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1. INTRODUCTION

In modern civilization sample su:Vey has come to be con-
sidered as an organized fact-finding instrument. Its im-
portance lies in the fact that-it can be used to summarize,
for the guidance of administration, facts which would be
otherwise inaccessible owing to the remoteness and obscurity
of the units concerned, or their numerousness. In a scien-
tifically designed sample survey, it is possible to draw
valid conclusions from the sample with the help of the
available probability theory and statistical inference. Thus
it is an interesting fact that the results from a well planned
sample survey are expected to be more accurate than those
from a complete census, if one such is at all possible to be
taken. The technical problems that should receive most care-
ful consideration in planning a sample survey are the manner
of selecting the sample and the estimation of population
characteristics along with their margin of uncertainty.

Since with every sampling and estimation procedure is
associated the cost of the survey and the precision of the
estimate made, the survey statistician dealing with the
problems in the real world must take a very practical atti-
tude in the selection of the procedure and choose a procedure
wnich gives nighest precision iOr a givei cost O the Suivey

or the minimum cost for a specified level of precision. As



such it may not be worthwhile and practicable to use some of
the theoretically refined results. In large scale surveys,
sums and sums of squares may be the only quantities that |
could possibly be calculated,and thus an estimator with a
larger variance but which is cheaper to handle may be
preferred to another which requires complicated computations
'5ut has a slightly smaller variance. Thus the survey
statistician must strike a balance by taking all such facts
into éonsideration and make his own decision regarding the
‘selection of the sampling design in a given situation.

Let a finite population consist of N distinct units
Ul,Uz,...,UN,with associated values Yt’ t=1,2,...,N,0f the
characteristic y under study, and consider the problem of
estimating the population mean Y = 1 g Y; or the population

N N =1

total Y = _ZlYi based on a sample of size n drawn from this
population?— When data on an ancillary characteristic, say x,
which is highly correlated with y, are available for all the
units of thé'population,and X >0 for t = 1,2,...N, it is
customafy to use this knowledge to ﬁfovide a_more'éffidient
.estimate of Y, either by sampling with uneqﬁal probabilities
or by using a ratio or regression method of estimation after
equal probability sampling.

To use the ancillary data in selecting the sample, one

simple and straightforward way is to calculate Py = xt/x for



t =1,2,...N where X = .g X and then select the units with
replacement, the probabizity of selecting the t-th unit being
P, at each draw. This method of sampling is called the
probability proportional to size (p.p.s.) sampling with
replacement. The customary unbiased estimator of the

population total under this sampling procedure is

N 1B
Yops = n Ly,/p; (1.1)
with variance
N Y
& .y = 1 i _ 2
V(Ypps) = n z Pi(E—,—' Y) (1.2)

i
Since in the case of simple random sampling , a sample selected with
replacement yields a less precise estimate than a sample Selected
without replacement, it is quite natural to expect similar
gains in unequal probability sampling also by shifting to
without replacement schemes. Even though this approach under
certain conditions gives easily. calculated and unbiased esti-
mators of Y, it has the disadvantage that sampling itself
may be difficult to carry out and the variances difficult to
estimate.

For any given sampling design, Horvitz and Thompson (1952)

proposed an unbiased estimator of the population total y, viz.,

Yypp = (1.3)

e R=
9],



where P, is the probability for the i~th unit to be in the
sample. 1In this dissertation, we will be mainly concerned
with this estimator in view of its optimal properties es-
tablished in the literature. Among the several articles in
tﬁis line mention may be made of Godambe (1955, 1960); Godambe
and Joshi (1965), Hajek (1959), and Hanurav (1968).

The variance of the Horvitz-Thompson (H.T.) estimator

4 o is given by

H
Ny? W Py 2
V(gge) = Z 53—+ LI 2l oyy. -y (1.4)

- L P
t 13(7‘1)]?13lj

where P. . denotes the probability for the i~-th and j-th units

J
to be both in the sample.

From (1.4) one can observe that V(QﬁT) reduces to
zero when Pi is exactly propgrtional to Yi;which suggests that
by making P, préportional to X,, considerable reduction in the
variance can be achieved if X; are approximately proportional
to Yi' A host of authors have proposed schemes wherein the -
inclusion probability Pi in a sample is np; which imposes
the condition npiil on the probabilities P4 which is not a
severe one. Such schemes are termed in the literature as

inclusion probability proportional to size (I.P.P.S.) schemes

or TIPS schemes or exact sampling schemes. The different pro-

upon the manner in which the requirement P, = npi is achieved.



In the first category are the schemés suggested by Durbin
- (1967) and Sampford (1967) where thé first unit is selected
with probability P; while the subsequent units are selected
with unequal probabilities so as to make Pi equal np; for all
i. In the second category are the schemes suggested by
Midzuno (1952), Lahiri (1951), Narain (1951), Yates and
Grundy (1953), Brewer and Undy (1962), and Fellegi (1963).
These schemes are based on unit by unit selection with
revised probabilities of selection pi,'i =1,2,..., N,.:s0
calculated that .g p; = 1 and the inclusion probability P,
eéualsruﬁ_for ali—i. In the third catégorybare the schemes
suggested by Durbin -(1953), Hajek (1964), Sampford (1967),
and Hanurav (1967) based on rejective sampling. The units
are selected with certain probabilities and with replace-
ment, and the sample is rejected if all the units in the
‘saﬁple are not distinct, otherwise it is accepted. In the
fourth category are the schemes suggested by Madow (1949) and
Goodman and Kish (1950) where the units are selected in a sys-
tematic manner.

Another group of procedures is the pps without replace-
ment sampling procedures. Those suggested by Midzuno (1952), ~
Lahiri (1951) and Horvitz and Thompson (1952) belong to this
group. In these procedures the first unit is sélected with

probability p; while the subsequent units are selected with

probabilities proportional to p; or with equal probabilities.



In spite of so many sampling without replacement pro-
cedures being available, none of them has received general
acceptance from the point of view of adoption in surveys. The
reasons are not far to seek. Most of the authors presented
schemes for samples of size two only and have nothing to
offér for samples of size greater than two. The methods
often lack simplicity, and the algebraic expressions for esti-
mated variance and sometimes even for the estimator itself
are complicatéd and unmanageable for sample size greater than
two. Some of the procedures are less efficient than even
sampling with replacement. At times, they may involve calcu-
iation of revised probabilities of selection which impose
restrictive conditions on the initial set of probabilities,
or the revised probabilities of selection cannot be obtained
easily in practice. These difficulties will get multiplied
with increasing sample size. Further, even among the existing
schemes, practically nothing is known regarding the relative
performance of different schemes as measured by the vaiiances
of the éstimators proposed.

The I.P.P.S. schemes Ehat are applicable for sample size
n>2 are those of Midzuno'(1952), Goodman and Kish (1950),
Sampford (1967) and Hanurav (1967). In Chapter 2 we have
established that the H.T. estimator corresponding to the
Midzuno scheme has uniformly smaller. variance thén thg custo-

mary with replacement estimator for arbitrary sample size, thus



generalizing the result due to Rao (1963a), Also we have com-

pared the variances corresponding to the procedures of Goodman
and Kish, Sampford, and Hanurav using the asymptotic ap-
proach of Hartley and Rao (1962).

In order to avoid the mathematical complications and the
computational difficulties involved in these procedures, Rao,
Hartley and Cochran (1962) suggested an ingenious device of
" selecting a sample of size n with unequal probabilities and
without replacement. However, the simplicity of their approach
is invalidated by the fact that the estimator they propose is
inefficient compared to the H.T. estimator corresponding to
most of the I.P.P.S. schemes. In Chapter 3 we have dis- -
cussed the inadmissibility of the Rao, Hartley and Cochran
estimator and brought out the optimal properties of their
scheme by suggesting alternate more efficient estimators.

None of the procedures proposed in the literature, owing
to the complications involved, are acceptable for use in
large scale surveys. In this connection it is .worthwhile to
quote Durbin (1953, p. 267). He says:

The strict application of the usual methods of
unequal probability sampling without replacement, in-
cluding the calculation of unbiased estimates of
sampling error, is out of the question in certain
kinds of large-scale survey work on grounds of
practicability. There is therefore a need for
methods which retain the advantages of unequal
probabilily sampling without replacement but are

rather easier to apply in practice and only involve
a slight loss of exactness.



In Chapter 4 ﬁe have proposed an I.P.P.S. sampling proce~
dure for sample sizes greater than two, that is particularly use-
ful in large scale surveys, and which makes use of the Durbin's
procedure (1967) for sample size 2 and established its ef-
ficiency in relation to the other existing schemes. We
believe the same technique can be used with gain by using any
other I.P.P.S. procedure for sample size 2 in place of the
Durbin's procedure.

For comparing the efficiencies of various estimators in un-
equal probability sampling,a super populationmodel is made use of
by several authors. However, the average variance is the
same for all the I.P.P.S. schemes under this model. In_Chaptei
5 we have considered a slightly different modei and compared
the efficiencies of various I.P.P.S. schemes under various
a priori distributionsof the auxiliary variable. Also we
have proposed a new technique of using the ancillary infor-
mation at the designing stage which is particularly useful
in the case of area sampling and cluster sampling and have
demonstrated that the estimator proposed under this scheme
is always more efficient than thg Rao, Hartley and Cochran's

estimator.



2. COMPARATIVE STUDIES OF SOME I.P.P.S. SCHEMES

2.1. Schemes for Samples of Size 2

Several authors have proposed schemes for selecting two
units from a population of size N, with unequal probabilities
and without replacement, such that the overall probability of
including the i-th uhit in the sample is proportional to the
known size X3 of the i-th unit, i.e., Pi = 2pi < 1, where
P; = xi/x, X being the total of all the X values in the
population. In this section we will discuss the desirable
features of some of the schemes that are existent in the

literature.

Theorem 2.1:

For the scheme of selecting a sample of size two where-
in the first unit is selected with probability proportional
to the revised sizes Xﬁ and the second unit with probabilities
proportional to the remaining original sizes Xj where the re-

vised sizes x& are given by

l. = |. = ° 2- -l
pl = Xy/X (1-25}) T p (2.1.1)
1+2p.J/(1-2p,)
1
the inclusion probabilities Pi and Pij are given by

and
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2p.p.. :
_ i%5 . 1 .1 _
P13 N (125, * 1257 (2.1.3)
1 + I p./(1-2p,) ) |
1
Proof:

- The probability P; of including the i-th unit in the sample
is given by

P. = prob (i-th unit gets selected at the first draw)

+ prob (i-th unit gets selected at the second draw)

N p;

i) 3 1Py

=pi+

' ' '
= p! + p. .[Ig pt - pi ]
i i 'y (@-pg)  (I-p;)

2p; (1-p;) . {g 2p, 2p;
[‘YT-zp;T” P; - 1 (I-2p,) - (l-Zpi)}]

1
N
1+ Ip/(-2p)

2pi

Probability Pij

sample is given by

of including the pair (i, j) of units in the

Pij = Prob (i-th unit gets selected at the first draw
and j-th unit gets selected at the second
draw)

+ Prob (j-th unit gets selected at the first draw
and i-th unit gets selected at the second
draw) .
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- P{i Py Pj "Pj

(T-p)y i-p;)

2p.. p. 2p..p. .
: Pi-Py | 2P 1 . 1
(T=2p;) = (1-2py) N

2p.p.
- i¥g . 1 + 1 ]
1+73 pt/(l—2pt)
1

Q.E.D.
We will call the sampling scheme described in Theorem
2.1 as Scheme A. This scheme is due to Brewer (1963), and the

expression (2.1.3) is derived by Rao (1965).

Theorem 2.2:

Consider the sampling spheme described as follows: two
units are selected with replacement,one with probabilities
proportional to the revised sizes xg and the other unit with
probabilities proportional to the original sizes x.. If the
two units selected are identical, reject the selections and

repeat the process until two different units are selected

in the sample. The revised sizes x; are given by

X* ./ (1-2p.
I pj/( P;)
J X N

1

(2.1.4)

For this scheme also the inclusion probabilities Pi and Pij

are given by (2.1.2) and (2.1.3) respectively.
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Proof:
It is easy to see that the probability Pi of including

the i-th unit in the sample is given by

N N
p¥* - I p: +p: - I p*
1 . . J 1 . . ]
P; = 11 N i) -, (2.1.5)
- *,
1-Ippp,

while the probability Pij of including the pair (i,j) of

units in the sample is given by

pip; + pP!-p;
= j j i
- *
1 i PPy

Substituting the values of p; and pg in (2.1.5) and (2.1.6)

we obtain (2.1.2) and (2.1.3). Q.E.D

We will call the sampling scheme described in Theorem

2.2 as Scheme B. This scheme is due to J.N.K. Rao (1965).

Theorem 2.3:

For the scheme of sampling where the first unit is &
drawn with probabilities p; and the second unit from the

rest of the population units Qith probabilities

1 1
PjlT=2p; * 1-2pj)
pj-i = N (2.1.7)
1+ I p /(1-2p.)
- T - T

1

the inclusion probabilitieé Pi and Pij are given by Equations
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(2.1.2) and (2.1.3) respectively.

Proof:
Probability N of including the i-th unit in the sample
is given by
N
P; =p; + j(:i)pj.pi.j | (2.1.8)

Substituting from (2.1.7), it can be seen that

The inclusion probability P, is given by

J

Pij S Pi'Pj.i * PPy

1, 1

2Pipj[ 1

N
1+ i pt/(1-2pt)
QIE.DO

We will call the sampling scheme described in Theorem 2.3 as
Scheme C. The scheme and the above results are due to Durbin

(1967) .

Theorem 2.4:

The Horvitz-Thompson estimators, of the population
total, ﬁA, ?B and Qb corresponding to the Schemes A, B and C

respectively are equally efficient.
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Proof:
For any sampling design, the variance of the corrésponding

‘Horvitz-Thompson estimator is given by

N Yi N Pi' 2
V(? ) = Z '—+ Z z hd Y.Y- - Y (2.1-9)

Since the expressions for Pi and Pij of each of the Schemes
A, B and C are given by (2.1.2) and (2.1.3), it follows that
the corresponding variances are equal, and thus the estimators
are equally efficient.

Q.E.D.

Theorem 2.5:

The Horvitz-Thompson estimator corresponding to any of
the Schemes A, B and C is always more efficient than the
customary estimator in the case of probability proportional
to size with replacement, and hence the Yates and Grundy esti-
mate of variance for the Schemes A, B, and C is always non-
negative.

Proof:

! H

Variance of the customary probability proportional to
1

size with replacement estlmator‘Yp.p.s.= fzyi/pi is given by
5 PR
V(Y = Z(f — =Y (2.1.10)
( pop.S-.) 2 l pt ) H

Substituting the values of Pi and Pij from (2.1.2) and
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P..
(2.1.3) in I I =Xl v.vY. we get
ije) PiFy 130

P. . 1 S o
) 2l .y vy, = " | '

L.y PLP. i3] N
i j@#1) 173 2[1+I p./(1-2p,)]
» 1 i

1 1
I I [z=—+=—] - LY (2.1.11)
i §(#1) 1 2pi 1 2pj 173
Noting that 1 + £ —F— = 2 § ————— and using (2.1.11),
1 1% 1 1-2p¢ |

(2.1.9) becomes

NY

& 1 t 1
V(Y ) =35 ¢

"H.T. 2 1 P¢

2
NY
=!'.[2_1:_.—Y2]+ 1
2 1 pt N
l+§pt/(l-2Pt)
2

N Y N Y N p,.(1-p,)
B e e S e

1 P Py 1 Py

(2.1.12)

Thus we have from (2.1.10) and (2.1.12),
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A - A _ l 2 N Pt(l'Pt)
Vppg) Wy p) = —p— - (V03 ot
143
1 1-2pt
N Y Ny 2

e |
- Y 3 + 3 L (2.1.13)
1 1'29t 1 - 2Pt |

Now it can be easily seen that,

2
N P. (1-p,) N p
5 —§:7——E- 1+ 35— g
1 Py 1 Py
and

N Y N p

t t
z =Y+ 22 .
1 l-2pt 1 1-2pt t

substituting these values in (2.1.13) we get

N

- 1 . 2,
V(i )-v(d 1) = — [12{1+§ P,/ (1-2p) }
1+§ Pt/(l-Zpt)
N
- v.{y + 2 i p./(1-2p,) - Yt}
N2
+ i Y. /(l-ZPt)]
1 N p 2 Y
1+§ pt/(1-2pt)

>0
Thus the H.T. estimator corresponding to either of the
Schemes A, B and C is always more efficient than the customary

probability proportional to size with replacement estimator.
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Since a necessary condition for the without replacement

H.T. estimator ¥ for sample size 2 with p, = 2pi to be

H.T.
better than the customary with replacement estimator

¢ oLt 's i
pps™ zzpt independently of the y.'s is

P;y < PiPyy

it follows from the above that the Yates and Grundy variance

estimator of fH p for either of the Schemes 2, B and C, viz.,
" P.P.~P.. Y. Y-

Cw(¥ ) = ) 1) (= - _1)2 (2.1.14)
'.H.T' . Pij ) Pi Pj

is always nonnegative.
Q.E.D.

2.2. Some Sampling Schemes for Samples
of Size n>2

Even though several authors have proposed schemes for
sample size two that satisfy the condition Pi = 2pi <1, not
many of these are useful for generalizing to samples of size
n>2. The reasons are not far to seek. Often the methods lack
simplicity and the algebraic expressions for estimated variance
and sometimes even for the estimator itself are complicated
and unmanageable. Some of the procedures are less efficient
‘than even sampling with replacement. At times, they may
involve calculation of revised probabilities of selection
which impose restrictive conditions on the initial set of

probabilities or the revised probabilities of selection
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cannot be obtained easily in practice. 1In this section we
will discuss the properties of some of the schemes that are

existent in the literature.

2.2.1. Midzuno scheme with revised probabilities

Midzuno (1952) has proposed the following scheme for
samples of size n>2.
~ The first unit is selected with probability proportional
to size X; and the remaining (n-1) units are selected with
equal probabilities and without replacement.
For this scheme of sampling the expressions for P, and Pi'

J
are given by

= - n-1
| P; =p; + (1-py) - {1 (2.2.1)
and
= {n=1) _ ((N-n) | (n-2)
Pis = w0 Moo (Pi*+p4) + (w=z) (2.2.2)

Horvitz and Thompson (1952) suggested using revised proba-
bilities pi to make P, to be exactly equal to np;. The re-

vised probabilities p¥ are given by the equation

np; = P, =p} + (1-p¥) - %E% (2.2.3)
or
N-1 n-1 '
p; = N=-n .npi - N-n (2.2.4)
c o — . n-i 3
This imposes a severe restriction om p,, Viz., p; 2 == 51

since for p; < ﬁ%ﬁ%TT ’ pg becomes negative.
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Thus a necessary condition for the Midzuno scheme with .

revised probabilities to be applicable is

(n-1) 1
P; 2 7% N-1

(2.2.5)

For samples of size two, J.N.K. Rao (1963a) has shown that the
H.T. estimator under the‘Midzuno scheme with revised

" probabilities is always more efficient than the customary
pps with replacement estimator. Here we will present a

proof of the same for arbitrary sample size n>2.

Theorem 2.6:

For the Midzuno scheme with revised probabilities, for
arbitrary sample size n, the corresponding H.T. estimator
is always more efficient than the customary p.p.s. with

replacement estimator.

Proof:
Variance of the customary p.p.s. with replacement

estimator is

N .
Vg ) = %({ S (2.2.6)

P. = np, (2.2.7)

n-1  N-n n-2
i = 8T "[§=3 (% + p§) + §=7

)
I

(2.2.8)



where p{ is given by (2.2.4). Using these, we have

Pi5  _ (n-1)

P "~ n(N-2)

.P.
1]
Thus we have

P..

g ¢ =Xl .

i j#i)FiP5

(2.2.9)

(2.2.10)
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2
N Y. N v.
AN=IT (N=2T [{i(pi Y)°} + 2(N-1) (l By )
2 B
N Y. N Y.
- @ Ay -y -z e wd)
1 p. 1 Pi
h &
= a-D - m=z) L2 2p)7 + 2(8-1) L pszs I z.“]
1 1 1
(2.2.11)
where
Y.
i =5 " 2.2.12
zl pi Y ( )

1
"By 2% ' FT 2 ZIReDy c for m22.

Thus we have 2(N-1)p; > 1.

Using this condition it can be seen from (2.2.11) that

VYpg) = Vg gy 20 Q.E.D.

Theorem 2.7:

The Yates and Grundy estimate of variance for the

Midzuno scheme with revised probabilities is always

nonnegative.

Proof:
The proof is exactly the same as given by Sen (1953)

and Desraj (1956a) for the Midzuno scheme except for replacing

p; by p}. Q.E.D.
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For the Midzuno scheme with revised probabilities,‘even
if it is guaranteed that the H.T. estimator is always more
efficient than the p.p.s. with replécement estimator and
that the Yates and 'Grundy estimate of variance is alwafs
nonnegative, it suffers from a severe restriction'that the
method is applicable only when P; 2 E%l . ﬁ%f . All the
more, since only the first unit is selected with probability
proportional to size, the rest being selected with equal
probabilities this method is not likely to be as efficient

as a method wherein all the n units are selected with un-

4 equal probabilities and without replacement.

2.2.2. Goodman and Kish procedure

The procedure mentioned by Goodman and Kish (1950) is as
follows:
. Arrange the N units in a random order and let Tj =
‘% np. , T0=0, be the cumulative totals of (npi) in that order.
;;iect a random start by selecting a uniform variate 4 with
b§d<1. Then select the n units whose indices j satisfy
Tj_lid+k<'1‘j for soﬁe k between 0 and n-1. For this pro-

cedure of sampling it can be easily verified that

P, = np; (2.2.13)
The mathematical difficulties involved in evaluating the

probabilities P.. are resolved by Hartley and Rao (1962) by

1]
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using an asymptotic fheory,and the compact expressions for the
variance and the estimate of the variance of the H.T. esti-
mator in terms of pt's and yt's have been provided. By

assuming that P; is of O(N-l) and n is small relative to N,

Hartley and Rao derived the approximate expression for Pij

to o(N~3) and hence for V(ffH - )GK to o(Nl). For the use of
moderately large populations they also evaluated V(?H m )GK
to o(No) by evaluating Pij to O(N-4).
The expression for Pij.of the Goodman and Kish pro-
cedure obtained by Hartley and Rao correct to O(N-4) is
P.. = n(n-1)p.p. [1+{(p;+p;)-Ip 2}+{2(p-2+p-2)
ij i¥5 i™Fj t i Py
3, 2 2,2
= 2P, "+2p;P -3 (P +p4) - ZP 43 (Ip ) T}
' (2.2.14)
and the variance correct to O(NO) is
A -1 2_, _ 2_ 2, (n-1) | 3.2
2 2 2 2 2
- Zpi Ip;z; -2- (Ipg zi) 1 (2.2.15)

where zj is given by (2.2.12).

From (2.2.15) we have that V(QH.T.)GK

in the more familiar form is given by

correct to O(Nl)

A

V¥ 0 )g-xk " &

=

Zpill-(n-l)Pi](Yi/Pi'Y)zr

(2.2.16)
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which clearly shows the principal reduction in the variance
by édopting the without replacement scheme instead of the

with feplacement scheme.

'2.2.3. sampford's procedure

In Section 2.1 we have presented three equivalent
schemes for samples of size two that are proposed by Brewer,
Rao and Durbin respectively, and we have discussed some of the
desir&ble properties that the H.T. estimator under these
schemes possess. So it would be a worthwhile attempt if some
or all of these procedures could be generalized for samples
of size n>2 in view of the simplicity and sﬁraight forward-
ness of these methods. Brewer has described the difficulties
involved in generalizing his scheme for n>2. Rao tried to
generalize his scheme for the case n=3,and having faced with
the possibility of getting negative values for the revised
probabilities he ruled out the possibility for generalizing
;he scheme for n>2. However, Sampford (1967) has generalized
the Durbin's scheme and presented a scheme that is applicable
for all sample sizes which is described below.

Since the condition npi=l ensures the automatic inclusion
'of_the unit in the sample, which reduces the problem to select
(n~1) units only, we may assume without loss of generality
that np,<l for all i.

Let A; = pi/(l-npi) (2.2.17)
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Further,; let S(m) denote a set of m different units
il,iz,...,im,and let L be defined by

L0 =1

and (2.2.18)

= I Ay A, e.lhy s (1<m<N)
“m sm) 1 *2 m - :

where the summation is taken over all possible sets of m
units drawn from the population. The procedure consists of
selecting the particular sample S(n), consisting of units

11'i2”"1n with probability

n
Pp{s(n)} = nK -A; A; -..d; (1-Zp (2.2.19)

. )
12 n u=1 U
where

X = (%t ,/m0)71 (2.2.20)

t=1 n-t
The probabilities (2.2.19) can be achieved in practice in
three different ways:

(i) The straight forward way is to evaluate the
respective probabilities for the set of all possible samples
and to draw one sample from this set with the required
probability. However, this is not practicable to adopt for
moderately large population sizes.

(ii) Units may be selected without replacement, with the
probabilities evaluated at each drawing according tc the rule

described and illustrated by Sampford (1967).
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(iii) The third method is by selecting n units with
replacement, the first drawing'being made with probabilities
P and all subsequent ones with probabilities proportional to
pi/(l-npi) and rejecting completely any sample-that does not
contain n different units and to start afresh.

In practice, method (iii) could be more convenient be-
cause a sample can be discarded as soon as a duplicate unit
is drawn. However, for small samples one may take as
a guide line in the relative preférence of methods (ii) and
(iii), the value of the expected number of samples that must

be drawn to obtain an acceptable sample which is given by

N

{Kn-(Z At)n-l}/(n-l)!. Smaller the value of this expected
1

number, more would be the chance of getting less number of

rejéctions.
For this scheme of sampling Sampford has shown that

the expressions for Pi and'Pi- are given by

J
Pi = npi . (2.2.21)

and

C = K A ALb. . 3.2.
PiJ K )‘1)‘34’13 | (2.2.22)

where Kn is given by (2.2.20), Ai is given by (2.2.17) and
¢

i3 is given by

b X
1] S(n-2) "1 "2
i, j#s

(2.2.23)



27

Sampford has also shown that for this scheme the condition
Pin-Pij>0, is satisfied which ensures the nonnegativity
of the Yates and Grundy variance estimator.

The other sampling schemes that are existent in the
literature are the one suggested by K. Vijayan (1968)
which is a generalization of one of the procedures suggested
by Hanurav (1967) for sample size two and the rejective
sampling schemes of Hajek (1964) and Hanurav (1967). The
mathematical complications involved in these procedures would
make their usefulness much doubtful in practice because the
survey practitioner cares much for the simplicity involved in
adopting a particular procedure in addition to other require-
ments like good efficiency compared to other methods.

2.3. Evaluation of the Approximate Expression

for Pij of the Sampford's Procedure

Even though Sampford has given the exact expression

(2.2.22) for Pij

evaluate these probabilities, the computations become quite

and also the computational methods to

cumbersome particularly for N and/or n large. It may not be
too difficult to carry out the computations on an electronic
computer. However, the access to the electronic compaiers in
some developing and underdeveloped countries is restricted
and only use of the desk calculators could be made. Since

the need of conducting sample surveys in the developing
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countries is great, simplicity of computations is one of the
important factors in choosing a sampling procedure. Thus

the Sampford's scheme suffers from this drawback. In such
cases and in cases where quick results are needed one may pre-
fer to use the approximate expressions that would be quite
satisfactory and easy for numerical evaluation. Also one
would like to know the relative efficiencies of two given
schemes to use them as a guideline for their relative
preferences. Since the procedure of Goodman and Kish
described in Subsection 2.2.2 and the procedure of Sampford
described in Subsection 2.2.3 are two competitive schemes,

it is worthwhile to compare the efficiencies of the two
schemes. Since Hartley and Rao derived the approximate ex-
pressions for Pij and the variance of the H.T. estimator for
the procedure of Goodman and Kish using an asymptotic theory
under some specific assumptions, it would be realistic for
comparison purposes to derive the approximate expressions

for Pi'

J
same asymptotic approach under the same assumptions. In this

and the variance for the Sampford's procedure using the

section we‘derive the approximate expressions for Pij for the
Sampford's procedure.

In 6rder to evaluate the variance expression of the H.T.
estimator correct to O(No) for the Sampford's procedure, we

correct to o(N—d) under the assumptions
1

have to evaluate Pij

that n is small relative to N and p; is of o(N~
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For the Sampford's procedure the exact expression for

P.. is given by (2.2.22) viz.,

1)
Pij = Knlilj¢ij (2.3.1)
From (2.2.17) we have
Ailj = pi/(l—npi) . pj/(l-npj)
Since npi<l, expanding in Taylor series we get
_ 22 22
Ailj = pipj{l+npi+n P; +...}{l+npj+n Py +...}
Retaining the terms up to O(N-4) only we get
A As = pip:{l+n(p,+p.)+n?(p. %+p 24p.p.)} (2.3.2)
i’j i%j i%j i j i¥5

The leading term of XA A, above is of O(N-z) and thus it would

J
be sufficient to evaluate Kn and ¢ij each correct to O(N‘z)

only in order to evaluate Pij correct to O(N_4).

2

2.3.1. Evaluation of Kn correct to O(N <)

The expression for K, is given by (2.2.20) as

n ¢tL
K, = (I —0% 1 (2.3.3)
t=1 n

For evaluating Kn we first need to evaluate Lm correct to

n 1\7-2\
~ \Le )
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Consider

= I A, A, +ead
"m fpty A

S (m) m

N
( ) . E[A A ...A ]
m 21 22 2m

(2.3.4)
where (E) stands for the number of ways of choosing m out of
N units and E denotes the expectation taken over the scheme
of selecting m units out of N units with simple random

samplihg without replacement. Without loss of generality

we can assume that the units 21,22...2m are selected in that

- order.

Now, substituting the value of Az in (2.3.4) we get

i
N
, (m) 2 2
=S — E[p p -o.p {l+np +np +..I}‘
Im = 1 2,00, P . 91
2 2
{1+np, +n“p, “+...}...
Ly " Ty
{1+np, +n%p, 2+...}] (2.3.5)
m m ‘
where N ;) = N(N-1)... (N-m+1) (2;3.6)

It can be seen that for any set of positive integers

al,az...am, the contribution of
o o o
\'lm"l:‘r'r\ ln 2_ .. m]
somrEy =Y PR -
1 2 m

m
correct to O(Nfz) would be zero if I a; > (m+2). Further from
1
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the basic properties of simple random sampling it is also
known that
¢ ) %n.

Elp p «eeP 1
8, o, 5

is the same for all the m! permutations of (al,az...am).
Hence from (2.3.5) it follows that the expression for Lm

that could contribute to O(N-z) is given by

N
(m) 2
L = e [E(p p o.op )+mn'E(p p p "'p )
m m! 21 22 Zm 21 22 23 lm
2 3
+ n“m-E(p, "p, Py +++P, )
by ARy Ty
2 .
n " +m(m-1) 2 2
+ —5——= + E(p, 'Py P, Pp ---Pp )] (2.3.7)
2 21 22 23 24 zm

Now we will prove here a lemma which will be used in the

evaluation of Lm;

3

Lemma 2.1:

Let 2122...

simple random sample of size m is drawn from a population

zm be the units drawn in that order when a

of N units. Under this scheme of sampling, for m>3 where m

is small relative to N and p; is of O(N_l) the following

relations are true correct to (XN-Z).
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My e =3 . 3
+2- (3) - (Zpy) " “rIpg
m -
+ 3 (4)-(zpt)m 4-():ptz)z
2 m=] 2
N *E(p P, P, ---P, ) = (Zp,) - Ip
(m) 21 22 23 2m t t
= e m-2,. 3
(m 1)(2Pt) EPt
- (=1, m-3, 2,2
( 2 ) E(pt) (Zp,)
3. m-1 3
N *E(p P, P, *--P, ) = (Ip,) *Ip,:
(m) 2y Ty 2y %o t t
and
2 2 m-2 2,2
* N, .-E(p, “p, Py ---Pp, } = (Zp,) “+(Zp,“)
(m) 21 22 23 Em t t
wherein
(“) is to be taken as zero if u<v
v
Proof:

First we consider

Elp, P, P, 1 = Elp, Py *E(p, /2,/%,)]
2170,7 04 %, %, %5 1'%2

(2.3.8)

(2.3.9)

(2.3.10) .

(2.3.11)

(2.3.12)

where E(pzézl,zz) denotes the conditional expectation of

Py given that 21 and 22 are the units selected in the
3 N
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first two draws.
Thus we have from (2.3.12)

Xpt-pgl-pz2
= E[pzlpzz' ) ]

1 2 2
= — +[Ip *E(p, P, )-Elp, P, )-E(P, P, )1

Proceeding similarly we get correct to O(N-z)

- 3_ evn 2 3
N(3)-E[p2 p£2p23] = (Zpt) 3Ip, Zpt +2Ip, (2.3.13)

1

which shows that (2.3.8) is true for the value m=3. Now

assuming that

_ m-1_ m-1l, m-3 2
Npo1) By Py ccBy ) = [ERg) =050 - (Bpy) T 2py

172

+2-("Jhe ™t ap

+ 3. (M zp) ™3 (29,2 2 (2.3.14)

. we get

N, \*E(pPy Py +++Pp )
(m) 21 22 lm

N-(N—l)(m_l)-E[pzl'E(p22p23...pzm/zl)]

N-E[pz '(N-l)(m-l)'E(pz p2 ...pzm/kl);

1 2 73
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3. 2_ 2
(Xpt Pg’l )

u-E[pzl{(zpt—pzl)m‘l-(mgl)-(Zpt-pzl)m'

+ 2 ("h - (pgopy )T (pypy )

m-5 2 2 2}]

+ 3-(“21)-(zpt-p21) - (2p, "Ry )

(2p) -1 m-1)+ ("1 3 (zp )™ 2 2, 2e2( ("FH+ (3D}

)m-3 3

. (Zpt -Zpt

2,2

+ 3. " hem-3)- "H ) mp™ - p )

m=2 2 3

-z 242- (3 (p) " 3 Ip,

m m
(Zp) "= (3) (Zp,)

+ 3°(T)-(Zpt)m_4'(2pt2)2, (2.3.15)

correct to O(N"2

). Thus from Equations (2.3.13)-(2.3.15)
it follows by induction that (2.3.8) of the Lemma is true
for all m>3.

Now considering

| 2
Nim) "E(Pg Py Pg =v-Pp )

3

: 2
= N-E[p «(N-1) , .\ *E(p, P, +++P, /2,)1 (2.3.16)
21 (m-1) 2,2 2.3 2’m 1l

From (2.3.8) we have
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(N-l)(m_l)-E[p22p£3...p2m/zll

_ _ m-1_.m-1, _ m-3 2_ 2
m-1 m-4 3_ 3
+ 2-( 3 ) (Zpt Py ) (Zpt Py )
1l 1l
. (m=1 _ m-5 2__ 2.2
+ 3-( 4 )-(Ept pzl) (Zpt pg'1 ) (2.3.17)

substituting this in (2.3.16) we get after simplifying

and retaining terms to o(N 2),

2

m-1_
) Zpt.

2 -
Nm) E(Py Py 913"°sz) = (py

1 72

- m-1) (zp)™ 2 2p 3- (™31 - (2p )3 (2p, %) 2

which shows that (2.3.9) is true for all m>3.

Considering

3
N (m) E(pzl Pzzpz3;"9mm)

—4 L] 3. - b
= N-E[p, (N 1)(m_1) E(p£2p23...p2m/21)]

1

we get after using (2.3.17) and simplifying

3
N(m) E(le pgng3' . ~P2m)

= (Ip, *Ip,
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correct to o(N—z),

which shows that (2.3.10) is true for all m>3.

Now we consider

2 2
N ‘E(P, P, "Pp Pp ~--D,p )
{(m) 21 12 23 '} zm

4

= N-Elp, 2-(N—l)(m_l)-E(p2

2
p p "'p /RI )] (203018)
1 1.Pe, e Ay

2

From (2.3.9) we have

. 2
(N-1) , .. “E(p, “p, Py ++-P; /%)
(m-1) L, Thgy 2 2m 1

4

2

- 2
= (pypy )" 2. (zp, -y )

3 3

)3 (zp, Py, )

- (m—2) * (Zpt—pzl

m-2, m-4, . 2 22
-( 2 )‘(zpt-le) (zpt Pgl )

Substituting this value in (2.3.18) we get after simplifying

and retaining terms to o (N~%),

2 2 m-2 2,2
N ‘E(p, “p Po Pp, +--P, ) = (Zp,) *(Zp.")
(m) 21 22 23 24 2m t t

which shows that (2.3.11) is true for all m>3.

Remark:
Even though the proof of the Lemma assumes that m>3,
the statement of the Lemma is true for the values m=U, 1 and

2 also which can be easily verified.
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Now using the results of Lemma 2.1, we get from (2.3.7),

N
after observing that I Py = 1, for m>3,
1 .

_ m 2 m 3.,.,m 2,2
Lp = ![{1-(2)Ept +2-(3)Zpt +3 (4)(29t )€}

=

3_m-1

2,2
™ }

+ nm-{Zptz-(m-l)'Zpt )'(Zpt )

3 nz-m(m-l)
ey

+ nm-zp, 3 + (zp 22

2 2
= & 1+ Dn-rezp 2+ ((Din-2- Qine2(P - 2p,

+ {Mn2-3. Mne3. M1z A2

By definition, L°=l

Also it can be easily verified that correct to O(N~

_ 2, 2 3
L1 = 1+n2.’pt +n Zpt
and

_ 1. - 2 _ 3
L, = 3 [1+(2n l)Zpt +2n(n l)Zpt

From (2.3.3) we have

n th_
= Z t
n t=1] n

t

xrd

Thus by using (2.3.20) and (2.3.21) we get for n=2,

1 - z 3
i; = (L0+Ll)/2 = 1+>:pt +2Zpt

3

(2.3.19)

(2.3.20)

)

(2.3.21)

m?(zp, 21?1, (2.3.22)

(2.3.23)

(2.3.24)
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Similarly by substituting the values from (2.3.19) to

(2.3.22) for the respective terms in (2.3.23) we get after

simplifying
1 _1, 2 3 2,2 |
E; =3 [l+32pt +8):pt +3(Zpt )71 (2.3.25)
and
1 _1, 2 3 2,2
fZ =3 [1+62pt +20Ip, "+15(Ip, )] (2.3.26)

TheoremA2.7=

2

For, n>5, the expression for l/Kn correct to O(N_

is given by

1 _ 1 n 2 , n(nt+l) 3
K-~ @D " Zm-07 P * I@-2)T1 P
n(n+l) 2,2

Proof:

Using the transformation s = n-t in (2.3.23) we get

n-1
%— = I (n-s)‘Ls/nn s
n s=0

= Ly/m" 4+ (-1 - £y/n"t 4 (n-2) Ly

+ G' (203.28)
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Substituting the value of L from (2.3.19) the above ex-
pression for G can be written as

1 n-1 2 n-1
G = = - [ £ (n-s)-Ts + n°-{ (n-s)-TS

n s=3 s=3 -1

1 n-1
-5+ I (n-s)'T__,}Ip
2 s=3 s-2 t

2

3 n-1 n-1
+ n -{523(n-s)-'1‘s_l-s£3(n-s)-Ts_2

n-1
* I (n=-s)°T__.lIp
s=3 s-3 t

3

+
Wik

n4 n-1 n-1
+ 53 { I (n=s)°T,_,- I (n-s)-T__,

s=3 s=3

n-1
2.2
I (n-s)-T__,}(IZp, ")
s=4 s-4 t

] (2.3.29)

|-

S

For any nonnegative integers 0<i<m, let

m
Tem = sik Ts
and
m
Tam = 2 %7

Then the following results can easily be established:
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For any a<f< m,

m

sil(n-S).Ts'°'= (n-a).l(l-a.m-a) - J(l-a,m-a) (2.3.31)

Jo,m = Y@,m (2.3.32)
For any l<tam, J(g.m = 2 I(g-1,m-1) (2.3.33)
and for any 0<Ai<m,

Tee1,m+1) " T(o,m) = Tme1~To (2.3.34)

In view of (2.3.31), expression (2.3.29) for G reduces to

G =1[{nI }+n2. { (n-1)1

- (3,n-1) Y (3,n-1) (2,n-2)
' (n-2) 1 2
“Ti2,n=2)" — 2 * T(a,n-3) * 7 ° I(1,n-3)1%P¢
3
+n {(n-l)I(2,n-2)-J(2.n-2)-(n-2)I(l,n-3)
- (n-3) 1. 3
“Ta,n-3" "3 To,n-4) -3 ° Y(0,n-4)! %Pt
4
t o =21y 3T (1,n-3)" 3T 5 gy

fon_AN
a2 %)

. 2 7
* Jo,n-0)* 7 T(0,n-5)" T " J(0,n-5)1" (2P )]

(3
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Using relations (2.3.32)-(2.3.34) the above expression for G
can be written, after suitable rearrangement of the terms,

as

6 = & -[n(T__;-T,) + n®-{(n=1)(T,_,-T;)

=]

n 2

+ 0%+ {(n-1) (T__,~T;) - (n-1) (T__3-T)

n 3
+ 3° Tn-4}th
4 n-2 _m o n-1)
* a5 - (Tho37T) Tn-4
n . . 2,2
+3 0 Tl (Zp, 7] (2.3.35)

Substituting the values of LO’ Ly and L, from (2.3.20)-
(2.3.22),and the value of G from (2.3.35) in Equation

(2.3.28) we get for n>5,

p 1 b ensp B’ )
— +
K, nn-l a1

2,2

3en?(zp, %2

(n~2) . - 2 -
+ 55 [1+(2n-1) Zp, “+2n(n-1) Ip,

N
e

In(r —T2)+n2-{(n-l)(Tn_2-Tl)

+
i

n-1

2

NS o

(Tn_3-T0)}Zpt
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1

K, .
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3. -7 )= (n~ -
+ n” {(n-1) (T __,~T;) - (n-1) (T _3-T,)

Z— = C,+C

0

n
3

n4'{ (n-Z) .

8

1Zpt +C22pt

. Tn_4}2pt

2

3

3

n 2,2
. Tn_s}(zpt )<

+c3(2pt

(T,_3~Tp)~

2)2

(n

-1)

2 i Tn-4

(2.3.36)

(2.3.37)

Equating the coefficients of the like terms in (2.3.36)

and (2.3.37) we get after substituting the value of Ts

from (2.3.30),

- n + 0
2(n-3)! 2

2

n-

n
n-

2

!I

2n

' -1
1 (n-1) , (n=2) 1 n"
+ + + [

nn-1 nn-l 2nn-2 nn-l (n-1)!
1

(n~-1)! '

_ (-1, (-2)(2n-1) , 10" (n-1)

nn—2 n-2 nn-2 (n-2)!

2
LU

T2

(2.3.38)

- n(n-1)

(2.3.39)
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(n-1) , (n-1) (n-2) , 1 n 2
C, = + + [(n-1) - {7=—=++ -n}
2 nn-3 nn-3 nn-3 (n-2)!
nn-3 nn-3
- (n-l)’{w -1} + -GT_-“—!]
_ n(n+l)
- 155 (2.3.40)
and
C. = (n-2) + 1 . [(n-2) _{nn‘3 -1} - (n-1) .nn-4
3 2 n-4 n-4 2 (n-3)! 2(n-4)!
. n n
n-4
n
* S5 T
- n(n+l)
o= ‘ (2.3.41)

Hence from Equations (2.3.37)-(2.3.41) it follows that
(2.3.27) holds.
Q.E.D.

Remark:

Even though Equation (2.3.27) of Theorem 2.7 is derived
for n>5, observation of Equations (2.3.25) and (2.3.26)
tells us that (2.3.27) is true for the values n=3 and 4
also.

Thus we have for n>3,

_ n 2 n(n+l) 3

1 1
K.~ D1 ¥ 221 Xpy” + Im=2)12P¢

n(n+l)

YT

(Zptz)z (2.3.42)
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~ Now from (2.3.24) we have

_ 2 3
K2 = 1/(1+zpt +2zpt )y

which after expanding the denominator and retaining terms

to O(N-z) gives

2 3 2,2
K, = 1-Ip, “-23p,° + (Ip.”) (2.3.43)

After a similar operation we get from (2.3.42) for n>3,

2 .
' Cc Cc C Cc
1 1 - 2 2 3 1 3 2,2
K == «[1- =— -« Ip,“-=— - Ip + (—5 - =) (Ip.") "]
n CO CO t C0 t coz Co t
(2.3.44)
2

2.3.2. Evaluation of ¢34 correct to O(N™ “)

The expression for ¢ij from (2.2.23) is given by

n-2
b2 =n° I - A, A, .eeA {1-(p.+p:)- Z p, }
B Vs Mt ez TP wmtha
L13g8 (2.3.45)

Since the right hand side of (2.3.45) is not meaningful to
consider for n=2, we derive here the approximate expression
for ¢ij assuming that n>3.

(2.3.45) can alternatively be written as

$i =0 (2B A A, .audg

1-(p.+p.
1] 1 22 { (Pl PJ)

n-2
n-2

= Z pz }] (2-5.‘;0)
u=1l u
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where E' denotes the expectation taken over the scheme of
selecting (n-2) units from among the population excluding
the ith and jth units with simple random sampling without
replacement. Without loss of generality we can assume that
Lyrkg-+-2 _, are the units selected in that order.

Thus we have from (2.3.46),

__n_ .o —
%35 = 1 T W2 (qg) TET Ay Ay eedy )

e (Ds*Ps)E' (A, A, eeedp, )
173 R T S,
n-2
By Ay eeds I Po)] (2.3.47)
0 e T SV S T

First we consider

(N=2) ,_ _yEB'"(A, A, ...A
(n-2) 2,78, Lo_5)
n-2 2 2
= (N=-2), ,,-E'[ I p, (1+np, +n'p teoo)l
a a o
By using the fact that E'[p lp 2...p n 2] is
1 T4 2h-2

invariant over all the permutations of (e 0,...a ,)

for any positive integers Grr Qyeee O oy WE get by re-

2

taining terms that contribute to O(N ¢) only,

(N_z) (n_z) .E' [Az }\2 ...Az ]

1 72 n~2

= (N=-2) . ‘E'lp. o

. , ]
{n=—2<) X,l

-=a-D.
=X

X2 n-2
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2
Py Py ---Py ]
n

+ n(n-2) - (N-2)
. 1 2 73 =2

n-2)E' [Py

2 3
+ n (n-Z) b (N-Z) (n_z) 'E' [le p22p9‘3' A ’pzn_zl

2 ,n-2 o (N= ! 2 2
+ % (0,7) - (N-2) oy E [p21 plz p23924---pzn_2]

Now, using the Equations (2.3.8)-(2.3.11) of Lemma 2.1, for
the population of (N-2) units excluding the ith and jth

units and with m=n-2, we get

(N=2) . B'[A, A, ...\ ]
(n-2) 2174, L,-2
)

_ - 2_(n-2 o - (D=4, 2__2__2
= [(Ip,-P;~Py (737) (Zpy~P;-P5) (Zpg =P -P4")

-2 -
+ 2-(°3%) (py-p;-py) 70+ (3p 2-p; -ps?)

n-2, IS « ol - 2_2__ 2,2
+ 3. 4% (Zpy-p;-py) (Zp,"=P; "~P;") ]

+ n(n=2) - [ (3py-p;-p4) "> (Zpy2-p; 2-py?)

)n- 3 3 3)

- (n-3)- -p.- 4, -p, >~
(n=3) - (Ip, -P; -P; (Zpg™=P; ~Pj

n=-3 e o (D=5, 2__2__ 2,2
= (57 - (Zpg-p;-py) (Zpg =P P57 7]
+ n?(n=2) + (Zp~p;-p5) - (2o, >-p,; *-py )

+ nzuln-z\-(Zh —n.—n.\n-4:(Zn.z—o.z-n.z\z
\21 \rt a-l :J' 'st -l J-J 4
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. N _
which, by noting that [ pt=l and retaining terms to O(N 2)
1

only reduces to

(N-Z) (n_z) .E' [121122. . .Aln_zl

= 14223 L 5p 2 (n-2) (p+py) )

2

+ {(n-2) (n-3)p;p3-3(n-2) (p; 2+p5°)

(n=2) (n-3) (n+4)

. 2
5 - (pi+pj) Zpy

N 3

2
(n-2) (n“+2n+12)
3 R

2
(n-2) (n-3) (n“+7n+20) Ip 2

. 2
: (zp, %) %)

+

] (2.3.48)

Using this expression we get correct to O(N-z)

’

(pi+pj)‘(N-2)(n_z)‘E'[kzllzz...lkn_Z]

= (pi+pj)°[1+{(n-2)§n+3) ~Zpt2-(n-2)(pi+pj)}]
(2.3.49)
We now consider

(N=-2) E'[A, A, ...A
(n-2) S th-2 u=1 Yu

n-2 - - n-2
‘E'[{ T p, - (l4np, +n“p, “+...)}+ L p, ]
u=1 *u a %y u=1 *u

= (-2) o



oy o, %n-2
By the symmetry of E'(p, “p,

esep )
1 %2 -

2
in al,az.é.an_z we get after retaining only the terms
that contribute to 0(N"2),

) n-2
Az ...AZ e X Py ]

(N-Z)(n-z).El[Azl 2 n-2 u=1 u

v 2
= (0=2)- (N-2) (_p) ' IRy pgzpz3--~92n_21

+ n(n-2)(n-3)°(N-2)(n_z)E'[pzlzpzzzp23pz -++Py

4 n-2]

n-

Again by using the results of Lemma 2.1 with suitable
N

changes we get after noting that I p

=1,
1 t

- hd ' o0 ° z
B A NPOL A

= (n=2) - [(Zp-p;-py) " " (Zp, -

. o —p Y04, (v 3., 3., 3
(n=3) * (Zp; ~P;-P;) (Zp¢™-P; P4 7)

- (n=3,. e e D=5, 2_. 2__ 2,2
( 2 ) (zpt Py Pj) (Zpt P; Pj )71

)P4, (2p, 2-p; %-ps %)

+ n(n-2) (n-3) - (Zpt-pi-pj j

+ nin=2). (% _=n.-n. N “en,“=n.

- - _l:t l.l rj ‘_L‘t J-l L‘J .
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= (n-2) [2p, >~ (n-3) - (py+p;) -2, *- (p; 240, 2)
+ 33p 3 + 223t (g 22 (2.3.50)
2

correct to O(N “).
Substituting the values from (2.3.48), (2.3.49) and

(2.3.50) in (2.3.47) we get, for n>3, after some simplifi-

éation,
0. pacme2) () o2, |
¢1J = (n_z 1 [l+{ 2 th (n l) (Pi"'Pj)}
_ oY . e 2 2
+ {(n-1) (n~2) Pin (n-2) (p; +Pj )
- 2-
2
(n-2) (n“+2n+3) 3
+ 3 P,
2
+ n-2) (n-g) (n“+3n+4) (gptz)z}] (2.3.51)
4

)

2.3.3. Evaluation of Pij correct to O(N

Case (i): n=2:

As we mentioned earlier Sampford's procedure for sample
size two is the same as Durbin's scheme (1967). The ex-

pression for Pij of the Durbin's scheme is

1 1
P,. = K,p;p.; (—5— + +—=—)

[

substituting the value of K, from (2.3.50) and after ex-

2
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panding 1/(1-2pi) and l/(l-ij) in the above expression we

get after retaining terms to O(N-4) only,

2 3

2 |
P.. = 2pipj[1+{(pi+pj)-£pt2}+{2(pi +p;%) 280,

ij
- L 2 2,2
(Pi+pj) Ip "+ (Zp 7)) 7N (2.3.52)

Case (ii): n23:

From (2.3.2) and (2.3.44) we get, after multiplying and

retaining terms to 0(N74)
P:P. C
. =_13] . 4D )=ty 2 2.2, 0.2,
K, Aikj G [1+{n(pl+p]) COZpt }+{n (p; +pJ +p1pj)

c, 3 % ¢ 22 & 2

- Cc. Zpt + (—2' = C—) (Zpt )“-n- c. (Pi“'PJ)XPt h
0 C0 0 0
(2.3.53)

Now, it can be seen that

1
2= (n-1)!
o
Sl _ n(n-1)
c, 2
C2 _ n(n-1) (n+1)
Ch 3
0
€3 _ n(n-1) (n-2) (n+1)
e, = 8

and
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2
€1 _ % _ n(n-1) (n%-n+2)
cg? Co 8

Substituting these values in (2.3.58) we get

n(n-1)

K_-A:A: = (n=1)!p.p: [1+{n(p.+p.)- 5p, %}
i¥jy i %3 2 t

2 2
(Zpt )2 +n (Piz"'sz

n(n-l)(nz-n+2)
8

+ { )

-1 +1 3 2
e i S NP

2 -

using this expression and the expression for ¢ij from
(2.3.51) we get after simplifying, when terms to O(N™ %)

are retained,

Pjy = n(n-l)pipj [1+{ (pi+pj) -Zpt2}+{2 (P12+sz)'22Pt3
- (a=2)p;p; + (n=3) " (py+p;) Ip, 2
- (n-3) (2p, %) *}) (2.3.54)

Even though this expression is derived for the case n>3,
Equation (2.3.52) shows that (2.3.54) is valid for the
value n=2 , also. Thus the expression for Pij correct to
O(N-4) under Sampford‘'s scheme of selection for samples of

size n is given by (2.3.54) which is true for all n>2.
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A check on (2.3.54) is provided by verifying that

n(n l) [1+ _ +
N

P.. =

1l
ij ;7]

when all p; are equal to %, which is the expression for Pij
correct to CKN-4) in the case of simple random sampling
without replacement. A more thorough check on (2.3.54)

is provided by verifying that g P,s = (n-l)P is

ij
j(#1)
satisfied to O(N_ ) which confirms that (2.3. 54) is correct

to O(N"%).

2.3.4. Evaluation of the variance expression to O(NO)

We will first prove a theorem which is applicable for
various without replacement schemes as we will be seeing

later in this chapter as well as in the subsequent chapters.

Theorem 2.8:

Given any varying probability sampling scheme for

selecting a sample of size n whose P, is given by

P, = np; (2.3.55)

and whose P, correct to o(v"4) is given by

- - v 21, 2,2, 3
P;jj = nin 1)pipj[1+{(pi+pj) Ipy " H{2(py +p4%) -2Ip,

+ a p;py-(a +1) (p;+p,) - 3p 2+ (a,+1) (20, ) 201 (2.3.56)

for some constant a, that does not depend on pt's but may
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depend on n, the variance expression correct to O(No) of

the corresponding H.T. estimator is given by

1 2 2_ 2

- {n-1) 3, 2_y. 2. 2. 2__ . 2. 2
-5 -[2Ip, 7z, “-2ip; zpi z;"-a (Zpi z;)°]
(2.3.57)

where z, is given in (2.2.12).

Proof:

Variance of the H.T. estimator is given by
2 2
vie.,..) =2X.“/P, +L I P,./P.P. . Y Y.-Y¥Y° (2.3.58)
HT 1 i i 3 (#1) 137173 173
From (2.3.55) we have
$y.2/p, = Ty.%/np (2.3.59)
i’%i i i T

Also by using (2.3.55) and (2.3.56) we get

DL Py/RPy - vy,

i3, M
- ¢ 3 Ancl) - [+{(pgrey)-Ip 2 H+(2(p; 24p, %)
i 3(#4)
3 2

= 2Ipy+a,p;Py-(a)+1) (p;+p,) Ipy

2,2
+ (an+l)°(2pt ) }]'Yin
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2 2

- (n-l)[§{l+pi-2pt +2pj_2-2£pt3-(an+1)pi--2pt

n i
+ (an+l)(2pt2)2}in(Y-Yi)

2 2
+ {Yi(zptyi-piyi)+2Yi(zpt Y -p; “Y;)

' 2
+a,p;¥;(2p Y, -p;¥;)-(a)+1) - (Zp, ¥, -p;¥;) ¥, - 2P, “}]

= 482b) . r1-5p, 2-25p, 3+ (a_+1) (2p, 2) 21 (¥2-1v, 2)

2 2

+ Y-{EptY£+22pt Y -(a +1)Ip_ -Zpth}

2 2 2

EptY£ -ZZptht2+(an+1)Ept 'Zpth

+ Y-}:pth-}:pth2+2Y-Zptht—ZZptht2

2 2, 2 v 2,
+ an(zpth) -an£pt Yt —(an+1) Y Zpt Zpth

2 2

+ (an+1)2pt -Zpth 1

Retaining only terms to O(N’), we get

P..

r oz Sl .y y =0t rv2 ry250 2 0v.5p v 41y

2y

2 3

2,2_,
+ Uap+1) ¥ (zp, 2 %-2v23p,

= 2Ept¥£2 + an(Ztht)z}I (2.3.60)
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Substituting in (2.3.58) the values in (2.3.59) and (2.3.60)

we get, after simplifying and putting in suitable form, the

variance correct to O(NO) as

5 _ 1 2_, 2.2
V(YHT) = n[Xpizi (n-1)Zp,;“z,"]

_ (am1) 3, 2., 2.. 2 2 2. 2
Tn " [22py72oIpy tERy T2y Tma,e (2R tz;)
(2.3.61)
QIE.D.

From (2.3.61), V(?ﬁT) correct to O(N%) is given by

Vg, o,

which is equal to the variance of the customary estimator

in probability proportional to size with replacement sampling.

A

V(YH m ) correct to O(Nl) is given by

o 1 2 2 2
Vg p )= 5232, - (n-1)Ip; "2, "]

= 228 {1~ (n-1)p, }2; 2] (2.3.62)

which clearly shows the reduction in variance compared to
the with replacement procedure. Thus l&%ll Zpizzi2 repre-
sents the principal gain of the without replacement procedure
relative to the with replacement scheme.

In Subsection 2.2.2 we have mentioned that Hartley and

Rao derived the expression for Pij of the Goodman and Kish

procedure correct to O(N %) which is given by (2.2.14).
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We can observe that (2.2.14) is the same as (2.3.56)
with an=2 and thus Theorem 2.8 is applicable to the Goodman
and Kish procedure.

Also we observe that (2.3.54) is the same as (2.3.56)
with an=-(n-2).

Thus Theorem 2.8 is also applicable to Sampford's pro-
cedure. Thus using Theorem 2.8 we can compare the ef-
ficiencies of the H.T. estimator under the procedures of

(i) Goodman and Kish and (ii) Sampford.

Theorem 2.9:

When the variance is considered to O(Nl), the H.T.
estimators corresponding to Sampford's érocedure and the
Goodman and Kish procedure are equally efficient, and when
the variance is considered to O(NO), the H.T. estimator
corresponding to the Sampford's procedure is always more
efficient than the H.T. estimator corresponding to the
Goodman and Kish procedure and the relative gain in pre-

cision will be larger for larger sample sizes.

Proof:

Since Theorem 2.8 is applicable to both the schemes
it follows from (2.3.62) that to O(Nl) the H.T. estimators
corresponding to both the schemes are equally efficient.

From (2.3.61) we have correct to O(NO),
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3 2
V(¥ H. T.)samp —[291 i -(n-l)Zpl ]° '——'[2291 i
5
- tp,2-2p %2, %+ (n-2) - (Zp; %2,) 2] (2.3.63)
and
5 =1 _ 2 2 n-1 , 3_ 2
V¥ p.)6.x n[zpiz -(n=1)Ip,“z;%]- == - [2Ip;7z;
2,0 2 2, o 2 .2
Ip, " *Ip; zy -2 (Ip;7z;) 7] (2.3.64)
Thus we get by considering the difference
V(§H T )G K-V(QH T )sam = (n=1)- (2912 )2
e B -t 3 (2.3.65)

>0
Thus the éstimator corresponding to the Sampford's scheme
is always more efficient than the estimator corresponding
to the Goodman and Kish procedure. |
Also the percentage gain in efficiency is given
by

(n-1) - (Zp; °z;)

E = x 100
V(% )65

Thus E would be an increasing function of the sample size

since the numerator increases and the denominator decreases

as the sample size increases.
0.E.D.
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Thus as a conclusion it is mentioned that one would
gain by preferring Sampford's procedure over the Goodman

and Kish procedure especially for larger sample sizes.

2.3.5. Numerical illustration

The data we consider here is that of 35 Scottish farms,
appearing as Table 5.1 in Sampford (1962) which is re-
produced on the following page.

In order to have an idea as to how good the approxi-

mate expressions (2.3.56) for Pi' are in a real situation,

J

the Pi' are calculated for the population in Table 1 by

J
using both the exact (2.2.22) expressions and the approximate

expressions (2.3.56) for samples of size 3. The variance

also is evaluated using both the sets of P, The set of

je
probabilitieg Plj (j = 2,3,...35) are tabulated in Table
2.2 along with the corresponding approximate Pij (3 = 2,...
35).

The variance calculated usihg the-exact Pij is found

to be
v(¥) = 68318.56

whereas the variance computed using the approximate Pij

is found to be

Vv(¥) = 68341.43



Table 2.1. Recorded acreage of crops and grass for 1947 and acreage under oats in

1957, for 35 farms in Orkney

Farm Numnber 1 2 3 4 5 6

Recordedl
crops +
grass xj 50 50 52 58 60 60
Oats 1957
Yi 17 17 10 16 6 15
Farm nunber 15 16 17 18 19 20
X5 91 92 96 110 140 140
Y; 27 34 25 24 43 48

Farm nunber 29 30 31 32 33 34

X4 303 311 324 330 356 410

Y; 66 58 128 38 69 72

62

20
21
156
44
35
430
103

65

18
22
156
45

9 10
65 68
14 20
23 24
190 198
60 63

11 12
71 74
24 18
25 26
209 240
70 28

13

78

23
27
274
62

14

90

28
300
59

6S
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Table 2.2. Exact Pji's and the approximate Pj;'s of the
Sampford's procedure with n=3 for %he data in
Table 2.1 .
Unit Exact Approximate Unit Exact Approximate
no. j Plj P1j no. j Pli Plj
2 .000439 .000439 20 .001249 .001250
3 .000456 . 000457 21 .001396 .001397
4 .000510 .000510 22 .001396 .001397
| 5 . 000527 .000528 23 .001712 .000713
6 .000527 .000528 24 .001787 .001788
7 .000545 - .000546 25 .001891 .001891
8 . 000572 .000572 26 .002185 .002185
9 . 000572 .000572 27 .002512 . 002512
10 .000599 .000599 28 .002765 .002765
11 .000625 .000626 29 .002794 .002794
12 .000652 . 000653 30 .002873 .002873
13 .000688 .000688 31 .003001 .003001
14 .000796 .000796 32 .003061 .003060
15 .000804 .000805 33 .003321 .003319
16 .000813 .000814 34 .003870 .003866
17 .000850 .000850 35 .004077 .004072
18 .000976 .000977
19 .001249 .001250
. of2e90 IR E]
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which suggests that in many practical situations the ap-
proximations will serve the purpose quite adequately.

In Table 2.3 are presented the variances computed to
various orders for both the schemes of (i) Sampford and

(ii) Goodman and Kish when samples of size 4 are considered.

Table 2.3. Approximations to V(¥ )

H.T.
Order of Sampfords Procedure Goodman and Kish
Approximation Procedure
0(N2) 55852.450 55852.450
ovh) 49320.940 49320.940
O(No) 48952.190 48979.130

The value computed to O(Nz) represents the true variance of
the customary estimator in the varying probability with
replacement scheme. Values of the successive approxima-
tions suggest that the convergence is quite satisfactory
even though the population size, N=35, is much smaller than
the sizes we actually come across in practice. For larger
population sizes, the relative difference is however ex-

pected to be higher than it is in this example.
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2.4. Hanurav's Procedure

Hanurav (1967) presented an unequal probability sampling
scheme for sample size 2 which satisfies the condition Pi =
Zpi. "Vijayan (1968) has extended this procedure for sample
size n>2. The procedure for general sample size is much
too complicated to adopt in practice and thus we consider
the simpie case of sample size two only. The scheme is
described as follows:

Two units are selected with probabilities {pi}, is=
1,2,...N, with replacement and if the two units are distinct,
the sample is retaihed, otherwise this sample is rejected
and another sample of two units is selected with probabilities
proportional to {piz} and with replacement. If the two units
selected are distinct; the sample is retained; otherwise a
further sample of two units is selected with probabilities
proportional to {pi4} and with replacement, and 80 on.

Hanurav has shown that under some restrictions this
procedure terminates with probability one and that the

expressions for Pi and Pij are given by
P; = 2py , (2.4.1)

and

P.. = 2pipj[1+ kilwk], (2.4.2)

1]
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where 2Ky
(p;P;)
Y < S s S ’ (2.4.3)
(1)=(2) """ 2(k)
and
N of
S(ry T tilpt (2.4.4)

Since the expression for Pij involves an infinite series it
is not possible in practice to get the exact variance of the
corresponding H.T. estimator. However for large values of
N, we can derive the approximate expressions for Pij by

assuming that p, is of o(N1). From (2.4.3) and (2.4.4)

r
it can be easily seen that each S(r) is of O(N_2 +1) and

consequently each Wy will be of O(N-k).

Thus the expression for P 4

j correct to O(N °) is

Zpipj[1+w1+w2]

Pij

P:P- .
2p;py [1+ zl% + -%21 7] (2.4.5)
Py IRy "IPg

Equations (2.4.1) and (2.4.5) do not satisfy the conditions
of Theorem 2.8 because Pij given in (2.4.5) is not of the
form given in (2.3.56) and hence the theorem is not ap-
plicable here. However, substituting from (2.4.1) and

(2.4.5) in the expression

N . iy o 2
i

ViX ) = z
Y . o - . . -P.
H.T Py T i (ki) PiPy i3
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we get after much simplification the variance to Q(No) of

the H.T. estimator corresponding to the Hanurav's procedure

as
2 2
: (Zp.“2.)
\ =1 2_1 2, 2_ i%i
V(8 o)y = 3 Ip325 - F[Ip5°24 — ]
P
t
3 2
(Zp; '2z:)
- —4mpte - 22 (2.4.6)
where
. Yi
2, = —— = Y
i~ p;
variance correct to O(N!) is
2 .
5 1 2 1.2 2 (%22
V(YH.T.)H =7 Ip;jz;" - »[Ip;7z; - -—;Erjr———] (2.4.7)
t

Variance correct to O(Nl) of the H.T. estimator correspond-
ing to the Goodman and Kish procedure as given in (2.2.16)
is

=1 2_ 1. 2 2
Vg p gk = 5 ZP3Z5 - 3 IpyTzg (2.4.8)

From (2.4.7) and (2.4.8) we get

2 2
(Zp- 2.) ’
v - .]; . 1 1 >
Y@y dy -t Vhnlek T2 o7 20 (249
t

showing that for large N, the H.T. estimator corresponding

to G.K. procedure is always more efficient than the one
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corresponding to Hanurav's procedure. However, for
moderately large populations one has to consider the variance
to O(No) and no valid conclusion can be drawn from the com-
parison of V(A

YH.T.)H
) K given in (2.2.16) for sample size two.

to O(NO) given in (2.4.6) with

V(g

H.T. G
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3. RAO, HARTLEY AND COCHRAN'S PROCEDURE

3.1. Introduction

As there are not many schemes of unequal probability
sampling without replacement that are simple to adopt in
practice and are applicable for sample sizes n>2, Rao,
Hartley and Cochran suggested a simple procedure which is
applicable for sample size n>2 and provided an unbiased esti-
mator for the population total. However, it is often com-
‘mented by several authors that the estimator most ofteh
turns out to be inefficient relative to some estimators
under other unequal probability sampling procedu:es that are
existent in the literature. In this chapter a mathematical
proof has been given showing the inadmissibility 6f the Rao,
Hartley, Cochran (R.H.C.) estimator and several bther
alternative estimators under the Rao, Hartley, Cochran
(R.H.C.) scheme are suggested which are almost always
more efficient than the other existing estimators under
unequal probability sampling procedures. The efficiency
of these proposed estimators in relation to the other
existing estimators is illustrated numerically by considering
several populations that are considered in the literature
as the most suitable data for the unequal probability sampling

procedures.
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3.2. Rao, Hartley and Cochran's Procedure

The procedure of unequal probability sampling without
replacement proposed by Rao, Hartley and Cochran for
selecting a sample of size n is described as follows:

(i) split the population at random into n groups of
+N

sizes Nl'NZ""Nn where N +...+Nn=N and,

172

(ii) select one unit with probability proportional
to P from each of these n groups independently.

The primary advantage of this scheme compared to the
E"'~.other without replacement unequal probabiliﬁy sampling pro-
cedures is that it does not require heavy computations for
drawing the sample even for sample size n>2 and thus is

very simple to operate.

Let X P, = S,, say
Group i t e

For the above scheme of sampling Rao, Hartley and Cochran

proposed

n y.
T, = I —=-8§

. (3.2.1)
l i=1P; 4

as an estimator for the population total Y, where Y is the
value of the unit selected in the i-th group and p; is the

corresponding probability.



68

Theorem 3.1:

Under the R.H.C. scheme of sampling the estimator T1
is unbiased for estimating the population total Y and

the variance of Tl is gi&en by
N

2
N. -N
V(T)=(i£11 )-[gzﬁ-z] (3.2.2)
which attains its minimum when Nl = N2 = ... = Nn = g .

Proof:
The details of the proof are given in the paper by

Rao, Hartley and Cochran, and thus are not furnished here.
QIE.D.

Hereafter in this chapter we will assume for the sake
of mathematical tractability and for the comparison pur-
poses that N is a multiple of n. Also we will make the

choice

= M, say (3.2.3)

S|

Nl = Nz = ..I.= N =
Under these assumptions (3.2.2) reduces to
= (1. b=1,.1 2 .

which clearly shows the reduction in the variance as com-

pared to sampling with replacement estimator.
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3.3. Inadmissibility of the R.H.C.
Estimator
Fér simplicity of notation let the elements of the
population U be represented by integers 1,2...N; U =
{1,2...N}. Let s denote a typical subset of U. Now, de-
pending on the specific sampling scheme used there could
possibly be various ways of expressing the outcome of the
sampling experiment. Sometimes the outcome of the experi-
ment, denoted by w, can be described as Wy = (s(z) where
s ié the subset of U that has been selected and y is the
vector of corresponding y-values written in the same order
as the elements of s. For example, in the case of ordinary
systematic sampling w is described in this way. In some
situations w could possibly be described in a more detailed
way. For example w can be described as = (s',y') where s'
is the ordered subset of U that is selected, the order being
the order in which the units are selected and X' is the
vector of corresponding y-values that appear in s'. Thus s'
fully describes the unit by unit sampling without replace-
ment. In some situations ¢ can also be described as y =
(s",y") where s" is the sequence that is selected all members
of which belong to U and y" is the vector of corresponding
y-values.. In s" if we remove all the members that appear in

some of the preceding places we get the ordered set s‘.
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That is if s" = (3,5,2,3,2) then the corresponding ordered
set is given by s' = (3,5,2). Similarly if we ignore the
ordering in s' we get a set s. For example if s' = (3,5,2)

then the corresponding s = (2,3,5). Thus s' is an abstract
function of s" and s is an abstract function of s' and
consequently also an abstract function of s". Symbolically
we can write s' = fl(s"), s = f,(s') = fz(fl(s“)) = f3(s“).
Thus we see that depending on the sampling scheme. adopted
there could possibly be different ways of describing the
outcome w of the sampling experiment. Having defined the
outcome w, we can define an estimate t of a population
parameter as some function of the outcome w. That is t =
t(w), or equivalently t = t"(s",y"), t = t'(s',y"), t =
t(s,y) as the case may be. Now, when the outcome w is
described as (s",y"), the knowledge of (s",y") is enough to

know any (z",Xf) such that

£,(2") = £,(s") = s (3.3.1)

To be specific, if (s",y") = (2,5,3,6,3; 10,14,16,7,16)

then for 2z" = (3,6,5,6,2) we have (z“(l") =
(3,6,5,6,2:16,7,14,7,10). This is because we know from
(s",z") that Y, = 10, Yg = 14, Yy = 16, and Yg = 7. Thus if
we have an estimate t" = t“(s"{z") we can evaluate the esti-

mate t = t(s,y) given by
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z|t" (z" '-'Y-“) .P(z")
TP (z")

t = t(s,y) = (3.3.2)

where the summation is over all z" such that (3.3.1) holds
and p(z") is the probability of observing (z“nz"). Careful
observation of (3.3.2) tells us that t is the conditional
mean value of t" with respect to (sﬂz). Thus we have from

(3.3.2) that, E(t) = E(t") and if t" is unbiased,

Var(t) = var(t")-E(t-t")2.

So, as an estimate t is at least as good as t". Thus any
estimate that is a function of (s",X“) can always be im-
proved upon by using the above technique. Similarly esti-
mators that are functions of (s',y') also can be improved
upon by using the same technique. Thus any good estimate is
a function of (s,z).' In the case of simple random sampling
with replacement and varying probability sampling with re-
placement the customary estimators are functions of (s“{z“)
ignoring the order in which the units are drawn. In the
case of unequal probability sampling without replacement
the estimator proposed by Desraj (1956a) is a function of
(S'CX')‘ In all these three cases Basu (1958) has

shown that the 'order statistic' forms a sufficient
statistic, and therefore any estimator which is not a func-

tion of the order statistic, can be improved by the use of

Rao-Blackwell theorem. In fact the technique used in
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(3.3.2) to get the estimate t(s,X) is nothing but Rao-Black-
wellisation of t"(s",y"). Thus the estimators based on
distinct units obtained by using Rao-Blackwell theorem in
the case of with replacement scheme, and the Basu-Murthy
unordered estimator obtained by using Rao-Blackwell theorem
to improve Desraj's‘estimator are uniformly better than the
respective customary estimators. Thé technique of obtaining
these estimators is discussed in detail by Murthy (1957),
Basu (1958) and Pathak (1961).

In general if a sampling scheme defines probability
distributions P;(w) on the outcomes weQ , we can define the
projection of Pl(w) into the space of probability distribu-

tions defined on the samples s by
P(s) = Pl(weﬂs):

where Q;:Q consists of all w's which result in (s,y).

So we have

P, (w) = P(s)-P,(w/Q]), s<U.

Now, for the purpose of estimating the population total, the
conditional distributions Pz(w/ns) are not useful which
shows that (s,y) is sufficient for the estimation purposes.
This is the reason why it is genuine to define a sampling
design as a probability distribution P(s) detfined on the

space of samples s as done by Godambe, Godambe and Joshi,
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H4ijek and others.
In case of the Rao, Hartley and Cochran's procedure,
the authors have implicitly defined the outcome w* of their

procedure as

W* = (i,,¥: #G: 5 i.0¥: ¢G; seee i_,¥: +G. ) (3.3.3)
1 11 11 2 i, 12 n-i 1n
where s = (il'iz"'in) is the subset s of U that is selected,
(y: +¥; ...y: ) are the corresponding y-values and G, ,G.
1,71, 1n e A M

Gi are the random groups that contain the units il'iz""in
n

respectively. The estimator T, in (3.2.1) proposed by Rao,

1
Hartley and Cochran is a function of w* and not just a func-
tion of Wy = (s,z), s being the subset of U that is selected.
Thus the Rao, Hartley and Cochran's estimator can be improved
by using the Rao-Blackwell Theorem. This establishes the
inadmissibility of the Rao, Hartley and Cochran's estimator.
This has been observed first by Hajek (1964) who also men-
tioned as a passing remark that further study is necessary

in this direction. It seems that this point has been over
looked by other researchers including Pathak (1961, 1964)

who dealt in detail with the concept of sufficiency in

sampling theory and considered several specific situations

where it can be used. The reason for this, perhaps, could

he that tha agtimator T outwardlv looke +o he a funotion

of the subset s of U that has been selected, unlike the
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customary estimators in the case of sampling with replace-
ment and the Desraj estimator in the case of sampling with
unequal probabilities and without replacement. We will :
deal in detail with this aspect of improving the Rao, -
Hartley and Cochran's estimator in a later section.

Since (s,x) is a sufficient statistic any good esti-
mate belongs to the class of estimates that are functions of
}s,z) and this class is complete in the sense that for any
estimator not belonging to this class there exists a corre-
sponding estimate belonging to this class which is uniformly
better. As is well known, H.T. estimator is a member of
this class. Also in view of the admissible property of the
H.T. estimator in the class of all unbiased estimators proved
by Godambe and Joshi (1965) it is interesting to investi-
gate the properties of the H.T. estimator under R.H.C. scheme.

3.4. Horvitz-Thompson Estimator under Rao, Hartley
and Cochran Scheme

3.4.1. Definitions, notations and basic results pertaining
to randomization

In order to study the properties of the H.T. estimator
under the R.H.C. scheme one must first solve the two prob-
lems: (i) to find the relation between the inclusion
probabilities Pl'Pz"'PE and the initial probabilities,
Pj+P5-«+Py and (ii) to find the relation between the

probabilities Pij (1<i#j) and the initial probabilities
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pl,pz...pN. In this section we will consider these two
problems of evaluating P; (i = 1,2,...N)

and Pij (1<i#j<N) in terms of P1+Pys-+-Py- Let

U= {Ul'Uz"'UN} denote the set of all the population units

and let G denote a typical group of M units out of N units.

There are in fact (g) such groups. Let G = {Gl'G2°“G }

N
()
be the set of all such groups. M

Definition 3.1:

An ordered n-tuple ¢ = (G, ,G, ...G; ) is said to be a
11 2 1n
partition of the population Y if

Gij EO"-Q, j = 1,2...1'1
Gijn Gy

jl=¢1j7£j

and

Definition 3.2:

: ‘s _ v
Two partitions 0& (Gil,Giz...Gin) and Oi
(Gy1+Gyr+-.Gy,) Of the population U are said to be equiva-
1 2 n
lent if one is just a rearrangement of the other, i.e.,

if each Gij is some Gi" and vice versa.
3
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Definition 3.3:

Two partitions 6& and 63 are said to be distinct if

they are not equivalent.

Theorem 3.2:

The total number, A, of distinct partitions of the

1
population Y with groups of size M each is N

n!(M!)n
Proof:

Total number of ways of selecting the first group =

() -

Total number of ways of selecting the. second group
having selected the first group = (N;M).

In general, total number of selecting the jth group
having selected the first (j-1) groups = (N-JQI’M), j =

2,3,...n. Therefore total number of possible partitions

_ (N, N-M, N-2M, ,2M
= g0 A2 L3
_ NI

(M)

Therefore the total number of distinct partitions, A is given
by

A= (3.4.1)

. . N
nin - Q.E.D.
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Let G ={€i,0 ...OA} denote the set of all distinct parti-

2
tions.

Theorem 3.3:

The total number, A., of distinct partitions of the

1
population Y with groups of size M each such that a particu-

lar pair of units (Ui,Uj) falls in the same group is given
(N-2) !
(n-1) ! (M-2) 1 (M1) ™71

by

-

Proof:

The group that contains the pair of units (Ui,Uj) can

2
2

Given this group, the total number of distinct parti-

be formed in a total number of ( 2) ways.

tions that can be made of the rest of the units into groups

(N-M) !
(n-1) ! (M!)
Theorem 3.2. Therzfore the total number of possible dis-

which follows from

of size M each is given by =1

tinct partitions such that the pair (Ui,Uj) falls in the

same group is given by

A o (N-2)1
(n-1) 1 (M-2) 1 (u1)D"1

1 (3.4.2)

Since this number does not dgpend on the particular pair
(Ui,Uj) we are justified in denoting this number by Al.
Q.E.D.

Let G.(i,q1) = {#..8....6. ]} denote the set of all
ER - L r'] ﬂl

distinct partitions such that (Ui,Uj) is in the same group.
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Theorem 3.4:

The total number, Az, of distinct partitions of the popu-
lation Y with groups of size M each such that a particular
pair of units (Ui,Uj) falls in different groups is given by

(N-2)1
(n-2) 1 { (M-1) 1}2 (M1) D2

Proof:

The two groups that contain the ith and jth units can

M-1"" M-1

the total number of distinct partitions that can be made of

be formed in ( ) ways. Given these two groups,

the rest of the units into groups of size M each is given by

(N=-2M) !

n-5~ Which follows from Theorem 3.2.
(n-2) ! (M!)

Therefore the total number of distinct partitions that can
be made such that the pair of units (Ui'Uj) fall in different

groups is given by,

N-2, , N-M-1 (N-2M) ¢
A, = (5 7)) ). —
A T
(N-2) !

- (3.4.3)
(n-2)!{(M-l)!}2'(M!)n-2

Since this number does not depend on the particular pair

(Ui'Uj) we are justified in denoting this number by A2'

A BN
LR FN Y

Let Gy(i,3j) = {01,65..4?A } denote the set of all

2
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distinct partitions such that (Ui’uj) are in different
groups.
From the way they have been defined, the following rela-

tions among Gl(i,j), G,(i,3) and G are immediate

G, (i,3) U G,(i,3) =@
and

Gl(i.j)fy Gz(i:j) =9
An obvious check on formulas (3.4.1)-(3.4.3) is provided

by the relation

A1+A2 = A (3.4.4)
Considering the R.H.C. scheme, the procedure of randomly
dividing the population into n groups amounts to choosing
at random a partition € from G, the set of all possible

~distinct partitions.

3.4.2. Exact expressions for Pi.and Pi'

j under R.H.C. scheme

Théorem 3.5:

The probability Pi of including the ith population unit

in the sample under R.H.C. scheme is given by

1 z

P; =% ° gq Pi’S(g i)’ Wwhere S, 4

denotes the sum of the p,'s of all the units in the group,
that contains the ith unit, of the partition ¢, and the
summation is over all the partitions & belonging to G .

\
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Proof:
From the elementary definition of probability, we have,

probability of including the ith unit in the sample

=Pi

z [Prob. of selecting the partition €].
170

[Prob. of selecting the ith unit
the partition € ] '

= x !‘. . i
#6 B S,
P.
=z 1 g3 (3.4.5)
&a S(9,1i)
/. QoEoDo

Theorem 3.6:

The probability P, of including the pair of units

(Ui,Uj) in the samgle under R.H.C. scheme is

pipj
Piy=&r° L N Saeve - S
o6, (1,3) 5(41)°(49)

|t

where the summation runs over all the partitions belonging

to %(113.) .

Proof:

For the inclusion probability Pij we have
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o
]

i3 probability of including the pair of units

(Ui'Uj)

L  [Prob. of selecting the partition €] x

il

€eG
[Prob. of selecting the pair (Ui,Uj)/
the partition &)
= I [Prob. of selecting the partition €] x
Gtﬁl(i,j)
[Prob. of selecting the pair (Ui,Uj)/
the partition € ]
+ z [Prob. of selecting the partition € lx
Oeﬁz(i,j)
[Prob. of selecting the pair
(Ui'Uj)/ the partition @ ]
p.p.
=%. . 5 5 . ?S (3.4.6)
éeaz(i,j) @.,i) T (43)
Since the first term is obviously zero.
Q.E.D.

Having obtained the expressions‘for Pi and Pij we can
talk of the H.T. estimator under R.H.C. scheme, its
variance and the Yates-Grundy variance estimator. The ex-
pressions for Pi and Pij are quite easy to evaluate for
moderately laige values Of n and N GUSing the ncw pre-

vailing computer facilities. However, in order to be useful
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in studying the estimator's relative performance in relation
to some other existing strategies where by a strategy we mean
a sampling scheme together with an estimator, we have
derived in Subsections 3.4.3 and 3.4.4 the approximate

expressions for Pi and Pi' under some regularity assumptions.

J
Hartley and Rao (1962) have derived approximate ex-
pressions for Pij and hence to the variance’expression of
the H.T. estimator for the randomized systematic sampling
proposed by Goodman and Kish, using an asymptotic theory
which is applicable for large and moderate N. Using the same
asymptotic theory, by assuming that P; is of O(N-l) and N is
much larger than n, Rao‘(1963) has derived the variance
expressions for the schemes of Durbin (1953) and Yates and
Grundy (1953) to O(No) for sample size 2 and to O(Nl) for
sample sizevn>2. Weuse here the same technique by assuming
that p, is of o(N 1), N is large and n is small relative to
N to derive approximate expressions for Pi and Pij and

hence the variance of the H.T. estimator under the R.H.C.

scheme.

3.4.3. Approximate expression for Pi

The exact expression for Pi under R.H.C. scheme from

(3.4.5) is

=1. —i
Po — K X . (3.4.7)
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Now, in a given partition there are (M-1l) units occurring
in a group along with the ith unit. This particular set of
(M-1) units is one among the set of all possible combina-
tions (g:i) that is chosen from the population of the rest
of (N-1l) units excluding the ith unit. pi/S(O,i) is the
same for all those partitions in which the ith unit occurs
in a group with a particular set of (M-1l) units.

Further, among the A distinct partitions, each of the

(N-l
M-1

say o times each where a is given by

) sets occur equally frequently along with the ith unit,

N-1 N!
(X‘( ) = A = ———— (3.4-8)
M-1 nt (M1
or
y < (N-M) !

(n-1) t (M1)?"1

Now, let ¢ (1)= {Cl(T), CZ(T)...C(T) } be the set of all
N-1
(q-1’

possible combinations of (M-1) units selected from the (N-1)

units of the population excluding Ui‘ Thus we have from

(3.4.7),
N-1
R —e ——— = 2@ _'_

where Sé is the sum of the pt's of the units belonging to the
set Cg(r) of c(t). Note that for notational convenience

[ i) is written in a different way as pi+Sé which is equal

(é,1
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to Sg where g denotes the group of units that contain the

ith unit in a given partition &. Substituting the value

of % from (3.4.8) we get

L () P

= —— p.+s' '/
Py (N-l) 21 pi+sg
M-1' 9

which can alternatively be written as

Py 1
P; = E[g—] = P; E[§—] (3.4.9)
g g

where E denotes the expectation taken over the scheme of
randomly selecting (M-1) units from out of (N-1) population
units excluding the ith unit with simple random sampling
without replacement and Sé = Sg—pi is the sum of the pt's
of all the (M~-l) units thus selected.

Now, we can write (3.4.9) as

P
Py = i - . E 1 -
p.+(M-1)-E(S') (M=-1)
. g [1+ g
- L ] '
Pi+(M 1) E(Sg)
1
= np.9, * E[——
11 1+Ny. 8
ig
_ i + 1-1 |
= np;6; E[1+NYiAg] "y (3.4.10)
whers
.S—'-=S' M- . . Y
g g/( 1) (3.4.11)
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E =57 - E(EY) (3.4.12)

and

1 n
(1- 3) (1- I
N N (3.4.13)

Y; = (1-3)6
* N . n-(n-1)Np;
{1- ———}

In order to evaluate the expectation of the expression on
the right side of (3.4.10), by assuming that |NyiK§|< 1, we
can expand [1+NY13§]-1 as a power series in powers of NyiK .

g
However in view of the inequality

(M-l)'E(Sé)

— < l’
Pi+(M-1)'E(Sé)

it is clear that the usual assumption made in the theory of

ratio estimation viz., |—{%——| < 1, is sufficient to ensure
E(Sé)
that INYizél < 1. Since (M-1l) is sufficiently large it is

A
quite likely that the assumption |—&—| < 1 is valid.
E(Sé)

1

So by expanding [1+NYiK§]- as a power series we get

from (3.4.10) that

_ e w20 2= 2 3 3% 3

1 g g +..-] (3-4-14)

In order to derive the variance expression of the H.T.

el danadman  a——aman o - P s N4 - L e e ke Y
TO LA LWL LWL LT WO WY ) we LD UNAVE LW YO L LuCS

expression for Pi correct to O(N ). Since P; is assumed
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to be of O(N 1), in order to get P, correct to Q(N-3) we
have to evaluate ei and the expectation of the'infinite
series on the right hand side of (3.4.14), correct to
o(N"?).
From (3.4.13) we have
(1- &)

i~ n-(n-l)Npi
{1- N :

Expanding the denominator as a power series we get after

retaining terms to O(N"?),

(n-1) (1-Np,) (n-l)(l-Npi)'{n-(n-INNpi}
6. = 1+ + )

i N
N (3.4.15)

. - 2 2+ 2 .3 3+ 3 .
In evaluating E[l-NyiAg+N Y3 Ag -N7y; Ké +...] we w111Abe
using a result due to David (1971) which is stated below

without proof.

Lemma 3.1:

Let u, be a variate defined over a population of
size N, the mean value of which is assumed without loss of
generality to be zero. 1If Gh denotes the sample mean of
the variate u_ for a simple random sample without replace-

t
ment of size n, then we have for any positive integer r,
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r

r O{n 2}, if r is even

E(u. )

r+l

2

= 0{n }, if r is odd.

Analogous to the set up in this lemma, the population
size in our case is N-1, sample size is (M-1) = % -1; apd
the variate under consideration is Pe which is assumed to be
of o(N!). so, in order to maken?ie of the lemma we will

-p;

Tr— ’ for t#i, which

consider the variate Ve = Npt -

is of O(No). Then we have Vv = 0 and since the

(N-1)
sample size (M-1l) is of O(Nl), it follows from the above

lemma that
L
E{VS } = o{N 2} if r is even
(M-1) ’
_(E;l) (3.4.16)
= O{N },if r is odd
Now from (3.4.12) we have
I~ _ L rEiom(s1y1Y
N Ag N [Sg E(Sg)]
= ot (3.4.17)

V(M-1)

Since the leading term inyi is 1 it follows from (3.4.16)

and (3.4.17) that
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|
(o]
-~
b~

EIN"Y;"E "1 = v;"EIN'E ) = , if r is even

r+l

oi{N 2 }, if r is odd

(3.4.18)
Hence it follows that E(Nryirﬂér] for r>5 would not
contribute to Pi when considered correct to O(N-3). Thus
we havelfrom (3.4.14) that
l_ . N T a2y 27 2,3 3-3..4 44
Pif_ npiei E[l NyiAg+N Y Ag N Y Ag +N Y Ag 1,
(3.4.19)
correct to O(N-3).
Obviously we have E[NyiKél = NYiElﬂél =0 (3.4.20)

In evaluating E[Nryirﬂér] for r = 2,3 and 4 correct to
0(N"2), the formulae presented by Sukhatme (1944) have been

used here. Thus using formulae 2, 5 and 10 of his article

we have,
(ey-e,)
B(E, 2] = (N-1)uyl—2—2—]
g N _.,2
(H ~-1)
- (e, ~3e.+2e,)
E[Ag3] = (N-D)uy[——2 3
N 3
6y -1)

and
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E(A,'] = (N-Lyugl
N 4
(i- -1)

3 (e2-283+e4)

+ -1 2,2 ==,
('r'; -1)
where
N 1-p. r
(N-L)u_ = I (p,= ==,
r £(£1) t N-1
and
N
er = (ﬁ- "1) (r)/(N"l) (r)

Using (3.4.13) together with these equations it can be seen

after some simplification that correct to O(N_z), we have

BNy, ’E ) = (-l tezpt- ) o+ (B2 B

~2(n-1) (3p, %~ 3 *p;-(p;- P21 (3.4.21)
2
, 3Ip
By 750 = (el 2 e - —p— + ) (3.4.22)
and
ey, 54 = 3-n 2 ap 2 (3.4.23)

Using Equations (3.4.15) and (3.4.20)-(3.4.23) we get from

(3.4.19) after some simpliification,
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2 2

P, = npi[1+(n-1)(£pt

-Pi) + (n-l) {%(Pi-Zpt )

+ (n-2) (p;°-Ip, ) -3 (n-1) (p;=Tp,2) "Zp M (3.4.24)

3

correct to O(N 7).

In the 'situation when all the pi's are equal, i.e., when

p; = %, R.H.C. scheme would reduce to simple random sampling

without replacement in which case Pi is known to be equal to
n/N. A check on (3.4.24) is provided by verifying that
the right hand side in fact reduces to n/N when P; is re-

placed by 1/N. A more rigorous check on (3.4.24) is pro-
N .

vided by verifying that I Pi = n when the value of P, is
1l

substituted from (3.4.24).

3.4.4. Approximate expression for P,. correct to o(N"%)

3

The exact expression for Pij under the R.H.C. scheme

from (3.4.6) is

Cox PiPy

P.. =
oG, (1,3) 50,1)°@,3)

1]

td L

(3.4.25)

In a given partition € belonging to G.z(i,j) there are
(M-1) units occurring in a group along with the ith unit
and there are anothar aget of (M=1) nnite ocourring in
another group along with the jth unit. This particular

ordered pair of groups is one among the possible number
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of ordered pairs of groups (ﬁji).(Ngfil), and the product

pipj/ (G%i)’s(é,j) remains the same for all those parti-
tions @ of Gz(i,j) where in the ordered pair (Ui,Uj) is

associated with a particular member of the set of

N-2 N-M-1 .
(M_l)-( M-1 ) ordered pairs of groups.
Let s (_i.lg.,zfnl (I'-j-) [ ] Dz (Il-j-) L ‘gig'?&_n‘l }
( ) ( )
M-1 M-1

denote the coilection of all possible ordered pairs of
groups of sizes (M-1) from the population excluding Ui and

Uj. Among the A2 partitions of Gz(i,j) each of the

N-2, N-M-1
(Mrl)( M-1

equally frequently along with the ordered pair (Ui,Uj),

) possible ordered pairs of groups occur

say, Vv times where v is given by

N-2, N-M-1 _ (N-2) !
vel(y_ 1) ( ) =A, =
(3.4.26)
or
v o (N-2M) 1

(n-2) 1 (M1)P~2

Therefore, from (3.4.25) we have,

PPy

P.;, = % * ) . .. © S
9802(1:]) T(@.1) (1)
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(3.4.27)

i<

1
. .p.*L?t
Pi03"Y SRy

where the summation runs over all the members of 8 (i,3),

and Sé and Sé denote the sum of the pt's of the set of

units that correspond to the first and second groups

respectively of a given pair of groups of 8(1,3).
(3.4.27) can be written as

A,

Fij T PiPj * & " &,

oz' g'l
(pi+Sr)(pj+S;$

which after substituting the value of v/A2 from (3.4.26)

gives

— p p _—2- L] 1 » z' l
ij = PiPy * & N-2, N-M-1

(3.4.28)
In order to evaluate the variance of the H.T. estimator
correct to O(NO), we have to get the value of Pij cbrrect
to o(N"4).
From (3.4.1) and (3.4.3) we get,

A
2 _ N(n-1)
= ae (3.4.29)

which when expanded in powers of 1/N gives

ZUIN:D'
'—l

2

= dod) e 1y L (3.4.30)
N
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correct to O(N-Z).

Since p; is assumed to be of o 1) it follows that

1 . 1 . |
N3 R=M-1" ° (BT (pF5T) is to be evaluated correct
(-1 Op-17) 1"y s

to O(N-Z). Before evaluating this, we will prove a lemma

which will be used also at different places in the subse-

quent portions of this dissertation.

Lemma 3.2:
Let P, be a variate defined over a population of size
1

N where in p, is assumed to be of O(N *). Let N be a

multiple of K where K is small relative to N. Consider

the scheme of selecting two without replacement simple
random samples of size (% -1) each from the population of
(N-2) units excluding U and Uj' Let Sé and Sé be the

-sum of the pt's of the units belonging to these two samples
respectively. Let Sr = pi+sé and Ss = P-+Sév then we have

J
correct to O(N-Z),

1, _ - Ly 4 (k- 2_

+ {(k-1) (X-2)p; °- (K-2)p;°~2 (R-1)p;p,

+ (k%+K-1)p, /N-p /8- (K?+k-1) -£p_2/N

2 3

- 3(x-1)%1p, %p;+3 (K-1) Ip, % -p4- (R-1) (K-2) Ip,

+ 3(x-1)2(zp, % %1 (3.4.31)
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E[é—] = K[1+{(pi- %)+(K-1)(Zpt2-pj)}
S

+

{(K-1) (k-2)p;2- (k-2)p; 22 (K-1)p; P,

+

(K2+K-1)pj/N-pi/N-(K2+K-l)'Zptz/N

2 2
*P5+3(R-1)Ip, “+p;

3(x-1) zp,
3

(R-1) (R-2) 2, >+3 (x-1) 2 (zp,2) 2} (3.4.32)

and

1. _ .2 2, _
E[Srssl = K [1+{(2K-3)2pt (K 2)(Pi+pj) 1/N}

+ {(x2-2) (py+p) /N + (R-2) (K-3) (o3 %4p %)

2 (R-2) (2K-3) (py+py) - Ip, 2~ (2K3-3) - Ep 2/

2(K-2)2£pt3+(7K2-20K+15)(Zptz)z

+ (K2-6K+6)pipj}l (3.4.33)

Proof:

Analogous to (3.4.10) we can write

1 . 1
§-15

1
Sy pi+(% -1) -E(8L)

[1+

N o
p;+(z ~1)E(8})

= K.ei:i- ° . - (304'34)
= LTNYia'Dr
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(3.4.36)

(3.4.37)

and

i _ 1 . 1

S N = N —

.+(> -1)-E(S' = -
S Py (g -“1)-E(S)) - (x ~1)Bg |
= K'ejg . ——1—:— (3.4.35)
l+NYjEAs
where
= (1- BY9.— = (1-K/N) (1-2/N)
Yij (1 N) eij R
[1-{p4-(K-1)p;+F(1+p;-p;) }]
Y5 = (-K/N) o, = (1-K/N) (1-2/N)
(1-{p;- (K-1)ps+ l-q—(l+pj-pi) }

A, = SI~E(S})
and

As = Sé-E(Sé) ' (3.4.39)
Thus we have from (3.4.34),

E[é—] = K°ei«--E[———1_—]

r ] L+Ny; 38,
= K0, E[1+Ny =5 1 1
ij ij r

(3.4.38)

(3.4.40)
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. . - a=1
By assuming that ,NYi§K¥I < 1, we can expand [1+NYiEAr]
as a power series in powers of Nyiiﬁ;. Here again, the

usual assumption made in the theory of ratio estimation,

A
< 1 is sufficient to ensure that

viz., |—=
E(Sé)

|Nyi§I¥| < 1. Since (%'-1) is sufficiently large it is quite

likely that the assumption |E¥/E(§;)| < 1 is valid. So by

1

expanding [1+Nyi3$¥]- as a power series we get

) I 2, 2+ 2
E[§;] = Ko, *E[1-Ny 3B 8%y ;=0

_ 3. 3+ 3
N2y;3°8," +..e] (3.4.41)

From (3.4.34) we have,

e._'_ o (l-Z/N)Y
4 [1-{Pj‘(K-l)Pi+§(1+Pi‘Pj)}]

Expanding the denominator as a power series we get after

2

retaining terms to O(N %),

;= = [1+{pj-(K-l)pi+(K-Z)/N}+{pj2+(K'1)zpiz

~2(x-1)p;py+ 2L - (x-2) (28-1)p;/N

\

+ (K-2)Pi/N}] (3.4.42)
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Since Pj is of O(N-l) and the leading term in eiT is 1,

E[é—], in (3.4.41), correct to O(Naz) is given by,
r

_ v N2, 2% 2.3 323
E[=] = Kei§ E[1l NyijAr+N yij Ar N yij K?

+N'Y.-.-—A-

i %¢ 1, (3.4.43)

which follows by the application of Lemma 3.1. Obviously

we have E[Nyiﬁifl = NYifE[Z¥] =0 (3.4.44)

Using formulae 2,5, and 10 of Sukhatme (1944) we get,

=2 (e;-e,)
E[Ar ] = (N-Z)uzbqr———id
(E -1)
(e,=3e,+2e,)
EE ) = (n-2)uy 12—
(E -1)
and (
e.-7e,+12e,-6e,)
E[K£4] = (N-2)u,l L ﬁ 2 4 1
(z -1)
K
3(é -2e.,+e,)
+ (N-2)2u22[ N2 % 1 ]
(K "'1)
where
N 1-p;~P; r
(N-2)ur = z (P —ﬁzf-—l)

t(#i,])
and
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N
e - (R" l)(r)
o (N-Z)(r)

Thus, using (3.4.36) it can be seen after some simplifi-

cation that correct to O(N-z)

EIN’Y;378, %1 = (R-1) (Ip, >-1/N) 42K (K-1) -py/N

2, 2 2.2 _.
= (K=1) (p; "+p47) =2(K-1)"Ipy " *Pi
2
ip
2 2 t 2 1
+ 2(K-1)):pt -pj+(K -K-1) - - (K“+K-3) ;2
(3.4.45)
2
3ZIp
3 3= 3, _ _ Y. 3_ t 2
E[N Yi3 871 = (R-1) (K-2) [Zp, gt ;71
(3.4.46)
and

Using (3.4.42), and (3.4.44)-(3.4.47) we get from (3.4.43)

that, correct to O(N 2),

%—] = K[l+{(Pj-1/N)+(K‘1)(ZPtZ‘Pi)}

r

E(

+ {(K-l)(K-2)pi2-(K-2)pj2-2(K-l)pipj

+ (K*4K-1) -p;/N-P /N~ (K*+K-1) - Ip, /N

-3(&-1)“5py P+ p;+3(K-1) 3, py- (R-1) (K-2) 2p, >
+3(x-1%(2p 221 (3.4.48)



99

By symmetry we get E[%—] correct to O(N-z) by interchanging
s

5 in (3.4.48) which will yield (3.4.32).

Now, from (3.4.34) and (3.4.35) we get,

P; and p

1

E(
S S¢

] = KzeiiejI'E[ 1. LR
( 1+N'Y13'Ar) ( 1+NYj-{As )

2 22 . vy iy
= K eifejf E[l {NyijAr+Nyles}

2. 2-2,.2 2-2,2
+ {N Yi3 A_7+N Y51 A “+N YijyjIA;A;}

3. 3-3,.3 3-3,3, 2 &2
{N Yia- Ar +N YjI AS +N Yl] le r AS

3 2+ — 2
+NTY;3Y5T B )

4, 4~ 4.4 4- 4,4 3. T 3¢
Y3 A YT AN Y STYTAL A

+ {N

4 30 ¢ 3,4 2. 2+ 2% 2
+ N Yiﬁ”jf K&K; +N Yij Y41 B Ké 11,

(3.4.49)

2

correct to O(N- ).

Obviously E[Nyigﬁ¥+Nyj§Ké] =0 (3.4.50)
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From (3.4.45)-(3.4.47) by symmetry it follows that,

correct to O(N-z),

2. 2 2
E[N? V5T .71 = (R-1) (Zp,."-1/N)

+2K(K-1) - P ./N-(K-1) (p; +p ) - 2(K-1) -ZPt2 "Py

2

+2(R-1) Ip, 'pi+(K2-K—l)'Zptz/N-(K2+k-3)'1/N2 (3.4.51)

3= 3
E[N YJI A7)

(K-l)(K-Z)-[Zpt3-3£pt2/N+2/N2]: (3.4.52)

4— 4
E[N YJ; As ]

3(x-1) 2. (zp 2-1/m (3.4.53)

From the basic properties of simple random sampling we

have

2
- 1 2 2 2 (1-P;=Py)

S S -p.%p 4
e8] = - W3y C -3 [EPe Pi TPy N-2

(3.4.54)
Using this we will get after simplifying and retaining
terms to O(N-z),

(p;+pP.)

E[N? Y33y JIArAS] -[(Zp, -l/N)+{x—-___l_ ;7

- (o, 2+n 2y . ip, 25 - (R-2) (p_+p. )Zpbz}] (3.4.55)
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From (3.4.45), (3.4.51) and (3.4.55) we get

2. 222 222 2
E[N Yia‘ AI‘ +N Yj A +N YlEY]IArAS]
2 (p;+P;) 2. 2
= (2K-3) (Ip, -l/N)+K(2K-3)——N—1— - (28-3) (p; “+p5°)
- (K-2) (2K-3) (p_+p.) Ip, 2+ (2i-2K~3) « Ip, 2/N
i3] t t
2
Nz [ ] -

correct to O(N—z).

Using the conditional expectation approach, it can be

seen by symmetry that,

27 & 2, _ 2. = 2~
E[N YliYJI ] E[N YiJ inAr As]

-(K—Z)'[Zpt - + _7]' (3.4.57)

correct to O(N-z).

Thus from (3.4.46), (3.4.52) and (3.4.57) we get

3~ 3,3 2

E[NY3Z\' +NYTA WY, 3 25 5 2

Y A ZK N7y, 3YsT A8.7)

41 r s
—w o=

2

3Ip
= 2(k-2)2. [2p,°- —— + %51,

(3.4.58)
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=2,

Using the same conditional approach it can be seen that,

correct to O(N

BNy, J3yler &) = E[N Y137313 5.7
= -3(x-1) (zp, 2-1/M) 2,  (3.4.59)
and
BNy« 53 7332‘ ’T21 = (RP-2K+3) - (2p, 2-1/N) 2 (3.4.60)

correct to O(N"2).

Thus, from (3.4.47), (3.4.53), (3.4.59) and (3.4.60) we

get,
4~ 4,4 4-4 .4 3 —3- 4 3= =3
E[N Yl] Ar +N ij As +N YiF inAf A +N YlJle ArAs
4 2 2— 2 2, _
+ Ny, i3 YJI r ] (7K -20K+15)(£pt -l/N)
(3.4.61)

-2

correct to O(N “).

From (3.4.42) we get by symmetry correct to O(N"%),

ejI = [1+{p -(K-l)p+(K 2)]+{p + (K- 1)2 2
2 (K-1) k(R-2) ol
- - pipj+ _—;i__ - (K'Z)(zK-l)'N

P.
+ (K-z)-ﬁ=}] (3.4.62)
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Substituting from (3.4.42), (3.4.50), (3.4.56), (3.4.58)
and (3.4.61) into (3.4.49), we get

1., .2 2. 1
E[g;g;] =K [1+{(2K-3)2pt ~(K 2)(Pi+pj) N}
(p +p..) 2
+ {(K -z)———l— + (K-2) (K-3) (p4 +pJ )
zpt2
- 2(K-2) (2K-3) (p. P35 Zpt - (2k%-3) -
- 2(r-2) 22p, >+ (7k%-20k+15) (2p,_2) 2
+ (K2-6K+6)pipj}l, (3.4.63)
correct to O(N~2).
Thus the proof of Lemma 3.2 is completed. Q.E.D.

Now, going back to the problem of evaluating Pij in

(3.4.28) correct to O(N-4), we have observed that

1 ge 1
NTNNEIC 2 B FSY (B.FST)

is to be evaluated correct to O(N 2). It can be observed
that this expression can be considered as E[S S ] where E
denotes the expectation taken over the scheme descrlbed in
Lemma 3.2 with K replaced by n.

Thus, from (3.4.33) we have,
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1 zl — l
- - - ¥ [
N-2, N-M-1 (p;+S]) (pj+ss$

= n2[1+{(2n-3)zpt2
(oy) C g1 )

| (p;+Ps)
(n-2) (p;+p4) -§H+{ (n%-2) —T -

N

+ (n-2) (n-3) (p; 24p,%)

2

2(n-2)(2n=3) (p;+P;) Ipy

Ip 2

2 £t _ 9pn_n12.50n 3
(2n -3)-§—— 2(n-2) Zp,

+ (7n2-20n+15)(2pt2)2

+ (n2-6n+6)pipj}l. (3.4.64)

correct to O(N-z).

Substituting from (3.4.30) and (3.4.64) in (3.4.28) we

get after simplifying and retaining terms to O(N—4),

I n(@-l)pipj[1+{(2n-3)zpt2-(n-2)(pi+pj)}

+ {(n*-5n+6) (p; 24p; %) -2(n=2) 2. 20, °

+ (n2-6n+6)pipj-2(n—2)(2n-3)(pi+pj)2pt2

(Pi"'P .)

+ (7n2-20n+15) . (3p, 2) n (n-1) L1

correct to O(N_
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In case when all the pi's are equal R.H.C. scheme

reduces to simple random sampling without replacement.

When we substitute the value P; = %-for i=1,2,...N;
(3.4.65) reduces to n(n-1) [1+ 1 + l—] which is the
N2 N N2

value for Pi. to O(N-4) in the case of simple random

J
sampling without replacement thus providing a check on

(3.4.65). A more thorough check on (3.4.65) is

provided by verifying that
N
z P.. = (n-l)'P',
j#i) *
when the terms to O(N_3) are retained in the above

summation, wherein the value for Pi is as in (3.4.24).

3.4.5. Approximate expression for the variance of the H.T.
estimator correct to O(No) and to O(Nl)

The variance expression for the H.T. estimator denoted

by T2, is given by
2

N Y, N N P..
V(T,) = I z—+ I I = .vv -v?  (3.4.66
i=1 "1 i=1 j(A) i) J

Substituting the value of Pi'from (3.4.24) we get,

2 2
Yy

1 P;

)

i . [l+(n-1)(Zptz-pi)+(n-l){%4Pi'2Pt2)

i

N
= I
1°7i i=

e

i

+ (n-2) (p, 2-2p, ) -3 (n-1) (p;-Ep,2) sz py 21 2
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Expanding the expression binomially we get correct to O(NO),

2 2 2
N Y, Y Y
i t n- 2 t 2
L —_— ) — = [ZP e F—o" - 3Y ]
i=1 Fj npy N t P t
2 2 ¥ 2
n-1 _.n _n ot
R T
2,5, 2 - 2,2 . 2
- (n-l)Zpt ZYt +2(n-1) (Ip,~) "~ Ly, /pt] (3.4.67)

Using (3.4.24) and (3.4.65) we get,

P. . .
ij _ n=1 _ 2 _
PPy - o [1+{(p;+p4) =Zp “1+{(3n-5) (p;+p;) Ipy

2

- (n-3) (p; %p;%)+2(n-2) 1p, >

2,2
- 2(2n-3) (Zp, ") "~ (2n-3)p;p, H,
correct to O(N"2).
Substitution of this yields,

N N P,.
ij : = n=1) v2_rv2v, 2_ov.
z z Y.Y. Y {y Ip,“-2Y Zpth+Zyt

. . +\P:P. 1] 2}
i=l j(#1i)"i" 3

2.2 2 2
+ {Zpt EYt -zzpth '2(n-3)YZpt Yt

+ 2(3n-5)Y-Zpt2-Epth+2(n-2)Y2-Zpt3

- 2(2n-3)Y2'(Zptz)z-(Zn-B)-(Epth)z}]:

0 (3.4.68)
correct to O(N”).
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Substitution from (3.4.67) and (3.4.68) in (3.4.66) yields

after retaining terms to O(N ) only,

2 2
V(T.,) = l[z EE_ - Y 1- ==z 2 zz__._ 2Y.%
2) = ntt gl Py * By PeY
+ v2yp 27-.0-1 sy n - 3
+Y Zpt 1- == [{Y £ { Zpt +(n-2) Ip,
2
Y
2,2 t
- 2(n-1) (2 }er—
( ) ( Py ) B,

+ Zpthz—antz'ZYt2+2(n-3)'Y'Eptht

- 2(3n45)Y-Zpt2°2pth-2(n—2)Y22pt3

+ 2(2n-3)Y2(2pt2)2+(2n-3)(ZptY%Z], (3.4.69)

On the other hand, if terms only to O(Nl) are retained,

from (3.4.69) we find to O(N'), the simplified expression,

Y 2 Y 2
v(T,) = %[zﬁf— - ¥41- Eﬁl-[Zpt2~Z§§— -2¥.3p, ¥, +¥21p, % ]
(3.4.70)
For the special case of equal probabilities p; = %, (3.4.69)

reduces to the familiar variance formula for the estimator
in simple random sampling without replacement. This pro-
vides a check for the variance expression (3.4.69) correct

to o(n%).
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3.5. Estimation of the Variance

Yates~-Grundy estimate of variance for the H.T. esti-

mator is
n P.P.-P.. vy. Y.
vy g(T,) = I 2341 L 542 (3.5.1)
i>j ij i j

From (3.4.24) and (3.4.65) we get,

P, = np; [1+(n-1) (3p,>-p;) 1, (3.5.2)

to O(N"2) and

- - - 2__ .
P;j = n(n=1)p;py[1+{(2n-3)Ip, °~ (n=2) (p;+p5) }1,  (3.5.3)
to O(N 3). |

Substituting (3.5.2) and(3.5.3) in (3.5.1), we get after

simplifying and retaining terms to O(Nl),

n
Vyg(Ty) = L - I [{1-n(pi+pj)

nz(n-l) i>j

Y, Y. Y. Y.
- m-22p 3 GE - 2 4 21 v GE - 2D
i j A i j

(3.5.4)
to o(nl).
For the special case of equal probabilities P; = %,
(3.5.4) agrees with the formula for the estimate of the
variance in equal probability sampling without replacement,

noting that
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2 2 A =2

L (y;7¥5)" = n-I(y;-y)~ (3.5.5)
i>j J

By substituting the value of P, to o(N"3) and B;j to o™ %)
one can get the Y-G estimate of the variance to O(No) which

could be used for smaller size populations.
3.6. Comparison with Other Estimators

Hartley and Rao (1962) derived the approximate variance
formula of the H.T. estimator for the randomized systematic
scheme proposed by Goodman and Kish (1950) by'using the same

asymptotic theory. They have shown that to O(N1),
2

5 _1 Y 2, (n-1) 2 Yt 2
VO p)ex = ﬁ(z——-—pt. - ¥Y%)- === .Ipy (5-1-:- -Y)
(3.6.1)
From (3.2.4) we have for the R.H.C. scheme,
2
Y Y
1 t 2 (n-1) 1 t 2
V(T,) = =(Z—— = Y) - ==~ ¢« = Jp (—= -Y)
1" n'p n N Tt'py (3.6.2)

correct to O(Nl), by considering the leading term and the

next lower order term in N-l. Since sampling with unequal

probabilities is used mostly in situations wherein Yt is
approximately proportional to Pyr @ simple model that is
relevant and has been used by many research workers in survey

_——— 2 _ 2 -
SaiiplL Ay 4D
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where

2
E(e lp,) = 0, E(e, |py) = ap.d: a>0, g0 (3.6.4)

Using this model Cochran (1963) has compared the variance of
the customary estimator in unequal probability sampling with
replacement and the variance of the ratio estimate without

the usual finite population correction factor. Cochran has
shown that the estimate in unequal probability sampling with
replacement is more precise than the ratio estimate if g>1 and
less precise if g<l. Also it is stated that, because of the
positive correlation that usually exists between elements

in the same cluster unit, g is likely to lie between 1 and 2.
Hartley and Rao assuming the same model have shown that

)

V(? is smaller or greater than the variance of the

HIT. G.Kl
ratio estimate with the correction factor according as g is
greater or smaller thanl. Also Rao, Hartley and Cochran as-

suming the same model have shown that V(Qﬁ 7.) in (3.6.1)

G.K.
is smaller o: . - ‘ter than V(Tl) in (3.6.2) according as g>1
or g<l.

Here we wi.l compare the variance expression for 'I'2
derived to O(NY) with (3.6.1) and (3.6.2) assuming the
same model.

It can be easily seen that under the model assumptions

(3.6.3) we have
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eV(¥y 0 ).k, = %[thg_l“"'l’thg]' (3-6.4)
ev(r)) = 2tzp, I - (a-1)- % 20 971, (3.6.5)
and
= a g-1_, _1,. 2 g-1
eV(T,) = 2[Ip, (n-1)*2p, “.Zp, 97 (3.6.6)

where €V(-) denotes the average variance under model (3.6.3).

Theorem 3.7:

Under the model (3.6.3), variance of the H.T. estimator

under the R.H.C. scheme is smaller than that of the R.H.C.

estimator for all g, 0<g<2.

Proof:

From (3.6.5) and (3.6.6) we have

_n-1 __. 2_1 -1
eV(Tl)-eV(TZ) = =5 a (Zpt N).Zpt-
20, for all g, 0<g<2
. . 2 1
because of the inequality Zpt i.ﬁ
Q.E.D.
Lemma 3.3:
N
For any given set of pt's such that ngtil and Z Py = 1,
1l
the expression Zptz-Zptg l-Zptg as a function of g is

monotonically decreasing to the value zero in the domain

[0,2].
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Proof:
Let
- -1
N
+ +
= 1p,’ e 3 ptz{ I Pyt 1 -3p,J 1
t=1 t' (#t)
N
- tpdl 1 pfJ}
t=1 t' (#t)
N
= X : p,p,7 (p =Pg1)

g-1,, . g-1 -

tft'{(pt pt.)(ptpt. Py 1Py )}

1l .2-g
= L p.P.(P . =P.s) {(———) 9. (2= 79}
gept € BT TETT TPy, Pg
so for any °§91<92i2 we have
2'91 1,279
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2-g g -g
1 1 1 172
= Z - - ————-) - 1— —

2-g
- Ay Tligo
(Pt) {1 (pt

g,~g
) L 72y

2-g g,~g
l——) 1-(l-pt. 2 1)

ptl

tEt' ptptl (pt-ptl ) * { (

2-g, g9,-9g
- & Taep, 2 (3.6.7)

=) + Since gliz

gz-gl g.,-g
pt<Pt'<=> Pt < ptI2 1' Since gzigl

g,=9 9,=9
<> l-pt' 2 °1 l-pt 2 °1

Therefore
2-9, 92793

PR <> s (At D) <

2-g g,-9
;_) l‘l'Pt 2791

P¢ )

Thus we have,
2

9,9
2 7L 4

2-g ~-g g,-9g
- Y S 1,2 1., °2 °1

2 0, tpt

Hence it follows from (3.6.7) that
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£(gy)-£(g,) > 0

Therefore we have

£(gy) > £(g,) for all 0<g;<g,<2

In particular we have, for 0<g<2

£(g) > £(2) = Ip, 2 Ip,~1p,° = 0

Hence f is monotone decreasing to the value zero in the
domain [0,2].

Q.E.D.

Theorem 3.8:

Under the model (3.6.3) variance of the H.T. estimator
under the R.H.C. scheme is smaller than the variance of the
H.T. estimator under the Goodman and Kish procedure for all g,
0<g<2.

Proof:

From (3.6.4) and (3.6.6) we have

n-1 2

_ev(Tz) s -/ a- [z:Pt

ev(2 =

g=-l_¢. 9
H.T.)G.K. -Ipy Zpy -]

> 0 for all g, 0<g<2 (3.6.8)

in view of Lemma (3.3). Q.E.D.

The difference in the two variances (3.6.4) and (3.6.6)
as given by (3.6.8) will be smaller for larger values of g.
When g=2 both the estimates are equally efficient as it should

be expected. However when g=2, one should prefer the
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Horvitz-Thompson estimator under any scheme with Pi = np;
in view of its optimum properties under the above model
when g=2 as proved by Godambe (1955) who has established
that H.T. estimator is the Bayes estimator under the

a priori distribution given by (3.6.3) with g=2, when any
scheme with P.=np, is adopted.

However, it is seldom known in practice whether g is
exactly 2 or not. Thus the H.T. estimator under R.H.C.
scheme seems to be more precise in many practical situa-
tions than the R.H.C. estimator as well as the H.T.
estimator under the Goodman and Kish procedure.

3.7. Horvitz-Thompson Type Estimator
‘ under R.H.C. Scheme

Under the R.H.C. scheme even if it is quite feasible
to compute the exact values of Pi for the selected units
from (3.4.5) to get the unbiased estimate using the
computer facilities it may not always be worthwhile due to
cost considerations to get the exact values as the approxi-
mate expression (3.4.24) may be quite adequate.

As given by (3.4.24), the approximate expression for Pi

correct to O(N_3), say a;, is

2

a, = np; [1+(n-1) (Zp, %-p,) +(n-1) {§(p,~2p._?)

+ (n-2) (p, 2-2p, %) ~3(n-1) - (p;-2p, 2 Zp, 2} (3.7.1)
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Let P; = a; + R, (3.7.2)

where the leading term in R, is of O(N"%). Then the

Horvitz-Thompson type estimate proposed is

n
T} = i y;/a; (3.7.3)

Theorem 3.9:

Bias of the H.T. type estimator Té, as an estimate of
Y, is of O(N-z) and the mean square error of T5 correct to
O(NO) is the same as the variance of the H.T. estimator T2

correct to O(No).

Proof:
The bias of Ti is
ny,;
B(Té) = B[ —] - Y
13

Let

I
t
™5
=

[N
S
o

-

]
e

B(Té) =

N
== z 11 (307.4)
1
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N Y.R.
=Z'll
1 "P;

2

[1-(n-1) (Zp, *-p;) - (n-1) {Z(p, -Tp ?)

+ (n-2)(p; °-2p, ) -3 (n-1) (p;-2p, ) - Tp, 2

2

- (m-1) (3p,*-p,) *}1]

Thus the leading term in the bias is of 0(N"?%) and hence
the bias is of O(N_z).

Now, we have for the variance of Té,

ny,
v(TY) = V[ 2]
2 13
n W,
= V[Z =]
1P
2
W, P.. N
=g+ 3 Flww-w)? (3.7.5)
i ij(#) i3 3 o102
N wiz N Yi2 N Yiz-Ri
I to=3 2.+
1P 1 3% 1 a’
1 2
N ¥R, 1
Since the leading term in I ——= is of O(N ), we have
1l a;
N wi2 N Yiz "
Ig—=1 z—+ON")
1 %i 1 2
N Yiz
= z - (30706)
1 Py
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In a similar way it can be seen that

P,. P..
Lo A) gw.o= 2L il yy +omY
i jG#i) Pin i3] i3 (#1) aiaj i7j
P. .
= I : F-v.v. (3.7.7)
ij#) “i3
N N YR, N Y.R.
cwp? =yl L2y . g 22
1 1 3 1 @i
=v2 + o’} (3.7.8)

Substituting (3.7.6)-(3.7.8) in (3.7.5) we have
2

N Y, P..
_ i ij oyl -1
V(Té) =Llg—+1 I 5 YiYJ YY" + O(N ™)

1°i ij(#i) i3

= V(Tz) '

correct to O(No).

Thus we have

MSE(Ti) V(Té) + Bz(Té)

N Y.R.
2
v(Ty) + (I =2
2 1 ai
viTy) +om %)

correct to O(No)- Q.E.D.
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3.8. Numerical Illustration

We use the data given in Table 3.1 which is taken
from Sukhatme (1953) for comparing the efficiencies

of (¥ » T, and T, for estimating the population

H.T.)G.K. 1 2

total. The data gives the number of villages (xt) and the
area under wheat (Yt) in each of the first 20 administra-
tive areas (out of the total 89) in the Hapur Subdivision of
Meerut District (India).

It is required to estimate the total area under wheat
in the subdivision using an administrative area (circle) as
the unit of sampling.

In Table 3.2 we have presented the numerical values
of the variance expressions of each of the estimators
(QH.T.)GK’ Tl and T2 correct to 0(N2), O(Nl) and O(NO).

The convergence in this example appears to be quite
satisfactory although the population size (N=20) is much
smaller than those usually encountered in survey work.

This indicates that in most of the practical situations the
variance formulae to O(Nl) which is relatively simple should
be quite satisfactory. The approximation to O(Nz) in each
of the three cases represents the true variance of the
customary estimator in the case of probability proportional

to size with replacement estimator, the numerical value of

which in this example is given in column 2 of Table 3.2.



Table 3.1. Number of villages and the area under wheat in the administrative
circles of Hapur

Circle Number of Area under Circle Number of Area under
No. villages wheat No. villages wheat
(1) X; Y (1) X Yi

1l 6 1562 11 3 1027
2 5 1003 12 4 1393
3 4 1691 13 3 692
4 5 271 14 1 524
5 4 458 15 1 602
6 2 736 16 3 1522
7 4 1224 17 4 2087
8 2 996 18 8 2474
9 5 475 19 2 461
10 1l 34 20 4 846

0ct
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Table 3.2. Approximations to the variances to O(NZ), o(nl)
0
and O(N")

5 2 1 0
Estimator O(N®) O(N™) O(N")

H.T. estimator for
the Goodman and Kish
procedure 51272860 48664940 48523770

T1 under R.H.C.
procedure 51272860 48709210 48581020

Tz under R.H.C.
procedure 51272860 46805760 46726330

Comparing the figures in columns 2, 3, and 4 it is clear

H.T.)GK' Tl and T2 all fared better relative to the
HOT. )GK

with replacement estimator, (¢
and T, fared better than both T, and (¥

that (¢
fared better than Ty
1 H.7,)gg® Concen-
trating on the column corresponding to O(Nl), it seems
that the model (3.6.3) holds good for this population
and in particular the value of g lies in between 1 and 2.

This particular fact that g most often lies in between 1
| and 2 was stated by several authors, as evidenced by the
empirical studies conducted.

In order to investigate the validity of the model and

the relative performance of the estimators (§H.T.)GK' T,
and T, we have calculated the numerical values of the

variance expressions to O(Nl) for several populations and
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presented the results in Table 3.3. The several populations
that are considered here are taken from the literature.

All these populations are the data from actual surveys.

Rao and Bayless (1969) have also considered these popula-v
tions for empirical studies in a different context.

For populations 1 to 6 the relation V(T2)<V(?H.T.)GK<
V(Tl) holds which suggests that model (3.6.3) holds good
with 1<g<2. Populations 7, 8 and 9 have been chosen by
Cochran as most suitable for the ratio estimate. This
fact is stated by Cochran (1963) on page 156. This
statement suggests that the model (3.6.3) holds with g<1
because the ratio estimate has lesser variance than the
varying probability estimate when g<l. In view of
Theorems 3.7 and 3.8, our results for these three popula-
H.m.)gg 2lso show the evidence

in the same direction. In all the 9 cases the H.T. esti-

)

tions viz., V(T2)<V('r1)<vh?

mator under R.H.C. scheme is superior to both (¥

H.T. GK

and Tl'

3.9. Rao, Hartley, Cochran Scheme
with Revised Probabilities
It has already been mentioned that the variance of the
H.T. estimator will be zero for any sampling design with
Pi¢Yi' Since sampling with unequal probabilities is re-

sorted to in the situations where YicFE one would expect to



Table of variances to O(Nl) of the estimators (Q

Table 3.3. H.7.)GK’ Tl and T2
No. Source Y;_ Xy N V(YH.T.)GK V(Tl) V(Tz)
1 Horvitz-Thompson No. of Eye-estimated 20 3031 3084 2988
(1952) households no. of house-
PpP. 663-85 holds
2 Sukhatme (1953) Wheat No. of 20 48664940 48709210 46805760
circles 1-20 acreage villages
PP- 279-80
3 Sukhatme (1953) Wheat No. of 20 26177180 26213980 25956700
circles 21-40 acreage villages
PpP. 279-80
4 Sampford (1962) Oats Total acreage 34 99008 100324 94773
p. 61 acreage in 1947
in 1957
5 Sukhatme (1953) No. of No. of wheat 34 831885 860902 778324
villages 1-34 wheat acres acres in 1936
p. 183 in 1937
6 Desraj (1965) No. of . Eye estimated 20 8884 8963 8432
Modification of households no. of house~

Horvitz and
Thonrpson's
population

holds

€T



Table 3.3 (Continued)

V(e )

No. Source Yi xi N H.7.) GK V(Tl) V(Tz)
7 Cochran (1963) No. of No. of 16 55323 53557 48972
cities 1-16 people in people in
P. 156 1930 1920
8 Cochran (1963) No. of No. of l6 988712 932978 827495
cities 17-32 people in people in
p. 156 1930 1920
9 Cochran (1963) No. of No. of 16 188551 182548 145734
cities 33-48 people in people in '
p. 156 1930 1920

vet
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gain considerably by choosing a scheme in which Picpi.
This aspect led to the technique of revising the initial
probabilities, for a given scheme and seleéting the units
with these revised probabilities pi* where in the pi* are
chosen so that the condition P, = np; is satisfied where n
is the sample size. The Midzuno scheme with revised
probabilities and the Sampford's scheme that have been
dealt with in the previous chapter belong to this category.
There are several other schemes in the literature that
belong to this group. Each of these schemes has its own
limitations and none of these is satisfactory in the survey
practitioner's point of view. |

In this section we have considered the problem of re-
vising the probabilities P; and adopting the Rao, Hartley,
Cochran scheme with the revised probabilities pi* wherein
the probabilities pi* are chosen so that the condition P, =
np, is satisfied.

Under the Rao, Hartley, Cochran scheme with revised

3

probabilities pi*, the expression for Pi correct to O(N

from (3.4.24) is

2 n 2
= * - *Ca * - = * *
Pi np, [1+n 1)(2Pt P; )+(n-1) {N(pi th )
AN s 52 o a.3\ Al AN Sl W O -bz\ S bzl‘l
T O\ e) \pl "L.yt" J I\ a) \Pl""uyt ] uyt Jir
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where the pi* (like pi) is assumed to be of O(N-l) and is

chosen so that

P. = np.

i i (3.9.2)

From (3.9.1) and (3.9.2) we get to O(N 2),

- 2 -
P, = npi*[1+(n-l)(2pt* -pi*)] = np;

Therefore

_ - 2_  a.y1-l

= p; [1-(n-1) (Zp *?-p,; ™)1, . (3.9.3)

to O(N-z).

Therefore pi*2 = piz[l-z(n-l)(gpttz-pi*)

+ (n-1)2(zp, *%-p; 112
Summing over all i, we get
Zpt*z = zptz, to o(N"1)
So from (3.9.3) we have
pi* = p; [1-(n-1) (2p,*-p;) 1, (3.9.4)

to O(N™2).

From (3.9.1) and (3.9.2) we get
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2 2

py* = b, [1-(n-1) (Ip, *“~p;*) = (n-1){{(p; *~IP **)

+ (n-2) (p,*2-Zp, *3) -3 (n-1) (p, *-2p, *2) Ip, *

2

(n-1) - (Zp, **-p; 1) 211, (3.9.5)

to O(N"3).
Substituting the value of p;* to O(N"%) from (3.9.4)

in the right hand side of (3.9.5) we get after simplifying

and retaining terms to o(N"3),
- 2
p;* = p; [1-(n-1) (zp,2-p;) + 2B (3p 25 )
3 2

to O(N"3).
As a check it can be verified that the pi* given by
(3.9.6) satisfies the equation g pt* = 1. As a more thorough

check it can be verified by subitituting the value of pi*

from (3.9.6) in (3.9.1) and retaining terms to O(N-3), that

Pi = np, (3.9.7)

Thus the R.H.C. scheme adopted with probabilities pi* given
by (3.9.6) would ensure that P, = np; to o(N"3). The pair-
wise inclusion probability Pij for the R.H.C. scheme with
probabilities pi* is given by (3.4.64) with Py replaced

by pi*.
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Thus

=

B;5 = nln-1)p;*py* [1+{ (2n-3) Ipg*2- (n=2) (p; *+p4*) }

2

+

{(n?-5n+6) (p; *%+p*?) -2(n-2) 2p,

+

2- %* xR - - - * * *2
(n®-6n+6)p, pj 2(n-2) (2n 3)(pi +pj ) IPy

(p; *+p.*)
+ (7n2—20n+15)(Zpt*2)2+n(n-l) lN
ip *2

- 2n(n-1) —c—}] (3.9.8)

Substituting the value of p;* from (3.9.6) we get after

retaining terms to O(N—4) only,

Pij = n(n-l)pipj[1+{(pi+pj)-Zpt2}+{2(pi2+pj2)—229t3
-(2n-3)pipj+2(n-2)(pi+pj)ZPt2
-2(n-2) (1p, %) 231, (3.9.9)

4

correct to O(N 7).

(3.9.9) is the same as (2.3.56) of Theorem 2.8 in
Chapter 2, with a, = -(2n-3).

Thus (3.9.7) and (3.9.9) show that the R.H.C. scheme
with revised probabilities satisfies the conditions of Theorem

2.8. Hence it follows from Theorem 2,8 that the variance

~ L2 At v MM —~emde 2 mSemn Ammimtem D lewe ™M cvemdman Ll T T Y
Vi LIS {1ele COLINNALWIL UTUVLTOL WY -L3’ L TRV 5N Wil ave dd oo

scheme with revised probabilities is given by,
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1 2 2 2
V(T3) = H[ZPizi -(n-l)zpi z3 1
_ {n-1) 3, 2_ 2, 2 2 _ 2 2
5 -[2Ip;7z;"~Ip, " Ip;“z; +(2n-3) (Zp,;"z;) "]
(3.9.10)
0 Y.
correct to O(N"), where 2. = L -vy).
i P;

As an alternative we can substitute the value of pi*
in the variance expression (3.4.69) with p; replaced by p;*,
simplify and retain the terms to O(No). Then also we will

arrive at the same expression (3.9.10) which provides a check.
In Chapter II, we have derived the variance of the H.T.

estimator for the Sampfords procedure, correct to O(NO)

which is given by

o _1 2, 2 2
V(YI-I.T.)Samp - nlzPizi (n-1) Ip; z; ]

(n-1) 3 2 2. 2 2
=~ [2Ipy 2;"-Ip,"-lp;Tz;

+ (n-2)(2pizzi)2] | (3.9.11)

correct to O(NO).

Also we have shown that

A

V(Y < V(¥

H.T.)Samp — )

H.T.

GK' for all n. (3.9.12)

Now, from (3.9.10) and (3.9.11l) we have

n-1)2 2,32

V(¥ p) gamp=V(T3y) = —5— *(2p;2:)° > 0 (3.9.13)

Samp
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Thus from (3.9.12) and (3.9.13) we have

< V(¥

V(T3 < VI H.T.

) )

H.T.’ Samp GK ’
for all sample sizes.

In fact (3.9.13) together with the equation

A

v(§ 2

) g~V (2 = (n-1)-(Ip;%z;) %,

H.T. GK 5.7.) samp

as given in (2.3.65), imply that the Sampford's scheme is
almost in the midway between the R.H.C. scheme with re-
vised probabilities and the Goodman and Kish procedure,

in regard to its performance as measured by the variance.
Thus it seems that for sample sizes that are large in abso-
lute terms but small relative to N, it will be advantageous
to adopt the R.H.C. scheme with revised probabilities. Also
the procedure is considerably simpler to adopt relative to
the procedures of Goodman and Kish, and Sampford. Of course
when one is confident that model (3.6.3) holds, it would

be more advantageous to use the R.H.C. scheme with the

original probabilities, the estimator to be used being the

H.T. estimator.
3.10. The Improved R.H.C. Estimator

In section 3.3. we have given a heuristic argument and
concluded that in the case of R.H.C. scheme the subset s

of the population U that has been selected together with the
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respective y values forms a sufficient statistic. Here we
will give a more rigorous proof for the same.
Suppose the outcome & of the sampling experiment is

given by w = (§i1'§i2"'§in) where x. = (lj’ Gij)' J =

1,2,...n; (il,i ...in) is the subset s of U that has been

2

selected, Gij is the random group of units to which ij

belongs, j = 1,2...n.
Now consider the subset s = (il'iZ"'in) of U that has
been selected by the sampling experiment. From (3.4.1), the

total number of distinct partitions is given by A = | - .

n
n! (M!)
Among these there are only

n-2

V. = I (

] ] (n-r) (M'—l) )
130%2° **n =0

M-1

number of partitions that could possibly give rise to the
sample (il’iZ"'in) and each of these partitions has a
probability of % to materialize.

Conditional probability of the units (il'iz"'in) to

get selected for a given partition is given by

o . L 2
P(11,12...1n|part1tlon) =g e g ey

where Sij is the sum of the pt's of the units in Gij (j =
1,2,...n).
Therefore probability of selecting the samplie

(11,12...in) is
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P P. P
. s . _ 1 11 . 1 1n
P(llllznooln) - {v.z' . } X . i Si o-osi
1112...1 1 2 n
(3.10.1)
Thus from the standard relation,
P(x; +X; -.oX; |i;,d,00010)
2 n
P(x . eeeX: i-.e..i
_ (_llr}flz x_lnlll ln)
P(ll,lz...lnT
(3.10.2)
we get
| Pl Eyy )
P(X. +X. ocoeX: |1,,ip...1) = — - (3.10.3)
i, " i, =1 1°72 n P(11,12...1n)
because
P(X: /X: yecoXs: 7 19s/1ig0001i) = P(X: /X, cooX: )
i,'%1, i’ 1772 n i,%=1,77 =1
But
) T e T
- T o [ n
P(-x-il'—x—iz...'gi ) -— A S:. S. ...S. (3.1004)
n iy 12 i,

Thus substituting (3.10.1) and (3.10.4) in (3.10.2) we get

1
S. S. ...S5.
i, 1 i
P(&i 'Ei o..&i Iillizoo.in) = l 2 L
1 "2 n { z ) i
V. = .
1112°"1n Si,sia'°'si‘

(3.10.5)
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Using (3.10.5) we get from (3.10.3), -

l/Si Si ...Si

_ . . s 4. 172 n 1
P(&i "—{‘i ..._x_i ) - P(llllzouoln) [ 1 3
1 =2 n z e
172°°""n
(3.10.6)

The expression in the square brackets on the right hand side
of (3.10.6) can be calculated from the information of

s = (il'iZ"'in) alone. Thus from the Neyman's factoriza-
tion criterion it follows that s = (il’iZ"'in) together
with its y-values forms a sufficient statistic. Hence

any estimator that is not a function of s alone can be uni-
formly improved upon by using the Rao-Blackwell theorem.

Thus the improved R.H.C. estimator is given by

Ti = E[T1|i1,i2...in], (3.10.7)
where
n ¥;. _
T, = % e S.. (3.10.8)
1 j=1 pij i]

! = £ T,*Plx, x. ...x, |i,,i ...i 1, (3.10.9)
1 {v. } 1 =15, in 1772 n

11120 . lln

which upon using (3.10.5) gives,
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1l.s..}.

n Y..
z {z =

.4 P ij° 'S,
{Vil,iz...i }i=1 15 11 12 1n

g y 1
si Si ...Si
1 2 n

{v

1112. L] .ln

Now, we have from (3.10.9),

N
; ()
' - ' . . . .
E(Tl) = ]z. Tl P(llllz"-ln)l

(3.10.10)

where the summation is over all possible (ﬂ) subsets of U.

Therefore,
N
()
' = . . . .
E(T]) = X {V.Z. . }Tl P[gilﬁiz...§in|1112...1n].
1112°"ln
P(illlzo ooln)
N
()
=z z T, -Plx. ,X; «..X. ]
1 {vi i i } 1 1, 72 T
' 172°°""n
= E(Tl) =Y

Thereforeﬂﬂ_is an unbiased estimate of Y. Also

viry) = e(r3d)-e2 (o))
N
()
=% M2 i,...i) - v
B B T R Ul
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and

_ 2, -2
v(T)) = E(T,")-E*(T,)

Therefore we have,

)

N
n 2

- ! = hd e e o -
V(Tl) V(Tl) i z T P(§i,§i X. )

) P(§ii§iz---§i )
[ = T, - — —
} 1 P(11,12,...1n)

2_,. . .
]'P(ll,lz...ln)

) P(gi,gi RS 9 )
2 [Ty- 2 T1'5(z i 3 12
} 1717 1p

il 2 n 11171y
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This represents the improvement of the estimator Ti over
the estimator Tl' For general sample size, however, it
is rather troublesome to compute the conditional probabili-
ties (3.10.5), which is needed to compute the estimator Ti.

It is relatively simple for sample size 2 to investi-
gate the properties of Ti. So we will deal only with the
case n=2.

3.11. Improved R.H.C. Estimator for
the Case n=2 and N Large

For sample size 2, the probability of getting the sub-

set (il'iz)' P(il,iz) is the 'same as the inclusion proba-

bility P, . considered in Section 3.4.
1112

Therefore from (3.10.10) we have

Y. Y.
i i,

1
T' = 2 [{.—_— . s‘ b — S. }
1 . . P i P i
02(11,12) i, 1 Fi, 2

P: P.
1, it
a 5§
. q 1 2 1
P. P.
1 1 12
A S. S
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A

2 1 1

= T v L] [Y. p. .
A-P(1,,1,) i %1 A . . S,
172 1 ™72 2 05‘11'12) i,

+y; Pyt g (3.11.1)

From (3.4.28) we have
A
c sy o .2 et .1
P(11,12) =P; P; " 1 E[s_ g ]
1 -2 iy i,

where E denotes the expectation taken over the scheme con-

sidered in Lemma 3.2 with K=2.

Thus, we have

Ba 1, 1
A-P(1,,1)) Pi Pi, E[g—lg——l
| 11 12
Substituting the value of E[§—£§——] from Lemma 3.2 with
' i
2
K=2, we get after simplifying and retaining terms to O(No),
> 1 2 2Py *Py)
—r— = - [1-(Zp,. “-1/N) -{
A'P(llllz) 4pi pi t N
1 -2
2
3ip,

2.2 1
g— * 2(Ip.%) - ;7 - Zpi P, }]

1 ™2
(3.11.2)

Also,
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Ii—‘

1

)X = E[ 1,
A . . . 8. 3.
2 G(iy,iy) "1y i
and
1 T 1 1
— . . — = E[ ]
A, G,(1,.1,) 512 giz

where E denotes the same as above.

Thus substituting the values of Elgl—] from Lemma 3.2

1
we have 2
1 1 _ 2 1, _
x, az(i 1955, 2[1+(Zp, - {*P;317P;))
2'71772 2
51p, 2

2
+ 130p, 2 2= 5 + 33p, 2 (py 7P )

1 5Pi
— 2 ., } (3.11.3)
N + N Pi pi ! s
1 2
correct to O(N2).

Thus, from (3.11.2) and (3.11.3) we get

A
2 i S 1

AP(i,,15) YitPi, A, ¢%(i 1 y S,
1’2 2 2 02(11.12) i,

y.
= =L [14(p. -p. )+2(p; -p; ) (Zp,2- 1)1
7. i, 7Pi )74lPj TP ) \*P¢ T R
.11 L A & &

1 (3.11.4)

correct to O(N ).
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By interchanging il and 12 in the above we get

Ay

1 1
. = I T
R-P(i.,1,) Yi.Pi. " & .. 5
1’12 2 71 2 Gy(i,,i,) "iy
£ 2 1 |
= zpiz[1+(piz-pi1)+2(pi2 )(Zpt iR, (3.11.5)

correct to O(N-l)

Substituting (3.11.4) and (3.11.5) in (3.11l.1) we get,

Y. Y. Yi Y

i i i
my = 20+ D200, @) o; -p; )(;—-573)1
i, i, 1, 1 iy i,
(3.11.6)
correct to O(N-l).
Varlance of the estimator Tl is
( ‘ 2 2
- ] : : -
V(Ti) = Z Tl .P(11,12) Y
N
_1, 2,0 (4, ,i.)-¥2
=3 z z Ti P(11,12) Y (3.11.7)

11=1 12(#11)
Using the value of P(il,iz) from (3.4.64) with n=2 and the

expression for Ti from (3.11.6) we get

2
(1+zpt ) , Pi, 2p;
1 'P(llllz) ——2——_‘[Y11 (—'— + 2p p_ )
11 2 11
Pi 2pil
(—._‘ + 2P )+ 2yi yi ]

1 P.
2 12 l i, l —2
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Summing this over all the combinations (il,iz) we get

() ¢ 2
2 00 i) = Lrpt 4y
Z Tl 'P(llllz) - 2[ pt

Yz

2 t

Py
correct to O(Nl).
Substituting this in (3.11.7) we get

2
Y
1 2 t 2
' = =(1~ . ——— -

correct to O(Nl).

To the same order, from (3.6.2) we have

=1n-23 . t .
V(Tl) —5(1 N) [Z Y]

From (3.11.8) and (3.11.9) we have

v 2
Y
1 t _ 2
- ﬁ).[z — - Y]

Py

v(T,)-V(T}) = 3(Ip, >

which is always nonnegative because of the inequality

2 1

Under the model (3.6.3) we get

g-1 2 g-ll

a
eV(Ti) = 5[£pt -Ept .Zpt

-zp, %z & -

v3)],

(3.11.8)

(3.11.9)

which is the same as eV(T2) for n=2 as given in (3.6.6).

This implies that the improved R.H.C. estimator is

more efficient than the R.H.C. estimator as well as the

H.T. estimator under the Goodman and Kish procedure under
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model (3.6.3) for all values of q.

Also under the model (3.6.3), the improved R.H.C. esti-
mator and the H.T. estimator for the R.H.C. scheme are
equally efficient for all values of g. However in view of
the other optimal properties of the H.T. es;imator one

should prefer this estimator.
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4. SOME RANDOMIZED VARYING PROBABILITY SCHEMES

We have mentioned already the optimal properties that
sampling schemes satisfying the condition Pi = np; possess
when the Y; is approximately proportional to P;- We have
also mentioned the scarcity of such schemes in the litera-
ture which are practically useful for samples of arbitrary
size. Moreover the strict applicability of the existing
methods of unequal probability sampling without replacement
including the calculation of unbiased estimates of sampling
error is out of question in certain kinds of large scale survey
work on grounds of practicability. Thus there is a need for
evolving methods which retain the advantages of unequal
probability sampling without replacement but are rather
easier to apply in practice and only involve a slight loss
of exactness. In this chapter we will investigate the role
of randomization in getting schemes, that are practically
useful and are applicable in large scale surveys, by making
use of the schemes that are useful for smaller sample sizes.

4.1. An Exact Sampling Scheme
for Sample Size 2

In this section we will present a scheme for sample

size 2 such that the overall probability P; of selecting

the ith unit in the sample is proportional to P;- The
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scheme is described as follows:

(i) Split the population at random into three groups of
equal sizes, and select two groups from among thgse three
such that the inclusion probability of any group is pro-
portional to the sum of the pt's of the units belonging to
that group.

(ii) Select one unit each from the two selected groups
independently with probability proportional to pt's.

We will denote this as scheme 4.1.

Adopting the same notations as in Chapter 3, we get
that for scheme 4.1, the probability of including the ith

unit in the sample is given by

=1 (9). P
Pi*K"éPg'g" (4.1.1)

g9
where P(g) is the probability of including the gth primary

stage unit (p.s.u.) which contains U in a given partition
and is given by P(g) = ZSg, where Sg is the sum of the pt's
of the units belonging to the gth p.s.u.

Thus from (4.1.1) we have,

1 Pj

P, =% - L 25 « =

1 A G g Sg
= 2p, (4.1.2)

The probability P.. of including the pair (Ui'Ui) in the

sample is
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—
-

. 3 p(rss) | gi_ . gi , (4.1.3)
Gz(llj) r S

B

where P(r,s) is the probability of selecting the rth and sth
p.s.u.'s together which contain respectively the ith and jth

population units in a given partition of Gz(i,j).

(r,s)

The expression for P is known to be given by

pl(rss) _ p(r) (s)

+ P -1, (4.1.4)

(r)

where P is the probability of including the rth p.s.u. and

P(s) is the probability of including the sth p.s.u. and are

given by

p{r) - 25_ (4.1.5)
and

p(s) - 25, : (4.1.6)

substituting the values from (4.1.4)-(4.1.6) in (4.1.3) we

get,
1 P;P
P.. = « I [285_+2S_-1].
1) Gz(ilj) r S Srss
A
2 1 1 1
= 2p.p.* — E[— + - —], (4.1.7)

iPy" & s, ' 5, ~ 258,

where E denotes the operation of taking the expectation over
the scheme of selecting two without replacement simple
random sampies of size (% -1) each from the population

of (N-2) units excluding Ui and Uj.
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From (3.4.30), since the population is divided into three

groups, we have correct to O(N-z),

A
a2 = A+ izl (4.1.8)

Further, by using Equations (3.4.31)-(3.4.33) of Lemma 3.2

with K=3, we get

= F0+{(py+p,)-Ip, >~ FH+ {2(p;%4p;?)

(p;+p;)
- - i3 2
7pipj 5 + 6(pi+pj)ZPt

Zptz

=

- 25p,%-6 (zp 2121, (4.1.9)

2

correct to O(N “).

Using (4.1.8) and (4.1.9) we get from (4.1.7),

= . 2 2, 2, 3
Piy = 2pipj[1+{(pi+pj)—zpt}+{2(pi +py7)-2Ip

- 7pipj+6(pi+pj)2pt2-6(2pt2)2}],_ (4.1.10)

4).

Thus from (4.1.2) and (4.1.10) it follows that the

correct to O(N—

scheme under consideration satisfies the conditions of
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Theorem 2.8 with a, = -7 and so we have by applying the

theorem,

3.2 2 2

S 2 2 2
z5 —Epi

vy 5.0 = 3iipz;-1p, %2, %1 Sl2mp; -Ip; %2
+ 7+ (2p;%2,) 21, (4.1.11)
correct to O(No).

To the same approximation the variance of the correspond-
ing H.T. estimator under the Durbin's (1967) procedure is
given by (2.3.63) with n=2, because Sampford's procedure is
a generalization of the Durbin's procedure for sample
size 2.

Thus we have,

3, 2 2 2_ 2

2 2_ 2 .
z; -Zpi Zpi z; 1

-1p, %2, -%IZZpi

V(Y i

_1
g.7.)p = 3(ZP;2%;
(4.1.12)

correct to O(No).
From (4.1.11) and (4.1.12) we get,

] . 7,2 .2
VO e ) pV ¥y p) = 3(Eps725) 20,

which implies that the H.T. estimator under scheme 4.1 is
always more efficient than the corresponding H.T. estimator

under the Durbin's procedure.
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4.2. An Alternative Exact Sampling Scheme
Utilizing the Durbin's Procedure

In this section we will present a scheme for sample size
2, such that the overall probability Pi of selecting the ith
unit in the sample is 2p; ., which utilizes the Durbin's
method of sampling. The scheme is as follows:

(i) Split the population at random into three groups
of equal sizes and select one group from among the three
groups with probability proportional to the sum of the pt's
of the units belonging to that group.

(ii) Select two units utilizing the Durbin's procedure
from the group that has been selected in step (i) utilizing
the p¢'s.

We will denote this as scheme 4.2. For scheme 4.2, the

probability Pi, of including the ith unit in the sample is

given by

P, = % - ép(g) . :—?— (4.2.1)
where P(g), the probability of selecting the gth p.s.u. is
pld) - S

Thus we have from (4.2.1)

P; = 2pi (4.2.2)

The expression for P, 5 of this scheme is

J
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.]; O Z

G(i,3)
1 J

P.. =

iJ (4.2.3)

Squj'
where Sq is the sum of the pt's of the units belonging to the
gth p.s.u., that contain the pair (Ui'Uj)' of a given par-

tition of Gy(i,j); and D,

J
the pair (Ui’Uj) together under the Durbin's procedure, given

is the probability of including

the qth p.s.u. From (2.1.3) we have

22 2
= - S 1 1
Pij P /S [l-Zpi/sq + l-2p./§;_] (4.2.4)
1+Z1! Jj
1-2pt/Sq

where I' denotes the summation taken over all the units

that belong to thé gth p.s.u. From (2.3.52) we have after

replacing P, by pt/Sq.

2p.p. (p;+p.)

= 1 i - 2 ,o 2

Dij = _g_zl [1+{__§;_l_ T Py /Sq }
q

2, 2
2(p. “+p.°)
# (—2d - 250p 38 3
2 £ /5q

°q

2
(pi+pj)->3'pt

S
q

).

(4.2.3) can be written as

+ (2'p A /st (4.2.5)

correct to O(N-4

el
A

ll—'

P.. =

ij z S D

16,5 00

>
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Ay
= K- . E[Sq.Dij] (4.2.6)

where E denotes the operation of taking the expectation over
the scheme of selecting (% - 2) units from among the (N-2)
population units excluding U, and Uj' Utilizing (4.2.5) we

get after retaining terms that contribute to Pi' up to O(N_4),

J

2 2

e e M A L M I
ij iP5y ° & 5 s 2 s 3
q q

znptz zliptz 2% ||pt3 (znptz) 2
o3 Tty st 5
q q q q

(4.2.7)

where L" denotes the summation running over all the units .

belonging to the gth p.s.u. excepting UL and Uj.
For evaluating the expectations of the individual

terms in (4.2.7) we will state a lemma the results of

which will be used in the later sections also.

Lemma 4.1:

Let py be a variate defined over a population of size N

where in p_ is assumed to be of o(N"1). Let N be a multiple

of K where K is small relative to N. Consider the scheme
of selecting a simple random sample of size g - 2 from the
population of (N-2) units excluding Ui and U.. Let S_' be

J q
the sum of the pt's of the units belonging to this sample and
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let Sq = pi+p.+s'. Then we have

] q
1 _ _ 2, 1 _
BI5) = KU+ (D (o - (oyvpy))
(p.+p.)
+ (K-1) {(K-2) (p; 24p5%) - (k-1) —d-
2 3
+ 2(K-l)pipj'3(K-l)(Pi+pj)2pt —(K-Z)Zpt
2.2 thz K
+ 3(K-1) (zpt ) "+ (K-1) N + ;7}]’ (4.2.8)
correct to O(N-z),
1, .2 2, 1 _
B3] = K [1+(x-1) (32, % 5 - 2(p;+p3) )1, (4.2.9)
q
correct to O(N 1),
1 _ 3
Blo 3l = K (4.2.10)
correct %o O(No),
i"p,> 2.2, 2.2 | 2
E[—;—rl = K" [Ipy "= (p; "+P4") =3 (K-1) (ps+p4) Ipy
q
3 2.2 zptz
- B(K-l)zpt +6(K-1)(zpt ) +(K-1) —_ﬁ—] (4.2.11)
correct to O (N~ 2),
znp 2
El—g-1 = K32p, 2, (4.2.12)
S
a

Correct to O(N™ 1),
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3

z"p
El—g1 = K>3p, >,
S

(4.2.13)
q

correct to O(N-z),

and

(4.2.14)

Proof of the above lemma is in the same lines as of Lemmas

3.1 and 3.2 and hence is omitted.
From (4.1.8) we have
1 2 2
= g{l-ﬁ - -7] (4.2.15)
‘ N
correct to O(N 2).

Using the results of Lemma 4.1 and Equation (4.2.15) we
get from (4.2.7),

_ o 2 2,2, 3
Pij = 2Pin [1+{(Pi+pj) Zpt }+{2(pi +pj ) zzpt

- 2 _ 2,2
16p;p; + 15(p;+p3)2p,~ - 15(Ip, ) “}H] (4.2.16)

correct to O(N"%).

Thus from (4.2.2) and (4.2.16) it follows that the scheme

under consideration satisfies the conditions of Theorem 2.8

with an = =16 and so we have bv applvina the theorem,
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2 2

a 1 2_ 3 2 2 2 2
V(Yy p.) = 31Zp;2; -Ip; 2,

1

+ 16(2p; %2 %) (4.2.17)

correct to O(No).
A direct comparison of expression (4.2.17) with the
expression (4.1.11) shows that V(?H.T.) for the scheme 4.2

is uniformly smaller than V(¥ ) for the scheme 4.1 and

H.T.
hence than V(?H T ) corresponding to the Durbin's procedure.

4.3. Role of Random Stratification in
Getting Improved Estimates

In Sections 4.1 and 4.2 we have presented two unequal
probability schemes for sample size 2 which give better
estimates than most of the existing schemes. The idea of
random stratification has been utilized in both the schemes
as in the Rao, Hartley and Cochran's procedure. In this
section we will discuss the role of random stratification
in getting an improved estimate for any given scheme that
satisfy the conditions (2.3.55) and (2.3.56) of Theorem
2.8.

We will adopt the following procedure for selecting a

sample of size 2n:

lm AT adedanm Ak wanmdAam SméA bhwean o~ (o3
N d b rvr el e N e N DD -t e et b DN WAL aodd N hbde N N : had

of equal sizes, and select two groups from among these
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three such that the inclusion probability of any group is
proportional to the sum of the pt's of the units belonging to
that group.

(ii) Select n units each from the two selected groups
independently by adopting any I.P.P.S. (inclusion probability
proportional to size) scheme that satisfy the conditions
(2.3.55) and (2.3.56) of Theorem 2.8. We will call this pro-
cedure as scheme 4.3. With the same notations used in sec-
tions 4.1 and 4.2 we have for the scheme 4.3, the inclusion

probability Pi given by

np.
1 i
P. = = » z ZS ¢ c—
1 A S
0 g g
= 2np; (4.3.1)
and
np. np.
Pig = x 2sq-pifq) + 3oz p(r's)-—s 2 1
Gi,3) J G, (i,3) r °s
(4.3.2)
where Pi;q) is the probability of including the pair of

units (Ui'Uj) when step (ii) is adopted in the qth.group
that contains U; and Uj in a given partition of Gl(i.j); and
P(r,s) is the probability of including the rthland sth
groups together when step (i) is adopted where the rth
group contains U; and sth group contains Uj in a given

partition of Gz(i,j).
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From (2.3.55) and (2.3.56) we have

n(n-1)p.p. P:+p. 'p
173 (144 18#1 - t

q _ q

p, (@) _
ij

S

2

2(pi +pj2) 2Z'pt3 a_p;P

" S ‘ ) S 3 ' S
q q q

(pi+pj)2'pt2 2'pt2 2

- (a #1)- T + (a_+1)- ( 501, (4.3.3)
S n s
q q

correct to O(N-4), where I' denotes the summation over all the

~ units belonging to the gth group, and a, is a constant that

may depend on n.

A

. GZ(- .) 2Sq-Ping) = K]: .E[zsq.Pi;q)]' (4.3.4)
1 i,] ;

|

where E denotes the operation of taking the expectation

with respect to the scheme of selecting (g-- 2) units from

among the (N-2) population units excluding U, and Uj’
Now, using (4.3.3) we get by retaining only the terms

that contribute to O(N-4),

o (@ _ - e i ™7
Elzsq Pij ] 2n(n l)Pin E[Sq + -g—gl
q
(p.%+p.%+a_p.p.) 1"p, 2
+ + 3 3;&;_, - b3
S S

q q
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." (] 3
i"p. 2 2I"p,

- (an+1) (P-I"'PJ) S 4 = S 4

2.2 ° d

zll
+ (a +1)£——EE—;—1, (4.3.5)
n s
q

where I" denotes the summation over all the units belonging

to the gth group excluding U, and Uj. Using the results of

Lemma 4.1 with K=3, we get from (4.3.5) after some simplifi-

cation,

E[ZSq'Pigq)] = 6n(n-l)pin'[1+{(pi+pj)-£pt2+ %}

2
2(p.+p:) 2lp
+ {% + J.N J - Nt + 2(pi2+pj2)
N

L 2,2
+ (9a, lﬁ)pipj+(?an-15)(2pt )

- ZZpt3—(9an-15)(Pi+pj)2pt2}] (4.3.6)

A
Using the fact that . %[1- %

- g—-] correct to
A N2

0(N"2), and (4.3.6) we get from (4.3.4),

1 .o Q) _ - I 2
x Gz o 2sq Pij = 2n(n 1)pipj[l+{(pi+pj) Zpt }
1 (i,3)
. [ Y 2. 2._. 2\ nTL 3 . I e VLN m o
T L& \Pi TPj ) - (.ut)t - \Jan—;u,yiyj
— (9a_-15) (p.+p,)Ep. 2 + (9a_-15) (Zp.2)2}] (4.3.7)
n P;j*P4) 2Py n Pe T
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4.

Now, the second component in (4.3.2) is

correct to O(N

np; np. P;P.
1, 5 P(rrs). 5 1, - ] - nz.% E(l j)P(rls).Slsl
. . ’
G2(1,3) r s G2 rs
(4.3.8)
P P
The factor % e I P(r,s). §£ . gl is exactly the same
G (i,3) r s

as the right hana side expression of the Equation (4.1.3)

whose value correct to O(N-4) is given by (4.1.10).

Thus we have by substituting the value from (4.1.10), in

(4.3.8)’
1 (r,s) "Pi 7P 2 2
1.y P L. = 2n“p.p. [1+{ (p,+p.-Ip "}
L) 5r % A
2, 2 3 2
+ {2(p;“+p4°)-2Ip,"-7p;p; + 6(p;+p;) Iy
_ 6(Zpt2)2}] (4.3.9)
correct to O(N"4).

Substituting the values from (4.3.7) and (4.3.9) into

(4.3.2), we get after some simplification,

= - 5 2 2,2
P;j = 2n(2n-1)p,p; [1+{(p;+p ) -2p, “}+{2(p; “+p %)

e 2
= 2IpT+by-p;py= (b +1) (py+p4) D"

+ (b_+1) (3p, 2?11, (4.3.10)
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correct to O(N—4), where

(n—l)(9an—16)-7n

b, = (2n-1)

(4.3.11)

Equations (4.3.1) and (4.3.11) show that this scheme again
satisfies the conditions of Theorem 2.,8. Hence it follows
from Theorem 2.8 that instead of using any given I.P.P.S.
scheme for sample size 2n, we will get a better estimate
by adopting the procedure described in scheme 4.3, if the

condition

a2n-bn >0 (4.3.12)

is satisfied.

Illustrations:

(i) Goodman and Kish procedure:

For the Goodman and Kish procedure we have

a, = 2, for all n.

Substituting this value in (4.3.11l) we get

- 2(n-1)~7n _ _ (5n+2) -
by = —Gn-1) 1) < 2= 2n

(ii) Sampford's procedure:

For the Sampford's procedure

an = -(n=-2)

substituting this in (4.3.11), we get
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_ _[9in-1) (n=2)+16 (n-1) +7n]

bn (2n-1)

from whichk we get

_ n(5n+2)

an~bpn = —n-1) > °

(iii) Rao, Hartley, Cochran scheme with revised

probabilities:

For the Rao, Hartley, Cochran scheme with revised

probabilities

a, = =-({2n-~3)

Substituting this in (4.3.11l), we get

b = - n=1){9(2n-3)+16}+7n
n - - (2n-1) ’

from which it follows that,

2

Zn—bn = -(-m)— . [(n-l) (5n‘1)+3]

a

>0 for n > 2

The unequal probability schemes that are easily appli-
cable for general sample sizes are rather scarce in the
literature owing to the complications involved. Thus the
above mentioned procedure would be advantageous to adopt
for getting a sample of four units by applying it to any
given simple procedure presented for sample size 2.

From (4.3.11) we have
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a4—b2 = a4-3a2+10 (4.3.13)

Thus for all those schemes useful for sample size 2, we
can adopt the above mentioned procedure advantageously if the
condition (4.3.13) is satisfied. For example, for the pro-
cedure of Yates and Grundy (1953) and the procedure of
Durbin (1953), the condition (4.3.13) is satisfied.
4.4. Randomized Three Stage Procedure
with Durbin's Scheme

When the Durbin's scheme (1967) is adopted in step (ii)

of the procedure described in section 4.3 for getting a

sample of size 4, it follows from (4.3.1) that

P, = 4p; (4.4.1)

Also putting n=2 in (4.3.11) we get, b2 = «10, since
a, = 0 for the Durbin's scheme.

Thus the Pij of the randomized Durbin's scheme for
sample size 4 is got by substituting the value b2 = =10

and n = 2 in (4.3.10). Thus we have,

= -rp 2 2, 2y _,5, 3
Pij = 12pipj[l+{(pi+pj) ip “H+{2(p, Py )-2Ip,

- 10p;p,+9 (py+p;) Ip, 2-9(Zp, ) 21 (4.4.2)

correct to O(N *).

In section 4.3 we have illustrated that this procedure
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gives a more efficient estimator for sample size 4 which
could be considered as a generalization of the Durbin's scheme.
As the procedure described in section 4.3 seems to be ad-
vantageous to apply in practice it can easily be seen through
a conditional argument that the same procedure can be adopted
in successive stages, for any sample size of the form n = 2",
where m is any positive integer, which provides more ef-
ficient estimators. In this section we will describe the
scheme utilizing the Durbin's procedure by considering a ran-
domized three stage design. This scheme is for getting a
sample of size 8 which is an extension of the procedure
described in Section 4.3.

The procedure is described as follows:

(i) Split the population of N units at random into 3
equal groups and select 2 groups from among the three groups
such that the inglusion probability of any group is propor-
tional to the su@ bf the pt's of the units belonging to that
group.

(ii) Perform the following procedure independently with-
in each of the two groups that are selected in step (i).

(ii) (a) sSplit the g units at random into three equal
groups and select 2 groups from among the three groups such
that the inclusion probability of any group is proportional

to the sum of the pt's of the units belonging to that group.
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(ii) (b) Select two units by using Durbin's procedure
independently within each of the two groups selected in

step (ii)(a).

Thus we get a sample of 8 units by adopting the above scheme.

Since the selection in this procedure is made in three
stages we will call this scheme as randomized three stage
procedure with Durbin's scheme.

Analogous to this, the scheme described in section 4.3
for getting a sample of size 4 by using the Durbin's scheme
may be called as the randomized two stage procedure with
Durbin's scheme. The procedure of randomized‘three stage
Durbin's scheme can alternatively be adopted as follows:

Stratify the population at random into 9 equal groups.
Without loss of generality let the first three groups consti-~
tute the first primary stage unit (p.é;u.), the second
three groups constitute the second primary stage unit and the
last three groups constitute the third primary stage unit.
The individual groups may be viewed as the secondary stage
units (s.s.u.) and the units within the secondary stage units
may be viewed as the third stage units (t.s.u.). Except at
the ultimate stage, selection at each of the first two
ig verv ecimnle to adopt in practice because of the
fact that for any scheme of selecting two units from among

the three units such that the probability of including the
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unit i is P, the pairwise inclusion probability Pij which
is the same as the probability of selecting the sample (i,j),

is given by the formula

In the ultimate stage however, we adopt the Durbin's scheme
of selecting two units within each of the 'selected penulti-
mate stage units, which is again simple to operate.

We denote the total number of distinct arrangements that
can be made of the population of N units into three equal
groups by RN(Z), the total number of distinct arrangements
that can be made of the population of N units into three equal
groups such that a given pair of units (Ui'Uj) belong to two
different groups by RN(2,1) and the total number of distinct
arrangements that can be made of the population of N units
into three equal groups such that a given pair of units
(Ui,Uj) belong to the same group by RN(2,2).

It follows from Theorems 3.2, 3.3 and 3.4 that

RN(2) __N—I-T— (4.4.4)

R (2,1) = — (=21 | (4.4.5)
(§ -n112gn
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R (2,2) = (N-2) ! (4.4.6)
N N,,2
2{(3 -2)!}(51)

As a check the equation,

RN(Z,I) + RN(2£2) = RN(Z) (4.4.7)
can be easily verified.

Further we have from (4.4.4)-(4.4.6)

Ry(2:1) gy

RN(2) ~ 3(N-1) (4.4.8)
and

Ry(2:2)  (y-3)

§§75__ = Im-I) (4.4.9)

Now, considering the randomized three stage Durbin's
scheme, let R (3) denote the total number of arrangements
such that within each stage the arrangements are distinct.

Then by an extension of (4.4.4) we have

R, (3) = R (2).{Ry (2)}°. (4.4.10)
| 3
With respect to any pair of units (Ui'Uj) of the popula-

tion the RN(3) arrangements can be divided into three
categories, viz., (i) arrangements in which the ith and jth
units come in different primary stage units, (ii) arrange-
ments in which ith and +ith units come in the same primary
stage unit but in different second stage units, and (iii)

arrangements in which the ith and jth units come in the
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same primary stage unit and in the same secondary stage unit.
We denote the number of arrangements in the categories (i),
(ii) and (iii) above by RN(3,1), RN(3,2) and RN(3,3)
respectively. A direct extension of formulae (4.4.4)-

(4.4.6) yields the relations

Ry (3,1) = Ry(2,1). {Ry ()} (4.4.11)
3
Ry(3,2) = Ry(2,2)-Ry (2,1)-{Rr (2)}2 (4.4.12)
and 3 3 ‘
Ry(3,3) = R (2,2)* Ry (2,2)- {RN(z)}2 | (4.4.13)
3 3

As a check the relation

RN(3,1) + RN(3,2) + RN(3'3) = RN(3) (4.4.14)

can be easily verified with the help of (4.4.7). Now for
the randomized three stage Durbin's procedure the inclusion

probability Pi is given by
28
1 5 [2pi %2 4 g (4.4.15)
1 Ry(3) Sq.q S 9, T
R (3) 9192 91

where the summation runs over all the arrangements belonging
to ﬂN(3), the collection of all distinct arrangements, S

9192
is the sum of the pt's of the units belonging to the gzth
second stage unit of the glth first stage unit and Sg is

1

the sum of the pt's of the units belonging to the glth first
stage unit. Here the ith unit is assumed to belong to the

gzth second stage unit of the glth first stage unit for a given
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arrangement. From (4.4.15) we have

P, = 8pi (4.4.16)

showing that the scheme is an 'Inclusion probability propor-
tional to size scheme'.

The pairwise inclusion probability Pij is given by

P.. = ‘[ 2 C, + I C, + I c,1,
i)  Ry(3) 1 2 3
RN(B,I) %(3,2) RN(3,3)

(4.4.17)

where Cyv C2, and C, are the conditional probabilities of

3
selecting the pair (Ui,Uj) given the arrapgement corresponding
to categories (i), (ii) and (iii) respectively.

In a given arrangement corresponding to category (i) let
the ith unit belonglto the r2th second stage unit of the rlth
first stage unit and the jth unit belong to the szth second
stage unit of the s,th first stage unit.

Then we have,
25 2S

_ 2pi 2pj r,x, 518, )
C, = . . . [25_ +25_ ~-1]
1785 5. o S 5 r, sy
1t2 518, Ty 1
_ 1 1 1
= 32pipj[sr + 3 75, 1, (4.4.18)
1 1 15

from which we get
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R (3,1)
1
= 32p.p_ . . E[ + -
173 RN(3) Sr1 Ssl ZSrISsl

1 1 1

(4.4.19)

where E denotes the expectation over the scheme of
selecting two without replacement groups of size (g -1)
units each from the population excluding the ith and jth

units and attaching the ith unit to one group and the jth

unit to the other. Observing that E[Sl +Sl - 251 5 ]
3 S | 181
correct to O(N “) is the same as the expression considered in

Equation (4.1.9) we get, from (4.1.9)

1 1 1.3 21

(p;+p.)
2
2, P 3
- 6(zp, %) %1, (4.4.20)

correct to O(N~

2
Further, we have from (4.4.10) and (4.4.11),
Ry(3) Ry(2)

2N
3(N-1)
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= 2014 % + ==], (4.4.21)

correct to O(N-Z), which follows from (4.4.8). Substituting

from (4.4.20) and (4.4.21) in (4.4.19) we get after simpli-

fying,
1 c - 2 2, 2
z = 32p.p.[1+ .4+p.)-L +{2(p. “+p.-
R, (37 “N(3}i) ;P [1+{(p;+ps)~Ip, " H{2(p; "+p4)
250 3 2
- 21p, -7pipj+6(pi+pj)29t

4).

In a given arrangement corresponding to category (ii),

correct to O(N-

let the ith unit belong to the roth second stage unit of the
qlth first stage unit and the jth unit belong to the szth

second stage unit of the qlth first stage unit. Thus we

have
2p. 2p. zsq r ZSq s
- 1 . 3 172 172
Cy =35 S [ S t —3 - 1].ZSq
9T, q;8; qy q3 1
1 1 Sql
Q) q;8;, 9,2 9;8;

from which we get,
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R (3,2)

1
- I C2 = 16p.p.-
WO ey A R
°q
+ Elg Sl - == 1 = 1, (4.4.24)
9T 95, 9372 915,

where E denotes the expectation taken over the mechanism of
randomly splitting the population units such that an
arrangement belonging to the category (ii) would emerge.

In the following lemma we present a result which

we will be using in the next section also.

Lemma 4.2:

Consider the sampling mechanism described below:

(i) Select a simple random sample of size (% - 2)
units, where N is assumed to be a multiple of 3K, from the
population excluding the ith and jth units. Let Sq denote

1
the sum of the pt's of these (% -2) units and also p; and

Py

(ii) Select a simple random sample of size (%E - 1)
from the (% -2) units that are selected in step (i). Let

N .
v —
Sqlr2 denote the sum of the p 's of these (3K 1) units
and also p; -

(iii) Select a simple random sample of size (%E - 1)

. - 2N _ .
units from the remaining (3? 1) units. Let Sqlsz denote
the sum of the pt's of these (gi - 1) units and also Py~
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Assume further that Py is of O(N-l), K is small relative
to N, and N is moderately large. Under these assumptions,

for the sampling scheme described above we have,

S
q ‘
Blgi—t gt — - g—5— = 2%‘“*“Pi*Pj)'thz - %}
9%, 98, 91T, 935;
2. 2 2
+ {Z(Pi +Pj )=(9K Z)Pipj
(p;+ps)
-1 J 2_ 2
N + (9K 3)(pi+pj)2pt
2
Ip
t _ 3 _ (9rZ 2,2
+ = - 21p,° - (9K 3)(zpt )11, (4.4.25)

correct to O(N™2)

Considering the Equation (4.4.24) we have from (4.4.10)
and (4.4.12),

Ry(3:2)  Ry(2,2) Ry 4(2,1)

§§T§T— = R (2 . RN/3(§Ti (4.4.26)

substituting the values from (4.4.8) and (4.4.9) we get,

RN(3’2)
= 2N 2 2
R - S(R-D) - gii+/N + 1/ (4.4.27)
correct to O(N2). .
i 1 1 ql
It can easily be seen that E[§f + 3 - 3 - ]

S S
9175 q:8,; qr2 98,

of (4.4.24) can be obtained from Lemma 4.2 when K=3. Thus,

we get
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S

q .
Blgt— 4 gt — - 5L ——|= %[l+{(pi+p.)-zpt2- 1)
r q.s q,r., gq.s ]
9372 152 1¥2 9182

(p;+ps)
2 2 i
+ {2(p; “+p; ") -79p;p5- —h

- 23p >-78(2p, %) %11, (4.4.28)

2).
Now, substituting from (4.4.27) and (4.4.28) in (4.4.24)

we get after simplifying and retaining terms to O(N-4),

correct to O(N

1 L2 2.2
* I Cy = 16p.p:[1+{(p;+ps)-Zp, “}+{2(p;“+p;°)
RN(3$ RN(B,Z) 173 1 5] t h 3 3
- 27p.3 - 79p.p. + 78(p.+p.)Ip,2 - 78(Ip,2)2}]
t i®5 i Py %P t
(4.4.29)

In a given arrangement corresponding to the category
(iii) where in the ith and jth units come in the same first
stage unit and in the same second stage unit, let the pair
(Ui,Uj) belong to the g,th second stage unit of the q,th
first stage unit. Thus we have the conditional probability
C,y of selecting the pair of units u, and U. in the sample

]
is given by,
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2p; P 1 . 1 y
5 " 3 1-2p,/5 1-2p.75
L a% 9% Pi/Sq,q, Pi/5q,a, |
3= 5
P/ a9,
1+ 12578
¢ 4,9,
25 o
x —L2 25 (4.4.30)
Sq d; .
1

where I' denotes the summation over all the units belonging

. to the g,th second stage unit of the q;th first stage unit.

From (2.3.52) we get after replacing Py by p./S ’
t 9,9,
2 2,2
8p.p. (p;+ps) I'p 2(p;“+p:°)
Cy = g2+ [+{g=— - — £ {——
9192 9192 ®q,q, Sqlqz
- - + 11, (4.4.31)
g3 g3 s
q9;9, 9,49, 9,9,
correct to O(N'4).
(3,3)
1 g C. = R . ElCy) (4.4.32)

RO g3,3 2 RO

where E denotes the expectation taken over the mechanism of
randomly splitting the population units such that an arrange-

ment belonging to the category (iii) would emerge.
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From (4.4.10) and (4.4.13) we get,

Ry(3:3)  Ry(2,2)  Ry,5(2,2)
R Ry@ Ry 502

which upon using (4.4.9) yields,

Ry(3:3) (o)
R (3) 9 (N-1)

=1n- 8.
= 301~ § 1, (4.4.33)

Zla:
(X

correct to O(N 2

)Q
From (4.4.31) we get after retaining terms that

contribute to O(N-4).

2 2 w,. 2
1 P;*P;  P; *Pj L'py
E(C3] = 8p.p.°El[ + — + =3 - =3
13 Sqlq2 S S S
9,4, a9, 9,9,
zllp‘t2 ZzllptB (zllptz)z
- (pi+pj) - - + — ] (4.4.34)

09 sqlqz Sqlqz
where I" denotes the summation over all the units excepting
the ith and jth units, that belong to the qzth second stage
unit of the qlth first stage unit.

Using the results of Lemma 4.1 with K=9, we get from

(4.4.34), after some simplification,

2

— 2, 8 2
E[C3] = 72pipj[1+{(pi+pj)—zpt + ﬁ}+{2(pi +pj )

B(Pi+P-) 2
+ —=g~- - 160p;p, + 159 (p;+p;)ip,
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8Ilp 2
- 21p,. 3 - 159(Zpt2)2 -t

72
+ ;7}] (4.4.35)

2

correct to O(N ).

Substituting from (4.4.33) and (4.4.35) in (4.4.32) we

get after simplifying

1 2 2, 2
X C. = .D.[1+ +p.)~2 +{2 it oI
W RN(3'3) 3 8plpJ[ {(Pl PJ) Pt }+{ (Pl PJ )
- 23p.3-160 + 159 (p.+p.)Ip, 2
P, P3Py P;+P4) Ip,
- 159 (sp, %) 211, (4.4.36)
correct to O(N-4).

Using (4.4.22), (4.4.29) and (4.4.36), we get from
(4-4-17) ’

_ 2 2, 2, .. 3
P;y = 56p;p; [1+{(p;4p )-Ip, “}+{2(p; “+py*) -2Ip,

w

46 339
5 pipj + 7 (pi"'Pj)th

2

2%2 (Zptz)z}], (4.4.37)

correct to O(l:‘:l-4

).

Thus for the randomized three stage Durbin's procedure
the expression for P, is given by (4.4.16) and the expression
for P, ; correct to 0(N %) is given by (4.4.37).

Hence for this scheme when the H.T. estimator is con-

sidered to estimate the population total the variance ex-
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pression can be obtained by applying Theorem 2.8 because
the assumptions of the theorem are satisfied with the value
. _ 346
for a, being 7 .
Hence the variance of the H.T. estimator correct to

o(?) is given by

2 2 2

5 -1
V(¥y p)gp = gl2P;2; -72p; 2; ]

_1 3, 2., 2.5, 2 2, 346 2,2 |
8[2):pi z; Ip Epi z, + 5 (Zpi zi) 1 (4.4.38)
¥
where z; ===~ Y.
Pj

To the same approximation, variance of the H.T. esti-

mator for the Sampford's procedure is given by

2 2_2

V(¢ -7%p; “z. ]

!
) = glip;2;

H.T.' samp

3 2 2. 2

7 2
- §[ZZPi z; -Zpi Zpi z; +6(Zpi 1 (4.4.39)

Thus we have

V(?H.T.)SampmV(QH.'l‘.)RD = _Z_(zPi i’ =

which shows that the H.T. estimator under the randomized
three stage procedure with the Durbin's scheme is uniformly
more efficient than the H.T. estimator under the Sampford's

procedure for selecting samples of size 8.
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4.5. Randomized m- stage Procedure with
Durbin's Scheme

This is a procedure for selecting samples of size 2m,
where m is any positive integer, and is a generalization of
the procedure described in the previous section for selecting
a sample of size 8. ’

The procedure is as follows:

(i) Split the population of N units at random into 3
equal groups and select 2 groups from among the three groups
such that the inclusion probability of any group is propor-
tional to the sum of the pt's of the units belonging to that
group.

Within each of the above selected groups, which could be
denoted as primary stage units, perform the following pro-
cedure independently.

(ii) Split the units belonging to this group at random
into 3 equal groups and select two groups from among the
three such that the inclusion probability of any group is
proportional to the sum of the pt’s of the units belonging to
that group.

Repeat the procedure described in step (ii) independently
within each of the selected units at each stage until we select

2m-l

units of the (m-1l)th stage.
(iii) Within each of the (m-1)th stage units that are

selected in step (ii), apply the Durbin's procedure inde-
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pendently for selecting a sample of size 2.

The above procedure would yield a sample of size 2",
We will call this procedure as the "Randomized m-Stage
Procedure with Durbin's Scheme". 1In what follows, we will
assume for mathematical convenience that N is a multiple
of 3"°1,

The notations we use in this section are similar to
those adopted in the previous section.

RN(m) denotes the collection of all arrangements such
that within each stage the arrangements are distinct, and
Re(m) is the cardinality of the set RN(m).

By the inductive argument we get
Rylm) = Ry(2) * (Ry 53m-1))° (4.5.1)

where RN(Z) from (4.4.4) is given by

N!

Ry(2) = 6—.(-%—3— (4.5.2)
By the recursive relationship, we get from (4.5.1),
3 32 "2
Ry(m) = Ry(2) - [Ry/3(2)] -[RN/32(2)] ...[RN/3m_2(2)]
(4.5.3)

With respect to any particular pair (Ui'Uj) of the population
units, the collection, R«N(m), of all arrangements is the
union of matually disjoint sets ﬁN(m,t) (t=1,2...m) where

RN(m,l) denotes the collection of all arrangements where in the
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pair (Ui,Uj) belong to different primary stage units,
Ry(m,2) denotes the collection of all arrangements where in
the pair (Ui,Uj) belong to the same primary stage unit bu@
different second stage units, ...R (m,t), l<t<m-1,
denotes the collection of all arrangements wherein the
pair (Ui'Uj) belong to the same primary stage unit, same
secondary stage unit...same (t-1)th stage unit, but dif-
ferent tth stage units; ﬁN(m,m) denotes the collection of
all arrangements wherein the pair (Ui,Uj) belong to the same
(m-1)th stage unit.

Let Ry(m,t) be the cardinality of the set RN(m,t),

1<t<m. As adirect extension of relations (4.4.11)-(4.4.13),

we get,
Ry(m 1) = Ry(2,1) {Ry 3 (m-1)}> (4.5.4)
for 2<t<m-1,
( ; 2
Re(m,t) = I [R,_,(2,2)°{R ,_, (m~g+1)}%]
b =2 ny/3%2 n/3%t
- R (m-t+1,1) (4.5.5)
w3t
m-1 2
Rgmm) = I [R  (2,2)-{R (-1 }-R_0(2,2)

g=2 “N/3 N/3t” N/3
(4.5.6)

Using these formulae it can easily be verified that
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m
z (m,t) = (m) (4.5.7)
t=1RN R

Theorem 4.1:

For the RN(m,t), 1<t<m, the following relations hold.

Ry (m,t) 1
RN——(m)= 3’ for 2§t§m—1 (4.5.8)
and
(m,m) _am-1
o = N=3 °) (4.5.9)
RN(m,m-l) 2N
Proof:

From (4.5.4) and (4.5.5) we get

RN(mIZ) - RN(2'2) . RN/3(m-l,1) (4.5.10)
Rym,1) ~ Ry(Z, 1) Ry, 3(m-I) T

From (4.5.1) and (4.5.4) we get,

= (4.5.11)
Ry/3m=1) Ry/3té)

Using (4.4.8), (4.4.9) and (4.5.11), we get from (4.5.10),

RN(m.Z) 1
W =3 (4.5.12)

For 2<t-1l<m-1l, we have from (4.5.5),
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(2,2) 2 '
R7'Z (R _q (m-t+1)}“-R _q (m=-t+1,1)
RN(m,t) _ N/3t 2 N/3t 1 N/3t 1
Ry (m, t-1) R ., (m-t+2,1)
N/3

which with the help of (4.5.4) yields

R (2,2) R (m-t+1,1)
N/3 N/3

Using (4.4.8), (4.4.9) and (4.5.11), Equation (4.5.13) gives

RN(m,t)

1
RN(mlt-l) - '3' (4.5-14)
From (4.5.5) and (4.5.6) we get
R (2,2)
RN(mlm-l) R (2'1) !
N/3m-2
which on using (4.4.8) and (4.4.9) gives
RN (mlm) (N_3m-l)
RN(m,m-l) = 35 (4.5.15)
Q0.E.D.

Theorem 4.2:

For the RN(m,t) and RN(m), 1<t<m, the following rela-

tions hold

Bylm.t) oy
— = » l<t<m-1 (4.5.16)
Ry tm) 3% (n-1)
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and

RN(m,m) _ (N_3m-l)
Ry (m) 31 (§-1)

Proof:

Equations (4.4.8), (4.5.1) and (4.5.4) yield,

Ry(m/1) Ry(2,1) 5y
Ro(m) — Ry(2)  ~ 3(N-1)

Assume that for 1l<t-1l<m-1,

Ry (m,t-1) 2N
Ry (m) 3t 1 (n-1)

Then for 1<t-1<t<m-1, we have by using (4.5.14),

Ry(m. ) oy
Ry (m) 3t (N-1)

Hence by induction it follows that for 1l<t<m-1

Ry 3t 1)

From (4.5.15) and (4.5.21) we get

fN(m,m) _ fN(m,m) ) Rﬂjf’m-l) ] (N-3""1,
Ry (m) Ry (m,m-1) RN (m) 3m-l (N-1)

(4.5.17)

(4.5.18)

(4.5.19)

(4.5.20)

(4.5.21)

{(4.5.22)

Q.E.D.
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Now for the randomized m-stage procedure with the
Drubin's scheme the inclusion probability for the ith

population unit is,

25
2p; 9192+ - *Ip-1

1 .

P, = z [
PR Ry (m) Sg192'“gm-1 Sgng"'gm-z

ZSg g g 259 g
. .__——l 2 m—z ...—-_S__];_Z— - 2Sg ] (405-23)
9192+ In-3 93 1
where S denotes the sum of the p,'s of the units
9192+--9g t

belonging to the gzth 2th stage unit of the gg_lth (2-1)th
stage unit of the ... gzth second stage unit of the glth
primafy stage unit.

(4.5.23) reduces to

1 zm.p

. I .
YORm  Re(m) *

m
2 Py

= np; (4.5.24)

Probability of including the pair of units (Ui,Uj) together

in the sample is given by,

1
Pon S o [ z c + z c + .. + z C
i1 R;(m) 2y im, 1) 1 a (m,2) 2 R (m ) t
+ LN ] : (4.5-25)

z c
Ry (m,m) ™
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where
Ct

(1<t<m) is the conditional probability of selecting

the pair (Ui'Uj) given the arrangement belonging to the tth

category.

1
5
Ry (m) R (m,1)

Evaluation of C

1:

In a given arrangement of the first category let Ui

belong to the r _,th (m-1)th stage unit of the rm_zth

(m-2) th stage unit of the ... r2th second stage unit of the

r,th primary stage unit and let Uj belong to the s

m-1

th

(m-1)th stage unit of the sm_zth (m-2)th stage unit of the

e szth second stage unit of the slth primary stage unit.

The conditional probability C

28
IyTpeeeTp_y

is given by

25
)

1

RS S

] S S

2SS S ZSS S
182+ *Sp-2 152

* 78 ys 1 % (25,
Sy

+2S  =1)
s

1 1

S18,--.5, 1

2m-1 1 _ 1 )
2s_ s

rl Sl

1
=27 "pips(gT t 3

r S

Thus we have

1 2E DLERS S

(4.5.26)
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1 2m-1 Ry (m,1) 1 1
) o C,= 27" "piP;° - Elg=— + g—
RN m ﬂ&(m,l) 1 b Ry RN!mS Srl Ssl
- §§l_§__] (4.5.27)
1 51

where E denotes the average taken over all the arrangements

belonging to the first category. From (4.5.16) we get,

Ry(m/l) 5 1.1
correct to O(N-z).
It can be easily seen that E[Sl + Sl - 2; S ] is
I 5 ) S

given by the right hand side expression of Equation (4.1.9)

and thus we have,

_3 e 2.1 2, 2,_
= 2[1+{(pi+pj) th- N}+{2(pi +pj ) 7pipj

2
(p:+pP.) Lp
-t J .
5 + 6(pi+pj)2pt + N

- ZZpt3-6(2pt2)2}] (4.5.29)

R
correct to UIN ).
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Hence, using (4.5.28) and (4.5.29) we get from (4.5.27)

after simplifying and retaining terms to O(N_4) only,

1 * 2m-1 2

z = .p. [1+ .4+p.)-

R,@ g (m,l)cl 277 Tpips [1+{ (p3+p;) ~Zpy "}
N

2 2 3
+ {2(pi +pj ) ZZpt 7pipj

2y2y,

+ 6(p;+p,) Ip, =6 (Ip, ) (4.5.30)

. 1
Evaluation of =y e I C for 2<t<m-1l:
Rym Ry (m, t) t -

fn a given typical arrangement of the tth category let
u, belong to the rm_lth (m-1) th stage unit of the ra-2th
(m-2)th stage unit of the ... qt_lth (t-1)th stage unit of the
-+« dyth 2nd stage unit of the q;th primary stage unit and
let U belong to the s__;th (m-1)th stage unit of the
S,-2th (m-2) th stage unit of the ... qt-lth (t-1) th stage
unit of the ... qzth 2nd stage unit of the qlth primary

stage unit.

The conditional probability Cy is given by

_ 25 28 28
_ q;9; q; 9293 919 -F-1,
Ct - {zsql. S ° S se e S
9 99, 9395+ + 92
25 2s

U S e i ST o i -S

S 3
IR PRRRL | 990 91
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25
. 2pi ) Q195 ««Qp3Tg - Tp1
S
Q92 Te-1%¢Te41" Tm-1 D927 F-iTer Tm-2
25
1920 Fe-1T ¢ e,
* o @ S
1920 -9e-1T¢
28
. | 2pj . q19p¢++9p_15¢*Sp-1
S
99 15541 -1 D920 %e-15e -2
28
L qqu"'qt-l t5t+1,
q1q2"'qt-1 t
25
_ ot-l.g A A
U991 Pqiq,...q,
28 .
9392 - *9e-15¢
+ 3 1]
EXEVRRA TS|
Zm—t-pi 2""t.py
*§ *3
992 - -9g-1F¢ 91920 - -9¢-15¢
- 22m-tpipj[S 1 + . 1
EIRPRREL S LR SR O R P A
s
d392° -9
- 3 = ] (4.5.31)

19 -Fe_1T¢ 9195 -Fp-18¢



186

Thus we have

1 ;o o gt Ryt
Ry g om) © FiP5 Rytm)

S S
EIRRRRL P L () PR T L

9192- - -9

- 38 n 3 . ] (4.5.32)
q93° -+ Tg-1F¢ D92 Fe-15¢
where E denotes the average taken over all the arrangements

belonging to the tth category.

From (4.5.16) we get,

(m, t)
%ﬁl—r—=—2-€ [1 +%i—+'17'], (4-5.33)
3 N
-2

correct to O(N “).

In view of the well known fact that a simple random
sample taken from a simple random sample of a population
would itself be a simple random sample, it can be easily

observed that

E[S 1 + L

5
393+ -qe-1T¢ 9392 - qp-18¢




. 187

S
S A S :
25 .S <

39+ Qe_1T¢ 919 - < Tp-15¢

can be evaluated by using Lemma 4.2 with the value of K

being 3t-1,

1 and (4.5.33) we get,

Thus using (4.4.25) with K=3%"
from (4.5.32), after simplifying and retaining terms to

o™ %) only,

1 . _ ,2m-t . v 2
z c, =27 P3P [l+{(pi+pj) Ip, "}

Ry (m) Ry (m,t) &

+ {2(pi2+pj2)-22pt3_(32t_2)pipj+(32t_3)(pi+pj)zpt2

(3%%-3) (zp, %) 21 (4.5.34)

Observing (4.5.30) it can be seen that (4.5.34) is valid
for the case t=1 also.

Thus we have for l<t<m-1,

1
) b3
RN m) RN(m,t)

c. = 22m 2}

-t, _
t P3P [1+{(p;+p5) -Ipy

2

+ {2(p. +n.2)-229.3-(32t-2)p494
i -3 “T )

+ (325-3) (p;+p5) Ipy 2- (3%5-3) (2, 2) %11 (4.5.35)
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correct to O(N-4).
. 1
Evaluation of o (my z C_:
RN m RN(m,m) m

In a given arrangement of the mth category let the pair
of units u; and Uj belong to the qm_lth (m-1)th stage unit of
the qm_zth (m-2) th stage unit of the -.-d,th 2nd stage unit
of the qlth primary stage unit. |

The conditional probability Cm is given by
2S

dydye-q_
o = ..(qlqz...qm_l) ‘= 172 m-1
ZSq q q qu q
et . S L 25 (4.5.36)
995+ Ip-3 q 1
(qlqz' . 'qm_l) . . .
where Pij is the conditional probability of
selecting Ui and Uj together by the Durbin's procedure
given the (m-l1)th stage unit containing Ui and Uj.

Equation (4.5.36) reduces to

(d,9,...9__4)
c, = -1, g p.. 17277""m=l (4.5.37)
qlqzoooqm-l 1J
Now
1 I c Ry (mem) EBIC_] (4.5.38)
T T R 2 >

where E denotes the average taken over all the arrangements

belonging to Rﬁ(m,m). From (4.5.17) we get,
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Bylmem) 3 3™l ™l

Rem) I N 2 1. (4.5.39)

correct to O(N-z).
. (9,95- - - 1)

The conditional probability Pij under the
Durbin's procedure is,
p (D% e-ny)

ij
2. Fi P — L + LS
S S 2p, 2pi
A9 --9p-1 N9 -Ip-1 - 1

3
992 Ip-1 99 9p1

Py

5
9192---Im-1
2pt

1+ 3
1-5
Q393+ +9p-1 (4.5.40)

where I' denotes the summation taken over all the units
belonging to the (m-1l)th stage unit containing the pair
(Ui'Uj)'

Using Equations (4.5.37) and (4.5.40) we get,

- (p.+p.)
Efc.] = 2"p.p. El—= b 2]
m i¥y Sq Qyeeeq SZ
192 -1 Pqyq,---Gp g
2 2 n 2

s2 ®q,q q
99591 1=2 m-1



N 190

znptz 2znpt3
- (pi+pj)- ) 7

S S
Q19591 939Gy

(Z"ptz)z
+ — ] (4.5.41)

S
qlq2 LR N ] qm-l

where I" denotes the summation over all the units belonging
to the (m~1l)th stage unit, containing Ui and Uj' excepting

Ui and Uj'

N

Since the (3m—l

- 2) units that constitute, together with
the pair of units Ui and Uj' the (m-1)th stage unit can be
considered as a simple random sample from the population

of (N-2) units excluding U; and Uj, we can use Lemma 4.1,

with the value of XK being 3™ 1 for evaluating the right

hand side expression of (4.5.41).

Thus we have,

_ m v 2, (K-1)
EICy] = K-27p;p4 [1+{(ps+py) -Ip "+ ~g=)

(p;+p,)

2 2
+ {2(pi +pj )+ (K-1) N

2 2 2
2(K"-1)p;p4+(2K"-3) (P;+P;) 2P,

25p, - (2k%-3) (zp, 1) 2
o, 2

Zp -
- (K-1)- § + KK ;’}1 (4.5.42)
N
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correct to O(N-4), where K = 3™°1

Substituting from (4.5.39) and (4.5.42) into (4.5.38)

we get after simplifying and retaining terms to O(N-4) only,

1

_ .M - 2
R—N"(‘i\'y Rz (m,m) cm = 2 pipj [1+1{ (Pi+pj) Zpt
N

}

+ {2(pi2+pj2)-22pt3

2m-2

- (2-3 -Z)Pipj

2m-2 2
+ (2.3 -3)(Pi+pj)2pt

- (2-32m-2—3)(2pt2)2}] (4.5.43)

Substituting from (4.5.35) and (4.5.43) in (4.5.25), we
get

m

-p.p: [1+{ (p.+p.) ~I]
ij =) ) -P;Py [1+{(p;+p;) ~Zp,

+ {2(p;%+p, %) -23p, >+2p;p;

3(p;+p3) Ip, 2+3(2p, 2) 21

m-1 2m~-t
+ (3 2 32t 2m+1 2m-2

2
) *pP; iP [(p. +p )Ip
£=1 i i t

- pipj-(zptz)zl (4.5.44)
.

Observing that

correct to O(N
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m

5 22m t _ zm(zm_l)'
t=1

and

m-1
L 2
t=1

2m-t .2t _ 2_2m+1

3 2 (9m-1_2m-1)

14

we can write (4.5.44) as

2

P, = 2m(2m-1)pipj[1+{(pi+pj)-2pt2}+{2(piz+pj )

1)

3 2
- zzpt +Bm‘Pin-(Bm+l) (pi+Pj) Zpt

+ (B +1) (2p,2) 2} (4.5.45)

correct to O(N-4), where

B. = —L  [23.0M-32.9™ 1 34 (4.5.46)

n g™

Thus for the randomized m-stage procedure with the Durbin's
scheme, the expression for P is given by (4.5.24) and the

expression for P;; correct to O(N-4) is given by (4.5.46).

J
Since the conditions of Theorem 2.8 are satisfied, the

variance of the H.T. estimator correct to O(NO) for this pro-

cedure is
5 _ 1 . 2_,m_ 2_ 2
V¥y o )prp = e [Zpyz;7-(27-1)Ip; "z; "]
m
_ (2 -l).rzz_ 3:. 2_0._ 2_2._. 2__ z_n I A\ 1% 2_. \21
oM besky 29 ~ebj Pj “i "Pm°\ePi <3’ !

(4.5.47)
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Y.
where z; = 2 -y and B_ is given by (4.5.46).

Pj m

Randomized m-stage procedure with the Durbin's scheme

is an alternative to the Sampford's procedure as a general-
ization of the Durbin's scheme for samples of size n>2.
Since the simplicity of this randomized Procedure to adopt
in large scale surveys is evident relative to the procedure
of Sampford, it will be interesting to study the relative

performance of the two methods.

Theorem 4.3:

When the variance of the corresponding Horvitz-
Thompson estimator is considered correct to O(No), variance
corresponding to the randomized m-stage procedure with the
Durbin's scheme for sample size 2" is uniformly smaller
than the variance corresponding to the Sampford's pro-
cedure for sample size 2™ and the difference between the

two variances would be larger for larger values of m.

Proof:
Variance of the Horvitz-Thompson estimator correct to
O(No) for the Sampford's procedure with sample size 2" as

given by {2.3.63) is
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_ 1 2_,.m ... 2 2
) = 2m[Zpizi (27-1) Zpy z;

V(¥ Samp

H.T. ]

_ (2" 3, 2. ¢ 2.5 2 2
o [22p;7z,"-2p; " Ip; "z,

4 (2™2) p. %200 Y (4.5.48)
i“i
corresponding expression for the randomized m-stage
procedure with the Durbin's scheme is given by (4.5.47).

From (4.5.47) and (4.5.48) we get,

2

< - l . . 2
V(¥ ) sampV Pp.r ) rp = 7 "D (2R3 °Z3) (4.5.49)
where
D, = 3=+ (32.9™ 1.7, 4"™1 (4.5.50)
2
It follows from (4.5.50) that
D2 =42 > 0 (4.5.51)
and
_ 1 .oqM_o ,A+1__m+2
9 m-1 m+l
> =+ (32:9" =7.4%2"7)
2
-2 D for all m (4.5.52)
5 Dy .5.
(4.5.51) and (4.5.52) together imply that Dm is non-
negative and monotone increasing.
Hence it follows from (4.5.49) that V(YH.T.)Samp-

V(§H T )RD is nonnegative and is larger for larger values
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of m. 0.E.D.

Remark:

H.T.)Samp-V(YH.T.)RD is a monotone in-

creasing function of m implies that the relative efficiency of

The fact that V(¥

the randomized m-stage procedure adopted with the Durbin's
scheme compared to the Sampford's procedure increases as the
sample size increases.

In Chapter 3 we have proposed the Rao, Hartley and
Cochran's procedure with revised probabilities which en-
sures the condition Pi=npi. Since the Rao, Hartley and
Cochran's procedufe is also practically convenient to adopt in
large scale surveys for any sample size it would be of
interest to compare the relative performance of the random-
ized m-stage procedure using the Durbin's scheme with
respect to the Rao, Hartley and Cochran's procedufe with the

revised probabilities.

Theorem 4.4:

Variance of the Horvitz-Thompson estimator correct to
O(No) for the randomized m-stage procedure using the
Durbin's scheme is uniformly smaller than the corresponding
expression in the case of the Rao, Hartley and Cochran's
procedure with the revised probabilities and the difference
between the two variances would be larger for larger values

of m.
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Proof:

Variance of the Horvitz-Thompson estimator correct to

O(NO) for the Rao, Hartley and Cochran's scheme with the

revised probabilities for selecting a sample of size 2m,

as given by (3.9.10) is

-1 2_ M ., 2_ 2
) --—-—[Zpizi (27-1)-Zp,;"2;"]

(e RHC-RP m

H.To

N

(28-1) 3,2 .2 5.2 2
- Tom [2Zp;72; " -Zp; -IP; 2

2m+l 2 2

+ (2™1-3) (2py %2 %)

Thus from (4.5.47) and (4.5.53) we get,

A A _ !_- . . 2 2
V¥ o )rac-rp V Yg.0.)rp = T ° In” (BP; Z5)
where
_ L. m-1_ Jo.m=1 m_
3, = 2= (32.9" 1-56.4" 1+12.2"-7)

2

It follows from (4.5.55) that

Jp==73->0
and
_L m-l_gc m-1, 7
Tp1 =0 = 2m(nz.g 56.4" 1+ 2)
> L(56.9™ 14 %)
2
> 0

(4.5.53)

(4.5.54)

(4.5.55)

(4.5.56)

™~
[ ]

(S} ]
*

()]
~1
.
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(4.5.56) and (4.5.57) together imply that Jm is nonnegative
and monotone increasing. Hence it follows from (4.5.54) that
) -v(¥

V(¥ is always nonnegative and is

g.r.) rac-rp "V Yu. 1. R

larger for larger values of m. :
Q-E-D-

Remark:

As with the case of Sampford's procedure here also it
follows that the relative efficiency of the randomized
m-stage procedure adopted with the Durbin's scheme compared
to the Rao, Hartley, and Cochran's procedure with revised
probabilities increases as the sample size increases.

Theorems 4.3 and 4.4 suggest that the gains would be
substantial when we adopt the randomized m-stage procedure
using the Durbin's scheme in large scale surveys.

Instaed of the Durbin's scheme one can use any efficient
scheme at the (m~1l)th stage of the randomized m-stage pro-
cedure where in the gains are expected to be substantial.

The formulae for Pij and hence the variance of the
corresponding H.T. estimator, could be derived using

exactly the same téchnique. Applicability of these random-
ized varying probability schemes in large scale surveys is
quite evident compared to the complicated procedures that are
existent in the literature whose applicability'is doubtful

in large scale surveys.
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5. MISCELLANEOUS TOPICS IN UNEQUAL
PROBABILITY SAMPLING
5.1. Model Comparisons of Some
Existing Schemes
In order to study the relative performance of different

I.P.P.S. schemes as measured by the variance of the
corresponding H.T. estimator, it is convenient to assume
some knowledge regarding the relationship between the
variate y and the auxiliary characteristic x. Since unequal
probability sampling is resorted to in the situations where
y is approximately proportional to x it is reasonable to

assume the model
Y; = a+Bxi+ei (5.1.1)

where a and B are unknown constants and ei is a random
. _ 2 _ g
variable such that E(eil¥i) = 0, Ele; in) = ax;”, a0,

g>0; and E(eiejlxi,xj) = 0.

Theorem 5.1:

Average variance of the corresponding H.T. estimator

for any I.P.P.S. scheme under the model (5.1.1) is

P

V*(?H N ) = GZ[Z%—'FZ.: ) Z. §—i%—."‘N2]
Tt i i j(#) Fit)
I g—l
P
gt ___ . g
+ aX’( - Zpt ) (5.1.2)
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Proof:
Taking the expectation of V(?H o) under the model
(5.1.1) we get

N ax, g+(a+6x )2

ve(e )=E[V(¥, )] =
H.T. H.T. 1 Pi
Pi.
+ I I 2l . (a+B8X.) (a+BX.)
i §(#i) FiPj A 3
(N 2 g
- a"'BX) -azxi
P.
1 i 2
= a®[Iz-+2 I - N%]
Py 130 FiPy

X. P.
+ aB[2I—=+ I % i3 x. "'XJ) -2NX]

Pi i3 Fif5
x.2
+ 82z §—— +3I I ——%— XX, ~x2 1
i i 3(A) ]
g
X,
X - g
+ afz B, in 1,

Which upon using the relations P, 1=PP; and I P..=(n--1)Pi

* j(#i) I
reduces to (5.1.2).

Q.E.D.
Thus from (5.1.2) it follows that when oa=0, the
average variance of the corresponding H.T. estimator will
be the same for all the I.P.P.S. schemes. However, if o#0,

it can be observed from (5.1.2) that among all the I.P.P.S.
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schemes, the H.T. estimator corresponding to the scheme for

P..
which the value of r =td- is least will have the least
i3(#)Pi%y
average variance. Thus a reasonable investigation will be

to rank the various I.P.P.S. schemes according to the value
P ,
of £ r =2 ( = C, say). For this investigation we
: 2441y P.P.
i 3(#1) "i 3
will confine to the case n=2 only.

For the schemes of Durbin (1967), Yates and Grundy

(1953), Durbin (1953), Goodman and Kish (1950) and Hanurav

(1967) the approximate expressions for Pij correct to O(N—4)
are respectively given by
(1) _ v 2 2, 2, _ 3
Pij 2pipj[l+{(pi+pj) Zpt }+{2(pi +pj ) 2£pt
2 2,2
= (Pi+P4) Epy "+ (Zpe ") 7] (5.1.3)
(2) _ _ 2 2 2, _ 3 3
Pij = 2Pipj [1+{ (Pi"'Pj) zpt }+{2(Pi +Pj ) 22Pt + 'y pipj
7 2 .1 2,2
= g(PytRy)ip.” + (2R T)7H (5.1.4)
(3) _ _ 2 2 2, _ 3
2 2,2
- 2(pi+pj)2pt + 2(Zp. ") "} (5.1.5)
(4) _ - 2 2 2, _ 3
Pij = 2pipj[l+{ (Pi+Pj) th ]’+{2(Pi +Pj ) Zth +2Pipj

- 3(py+py)Ip,” + 30292 %1 (5.1.6)
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. 3.3
(5) _ PiPy '

= 2p.p.[1+ +
i%j 5 2 ¥ 2-Zp

P¢ Py t

P..

ij Y (5.1.7)

Expressions (5.1.3), (5.1.6) and (5.1.7) are from

Chapter 2 and expressions (5.1.4) and (5.1.5) are from
Rao (1963b).

Using Equations (5.1.3)-(5.1.7) and the relation

P..
Pi=2pi, the value of I z 5%%— correct to O(No) for the
i)™ 1]

above five schemes is respectively given by

S N S 2,02, 2,22 3_

c, = 5IN%4N(1-NIp, ) +{3NZp “+8° (zp, *) “-28°Ip “-2}1  (5.1.8)
= L2 1 onre 2y ar3une 2y Tn2s 202,20 3_ 5

C, = FIN“+N(1-NIp, )+{3NZp “+ N (Zp, ) “-2N"Ip, 4}]

(5.1.9)

12, e e 2 2,02 2,2 .2 3_

C; = FINT4N(1-NIp “)+{NIp “+2N"(Zp,") “-2N%Ip ~-1 1} (5.1.10)
1.2 2 2 22,0 22, 2. 3

c, = 2 (1-nzp, ) -(nzp, 2-382 (zp, 242 Ep 31 (5.1.11)

and

c. = vy L _(1-nz 2)+{(zpt3)2 - 11 ©(5.1.12)

5 = 2 o2 by M2 37 e
Py Ipy 2Py

It can be easily verified from (5.1.8)-(5.1.11) that

C,2C,2C42C, (5.1.13)

This is also a direct consequence of the comparisons made
by Rao (1963b, 1965) of the above four schemes without any

model assumptions.
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From (5.1.11) and (5.1.12) we get

1.1 2.2 (Ept3)2 2, 2.2
C5-Cy = Fl——" (1-NIp, ) 4{——g—F - 3N"(Ip. ")
Zpt zpt 'zpt
+ NEpt2+2NZZpt3-1}] (5.1.14)

Now, assuming PysPy--+Py to be having a specific distribu-
tion A, with moments u, we can replace Zptr in (5.1.14)

by Nu} because we have from Khintc@ine's law of large

numbers
plim m' = plim = Zp. T = (5.1.15)
Noowo T Moo N Ot r

In view of the relation Zpt=1, we‘however should have

W= & (5.1.16)
In the following we will investigate the relative

efficiency of the Hanurav's procedure in relation to the

other procedures considered above under different distribu-

tions of Py-

Case (i) - x? distribution:

1 2
¥ X (v) where

When the pt's are distributed as v

Xz(v) is the chi-square variate with v degrees of freedom,

from the relation

r '
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we get
2 _ vi2 ;
zpt - VN (5-10.].8)
3 _ (v+2) (v+4)
Ip,~ = ) (5.1.19)
v N
and
zpt4 = (V+2) (‘;"’ﬁg) (v+6) (5.1.20)
V™N
Substituting these values in (5.1.14) we get
: 2
e o L UN o V42,2 (v+4 _ 3(v+2) v+2
C5-Cy = 3lmany !l % i 2ty
+ 2(v+2£(v+4) - 1}]
\'
which after simplification reduces to
2N 4 (2v+3)
5 ~4 v(v+2) v2(v+6) -

Case (ii) - B distribution:

When the pt's follow a beta distribution of: the first
kind with parameters (al-l,az) where ¢y and a, are related
by the equation

w1 _1

1l a1+a2+1 N
or

[
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we get after substituting Nué for Zptr,

o.+1 )
p,° = o (5.1.23)

Nal+l
3 (a1+1)(a1+2)

Ipy” = o +1) (No +2) (5.1.24)

and

4 (a1+1)(a1+2)(a1+3)

Zpt - (Nal+l)(Nal+2)(Nal+3) (5.1.25)

Substituting from (5.1.23)~(5.1.25) in (5.1.14) we get

1 2

= +2N
2(a1+1)(a1+3)(NafJJ (Na1+2)

[Na 3(N3

C.-C,= -7N+4)

5 74 1

+ a12(3N4+4N3-22N2+14N+1)

+ al(12N3-33N2+18N+3)-6(N-l)] (5.1.26)

Now,

NO+2N2-7N+4 = N(N2-1)+2N(N-3)+4

>0 for N>3 (5.1.27)

4 3 2

and+an3-228241 4841 = N3 (3N-7)+11N2 (N-2) +14N+1

>0 for N>3 (5.1.28)
and

a1(12N3-33N2+18N+3)-6(N—l)

= (al—l)[3N2(4N-11)+3(6N+l)]+3N2(4N-ll)+3(4N+3)

>0 for N>3, (5.1.29)
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because

a1>l

(5.1.26)-(5.1.28) imply that.

Cg—C, > 0 (5.1.30)

Case (iii) - uniform distribution:

When the pt's follow a uniform distribution over the

interval (0, %), we get from Zpt:=Nu;,

2 _ 4
Py = 3§
3_2_
Ip, .~ = ")

and
4 _ 16
Py = 5N°3

substitution of these values in (5.1.14) gives,

_ (4N-3)

T 0 - (5.1.31)

C5-Cy

In view of Equations (5.1.13), (5.1.21), (5.1.30) and (5.1.31) .
it follows that when the variance is considered to O(No),
Hanurav's strategy would be inferior to those of Durbin
(1967), Yates and Grundy (1953), Durbin (1953), and
Goodman and Kish (1950) when the pt's follow chi-square,

beta or uniform distributions.
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5.2. Alternative Use of Ancillary
Information

In this section we consider an alternative way of using
the ancillary information in providing a better estimate
for the population total than the Rao, Hartley and Cdchran's
estimator.

Suppose the ith unit Ui having the size xi is con-
sidered as made up of xi sub-units having the same value
Yi/xi, which means that the jth sub-unit of the ith unit is

taken as having the value zi- = Yi/xi, j = 1’2""'xi‘ Then

J
the process of selecting one sub-unit with simple random
) N
sampling from the population of X(=I X;) sub-units and con-
1

sidering the unit to which it belongs as selected is equiva-
lent to selecting a unit with probability proportional to
size because the probability of selecting any unit is pro-
portional to the number of sub-units in it. Thus the

equal probability estimator based on a selected sub-unit is
the same as the probability proportional to size estimator.

If we denote the jth sub-unit of the ith unit as Uij'
we can arrange the X sub-units as Ul ’ U1 ...Ul ; U2 ,U2 cos
1 2 Xl 1 2
U HEPP U ee U
2, ' * "N,'°N N, °
X2 1 2 XN
Redesignating these sub-units preserving the order as

Vl‘vz“:‘vx we can rewrite the set of sub-units as

vV = {Vl'VZ""'Vx} (5.2.1)
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It can be observed that each of the sub-units Vl'VZ"‘Vx
1l
has the same y-value Yl/xl; each of the sub-units

Vx1+1' Vxl+2...vx1+x2 has the same y-value Y2/x2 and in
general each of the sub-units Vj-l . Vj-l ces
i xt+1, i xt+2
Vj has the same y-value Yj/xj (j=1,2...N). Now since
X
lt
each Uij is some V, and each V, is some Uij' if we

denote the y-value correSponding to v, as Za, we get

Za = zij = Yi/xi (5.2.2)

Assuming the number of sub-units X to be a multiple of
N, we define a new sampling frame U', by defining a new set

of units Uy, U)...Uy, wherein, the first X (=X/N) sub-units

constitute Ui, the subsequent X sub-units constitute Ué and

in general the sub-units V(j-1)241 V(j-l)f#Z"‘Vji
4

constitute U! (j=1,2...N). Thus we get the new population

J
frame
[ = ] 1 ! . .
U {Ul, U2...UN} (5.2.3)
Denoting the y-value corresponding to Ui by Y3 we can ob-
serve that Y5 will be the sum of the y-values corresponding

to the sub-units constituting U; and thus we have
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X
Y! =2 2,4 _ (3 = 1,2...N) (5.2.4)
a=(j-1)X+1

If Y' and Y denote the column vectors

ot | ., ]
¥ ¥

!' = Yé and ¥_ = Yz ’
P :
i ¥ |

the nature of relationship between Y' and Y can best be
visualized with the help of a simple example.

Let us consider the population of size 4 and with

(¥,,%X,) = (15,3); (¥,.X,) = (22,4); (Y3.X3) (19,4) and

(Y4lx4) = (24,5). Here

Ul has 3 sub-units with le 15/3 (3 = 1,2,3);

U2 has 4 sub-~units with sz = 22/4 (j =1,2,3,4);

U3 has 4 sub-units with Z3j

U, has 5 sub-units with ?4j 24/5 (j =1,2,...5).

19/4 (3 = 1,2,3,4); and

From (5.2.4) we get

— —3 ] -]-- [ ]
Y] = 15/3 + 15/3 + 15/3 + 22/4 = 1-Y, + 7 - ¥,
3
Yi = 22/4 + 22/4 + 22/4 + 19/4 = TY, + _..y3
vy = 19/4 + 19/4 + 19/4 + 24/5 = %:-Y3 + Ly, (5.2.5)
and
Y, = 24/5 + 24/5 + 24/5 + 24/5 = %‘Y4

These equations can be written in a matrix form as
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¥' = Ay

where the transformation matrix A is given as

—l 1/4 0 0T
A= |0 3/41/4 0
0 0 3/41/5

(0 0 0 4/5

Thus, in general the relationship between Y' and Y can

be written as

¥' =AY
where
ra a a )
11 12. 1N
A= a a vee A
.21 22 ZN

a o 8 @ a
aN1 N, N

The elements a.; of the matrix are given by

1]
aj3 = @;55/%;

where g satisfy the conditions,

J
(1) %35 20
N
(ii) .zlaij = Xj, for j = 1,2---N
i=
N —

(5.2.6)

(5.2.7)

(5.2.8)

(5.2.9)

(5.2.10)

(5.2.11)
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Now we recall the definition of a stochastic matrix.

Definition 5.1:

An NXN matrix P = (pij) is called a stochastic matrix
if
and

N
(ii) L p,: =1, i=1,2...N
j=l ij ’ ’

Lemma 5.1:
Every NXN stochastic matrix P = (pij) satisfies the
equation P.1 = 1 where 1 denotes the Nx1 column vector of 1l's.
Proof is immediate from the definition.

Now, since each xj>° we get from (5.2.8)-(5.2.10) that

aij >0 (5.2.12)
and
N
a.. = 5-2013
PR ( )

Using (5.2.12) and (5.2.13), we get from Definition 5.1
and Lemma 5.1 that:

The transpose A? of the matrix A of (5.2.7) is a
stochastic matrix and hence satisfies the Equation
aT.1 = 1.

Hence from (5.2.6) we get
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y'= sy =yT1=yTaT1=yT.1= Iy =Y (5.2.14)
i=1 * i=1
Thus, in order to estimate the population total Y, we can
use the sampling frame U'. Now, we consider the procedure
of selecting a simple random sample without replacement of
size n from the population U'. We will call ﬁhis procedure
as 'Modified Simple Random Sampling' (M.S.R.S.), since we
are adopting the simple random sampling procedure after

modifying the sampling frame. The estimator of the population

total proposed is

n
¢ = N ! L) [}
Ywsrs T 5 2 Vi (5.2.15)
As is well known,
N-n N, N _,2 -2
[P L ... S 14,
V('S?MSRS) T n N-1(121Y1 NY®) (5.2.16)

Theorem 5.2:

A

As an estimator of the population total Y, YMSRS

has uniformly smaller variance than the Rao, Hartley and

Cochran's estimator.

Proof:
Variance of the Rao, Hartley and Cochran's esti-
mator is

Y,?
(z-i- -~ vy (5.2.17)

P

V(Y (1" ﬁ-_—l' .r—l-

ruc) =
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From (5.2.16) and (5.2.17) we get

_ N(N-n) T _
- n(N-l)(!-DX
_ N(N-n) T
“anen T
where
r
dl 0 0 ...
D = 0 d2 0 ...
0 o0 ...
with
1 X
d T e 52 e
and
¢ = D-ATA
Now, let
_ _ AT
Then,
N

b..= ¢t a,a
og=1 " Ky

Thus, we get

- N
ycy = 1 (d;-b; )Y
i=1

i<j

2
(0 VPR S
Y A AY)
0
0
2 X
. =2 binin

(5.2.18)

(5.2.19)

(5.2.20)

(5.2.21)
(5.2.22)

(5.2.23)

(5.2.24)
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If we define
N
B.: = ¥ a, « >0

we get by using Equations (5.2.10) and (5.2.11),

N N N _ N
B, = ZB.,.= La, (Za,)=X1a
i 42113 gy Ky oyo1 Ky K=1 %i
= Fe 2,
= X Xi = Xi di
By syﬁmetry of Bij we get
N N _ 2
.= X ) = B. = X-X. = X,"-d
B-J 1_18 ij 1_1831 BJ' J ] ]
Also from (5.2.8) we get
N N
2 2 2 2
B.. = I a = X, I a = X, b,
1; K=1 Ki i g1 Ki i i1
Equation (5.2.24) can be written as
Y Y.
vTey = 3 (@,-b;)v. %2 pg . L.
i=1 1 i<y 13 %3 i

i=1 i<j
Y 2 Y. 2
13(—_7 + —12)
1<3 TR &

Now using (5.2.26)-(5.2.28) we get

(5.2.25)

(5.2.26)

(5.2.27)

(5.2.28)

(5.2.29)



214

Yiz 31; 1 Y12 v 2
T B..(— + ) =5 T B.sf + )
i<j I x X. 2 545 11742 }_clf
i J i J
1 N ) Yiz N | Y.2]
==[ Z(B:~ B:: + X (B.y Bss
2 i=1 1. 11 _X? j=l J JJ ;;-2-
N Y.lz
= L (B -B;;) —5
i=1 1 11 xi
N 2
= iil(di—bii)yi (5.2.30)

Thus, from (5.2.29) and (5.2.30) we get

T Y, Y. 2
icg TIA Ay
>0

because Bij is nonnegative.

Hence we get from (5.2.18) that

_ N(N-n) T

Vg~V (Eygrs) = nn-1) L CL 2 0

Q.E.D.
The technique of cluster sampling is widely used in
large scale surveys in view of its operational conveniences
and particularly due to its advantages in view of cost
considerations. In situations where it is convenient to take
certain naturallyv formed agrouns of units as clusters. the

cluster size would, in general, vary from cluster to cluster.
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Households which are groups of persons and villages which are
groups of households are most often considered as clusters

for purposes of sampling. Since in most of the practical
situations the cluster total of the variable under study is
likely to be positively correlated with the number of units

in the cluster, it would be profitable to select the cluste:s
with probability proportional fo the number of units in the
cluster. In particular one can adopt the Rao, Hartley and
Cochran's procedure in view of its applicability in large
scale surveys. Alternatively one can use the 'Modified

Simple Random Sampling' procedure described in this section
with advantage. Instead of assuming that all the sub-units of
a cluster have the same y-values, which we did for theoretical
purposes, we actually observe the corresponding y-value for
each sub-unit that gets selected in the sample through the
method of MSRS procedure. The results, however, are not
expected to deviate from the theoretical studies in view of
the approximate proportionality that usually exists between

the study variable and the auxiliary variable.

Numerical example:

The relative performance of the RHC estimator and the

MSRS estimator is studied through the help of an example.

L A A A J
The data considered heore is the 1960 populatio

first fifteen counties of Iowa by minor civil divisions.
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Considering this as our population under study, our purpose is
to estimate the total number of inhabitants in the first
fifteen counties. The counties are considered as clusters
and the minor civil divisions within the county are the
elements within the cluster. Instead of presenting the
y-values for each minor civil division, we presented in
Table 5.1 only the y-values and the number of minor civil
divisions for each county. We also presented the y-values
corresponding to the modified frame which are denoted by Yi.
The true variances of the RHC estimator as well as the

MSRS estimator are calculated for samples of 3 clusters

and we obtained

_ 5
V(QRHC) = 1475965 x 10

and

5

Vv = 1022261 x 10

Yysrs!

Relative efficiency of the MSRS estimate with respect to the

RHC estimate is

1475965

J022261 - 1-44
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Table 5.1. Table of the county totals Y., number of inhabi-
tants Xi and the correspondifig Yi

County Number of inhabitants® Number of minorb Yi'
No. Y civil divisions
X5
1 15534 27 15903
2 10206 17 17943
3 23538 25 33400
4 26358 31 21307
5 15715 18 19876
6 36499 38 115541
7 227737 30 162557
8 45251 33 17034
9 33479 24 36906
10 33063 - 28 32372
11 34457 29 37156
12 26383 30 21696
13 24724 31 30189
14 37888 34 26718
15

29031 25 31265

@rhe total number of inhabitants = 619863.

bThe total number of minor civil divisions = 420,

the average number of minor civil divisions = 28.
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