing the kernel functions. In other words, restrictions on valid kernels can be relaxed

by increasing the order k of the model.
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CHAPTER 6. COMMON ASPECTS OF SPLINES AND KRIGING

As discussed in previous chapters, the actual surface z(x) = p(x) + ¢(x) in arbitrary
dimension n is the realization of random process Z(z) = p(z)+&(z),z € D C R"™. Thus,
€(x) is a realization of e(x). Behind the notion that kriging and splines are essentially

the same methodology, one is backed by the definition of
((s),e(t)) = K(3,8) = Ble(s)e(t)] = (c(s),e(t)) ~ s,teDCR™ (6.1

where (:,-) is the inner product, and &(-,) the (generalized) covariance kernel or repro-
ducing kernel. From this fact, it is not difficult to see that the objective functions of

splines and kriging of general order k are equivalent to each other
min ||z(z) — 2()||2 = min E[Z(z)-Z(z)> =zeDcCR" (6.2)

while X’X\ = x, provided that the order k of the model and the basis functions are
equivalent. If we impose the rotation invariance on kernel x(s,t), x(s,t) = x(||s — t||9).

The interpolation 22'1\; | Aiz; is best with respect to Kg, if A = [Ag,--+,A N]' min-
imizes ||(—1, A)| J» while X'A = x. Seen from kriging side, there exists two types
of modeling: covariogram and variogram modeling. In covariogram modeling case, the

objective function of kriging can be expressed as

min AEX = 2X\/y + £(0) subject to X'A =x (6.3)
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In the case of variogram modeling, (6.3) reduces to
min 2Ny — NV subject to X'\ =x (6.4)

The relation between (generalized) covariance «(®) and the semi-variogram y(x) can
be expressed as «(x) = —vy(x) + £(0). In view of the result in chapter 4, the splines
correspond to (generalized) covariance kernels. The use of Lagrangian multipliers (w)

leads to the First Order Necessary Condition (FONC): from (6.3),

TA+Xw = & (6.5)
X'

|
~

(6.6)

Similarly, one obtains similar FONC from (6.4),

VA+Xw = ~ ' (6.7)
XA = x | (6.8)
) ¥ X
whose solution in A and w are uniquely determined, if £ 4 = , is invertible.
X o0

6.1 Invariance Properties

As discussed in detail in chapter 5, the polynomial terms added to the kernel function
has no effect at all on the prediction due to the model constraint, which property is often
called Anninilation. For simplicity, consider the simple case of &/(+) = dok(-)+dy, dy #0.
The use of «/(-) instead of «(-) makes no difference to the interpolant. The ineffectiveness
of dy is referred to as Shift Invariance. The fact that nonzero dy always yields the
same prediction leads to Dilation Invariance. These two invariance properties are termed

Translation Invariance.




47

In some cases, the change of scale £0(c||z — @ ;ll) for ¢ > 0 ends up with the form of
«/(-), in which case the kernel &(-) is referred to as being Self-Similar, since no(c”:c —x; I
and nO(Hm —; Il) yield the same prediction. A formal definition of Self-Similarity can be
given as follows: A random field {Z(z) : @ € R"} is called self-similar of index a € R if
for each ¢ > 0, {c~®*Z(cx)} has the same distribution as {Z(t)}. [Kent and Mardia 1994,
Taqqu 1988]

Example 6.0.13 For a scaling factor ¢ > 0, suppose that r(z, ;) = /cO(Ha: - a:j||) =

e — ;]2 log |z — ;]|
Oz~ ;) = clle—=;|logcllz - =] (6.9)

= do+dy|lz —zjl|? +dpr(llz —2;]) , dp#0  (6.10)

From translation invariance and annihilation, one knows that‘
Oclle - =; Oz - = 6.11
Delle = 2;l) ~ (e - ;) (6.11)

which means /co(c||:v —:cj||) and ch(||a: —a;||) yield the same prediction. The kernels «(:)
of this property is usually called self-similar. Basically, the family of functions belonging to
the class of Matern spline or Whittle’s Gaussian family is characterized by this property.

MQ kernels weakly satisfy this property, because of tension parameter 2.

6.2 Unisolvence of the Interpolant

In order to verify that the solution with respect to (A’,w’) of the above problems are
globally optimal, we had better examine the second order necessary condition (SONC).
For more details and second order sufficiency condition (SOSC'), see Luenberger [43]. The

theory goes with saying that if the matrix K of quadratic optimization is positive definite
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on the Tangent Subspace formed at Regular Point of the constraints, then the solution is
globally optimal and thus unique. The key point is that K need not be positive definite
over the whole space represented by A, but just for A satisfying X’X = 0, the concept

being what they call Conditional Positive Definiteness of Order k.

Proposition 6.0.1 ( Luenberger [43] ) Let K and X be N x N and N x m matrices,

respectively. Suppose that X has rank m and that K is positive definite on the tangent

K X
subspace M = {u: X'u = 0}. Then the matriz is nonsingular.
x' o
Proof : Suppose (u,v) € RV is such that
Ku+Xv =0 (6.12)
X'u =0 . (6.13)

Multiplication of the first equation by u’ yields u'Ku + u’Xv = 0 and substitute of
Ku = 0 yields u'Ku = 0. However, clearly u € M, and thus the hypothesis on K
together with u/Ku = 0 implies that u = 0. It then follows form the first equation that
Xv = 0. The full-rank condition on X then implies that v = 0. Thus the only solution
to (6.12)-(6.13) isu =0, v=0. Q.E.D.

Note that K need not be always positive definite and hence «(-) need not be a positive
definite function, since the condition can be relaxed by increasing the order of the model

as discussed in section 5 in connection with relaxation of kernels.
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6.3 Estimation of Interpolant

Due to the invariance properties, it is easy to see that K ~ ¥ ~ V| if one use the
same type of kernels. The interpolant estimated from (6.5)-(6.6) can be rearranged as
-1
A
e) = [2,0]] = [2,0] (6.14)
w X' o X
= zA-Zzl-nA = 24Xy (6.15)
. !t ! 7 .n! ! . . . .
where A 4 = [/\ , W ] s K= [n ,x] yand z 4 = [z ,0} . This is also reminiscent of the

standard form of Hilbert space approach.

6.4 Parametric Expression of Models

An alternative way of obtaining A, w is based on the assumption that the inverse of

V exists, which is known to be true in most cases. From equation (6.7),
A=K l(s-Xw)=Kk"le- K 1Xw (6.16)

Due to the unbiasedness condition (6.8), it follows that X/A = X/ V—l(n - Xw) = x.

Thus, the estimates of A and w can be obtained as follows:
w = (X'k~1x)71 X' k~1k -« (6.17)
By substuting equation (6.17) into (6.16), one obtains

A= K e - kTIX(XKTIX)TH X KR -« (6.18)

= [k~ -k Ix(xX k107X kT e+ (KX (KX T % (6.19)
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For convenience, let A = Py - & + Px - x. The interpolant can be expressed as

tz) = 2 A=2-Bx+7 A x=b.x+d & (6.20)

which can be identified as a Boolean sum of two projections A and B, where

d = A [k7l-k~lx . (x'k~1x)~1. X'kt (6.21)

b = 2 k7 1x. . (xX'k~1x)"1 (6.22)

Note that X’a = 0, which indicate the orthogonal decomposition. This form is standard
for splines and dual for kriging.

The small-scale variation is the key part of the interpolation model and the major
source of difference among interpolation methods such as splines, kriging and possibly

other types of techniques. When large and small-scale is considered, the model becomes:
3(@) = 22@% =) +e(@) =8 x+ () (6.23)

with estimated interpolant: 3(x) = b/ - x + e(x), where b = 3 and e(z) = &«). The
structure described below generalizes and unifies the above viewpoints. Given z, the

interpolant 2(«) must satisfy
z%-z ij(@;) +e(;) = Z@mm+d) Az)  (6:29)

for: =1,2,--+,N. Choosmg an interpolant z(:z:) = quj(a:) + e(x) amounts to

Zj=1
choosing {bj} and {e(x;)}. This is the problem common to krigers and spliners and is in
effect approached by both schools in the following way : consider a symmetric real matrix

K, which can be identified as an operator of a Positive Transformation, and define o by

€ = [e = K. Then we have:

N
Il

XB+e = XB+Ie = X+ Ka (6.25)
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Note that K is positive definite on condition that X’ = 0. An interpolant can be
obtained by specifying A(:) such that [ = (/\ZJ)z =1 with A;; = A(®; — ;). Another
way of obtaining an interpolant is to specify a function k() such that K = (x; J')iNj--l
J=
with £;; = n(||a:z-—a:j“) is Positive Definite on the tangent subspace M = {u : X'u = 0}.

Note that the system of equations in (6.25) is equivalent to:

m N
He) = (&) = 3 Bjgj(m)+ Y el@)Mwiz;) (6.26)
= =
m N
= Z ,quj(wz)+ E a(a:]')lc(a!z,wj) (6.27)
= b=

Relations (6.26) and (6.27) respectively yield the following models:

N

z() = B-x+¢ex) = B-x+ Z M :c]) (6.28)
]_

= B-x+ Z a(z )z, ;) (6.29)
=1

Using vector notation, interpolation models corresponding to (6.28) and (6.29) becomes
— o — nal / _ nl /
2(eg) = 2 A =0 x+€ A =0 x+a - & (6.30)

where & = K~ Ye and & = K A, provided x = X’A. The X is a vector of functions of
x, since A is a function of k. The parameters a1,-+,ap and By, -+, 8y of polynomial

Pk € P} are to be determined such that fori =1,.--, N,

m
2(&}2) = Z(wi) Z ﬂjq] z)+ Z T’zaw]) (6'31)
j=1 J=1
N
Y omj)gi(=) =0, i=1,-,m (6.32)

~
Il
[
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Equivalently, in matrix and vector notation, equations (6.31)-(6.32) become

Ka+XB = z (6.33)

X'a =0 (6.34)

As a matter of fact, this is the Standard Form of splines and Dual Form of kriging.

6.5 The Link to Generalized Least Square

The parameters involved in kriging and spline models are €,a and 8. They are
estimated based on N observations. In the language of vector spaces, € and « are mutually

Covariant and Contravariant. By the Hermitian character of the transformation K,
min ¢ K~ le = min (z ~ XB) K~z - XB) = (2~ Xb) kL (z~ Xb)  (6.35)

and thus conforms to General Least Squares (GLS). By symmetry, we can extend this

notion to obtain another type of error vector e orthogonal to By :
a=Klz-XxB)=w-RB (6.36)
Thus, (6.35) can be rewritten as
min o/ K& = min (w— R8)K(w— RB) = (w— RbYK(w —Rb) (6.37)

Based on the criterion (6.35), B is given by b = (X'K—IX)"IX/K"lz. Also, letting e
and a be, respectively, the elements of the residuals z— Xb and w — Rb, we have as well
e = z—Xb = K (w—-Rb) (6.38)

a = w—Rb = K"}z - Xb) (6.39)
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6.6 Dual Property

Alternatively, we can obtain an interpolant as well by estimating paramaters involved
and inventing function «(:). Note that now we are working with N data points, while we
worked with N + 1 data points in the previous subsection. Let us get started with the

fact that that our K is indeed restricted to be positive (semi)definite follows from
0 < dKe (6.40)

The existence of T implies the existence of K —1, so that K is in fact restricted to be
positive definite. Indeed, the structure of K is more refined : K is conditionally positive
definite of order k, a concept that can be detailed as follows.

In order to discuss conditional positive definiteness of the matrix K, it will be useful
to identify the two mutually orthogonal subspaces By = {XB8: 8 € R™} and Ay =
{a: X'a=0ac RN } of respective dimensions m and N —m in an N dimensional
vector spaces. In the same manner, the vector space can be partitioned into two mutually
orthogonal subspaces Bp = {RB : B € R™} and g = {e : Rle = 0,¢ € RN} of
respective dimensions m and N — m. In other words, the vector space can be expressed

as a Boolean (Direct) sum of subspaces as
N _ -
RY"=Ax0Bx =Er®Bp (6.41)

It is interesting to observe that the conditions R'e = X’a = 0 always hold. Thus, the

inequalities in (6.40) need not hold for all & values , but just for the values of & satisfying
Re=X'a=0 (6.42)

which actually weakens the positive definiteness condition of matrix K and K 1

that the condition become less restrictive. The corresponding theory for the matrix K
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involves the notion of validity of the kernel functions. The functions that satisfy the
above-mentioned conditions are possible candidate kernel functions for both kriging and
splines. See Huijbregts and Matheron [33], Olea [57] and Michelli [55].

All the properties discussed so far are attributable to the fact that both kriging and
spline models defined in a Finite Dimensional vector space naturally or inevitably enjoy
the dual structure, and both krigers and spliners are exploiting the Dual Structure of

vector space. The following is the common way of estimating the parameters involved in

the model. Recall that

b = (X'k7lx)7l.xgl.g (6.43)

a = Klz-xb)= [kl - k71X . (X'Kk71x)7 XK 2 (6.44)

From the fact that Ka = z — Xb and X/a = 0, it is easy to see that the estimates in

(6.44). and (6.43) can be obtained from the system of equations given in (I) or (II).

(1) Ka+XB

i

z (1) K~le+XxB = w (6.45)

X'a = 0 X'e =0

The system of equations in (I) can be solved for arbitrary z, if and only if for every
K X

a € Ax\{0}, B € By, the augmented matrix , are nonsingular, which can
X o0

be easily verified using the SONC provided K is positive definite on condition X'a = 0.

The same is true of (II). We will discuss later that the formulation for kriging model takes

the primal form (II), while splines take the dual (I) as in chapter 3 and 4, respectively.
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6.7 Computational Aspects

Both in kriging and splines, positive definiteness of the matrix K on the tangent sub-
space is required for boundedness of the interpolant at the prediction point . However,
it is not trivial to verify the conditional positive definiteness of the function «(-). In fact,
the existing analytic methods guarantee only the conditional positive semi-definiteness of
the function «(-), as discussed in chapter 5. Besides, the problem is more serious than is
thought to be. Even though the matrix K is conditionally positive definite, it could be
numerically singular especially when the condition number of the matrix K is very small,

where the Condition Number is defined as

the smallest eigenvalue

Condition Number = -
the largest eigenvalue

(6.46)

Even this problem is also common to both kriging and splines. As a general rule, it is
most efficient to use Factorization Methods such as LU decomposition that exploit the

structure of the symmetric matrix, but we shall not review this here.

6.8 Smoothing Techniques

As mentioned earlier, the measurement error of observations are regarded as being
independent. How to incorporate these errors into the prediction model is more like a
trick. The changes are made only on the diagonal elements of the matrices.

If we define K(6) to be the matrix K plus a diagonal matrix which has all elements

0, then the optimization problem can be identified as follows
min 0|z — X8 - Ke[> + 'K le = min 0]z — X - Ko+ Ka (647)

The same result from another approach is available in Kimeldorf and Wahba [38] and
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Watson (74]. Both krigers and spliners employ Ordinary or General Cross Validation

techniques to estimate the parameter (9).

6.9 Difference between Kriging and Splines

The major difference lies in the objectives of each group and hence the criterion for
the choice of kernels. Usually, krigers try to estimate the kernels from the observational
data, as in Cressie [16] and Kitanidis [39], while spliners invent splines on their own

criterion, say, Roughness Penalty, as in chapter 4.



57

CHAPTER 7. MULTIQUADRIC METHOD

The multiquadric models were originally devised by Hardy [28, 29] as a global method
to interpolate IV observational data. The initial study of multiquadrics dates as far back
as early 1970’s. The origin and the development of the multiquadric method is well
presented in Hardy [30] with extensive bibliographies. Many successful applications of
the MQ method in the case of multidimensional data are also reported in many recent
publications as in Pottmann and Eck [59], Carson and Foley [10] and Kansa [36]. Unlike

other spatial prediction methods, the multiquadrics has its ground in Potential Theory.

7.1 Potential Theory

Multiquadric models are constructed on the basis of the afore-mentioned potential
theory, a good example of which occurs in connection with gravitational forces. If a
particle A of mass M is fixed at a point (.’L‘j,yj,Zj) and another particle B of mass m is
at point (z,y, z) then A attracts (or repulses B), the gravitational force being the gradient

of the scalar function

g(z,y,2) = , £=GMm = const (7.1)

Q‘il“

r =

(@—2;)2+(y—y;)% + (2 - 2) (7.2)
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where G is coeflicient of gravitation. This function is called the potential of the gravita-

tional field, and it satisfies Laplace’s equation. On the other hand, the function

fap,2) = r=yf@=2)?+ -y + (s~ 2)2 (1.3)
represents the potential energy. These two types of functions are employed by Hardy

and are called MQ harmonic (MQ-H) and MQ biharmonic (MQ-B), respectively. The

functions can be expressed in terms of norms:

(MQ-H)  sp(e,2) = 1|z —=lo, = #; (7.4)
(MQ-B) nb(a:,:cj) = |le- a:]||2 , & F ; (7.5)
for j =1,2,---,N, where ||z — '.cj||2 is the distance between the two points  and ;.

Of course, the Laplacian of ky(x — = j) is supposed to be nh(:c,:nj);

Viep(x,@j) = sple,x)), £ - (7.6)
V2ep(@,2;) = 0 rEy (1.7)

Note that the original potential functions are defined only on 3 dimensional space.

7.2 Tension Parameter

As discussed in chapter 6, it is known and easy to verify that MQ-H and MQ-B kernels
are harmonic and biharmonic, respectively, only for n = 3. Note that V2« plz—e j) #0
when n=2 and hence V4nb(m - :c]-) # 0 when n = 2. To use the models in D C RZ, a
slight modification is needed and Hardy proposed the following by substuting c2 for the

term (z — zj)2.

(MQH)  rp(2,2)) = 1/yfe—2))2+(y—y;)2+c2 (7.8)

(MQB)  mye,2)) = \lw—2))2+ @52+ (7.9)
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According to Hardy’s recommendation, a small value of ¢ would be enough to round off
the discontinuity of the vertex at each center. In spite of the modification, the harmonic
and biharmonic property is not maintained in R2. Some investigators such as Carson
and Foley [10] have tried to find the “optimal value” of c? in some sense. According to

their studies, the existence of an optimal c?

is not apparent. Some other spliners as Eck
[24] regard this constant as a “Tension Parameter” and thus a sort of Design Parameter

in surface design.

7.3 Zero Order Model (£ = 0)

Originally, Hardy [28, 29] utilized the form of order 0 without the large scale part of

polynomial and chose £(:) to be a harmonic or biharmonic function.

N
' ! (7.10)

' N
( MQ-H) Zp(x) = Z a;kp(®,2;) = Z a;
iz J J i=1 J\/“"’_mj”+02

N
( MQ-B) 2( Z kp(@,2;) = Z i/l a:—a:J||+c (7.11)

These models are valid in that the Grammian matrices T}, and T}, are invertible without
any conditions so that the interpolant is always obtainable. As discussed earlier, however,
the boundedness of the interpolant is not guaranteed within this framework, as discussed
in chapter 4. As seen in Figure 7.1, the MQ harmonic kernel can be related to the
semi-variogram of a white noise process. With positive constant c, it becomes much like
the Covariance Stationary kernel of kriging, viz. Simple Kriging.

The MQ biharmonic kernel is also valid within this frame work, since it can be proven
that the Grammian of MQ-B kernel'is always invertible. The drawback of the zero order

model framework is that it does not guarantee the boundedness of the interpolant.
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Figure 7.1: Covariogram of White Noise and MQ Harmonic Kernel

7.4 First Order Model (k = 1)

Later, Hardy [32] switched to what they call multiquadric biharmonic model. The

model can be identified as of order 1 and falls into the following framework.
N 1

2. ¢ 5

=17 lle - ajll+ ¢

N
(MQ-B) () = bp+ . aj,/||a=—wj|| +c2 (7.13)
j=1

The MQ harmonic model of order 1 is valid in that the matrices xj, is Positive Definite

(MQ-H) Zp(=) = b+

(7.12)

without any condition so that the interpolant is bounded and uniquely determined. With
positive constant c, it becomes the Covariance Stationary kernel of kriging, viz. Ordinary
Kriging. The MQ biharmonic model of order 1 is also valid within this frame work since
the kernel is Conditionally Positive Definite of Order 1. See Figure 7.2. Note that the
biharmonic kernel is much the same as the semi-variogram of a Brownian motion porcess,

which corresponds to Matheron’s 0-IRF.
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Figure 7.2: Standard Brownian Motion and MQ-B Kernel

7.5 General Order Model (k > 1)

More general types of models are also available. MQ models of general order belong
to what Hardy call Osculating Mode. In fact, the model embraces the polynomial term
for large-scale variation and the kernel of Hardy’s osculating mode remains the same as
the order of the model changes. On the other hand, Riesz Potential Model provides more

general framework for this type of multiquadric kernels
k—
(Riesz) w(x,z;) = (”a: —a:j||% +c2) " ,0<n<1, k=0,1,--- (7.14)

Note that harmonic and biharmonic models are characterized by ¥ = 0 and k£ =

respectively, with n = 1/2.

Example 7.0.14 A MQ biharmonic model of order 1 takes the spline form

i) = B+ Z jn(z,2;) (7.15)
and also the parameters involved must satcsfy the condition that Z j=19 = 0, and
2(z;) = ﬂo+2a w(@5,@;), i=1,-,N (7.16)

The MQ potential model of order k is also valid within this framework, since the kernel

is conditionally positive definite of order k.
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Figure 7.3: Smoothing with 0-IRF and MQ-B

7.6 Smoothing

A main difference between kriging and MQ lies in the use of the term “smoothing
constant” (in the case of splines) and “nugget effect” (in the case of kriging) for essentially
the same quantities.

Unlike other spatial prediction methods, in case of MQ or potential models, the
objective function is not defined. For this reason, it is not clear how to incorporate
measurement errors into MQ models. As a matter of fact, Hardy’s multiquadric models
have been used extensively for interpolation only. It would be possible, however, to
incorporate the smoothing into MQ potential model just as is done in kriging, as in

Figure 7.3.
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CHAPTER 8. THE LINKS AMONG EXISTING MODELS

The spatial prediction models are the most general type of linear model. Accordingly,
the generalized regression models or time series models are special cases of spatial predic-
tion models. Some of typical spatial prediction methods can be understood in a unified
context. Defined on a finite dimensional vector space or in a Hilbert space, both kriging
and splines naturally and inevitably enjoy the same structure. The kriging predictor can
be made equivalent to splines and multiquadric predictor with a particular choice of Gen-
eralized Covariance or Semi-variogram. To facilitate the comparison of existing prediction

models, the order of the model and the .type of kernel function must be considered.

8.1 The Links Among Models of Different Order

For both kriging and splines, the interpolation models of order k£ can be constructed

by solving the Partial Differential Fquations:

Akn(-) = white noise (8.1)
Ak—ln(-) = Brownian motion (8.2)
If the kernels are radially symmetric, the differential equation can be easily solved and

thus the model building is performed more systematically, as discussed in section 6. An

analogue between Covariance Stationary kriging and Variogram Stationary kriging are
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Table 8.1:  Classification by Order of Models

Stationarity | Order 0 Order 1 Order 2 Order k

Wide Sense | Simple Ordinary Universal Universal
Condition on | Positive Positive Positive Positive

( —l)k &(-) Definite Definite Definite Definite
Wider Sense | White Noise | 0-IRF 1-IRF (k= 1)-IRF
Admissibility Conditionally | Conditionally | Conditionally
Condition on | Pos. Def. Pos. Def. Pos. Def. Pos. Def.
(—1)"’7(-) of order 1 of order 2 of order k

tabulated as in Table 8.1.  As a matter of fact, such a kriger as Matheron [50] views the
lowest order process as a Brownian motion, which is of order 1, whereas most spliners as
Duchon [21] and Micchelli [55] equate the semi-variogram of the lowest order process as
that of Dirac Delta ( or white noise), which is completely monotonic. Ig this context, MQ-
H belongs to a semi-variogram of white noise model, just as MQ-B to that of a Brownian
motion. In the same fashion, TPS can be identified as belonging to a triharmonic or
polyharmonic model.

The functions for white noise models are featured by being completely monotonic.
The white noise kernels play a key role in identifying the validity of a kernel. To ease the
comparison, the following Table 8.2 might be helpful. Note that the kernel functions of

lower order model can be used as the kernel of higher order models.

8.1.1 The Order of Models

Multiquadric users would relish the zero order model, where their distance matrix (or

Vandermondian) is just invertible. Seen from spliner’s stand point, the zero order model

is not the bounded framework. Generally, the zero order model is not used by krigers’,.
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Table 8.2: Harmonic Series of Models

Models Order 0 Order 1 Order 2 Order k
TPS-2D [6(2)] [log ¢] tlogt tFlogt
TPS3D | [t~/ [t1/2] 13/2 F—1]2
Krg-2D [6)(t=1/2)] | ogt(¢1/2)] | tlogt(t3/2) | thlogt(tF—1/2)

MQ-2D : MQ in (z,y) MQ-3D : MQ in (z,y,2)
TPS-2D : TPS in (z,y) TPS-3D : TPS in (z,y,2)
Krg-2D : Kriging in (z,y) Krg-2D : Kriging in (z,y, 2)
[-] : models not in use

for the it does not have the large scale part and hence the interpolant is seriously biased
in the statistical sense.

For the same reason, multiquadric users seem to prefer the MQ-B, which is order
1 and hence bounded. Multiquadric users made scarce use of the second order model.
Usually, the second order ¥ = 2 models are preferred by spliners, while krigers do not
seem to have preference on the order of the model, is so far as the model is valid.

A question that can arise is what the use of higher order (k£ > 2) models is. A sort
of answer is available in Mardia et.al. [47]. According to their study, one need to employ
higher order model to incorporate into the model the information on slopes, curvatures
and the higher order derivatives, which can be available when measured by such measuring

devices as laser interferometer.
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8.2 The Link between Least Square and Spatial Prediction

The estimation of parameters involved in spatial prediction models are essentially
the same in that kriging estimates are based on maximum likelihood function and splines
have its ground on generalized least square. It is famous that MLE and LS criterions are
basically the same. In the sense, parameter estimates of spatial prediction are all MLE’s.
It is interesting and important to notice that spatial prediction method can be recognized
as a natural extension of least squares or polynomial regression. For example, given a set

of data {(yi,mi)}ﬁ__l, the least square criterion is given by

N N .
. . Yiliy
min ¥ (y; — )2 and A= —L]‘Vu (8.3)
i=1

where p is a constant. Note that we are assuming the residuals {v; = z; — ;1.}2_7__ ] are
independent. To compare the least square method with spatial prediction, consider the
first order model
N
z(x) = By + Z ajr(x,®;), @,2; €D (8.4)
j=1
which is the standard form for splines and the dual form for kriging. If one adopts a
white noise kernel for x(z, a:j), then one gets g = ,30. The white noise kernel provides

a connection between the least squares and spatial prediction method. Recall that the

spatial prediction model satisfies the following condition, fori = 1,---, N,
N N N
z(:ci) = ﬁo + Z ej,\(a:i,mj) = ,30 + Z u]-'r(:ci,a:j) = ,30 + Z ajli(a:i,a:j) (8.5)
j=1 j=1 j=1

In case that £(-) is a white noise kernel, it is easy to see that € =vj=aj and hence

K = 1. 1t is interesting to note that the least square criterion provides a method for

obtaining a the center of gravity in terms of physics.
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8.2.1 Ordinary Least Square Method

Let’s consider a general order model. The least squares criterion is equivalent to the

Polynomial Regression. The objective function can be identified as
y 2 / /
min Y [y(2;) — p(2;)]* = min (y-UB) - (y-UB) = min ' -v (8.6)
B =1 ¢ B
where @, € D. Note that v is the vector of independent residuals {v; = y(&;) — p(2;) =
y; — u(f)}i]\il. The estimate 8 = (U’U)"1 Uy and ji(e) = B/ - X.
8.2.2 Generalized Least Squares

The Least Square idea can be expanded further to Generalized Least Squares usually

in connection with Covariance Stationarity. The GLS can be expressed as

N N
min 21 Zl 6" [2(2;) — p(ws)][2(z;) — p(z;)] (8.7)
1=} )=
= n'gn z-XxB8) -2 1. z-XB) = rrgn e .z l.e (8.8)

where [h:ij ]=5"1 and [£3;] = £ = variance-covariance matrix, which is given by

K’(mlvml) K(ey,29) - IC(QB]_,:BN)

S = (k] = n(mQ_’ml) n(wQ_’wz) n(wszN) (8.9)

-n(a:N,ml) &z, 29) - w(zp,zN)

In GLS, the positive definiteness of matrices ¥ and 5! is needed for the Unisolvence
and Boundedness of the interpolant, which in turn requires the covariance kernel function

to be positive definite. If we insist on the positive definiteness of the kernel, the model is




68

analogous to the universal kriging. If we use the white noise kernel, the model reduces to
the polynomial least square model.

The GLS idea can be expanded further to Constrained GLS (CGLS) on the basis of
Wider Sense (Variogram) Stationarity assumption. The objective function of CGLS can

be identified as
N N .
min 3 3 wla(e) — wlai)l(e;) - uaj) (3.10)
B =1j=1
The restriction on the matrix K can be relaxed by adding constraints X’ = 0 or R'e = 0.
min o - K-a=min ¢ -K1.¢ (8.11)

After estimating parameters as before, the prediction of interpolant can be performed by
., N N |
fl®) = b x4+ Y a;- Kz, @j) = b ox+ 3 ej - Mz, ;) (8.12)
j=1 j=1

The choice of £(-) and the order % of the model determines the effectiveness of interpolant
estimation, while the Conditional Positive Definiteness of Order k of matrices K and
K~ is needed for the Unisolvence and Boundedness of the problem.

The main point of this section is that any least square problem can be a special case

of spatial prediction. Conversely, it can be said that any least square problem can be

naturally extended to spatial prediction problems.
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CHAPTER 9. SPATIAL PREDICTION OF ROUND FEATURES

In this chapter, we discuss what can be done with geometric objects which have
circular features such as circles, spheres and cylinders. As discussed in the previous
chapters, spatial prediction models can be unified into the Generalized Least Squares
framework by extending the Least Square Criterion. When it comes to applying the
spatial prediction theory to near-circular features, one may recall that the Least Squares
Method provides a framework for circular profile approximation known as Best F itting
of circular features, the statistical behavior of which is well studied and illustrated in
Berman [6], Berman and Culpin [7] and Coope [12]. Our primary emphasis will be on
assessing departures from circularity. This will be done by fixing in an initial least squares
estimate the “center of the profile, followed by detailed examination of the “radius” of
the profile, applying methods of the previous sections, in addition to developing suitably
periodic kernels. While it seems intuitively clear that pre-selection of the center will
not subtantially affect the final estimated near-circular contour, precise analysis of this

phenomenon awaits research beyond this work.

9.1 Circular Profile Estimation

According to ISO 1101 or ANSI Y14.5M, a profile is a outline of the projected shadow

of an object. If the outline is “approximately” round, it is called circular. The problem
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of determining the circle of Best Fit to a set of points of circular profile in the plane (
or the obvious generalization to n-dimensions) is easily formulated as a Nonlinear Total
Least Squares problem which may be solved using a nonlinear optimization algorithm.

The distance r; from the center (a, b) to a point ; = (z;,y;) can be given by

_\/ . — a)2 + (v; — b)2 (9.1)

The Ordinary Least Square Criterion for circular feature with unknown center and radus

can be expressed as

8
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For fixed center (a,b), say (&,b), and unknown radius r, the criterion becomes
N 2
min X:I[TZ — 7] (9.3)
1=

The estimates &,b and # are Mazimum Likelihood Estimates (MLE) under the assumption
that the sample distances of (u;,v;) from the true center are independent and approxi-

mately normally distributed about the true radius.

9.1.1 Reference Circles

Just as the cartesian doordinate system is used for a reference in planar surface
estimation, a circular reference with a center is needed for a set of near-circular data
points imbedded in the plane. The spatial prediction models for circular features depends

on the choice of setting or circular reference; also the use of kernel type is closely related

[\/ a)2 + (v; = b2 — 1‘]2 (9.2) |
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to the domain of interest D; in particular, peroidicity is a nature attribute of kernels to
be used for spatial analysis of circular features.

There are many ways to designate a reference circle and center, such as the best
fit circle, the minimum radial separation circle, the largest inscribed circle, the smallest
circumscribed circle and so on. Among these, the best fit circle would be the most

compatible one with spatial prediction methodology.

Reference
Center

o

Figure 9.1: Observations of Circular Features

In general, the center of the reference circle is of particular importance. Indeed
distances from the reference circles are regarded as observations.

For later use, let U™ denote the unit sphere in RM+1 56 that U! can define a unit
circle in R2 and let B™ be the best fit sphere in R™*! so that B! denotes the best fit
circle in R2. Throughout this work, the center of a reference circle lying in the plane, is

assumed, without loss of generality, to be at the origin.
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9.1.2 Domain of Interest

The most popular way of dealing with the circular problem would be to consider it
in a univariate setting tied to a single angle 0. In the case that the observation points
e, ¢; €U 1. since (a,b) = ||a|||b|| cos @ for arbitrary vector a and b, the intervening
angle 0;; < 7 between @; and @ can be given by 0;; = arccos(®;, @ ), where (-) denotes

the inner product. In case that ¢; and = j are not necessarily on U ! but on an arbitrary

circle,
. v T
0, = arccos | ——, —I (9.4)
" (II%‘II Ilell)
An alternative way of identifying the domain would be to resort to chords, rather than
angles as in Light and Cheney [42]. The metric involved is the Euclidean distance ||@; —

x j”2’ which is the length of the chord between the two points @; and 2 j» given by

z, T4
©; —a;llo = |27 — 27 cos { arccos(—t-, —L=) b =, /2F — 27 cos 0, ; 9.5

Figure 9.2 illustrates the metric of each system. A closer look reveals that there exists

Reference
Center
(a,b)

Figure 9.2: Geodesic vs. Euclidean Distance
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an algebraic link between the two metric systems. A relation alternative to (9.5) is
16— || = arccos ( |l ==l 9.6)
J 27
\
It is also possible to exploit the theory of Completely Monotone Functions and Con-
ditionally Positive Definite Functions to obtain information about interpolation on any

reference circle, as discussed in previous chapters.

9.1.3 Criterion for the Choice of Kernels

Self-similarity, already defined in section 6.1, is especially useful in the spherical case,
where it produces invariance of the interpolant to the radius of the spherical domain.
Beyond this, kernel selection in spherical surface analysis will depend on the domain D.

If D is a circle, it is required for the kernel to be symmetric and periodic:

k(61,09) = 9|0 —69l) and x0(0) = k00 £2er), £=0,1,2,3,--- (9.7)
This type of kernels lend itself to Fourier series analysis. In the case of a sphere, the

kernel should satisfy properties generalizing (9.7), as discussed below.

9.1.4 Univariate Circular Approach

In keeping with Fourier Analysis, as in Wahba [72], kernels on the circle can be
obtained by imposing periodic boundary conditions on kernel functions, but it is more
convenient to begin in the first instance with periodic kernel functions: Figenfunctions
and FEigenvalues have a particularly simple form

oQ o0
K(0) ~ V2 Y aycos2mvb+v2 Y bysin2md e (0,]]=UL c Rl (9.8)

v=1 v=1
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with 22°=1(a,2, + 612,)(271'1/)2]" < 00, where the domain of interest is the unit circle. Since

dk cos 2w vl k + cos 27vl
— = (2mv)" % (9.9)
df sin 27 v 0 +sin2wv6

then if °° ; (a2 + 612,)(27r1/)2k < 0o holds, we have

v=1

fl(a%b%)(zw)% = [ |90 e (9.10)

A natural way of obtaining a valid kernel is to derive the Reproducing Kernel. From the

famous Parseval Identity, the reproducing kernel function ( inner product ) is given by

00
£(01,60) = > -——%[cos 27101 cos 2wvlg + sin 27wl sin2rvfg]  (9.11)
=1 (27v)
> 2 )
= ———73- cos 21w (01 — 09) (9.12
=1 (27ru)2k

which is a member of Covariance Kernel. The eigenvalues of the reproducing kernel are
all of multiplicity 2 and are Ay = (27ru)_2k , and the eigenfunctions are v/2sin 27v6 and
V2 cos 2rv8. A closed form expression for k(61,09) using Bernoulli polynomials was given
by Craven and Wahba [13]. The Bernoulli polynomials By(0),¢ = 0,1,---,0 € [0,1] are

known to satisfy the recursive relations

By(f) =1 (9.13)
L B(0) = By_y(0) (9.14)
%:Bgmmt= 0, £=1,2- (9.15)

The following formula is available in Abramowitz and Stegun [1].

cos 2w vl

Boy(8) = (1)~ 12¢2ky Y oo’

v=1

9 €0,1] (9.16)
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so that «(-) of (9.12) is given by
k(01,09) = (——D-’c—szk([ﬁ —6]) (9.17)
(2k)!
where [0] —09] is the fractional part of 81 — 9. £(01,09) is a stationary covariance on the
circle, whose associated stochastic process Z(8),0 € [0, 1] possess exactly £ — 1 quadratic-
mean derivatives and satifies the periodic boundary conditions Z (v) (0) = z(v) (1),v =
0,1,2,---,k — 1. The first few such functions are given by

1l

k=1, By(o) = iz lola- o} (9.13)
k=2, By(lo) = —p{-55+10R0 - lo)?) (9.19)
k=3, Bglo) = g — 30 -1eD2-loPa—1)%t (920

Due to Translation Invariance, the constant term and scaling factor are removable so a

bit of simplification is possible here. With 6,6, € [0,27] € ’R,l,

£1(0,0;) = 10— ;I (27 — 116 —6;])) (9.21)
%o(0,65) = 110 - 0112 (2 — 16 — 0;1)) (9.22)

1 2
w3(0,0;) = 31005117 (2m — 110 - 0;11)" + 110 - 0;1°2x — 10 - 0;1)°  (9.23)

This enable us to construct different types of models for circular profile interpolation.

N N

k=1, f(0) = ﬂo + Z aj.‘cl(e,o]') , Z: aj = 0 (9.24)
N N

k=2, f(0) = pByp+ Zl ajh:2(0,0j) , Zl a; = 0 (9.25)
J= J=
N N

k=3, f(0) = Bp+ Z a K,3(0,0j) , Z: a; = 0 (9.26)

= ]:

—
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which varies depending on k. In general, any periodic function on the circle [0,1] which
is continuous, even and positive-definite has a Fourier Representation
00
£(0] —0g) = > a; cos 2nv (0] — f9) (9.27)
v=1
with aj 20, 22?—-1 ay < 0o. Schoenberg [68] proved that the most general nonnegative
definite functions on the circle take the above form. In other words, such a function «(-)
has the property that for arbitrary N, ®; € S 1, and ¢; € R,
N N
Z Z aiajn(d(a:i, 33])) 20 (9.28)
1=1j=1
where d(z;, @ j) is the geodesic distance between the two points on the circle. Note that
the models (9.24)-(9.26) are analogous to that of Ordinary Kriging, in the sense that the
kernel x(6] — 05) is the covariance function of the Gaussian Brownian Bridge. In chapter
10, the models of this category will be denoted by BPk. It is known that the models
belonging to this category performs well especially for circular profiles, thus deserve to be

used as benchmarks in teh circular case.

9.1.5 Bivariate Circular Approach

To discuss the estimation of circular profile in 2-D space, we need to define the domain
of interest D = {(u, v)|(u — &)2 + (v - b)2 —#2 = 0}, where 7 is an unspoecified radius.
Let us recall the Variational Principle in chapter 4. The following kernel, known as Thin

Plate Spline, useful here. For £ =2,3,-.-, and ®,z; € D,

wp(@,z) = |- 2|35 2log)le — ;] (9.29)

where ||[z—2;||g = \/(x - :vj)2 + (y— yj)2. It is important to see that since this function

is Radially Symmetric and Self-Similar, one can restrict the domain to the perimeter of
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arbitrary radius. Using this kernel, one can construct the following prediction model

N
k=2, f(z)="Fg+Pioz+hoy+ ). ajra(@,2;) (9-30)

Jj=1

where 2 = (7cos§,7sinf) C D and the models can be of any order other than 2. Ac-
cording to the Variational Principle, the order k=2 typically is preferred, as discussed in
Chapter 4. Note that the above discussion can be extended to embedding spaces of any

even dimensional circular approach. In chapter 10, the models of this category will be

denoted by TPk.

9.1.6 Trivariate Circular Approach

Here it is assumed that the reference circle is imbedded in 3 dimensional space. The

domain of interest can be designated by
D= {(wv,w)i=%+@©-b2 -2 =0and w=0} c RS (9.31)

According to kriging and spline theory, the following kernels, depending on the order &,

are valid in 3 dimensional space.

J2k—-1

(e, 2;) = @ - :cj||2k—1 = [\/(x - wj)2 +(y — yj)2 + (z — zj)2 (9.32)

for £ =0,1,2,3,4,---. Note that these kernels are Self-similar. For this reason, one may
consider that the circle is imbedded on X-Y plane with the best fit center (4, b) located
at the origin. To make these kernels work in 2 dimensional space, one needs to assume

z = zj = 0, in which case (9.32) becomes

i

2k—1
fck(a:,a:j) J

[fe-a2+@w-92] = oo (9.33)

x &,

‘= |2 — 2cos{arccos(+—, T2
[ ERE

2k-1 k1
)}] = [2—2cos€0j] 7(9.34)
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Let the radius of a reference circle be denoted by 7, then on B l=pe¢ 'R3,

L o 2k-1
nk(m,:cj) = [27'—27'00500]-] (9.35)

From this fact, one can consider the following prediction models, which can vary depending

on the order &k of the models.

N
k=0, f(e) = Zajno(a:,wj) (9.36)
j=1
N
k=1, f(®) = B+ 2 ajri(=,2;) (9.37)
j=1
N
k=2, flz) = By+Proz+ho1y+ _Zlajm(w,wj) (9.38)
1=

Note that the model (9.36) corresponds to Spherical Multiquadric of Hardy and Goepfert
[31], which is always of order zero. According to spliners’ criterion,, the order k=2 is
always preferred, while in kriging there seems to be no preference as long as the kernel is

valid. In chapter 10, the models of this category will be denoted by KRk.

9.1.7 Smoothing of Circular Profile Data

In most cases of real world problems, the sampled data are subject to random effect
errors. In the absence of formal fitting procedures, the best way to assess the fit of a
covariance seems to be cross-validation. Each data point is deleted in turn and its value
predicted from the rest of the data, using the fitted or specified kernel function. The
predicted error are then assessed. It is tempting to form the sum of squares of these
errors. Based on this idea, Wahba [72] and Cressie [14] presented the formal fitting

techniques, such as Ordinary Cross Validation and Generalized Cross Validation.
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9.2 Spherical Surface Estimation

Now, consider a sphere imbedded in 3D space. There are some previous studies,
such as Wahba [72], Hardy and Goepfert [31], and Pottmann and Eck [59]. The following
approach suggests analogous, but somewhat different point of view.

Again, let us get started with Least Square Method, or “best fitting” for sphere.

The distance r; from the center (a,b,c) to a point u; = (u;,v;,w;) can be given by

r; = \/(uZ —a)2 + (v; — b)2 + (w; — c)2. Hence, the Least Square Criterion for spherical
feature can be expressed as

N 9 N
n}lin > [\/(uz —a)? + (v; — b)2 + (w; — )2 - ] = nﬁn > {rz- ~ r}2 (9.39)
=1

1=1

For convenience, assume that the reference center (4, b, &) is situated at the origin (0,0, 0),

where (&, b, &) is the Best Fit Center.

9.2.1 Bivariate Spherical Approach

A sphere can be looked upon as a natural extension of a circle or a surface of revolution

of a circle. On bivariate setting, let us suppose that the domain of interest
D={(0,9)0<0<2rand0< <7}

To discuss spherical kernels from a bivariate point of view, we concentrate on the diatance
l|I: ]| between two points on the sphere. The geodesic distance between any two points 8
and 0 is given by l|0,0j | = min{[[a - 0j“,27r -0 - 0]||} In terms of that distance,

the following two kernels are of special interest

x1(0,05) = [10,0;[i(2x —6,6;])) (9.40)

k9(0,8;) = 10,8;]1% 2 —1|6,6;])2 (9.41)
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The reader will notice that these kernels, as in the geodesic distance itself, are periodic
on a great circle of the spaere considered. Using these kernels, the prediction can be

performed by

N N
0) =by+ Y. aj- K(G,oj) =by+ > €j - )\(0,0j) (9.42)
s = '

Note that the models are always of order 1 regardless of &, just as in the case of the

univariate circular approach. BPk denotes the models of this category in chapter 10.

9.2.2 Trivariate Setting

Now consider a sphere imbedded in 3 dimensional space. The domain is given by
D= {(u, v, w)|(u — &)2 + (v - ?))2 + (w — é)2 2= 0} c R3 (9.43)

According to kriging and spline theory, the following kernels, depending on £ = 0,1,2, -,

are valid on three dimensional setting. For @, j € DC ’R,3,
wp@ ) = o =21 = {f5F = Freostp; ) (9.44)
5 2 2 2k-1
= {Jle-2p2+ -y + (- 22} (9.45)
.
where 0y, = arccos ( L, "—L" ) The prediction can be conducted based on
? Tl T
N N
fle)=1b"x+ Zlaj-n(w X + Z ej - M, z;) (9.46)
]=

The smoothing technique is also applicable to these models based on cross validation. In

chapter 10, KRk denotes the models of this category.




81
9.3 Cylindrical Surface Estimation

Given a set of points sampled from an actual cylindrical surface, one can consider
the Least Squares Criterion for the estimation of cylindrical surface. The distance r; from

a point on the best fit center line or axis (&,8) to a point u; = (u;,v;,w;) is given by

T = \/ (u; — a)2 + (v; — b)2. The Least Squares Criterion for a cylinder is expressed as

N
mln Z [\/u —a2+(v ~b)2 — p(e) ] = n}tinfjl[ri—p(:vi)]z,weD (9.47)

The reference axis (&, b) is set to (0,0), where (&, b) is the Best Fit Aais.

9.3.1 Trivariate Cylindrical Approach

Consider a cylinder imbeded in 3 dimensional space. The domain of interest can be
identified as
o e M2 B2 A2 3
D= {(z,y,2)|[(z—d)*+(y—b)*—7"=0and c<2<d}CR (9.48)

where 7 is the radius of a cylinder of any magnitude. In view of the spatial prediction
theory, only the kernels on three dimensional setting is considered. For T,z € D, the

kernel can be given depending on k = 0,1,2,---,

2k—1
Kp(e,2;) = ||a:—a:j||2k_l = {\/Zf'—2fcos00j+(z—zj)2}

}Qk—l

(9.49)

= {\/(:v—'ﬁj)2+(y—yj)2+(z—2j)2 (9.50)

where 7 is the radius of a cylinder of any magnitude. The prediction is performed by

N
f@) = b x+ Z o k(mzj) = b x+ Y e Mz, ;) (9.51)
Jj=1

Note that smoothing and variance calculation are also possible by usual procedure. In

chapter 10, the models of this category will be denoted by KRk.
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9.4 Toroidal Surface Estimation

A torus can be regarded as a natural extension of a circle: a surface of revolution of
a circle around w axis. Now consider a torus imbedded in 3 dimensional space. Again,
let us get started with Least Square Method for torus. In this case, the crosection is the
circle (u — R)2 + w2 = 12 with two kinds of radii: the Large scale radius R and small

scale radius 7. In parametric terms the equation of a torus can given as
r=r(0,¢)=(R+acosf)cos¢g-2+ (R+acosf)sing-j+asing-k

where 7,7 and k are standard orthonormal vectors in 3 dimensional space. For convenience,
suppose that the reference center (dg,dq, W) is situated at the origin (0,0,0), where

(@, Dg,wq) is the Best Fit Center. The center of the cross-sectional circle can be given

by (Rcos ¢, Rsin ¢).

9.4.1 Bivariate Toroidal Approach

In a bivariate approach, a torus is viewed as a surface of two paramaters § = (6, ¢).

On bivariate setting, the domain of interest can be identified as
D={(6,4)0<0<2r and 0 < ¢ < 2w}

To discuss toroidal kernels from a bivariate point of view, we concentrate on the Geodesic
Distance ||-,-|| between two points on the reference torus. The geodesic distance between
any two points 8 and 8; is given by ||0,0j|| = min (||0 —0;|l,2r — |6 - 9]-"). In terms

of that distance, the following two kernels are of special interest

«1(0,0;) = 0,6;](2r - 16,6, (9-52)

£2(0,8;) = 10,8;]|%(2r - 16,8, (9.53)
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Note that these kernels, as in the geodesic distance itself, are periodic both with respect to
the revolution and on a cross-sectional circle of the torus considered. Using these kernels,

the prediction can be performed by
\ N N
f(8) = by + zlaj -fc(0,0j) = by + 21 ej-/\(0,0j) (9.54)
J= J=

Note that the models are always of order 1 regardless of &, just as in the case of the
bivariate spherical approach. BPk denotes the models of this category in chapter 10.
Trivariate toroidal approach based on Euclidean distance is also possible, but not shown

here.
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CHAPTER 10. EXAMPLES OF ROUND FEATURE ESTIMATION

This chapter is to demonstrate how the previous studies can be applied to the esti-
mation of surfaces of machined parts that have round features. The set of data points
is assumed to be obtained in three-coordinate form, as by three-coordinate measuring
machines (3-CMM).

There are some reasons for measuring manufactured parts using three dimensional
CMM: tolerance checking of the manufactured part, testing for compensation of machine
tools and testing the accuracy of three-coordinate measuring machine itself.

In the case of tolerance checking of circular profiles, one may fit a circle into the
data and check whether the specification is met. In case of testing for compensation of
machine tools, the residuals are of more concern. In practice, the circular test is in wide
use to test the accuracy of CMM itself. The circular test is a fast method of testing the
geometrical accuracies of three-axis machines positioning, straightness, roll, pitch, yaw
and perpendicularity. In the circular test, a standard disc is used. The disc is measured
in different positions in the working area of the machine.

The calculated mean square fit diameter, standard deviation and Fourier analysis
result in an analysis of the error sources and of the geometric error components. However,
the calculation of the two or three dimensional uncertainty from measured geometric error

components is generally not easy because of the random error effect.
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In relation to this, we discuss how the three methods — Bernoulli Polynomial, Thin
Plate Spline and IRF kriging — in the previous chapter can be used for round feature

estimation such as circular profile, spherical and cylindrical surfaces.

10.1 Circular Profile Estimation

The easiest way of getting a glimpse of how those models work is to designate some
test functions. Since the test function is perfectly known, one can define a measure of the

performance in one way or another.

10.1.1 Test of Reproducibility

Among the performance measures of predictors would be the reproducibility of pre-
specified circular feature. To test the performance of the prediction models, a set of test
functions are designated: The criterion would be the sum of squared errors (S5Q) at
prediction points. Candidate test functions are f(0) = a + bcos€d , a > 0, |b] < q,
£=0,1,2,3, ... Examples of test functions are shown in Figure 10.1.

Let us define the reproducibility to be the sum of squared deviation from prespecified
near-circular shape at each §,,7 = 1,--.,360, which is given by

360 9
$5Q = igl [7(6;) — £(8)] (10.1)
where f(0;) is the known test function and f (6;) is the prediction at each 0;,i = 1,- - -, 360.
Table 10.1 and 10.2 condensed from Figure 10.2 and Figure 10.3, respectively, shows that
the three methods do not differ in any substantial way. It is quite inspiring that one

can detect 3 lobed round features with as small a sample size as 9. It seems to be almost
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Table 10.1: Comparison of Test Results k=1
LOBO0 LOB2 LOB3 LOB5

MQO | .1141476E-05 | .2103417E-5 | .6685560E-5 | .3329501E-4
BP1 | .2520260E-33 | .1308544E-5 | .5947378E-5 | .3225025E-4
KR1 | .2279519E-33 | .1178821E-5 | .5780964E-5 | .3237041E-4
MQO : Multiquadric of £ = 0 on 2-D Setting
BP1 : Bernoulli Polynomial of £ = 1 on 1-D Setting
KR1 : IRF Kriging ( MQ-B ) of £ =1 on 3-D Setting
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Table 10.2: Comparison of Test Results k=2

LOBO0 LOB2 LOB3 LOB5
BP2 | .1148965E-29 | .5000040E-8 | .3418271E-6 | .4495495E-4
TP2 | .1035142E-29 | .4337514E-7 | .1165846E-5 | .3919316E-4
KR2 | .1086565E-29 | .9343919E-9 | .2145103E-6 | .4662230E-4
BP2 : Bernoulli Polynomial of £ = 2 on 1-D Setting
TP2 : Thin Plate Spline of £ = 2 on 2-D Setting
KR2 : IRF Kriging of £ = 2 on 3-D Setting

impossible to detect 5 lobed objects. However, if the sample size is doubled, it would be

possible to make a good estimation of 5 lobed round features.

10.1.2 Interpolation of Circular Profile .

The interpolation of circular profile is characterized by the fact that the interpolant
passes through all the observation points. Let’s suppose 18 points of circular data are
given as in Fig 10.4. The calculated interpolant of each method is plotted as in Fig 10.4,
which indicates that the two models of order k=1 do not make big differences.

The shortcoming of this type of interpolation is that the interpolant has cusps at
each data point. Note that if one employ tension parameter ¢2 to round off the vertices,
then it reduces to Hardy’s multiquadric biharmonic model. Instead of employing Tension
Parameter, one may consider an increase of the order of the model. Figure 10.5 shows
that the performance of the three models of order k=2 do not make any substantial
differences, either. A drawback of this method might be that the interpolant looks too
wavy and hence is not naturally smooth. A plausible cause of this would be that the

interpolant is being forced to pass through all the observation points.
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Figure 10.2: Test Results - MQO, BP1 and KR1
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Figure 10.4: Interpolated Circular Profile - BP1, KR1

10.1.3 Smoothing of Circular Profile Data

One may suspect that the measurements by coordinate measuring machine (CMM)
are subject to some random errors, just like sampling errors in statistics. Smoothed
circular profiles ba,éed on Ordinary Cross Validation are shown in Figure 10.6. Note that
the three methods yields very similar results. For practical purposes, all of them provide

excellent estimates pr prediction.
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Figure 10.5: Interpolated Circular Profile - BP2, TP2, and KR2
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Figure 10.6: Smoothed Circular Profile - BP2, TP2, and KR2

10.1.4 Lessons of Circular Profile Fitting

It is interesting to see that circular profiles can be estimated in 1,2 or 3 dimensional
setting, owing to the invariance properties of kernel functions. The three methods perform
almost equally well. There would be no preference among the three methods. It might
be because of the fact that they belong to the same family of functions, say M spline or
" Gaussian family. The st.rong point of KR model is that it can be easily extended to the

estimation of arbitrary round objects in 3 dimensional settings.

10.2 Spherical Surface Estimation

Now, consider a sphere as a natural extension of a circle. An example data is shown
in Figure 10.7. In this example, 9 X 5 grid data are used, while it is also applicable to
non-grid data. Three types of models are considered. It is expected that the prediction
model should work good as long as the circular profile is concerned. The actual data and
reproduced surface is plotted in Fig 10.7 and Fig 10.8. Note that BPk and KRk work
much the same way. Figure 10.7 and Figure 10.8 indicate that the sphere is a little bit
distorted.
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10.3 Cylindrical Surface Estimation

Figure 10.10 shows the actual data and the estimated surface. The reproduced sur-
faces look  more realistic. The KR1 has some cusps on the surface, while the KR2 repro-
duces no cusps at all, but too wavy surface. By smoothing, one might be able to reduce
the unnecessary willowing of the surfaces as shown in Fig 10.11. An interesting fact is
that the abstract of the cylinder is a little bit tilted. In such a case, it would be better to
try to fit a tilted cylinder by least square methods. According to ANSI standard, there are
many types of distorted version of cylinders; Taper, Barrel, and so on, most of which are
detectable by this simple approach. Such a study can find its wide applications in manu-
facturing area: pilot study of geometric modeling and wear pattern study of cylindricval

surfaces such as bushings and inner surface of a cylinder.

10.4 Toroidal Surface Estimation

An example data is plotted in Figure 10.12. As in the previous sections, the BP1

reproduces some cusps on the surface, while the BP2 does not. Here, only the result of
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geodesic approach is shown, while Euclidean approach is expected to produce as good a
result as shown here. This method applies basically to any ring-shaped objects such as
tires, rims and so on. For this type of study to be applied to the real world problems, it

is desirable to use the larger sample size with some modifications of the model.
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CHAPTER 11. CONCLUSION

There exist several spatial prediction methods : kriging, splines and some other
methods such as multiquadrics. Kriging is based on stochastic process theory and the most
common assumption is the normality of the underlying process, which ease the analysis
of the process. Among many aspects of kriging is the fact that the kriging model need
not be tied to conventional Covariance (Second Order, Wide Sense) Stationary models.
Indeed, one can extend Covariance Stationarity to Intrinsically (Variogram, Wider Sense)
. Stationarity. The objective of deterministic spline modeling is to minimize the error
committed by interpolation. It is worthy of nofe that this minimized error coincides
with the minimized mean squared (prediction) error (M.SE) advocated by krigers. Even
though spatial prediction methods differ in their objectives, they enjoy the same structure
identifiable within a unified framework.

Kriging and spline prediction models take several forms, but these models are simul-
taneously interpretable in both disciplines. Given the order k of the model, spline function
kernels or semi-variograms may be subject to certain conditions such as Conditional Pos-
itive Definiteness of Order k, which guarantees the boundedness and the uniqueness of
the interpolant, and the optimization process common to both features of Translation
Invariance and Annthilation.

The major difference between kriging and spline methods lies in the criterion for
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the choice of kernels. Seen from the krigers’ point of view, the kernel type depends on
assumptions concerning the underlying stochastic process, while spliners choose spline
function on the basis of physical criteria, such as roughness minimization.

According to the author’s short experience, the multiquadric method is amazingly
good for practical purposes, while it leaves something to be desired in some theoretical
sense as discussed in chapter 7. Interpolants derived from the MQ biharmonic model of
order zero may assume infinite values, while the MQ biharmonic model of order 1 does
not suffer from this defect. MQ harmonic and biharmonic models are interpretable in the
Wider Sense Stationary kriging context: 1) The MQ harmonic kernel can be interpreted
as a covariogram of a white noise process, 2) The MQ biharmonic kernel can be interpreted
as a covariogram of Brownian motion.

There is a close link between least squares and spatial prediction. The least square
methods can be viewed as a special case of spatial prediction method. Accor>dingly, any
least square model can be naturally extended to the spatial prediction model.

The model framework for circular profile interpolation and smoothing can be con-
structed by extending the Least Squares Model for round features to a Generalized Least
Squares model. One is able to construct various models depending on domain, kernel
type and order of the model. One can formulate three types of models depending on the
dimension of domain: one, two or three dimensional setting. For circles only, those three
types of models perform almost equally well. The three dimensional setting or trivariate
approach is easy and versitile, especially when dealing with three dimensional geometric
objects like spheres or cylinders or possibly any other type of objects.

Spatial prediction methods can find its wide applicability in the area of manufactur-

ing, especially for geometric rendering of form-errors of machined parts or wear-pattern



98

of used parts.

The major conclusion of this dissertation is that interpolation should proceed in a
three-dimensional setting, by imbedding if necessary, when the domain of interest is less
than three-dimensional. This produces smooth interpolants on which the three major
schools essentially agree. It would be of great help to the engineers engaged in manufac-

turing to have the corresponding software incorporated in coordinate measuring machines.
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APPENDIX A. SPATIAL PREDICTION

The whole idea of spatial prediction methodology might be well illustrated by Figure
A.l. In spatial prediction, sample data are collected from the actual surface 2(z),z € D

and the surface are reproduced based on the observational data {(:ci,z(:cz-))}N The

=1

£f
L
|

Figure A.1: 2-D Observational Data and Reproduced Surface

performance of spatial predictor can be measured by how close the reproduced surface is
to the actual one. Since the actual surface is generally not known, they minimize the mean

squared error in kriging and the upper bound of the error committed by the prediction

in splines.
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APPENDIX B. CARDINAL FUNCTIONS (HAT FUNCTIONS)

As discussed earlier, an interpolant has a representation in terms of the scalar valued

function A(:), which has a special property and shape. One can get an interpolant by

specifying A(-). In spatial prediction, the usual way to get the function A(-) is to specify

() or 7(-) first and derive A(-) from the following algebraic relations. Define

A = Agi = Me, ;) , 7 =10; = 7(x,®;) and &; = kg; = K(2,2;), i =1,---,N (B.1)

and let A = [/\01,/\02,---,/\01\[]/, = [TOl,T02,---,1'0N]/ and £ = [K,Ol,ﬁoz,---,rcON],,

as before. Now let K and T consist of column vectors of {T,---, T} and {K1,---, Ky},

respectively, i.e.,

11
T = [T]_’T27"',TN]=
N1
k11
K = [Kj,Kg Ky]=
kN1

If onee let KA = &, then by Cramer’s Rule,

det(Ky, - K;_ 1,6, K; 1, KN)

A . = =
O = det(Ky, K1, G, K1, K )

TIN
: (B.2)
" TNN
KIN
: (B.3)
ENN
1 , k=K
(B.4)

0, k#Kjj#i
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for j =1,---, N. Consequently, it follows that

1,2 = T
Aj = Meg,=j) = & = (B.5)
0,z # ©;
where 4,7 = 1,---,N. In the same way, given 7(-), A is obtainable from the relation

TA=r.

10 Mt Porctisns —
“1-D Kot Fasetlon® =

oap
o8
AP

oap

Figure B.1: 1-D and 2-D Hat Function

The A is a vector of functions of @, since & is a vector of functions of . The functions

A(+) are called Cardinal (Hat) function in splines and Weignt Function in kriging.
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APPENDIX C. EIGENVALUES AND QUADRATIC FORMS

Let @ be an N x N square matrix of full rank. A scalar A and a non zero vector x
satisfying the equation @x = Ax are said to be, respectively, an eigenvalue and eigenvector
of . In order that A be an eigenvalue it is clear that it is necessary and sufficient for
@ — Al to be singular, and hence det(Q — AI) = 0. This last result, when expanded, yields
an N-th order polynomial equation which can be solved for N (possibly nondistinct)
complex roots A which are the eigenvalues of ). Assume that @ is symmetric. Then the
following holds: 1) the eigenvalues of @) are real, 2) Eigenvectors associated with distinct
eigenvalues are orthogonal and hence form an orthogonal basis.

Let {v1,vg, -+, vy} be an orthogonal basis as in 2). By normalization, we get an
orthonormal basis {uj,us,:--,up}. Defining matrix B = [uy,ug,---,uy], we have

that B'B = I and hence B’ = B—1. Observe that
B~1QB = B'QB = B'[Quj,--,Quy]=B'[\uy, -, Ayuy]  (C.1)

and hence the diagonalized matrix can be represented by
A
B~ lgB = (C.2)
AN
A symmetric matrix Q is said to be positive definite if the quadratic form x’Qx is positive

for all nonzero vector x. For any x let y = Q_lx where () is defined as above. Then
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x'Qx = y'B'QBy = Zé,y:l /\z'y;-z. Since the yés are arbitrary, @) is positive definite ( or
positive semidefinite) if and only if all eigenvalues of ) are positive ( or nonnegative).
It can be easily shown that a positive definite matrix ¥ has positive definite square

roots /2 satisfying 21/2.91/2 = 5. For this, we use B as above and define
AL/2
1/2
AN

il
~3

(C.3)

Note that, in (C.3), )\}/2 may be chosen to be of either sign, so that T may be chosen
as positive definite or negative definite or root of mixed signs, but in any event T will be

invertible.



