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I. INTRODUCTION

Sampling techniques are being used with increased
frequency, and it is now widely recognized that a properly
conducted sample survey can often be a good substitute for a
complete census when it is desirable to gain information about
some characteristics of a population.

The errors associated with a sample survey may be classi-
fied into two types of errors, namely sampling errors and
nonsampling errors. The sampling error is determined by
the sampling design and the estimation procedure. One of the
widely used methods in survey sampling for lowering the
sampling error is the judicious use of supplementary informa-
tion.

If data on an auxiliary characteristic X correlated
with the characteristic Y under study is available, then it
is customary to use this data to pfovide a more efficient
estimate of ¥, the population mean. This can be done either
(1) by selecting the sample with probability proportional
to size or (ii) using ratio or regression methods of esti-
mation after selecting the sample by simple random sampling.
In order to select the sample with probability proportional
to size, it is necessary to have in advance the data in regard
to size for all the units in the population. This may not
always be the case and therefore cannot be used in the

selection process, but usually it can be collected in the



course of the survey itself and used in a variety of ways at
the estimation stage to provide more efficient estimates of

the population characteristics under study. We do not con-

sider the sample design aspect but refer to Sampford (1967)

and his bibliography in this subject matter.

Frequently the situation is such that the auxiliary
characteristic X is positively correlated with Y. In that
case if an estimate of the population mean Y is sought and
population mean X is known, then, under certain conditions,

the classical ratio estimator of ¥, given by

Yy = =X,

i<l

is more efficient than the mean per unit estimate y.

An example of the use of the ratio estimator is the
estimation of the average surface area of the leaves in a
basket. The average weight of all the leaves would be easy
to determine. Hence weight would be the auxiliary variable
X. Since surface area is difficult to determine, an estimate
of this average could be found by determining the average
surface area of a small sample and then using the ratio
estimator.

The estimator §k is in gerneral biased and the bias
is given by -cov(g; X). This bias is negligible if the

X

relationship between Y and X is linear and passes through

the origin or if the sample size is sufficiently large.



Several lines of research have been considered for

reducing the amount of bias. Hartley and Ross (1954), con-

_ ny.
sidered the estimator r = %- X Ei and obtained its bias.
i=1"j

Estimating the bias and then adjusting the estimator r for
bias, they developed an unbiased ratio type estimator of Y.
Another method of reducing bias is the technique developed
by Quenouille (1956), Murthy and Nanjamma (1959), Durbin
(1959) for estimating the bias of a ratio estimator un-
biasedly to the-second order §f approximation based on inter-
penetrating .sub-samples. This estimator may then be used
to correct the ratio estimator for its bias, thereby getting
a ratio estimator, which is unbiased to a second order of
approximation. Another technique consists in modifying the
sampling procedure so that the ratio estimator §§ becomes
unbiased. The procedures suggested by Lahiri (1951) and
Midzuno (1950) are of this type.

No matter what type of ratio-estimator is used, its
usefulness is somewhat restricted. The ratio estimator is
at its best when the relationship between ¥ and X is linear
and the line passes through the origin. Cochran (1963)
discusses conditions under which the ratio estimator is
optimum.

Even though Y and X are correlated and the relationship
between the two variables is linear, it is often the case

that the relationship does not pass through the origin or the



correlation between ¥ and X is not sufficiently high to
recommend the use of a ratio type estimator.

In such situations the use of regression type estimators
is usually recommended. A frequently used estimator of this
type is the so-called difference estimator suggested by

Hansen, Hurwitz and Madow (1953), defined as

whazre BO is a fixed constant, assumed to be known. The
value of 80 that minimize V(§é) is easily shown to be

- — 2 . . . .
?0—82— 512/31 , wWhere 82 is the regression coefficient of ¥
on X. If no reliable guess can be made about the value of
the regression coefficient, the usual practice is to esti-

s
mate it from the sample by 82 = -l%-where Sy and sl2 are
s

i

unbiased estimates of S12 and Sl2 respectively and we use

as an estimator of ¥, the regression estimator §& defined

as

The difference estimator §é is an unbiased estimator of

the population mean Y and its variance is given by
2,._ 2
G, (1-p%)

—— [1+67]

V() =

where



(p - Poa
92

2)1/2

)

(1-p

The regression estimator on the other hand is generally
biased, the bias vanishing when the relationship between Y
and X is linear. Further its variance to terms of order
1 . .
=5 1s given by

2
n

v, = 1+ .

If we are fairly certain about the guessed value BO
of B,, it woﬁld be desirable to use §a as an estimator of
Y. If however, this is not the case and our guessed value BO
is likely to differ from 82, it may be preferable to use the
regression estimator §i. Sometimes, however, it may not be
obvious whether our guessed value is close enough to 82 or
not, and in such situations it would be desirable to choose
between the two estimators on the basis of a test of
significance of the relative closeness of BO to 82. The
problem of estimation subsequent to tests of significance
has been considered by several authors.

Although inference procedures involving preliminary
tests of significance have been extensively used in the past
by statisticians, only recently, have attempts been made to

evaluate properties of such inference procedures. Bancroft



(1944) was the first to study the overall properties of
inference procedures which incorporated a preliminary test of
significance with subsequent inference of prime interest. He
calls such procedures "Inferences for incompletely specified
models" (1965). Many authors have covered various areas
concerning aspects of preliminary testing.

Kitagawa (1959) discusses biased estimation of linear
regression coefficients under an incompletely specified model
and gives sequential designs of experiments in two and three
stages where preliminary tests of significance are used to
decide whether to perform further experiments in order to
obtain a better fit.

Larson (1957) and Larson and Bancroft (1963a) derived
the bias and mean square error of the predicant Y in
multiple regression with k coefficients for the case when a
preliminary test is made to see if the last m, where m<k,
regression coefficients considered jointly are all equal to
zero.

The consequences of the use of two common sequential
decision rules for determining, in situations of uncertainty,
the number of predictors to be included in a final fitted
regression model with regard to the bias and mean square
error of the predicant Y were developed by Larson (1960) and
Larson and Bancroft (1963b).

Johnson (1967) studied the effect of pooling two



regression lines.
Kennedy (1971) considered the technique of model building
for prediction in regression analysis, based on repeated

significance tests.

A survey of the work done in this area reveals that not
much has been done in the field of survey sampling. Ruhl and
Sedransk (1967), consilzred the problem of estimating the
mean of a population based on a preliminary test of signifi-
cance. Their work dealt primarily with the consideration
of pooling information from two or more sample survey mean
estimates. Carrillo (1969) considered the problem of esti-
mation of variance in stratified sampling subsequent to a
preliminary test of significance of the homogeneity of strata
variances. Tang (18971) considered in detail the problem of
allocation of sample sizes to the different strata based on
a preliminary test of significance and investigated its
efficiency with respect to proportional allocation and
modified Neyman allocation.

We shall consider the problem of choosing between the
difference estimator §é and the regression estimator §£.

We develop a sometimes regression estimator which chooses
between §a and §£ on the basis of a preliminary test of
significance of the relative closeness of Bo to 82. We aiso
study the efficiency of the new estimator with respect to

the difference and regression estimators. Finaily, an



analogue of the sometimes regression estimator has been
developed for the case of stratified sampling and its
efficiency investigated with respect to current estimators

in use.



II. REGRESSION TYPE ESTIMATOR ;g BASED ON

PRELIMINARY TEST OF SIGNIFICANCE

Consider a population of N distinct units Ui(i =1,2,...N)
from which a sample of n units has been drawn by simple
random sampling without replacement. Let Y be the character-
istic under study and X an auxiliary characteristic which is
correlated with Y. Let (Yi’ Xi), i=1,2,...N, denote the
values of the characteristics Y and X respectively, corre-

sponding to the ith unit Ui of the population. Consider the

N
problem of estimating the population total Z Y. or the
i=1
mean
__l N
Y== IY, (2.1)
N . 1
i=1

when data on the auxiliary characteristic X is also avail-

able.

A frequently used estimator is the difference esti-

mator §a given by
Yg = Y * By(X-%) (2.2)

where y and X are the sample means, X is the population mean
of the characteristic X and BO is some fixed constant which
is assumed to be known. This is an unbiased estimator and

its variance is



- 1. 2.2
Viyg) = g=7 = Flo #8p 9y -

1l 2,2 2
S n[02 +BO o, 2B

(2.3)

if the population is infinite or the finite

correction factor

unity,
where
022 = 5(¥-7)?,
2 =2
01 = E(X-X)",
and
Oyp = E[ (Y-Y) X-X)1.

can be assumed to be

(2.4)

(2.5)

(2.6)

If BO is in fact equal to 82 = 5 the regression coeffi-

cient of Y on X, then §é is the minimum variance unbiased

estimator of Y.

When 82 the regression coefficient of Y on X is not

known, it is customary to estimate it from the sample with

a consistent estimator of 82
s
s _ 12
By = s 2
1l
where
1 3. = =
S12 = ao7 L(xy-x) (y5-y)

1

given by

(2.7)

(2.8)

with Z indicating the sum over all the units in the sample

1
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‘—lT (x -x) {2.9)

S1

FMS

The estimator of ¥, so obtained, is known as the regression

estimator and is given by

Y, =¥+ B,y (&%) . (2.10)

In general, this estimator will be biased and the bias is

given by
Bias (¥,) = -c°v(§2, X) . (2.11)

The variance of this estimator to the first order of approxi-

mation is

- N-n l .
V(Yz) * N1 57 9 (l p ) (2.12)

l

02 (l-p )
n

r

c
where p = cl§ is the correlation coefficient between ¥ and
172

X. If the joint distribution of ¥ and X is bivariate normal,

then the bias of the regression estimator reduces to zero
and its variance is given by

2
62 (l-p )
n

V(F,) = [1+ == . (2.13)

It is known ( see for example, Hasel (1942)) that if sampling
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is with replacement, E(yijlxi) = a + B,x; and V(yijlxi) is a

constant that is independent of Xs s then the regression
estimator is optimum in the sense that it is unbiased and
has minimum variance.

From past experience, we are often able to make an
intelligent guess about 82 the regression coefficient of Y
on X. Let BO denote the guessed value of 32' If Bo is
relatively close to 62, it would appear from the above that
§a is more appropriate than §k as an estimator of ¥. If
however, BO is not relatively close to 32' the regression
estimator §k would appear to be the most appropriate of the
two estimators. We therefore propose an estimator which
chooses between §£ and §é' based on a preliminary test of
‘significance of the relative closeness of By to B,. This
estimator to be called sometimes regression estimator, may

be defined as

Yo = y + Bo(i;i) if the preliminary test indicates
that 82 is relatively close to BO’

=3 + §2 (X-X) otherwise. (2.14)

A common method of making a test of the relative closeness

of B, to B, is the usage of the statistic
2 0

n=2(8,-8)s;

175 (2.15)

t

2 »~ 2 2
(sz -82 sl )
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=]

1 - 2

[

Using the test statistic t defined in (2.15) for testing
the relative closeness of 82 to BO’ the sometimes regression

estimator §; now takes the form

Yo T Y + BO(X-x) if tea
(2.17)

=7+ §2 (X-X) if teaS,

where A is the acceptance region in the sample spacé and
A% is the rejection region.

Now we need to look at a criterion for deciding whether
or not the proposed estimator §; hag any advantages over §a
and §i. Commonly, statisticians use squared error as a loss
function. This then leads to considering the wvariance of
the estimator §; if it is unbiased, or the mean sgquare error

of §; if it is biased. We then have the expected value of

§; given by
E(y,) = E(F4lap@a) + E(¥,|2%)2@% , (2.18)
and the mean square error of §; is given by

M.S.E. (§'s) E('is-i?)z

ELF-D 2 alp(a)+51(F,-D?[2%12 (% . (2.19)
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The acceptance and rejection regions will depend upon
the a priori information available concerning the possible
range of values of Bz. In order to evaluate fully the ex-
pected value and mean square error of the estimator §;, it
is necessary to define precisely the acceptance and re-
jection regions and make suitable assumptions about the
joint distribution of Y and X. This will be done in the

next section.
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III. EXPECTED VALUE AND

VARIANCE OF 175

As stated in the previous section it is necessary to
make suitable assumptions about the joint distribution of X
and Y in order to obtain a closed form for the expected
value and the variance of §;. A widely used and gquite often
closely fitted distribution for large populations is the
normal distribution. In what follows, we assume that the
population is infinite and that X and Y have a bivariate
normal distribution function. Under the hypothesis that
B, = BO and the assumption that X and Y have a bivariate
normal distribution, the test statistic t defined in (2.15)
has a central "Student's t" distribution with n-2 degrees
of freedom. We shall consider three different cases, de-
pending upon the a priori information available concerning

the range of values of 82. These are:

Case 1I1:
From past experience, it is hypothesized that 82 is 80,
but nothing further is known about 82. The estimator to

be used here is

L =¥y if |t] <t

M

0
(3.1)

vy, if |t]| > ¢,

where to is a fixed positive constant.
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Case II:
From past experience, it is hypothesized that 82 is 80
and also it is further known that 82 < BO. The estimator

in this case is defined as

ys=§d if t 2>t

(3.2)
=Yy if t < t

where t0 is some fixed constant.

Case III:
From past experience, it is hypothesized that B, is Bo
and also it is further known that 62 > Bo. The estimator

now reduces to

Y. =Yy, if t <t

=Yy if t > t0

where t0 is a fixed constant.

Theorem 3.1l:

§; is an unbiased estimator of the population mean

¥, that is

E(i;‘s) =Y . (3.4)
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Proof:

Consider the estimator §; as defined in its most general

form in (2.17). Then, we have

E(F 0P @) + E(F,|2%P 2%

E(¥,)

E(y|a)P (@) + E(¥[a®)p(a%)
+ BoEL (X-X) |alP(a).
+ E[8, X-%) |a%1p (a%) .

Under the assumption of bivariate normality, we have that x

and (slz, 522, 512) are statistically independent, and

therefore
E(f, (X-%) [a°1p(a%) = E®-R)ELE,[a"1P@°) .
Also

E[(X-x) |alP(a) = E(X-X) = 0.

Hence
E(¥,) = EF|ar @ + E(¥|a%) @
= E(¥)
= ¥.

Hence the theorem is proved.

Since §; is an unbiased estimator, we now obtain the

variance of §;.
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V(F,) = EF-D°

= E(ﬁ-IS) 2 g2

E('idzlA)P(A) + E(§22|A°)P(A°)-?2

= 8T 0)-T + EF,2a%2(a%) - EF, 2% e %)

V(T + ELF + B, ®%)%|a%1pa%)
-E[ ([ + 8,(%-1))?|a%1p(a%

= V(T + 2E[(B,-8,) X-D7|a°1p(a%)
+28 E[ (B,-8,) &-%)%[a%1P (a%)

+ E[(B,-8,) 2 &0 %[a%1pa%) |

Under the assumption of bivariate normality, we have that

(x, y) and (slz, 522, s,,) are statistically independent, and
therefore
20
V@E) = VT, - =2 EL(B,-8,)[a%12a%
2 2
2B.C c
0"1 2 c c 1 I~ 2,,.¢C c
+~———E[(B,-8,) |ATIP (A7) +—=—E[ (8,-8,) " |a"]P (A7) .

(3.5)
In order to further evaluate this, we need an expression
for E[(gz-so)hlAc]P(Ac) for h = 0,1,2. This is obtained for
general h and is given in Lemma 3.1. Although in practice
t, will always be negative in Case II and positive in Case

0
III, for completeness, the variance will be developed allowing



t,. to be any real number.

0

sample size is n>4.

Lemma 3.1:

Case I:

19

It will be assumed that the

KB (| €] >£,)EL (B,=8,) Bl{e] >t
- h+1+l n+1—h—l
_ L1y (e(enbtiy 28 7 I )T ) (@z2 heitl
2i=0 = TYi+l) m, 2 ' 2
1+8
(3.6)
- . h+21+l n+21 -h-1
r (28 )21 I( )T )I (@2 ht2i+l
.- F(21+l) m, 2/ 2 !
i=0 /l+62 0
if h is even; (3.7)
)
’.
| - h+21+2 n+21 ~h
|y 28 )21"'1 r( )T )1 (@o2 ht2it2
e r(21+2) m VT T2
\ 1=0 1+8 0
i (3.8)

\

if h is odd.
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Case Il:

mmﬁwAnovaAmmlmovw_nAno_

+Il|
. as 2t wﬁw+ww+wvﬁﬁb NH h Hv
=z ( ) TEiFD)
=0 V1482
. w+P+H v+H|#lH
O TR )T ( ) | (@s2 heisl
5 ’ ’
2 i=0 /2 wAH+Hu m, 2 2
148
if h is even and t,>0; ‘ (3.9)
. 0s 2i+l Hﬁv+wv+wvwab+~ulwv
=z (2
— |H~NH+NV
1=0 ¥; .52
. #+P+H b+v|5lw
1y 2 b )T ) o (@2 htitl
2.2\ — T+ T - S
- 1+6 0
if h is 0dd and ty>0; | (3.10)
© . w+w+w u+plwlw
_1 n+i 28 3 T ) @=2 htitl
=3 =) “F D) T 7 T
i=0 1+6 0
if t.<0 (3.11)
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Case III:

KP(t>t,)E[ ('B:.,:-Eio)h l t>t0]

= Z '
—> T (21+1)
1=0 v .52
o . h+1+1 n+1-h-l
s L g (epbtitr 28 7 i ) Y @2 hritl,
2 .5, — r(1+1) my 2 ' 2 '
4 1+68
if h is even and to<0; (3.12)
o 26 2i+1 I'(h+21+2)r(n+21 h)
- 1Eo (/-—-2-) T (21+2)
i+8
h+1+l n-i-:.—h-l
_L 5 vl 28 P T )T ). (az2 hti+l
7 ’
2i=0 ’ W I'(l+l) mO .2 2
if h is odd and t0<0; (3.13)
1 N . )i I,(h+:|.+1)1..(n.-i-:|. h-l)I (n-z h+i+l)
= 5 ’ ’
2 G?- I'G.'l"l) mo 2 2
if t£,>0. ' (3.14)



where
( - Bp9,
o- =24
§ = ——2 (3.15)
(1-p2) 172
m, = —— (3.16)
0= T )
1+ 2
n-
Mo
Ty, (2B = =5 Jo 2871 (1-2)P 14z, (3.17)
B(a,p) = HRLLEO) (3.18)
and
" n-h-1
o h I_1'__..
K= (—2—) /A& ass® 2 . (3.19)
'02 1-p
Proof:

In order to find the expectation, the joint density
function for the variables over which the expectation is

taken is needed. It is well known that the joint density
s
. _C12 . .
function for S1+ S, and r = 5152 is given by



f(sllszlr) = 2 2

if 0<s;<®, 0<s,<=, and r?<1,

LO otherxwise,
with

_ (a-1)""t
Ky = n-1 °
nT (n-2) [ (1-p) 0, 20,2] 2

Making the transformation

(n-.l)sl2

u = T——T ’
261 (1-p7)

_ (n—l)rsls2

choz(l-pi)

2
(n-l)s2

w=_._r___
20, (l-pz)

and noting that the Jacobian of the transformation is
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3 (u,v,w)

3 (S-lISZIrT

2
°1°2(1'° )
2(n-Duw '/

the joint density of u, v, and w is

n-4

Kz(uw-vz) 2 exp[=(u-2pviw) ]

f(u,v,w) = for O<u<=, O<w<x, and v2<wu;

0 otherwise;

where

n-1
_ 2n-3(l-p2) 2

K = =

In terms of the transformed variables u, v, and w

” rs
B2 = 52
1
-2
ucl
and with
£ = e,
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we have

1
(v—= —= B8,)
02 0
a 2I/2‘
(aw=-v")

Consider the transformation

u=u
v =y
and
o o VUZ—BOuGl .
(uw—vz)l/zc2

Noting that the Jacobian of the transformation is

. la(u.v,t') -t
s(u,v,w
up.c., 2
-2 (v=- g l)
— 2
14
ut'3

and the fact that if t'>0 then

ugo

1
V>_.._B,
o, 0
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and if t'<0 then

the joint density function for u, v and t' is

- 2
Bouc:l n-2 Boclu
(V - 5 ) (V- e ) 2
2 2 v
K -(u-2 + ——— +
f(u,v,t")= 3 u(t')n“'l exp[ (u pVv o a )] ’
in Rl; (3.20)
n-2 2
Boudy, .. Bpoyu
Iv- 02 ! = g, ) 2
K — exp[-(u-2pv+ —5— + 91,
3 uIt'ln i ut’ u
in R,; (3.21)
0 otherwise;
with
n-1
-2 2, 2
_ 2874 (1-p%)
X3 =Ty (3.22)
ug; By
Rl = {0<u<=, 0<t'<>, v> 5, }, (3.23)
and
R, = {0<u<», =-o<t®<0, v< 55 1. (3.24)

In order that f£(u,v,t') be in a useful form, it is
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necessary to work with the exponent and express it in a

more convenient form. Now

Bouc 2
(v- =)
[- (u-2 22 vt
exp[- (u-2pv+ - + —
ut'2 u .
2
B uc 0 2
= expl-(u(1-p%) (1+6%)+(v- 22 (5
2 ut'
fr—— B . uc
-28 l-pz(v- —23;&0)].

Then expanding the last term of the exponent as an infinite

series, the joint density f(u,v,t') can be expressed in

the form
K 2 Bauo, 2
£(u,v,t')= —3— expl-u(l-p?) (1+6%)- LE_(v-1)"] &
ut' ut' 2
n+i-2 i
. B uc: . =
2
2 ~TF D)
K 2 B uc
3 2 2, 1+t' 01,2
= —5or expl-u(l-p”) (1487) (v- )71 x
ule[? ut'? 2
. . B n+i-2 . j;
. (_1)121|v__98514 sl(l_pz)z
2 FI+D) ‘

in R2; (3.26)
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=0, otherwise . (3.27)
Let
t
g = =2
0 ’
Yn-2

where ty is a positive number.

P (t<ty) E((By-8q) Pl t<ty)

P(t'<td)E((B,-8y) | ' <t})
V0'2

] L} - h ] L]
P(t <t0)E((ﬁEI 30) |t <to)°

The region of integration can now be split into two mutually
exclusive regions namely R, and
Bouoy

= {0<u<=, 0<t'<t}, S <v<eo},

R
3 7o

Then

P(t'<t})E((B,-8,) ' <ty

Bouol 02 h
= J [ (v- S )uc ] £(u,v,t')du dv 4t'
R2 2 1
Bouol 62 h
+I [ (v- = )EE-J f(u,v,t'")du dv 4t
R3 2 1
= IZ + I3 -
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Now,

B.uoc, © h
[v- 24 217 £u,v,t')du av 4t

2 JRz o, "ugy

0 f®p————0o, h h+l 1 2 2
fo3 2 1 —_—:—exp[-u(l_p )(l+6 )] X
Sl e

2 B.uoc, 2
071
(v 5, ) 1

_1+t!
)

m -
g (1) expi
i= ut!

Bouc1 n+h+i-2

0'2 /—-—1

[ v-
T ( 26"1-p%) av au at' .

Making the change of variables

u=u,
£' = ¢',
and
oo P01
o
X = 4 2,
73 Ya [t']
we get
0 r>r0 © h+i 7 2..1
— _ _A2 2 {(~1) /7 1-078)
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n+i-h-3
2 h+i 2 .

u [t'] X n+h+i=-2

x A= exp (-39 | x| ldx du dt'
(1+t12) 2
where
h n-h-3 n-1
K, = (Sgg 2 2 (1'92) 2
4 oy 7l (n=-2) °

In order to evaluate the above, it is necessary that we have

the following lemma which is stated without proof.

Lemma 3.2:

0 n -3x ®© -35X
J x| e 2 ax = J x| e 2" ax
-0 0
ne0 -%xz
= (-1) J X'e
n-1
=22 &Y.

Because the series is the result of expanding the exponential,
the order of summation and integration may be interchanged.

Hence upon evaluating the integrals in x and u,
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- h+i 0s i r(n+:f.-h l)r(n+h+1-l) @ t'h+i '
I= kg & (-1) ) T EFD) ATRFI=IOt
=0 1452 0 237 —
(1+t'7)
where b h
x - (3_2_) 2n-3(l-p2)2
5 Gl n-h-1 °
1T (n-2) (1+§2) 2
Making the wvariable change
Yy = L
1462
we have
© (t')h+i 1 (1 h+;-l E%i
| J— -
JO aFhFi-r 9t' = 7 JO (1-y) Y dy
(1+£12) 2
4
(n22)r(h 1+l)
= + — -
zr(n_"'lzl_)
Hence, we have
’ . n+1-h- h+1+l
I =K 5 (-l)h+i( 28 )l T( )T )
2 6 ._ T(i+]1)
1=0 1+62

with



32

h
o, h 2" (B52) (1-0%)2
Kg = (EI) 5=h=1 .
al (n-2) (1462) 2

Again without proof the following useful lemma is given.

Lemma 3.3:

. . 3
rZHrdhe o= rG-aw .
Using Lemma 3.3, we have

h+i+1 n+i-h-1

o . ir( )T ( )
1, = 32 & (-DMIEL 2 . T 2 i
i=0 V1462 *

The same steps used in finding 12 can also be used to

find I3. These are given below without explanation.
Bouol a, h
I3 = f [(v- ——)zz1 f£(u,v,t')du dv dat’
R ug

2 1

3

! p0or o~ h h+1
- K3J Of I ) (%) — —expl-u(l-p?) (1+5%) Ix
0

p -1
0 usocl 1 (")
92
+h+1-2
12 B uc. 2 B.ug., —
« expl l+t2 (v Oc l) 1 (v- Oc l) (28 l-p)ldvdudt'
3 ut' 2 2 :
T (1+1)
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t)pop® . /e i
_ of [ o 2 2 [(_2/_—1-05)
= xpl-u(l-p“) (1+67)] =
4[o 0o j=p T (*I)
n+§—h—3 heti
' +h+i-~
= r(lfh_),,i_l exp(- 5-) (x) P23 45 au at!
(1+t'%)
- i I,(n+J.--h-- )r(n+h+1 l) ny
-k, 1 (22— 0 (e1)? at’
5.~ r(i+l) n+h+i-1
i=0 /1,42 0 2.3 —
(1+t'%)
o i I.(n-l-i;h'-].)l-.(h+§+l) 02 Rtitl
=Kg I (= ~ T(iFD) -1, (5= =)
1—0 Y +6 0
+i~h-
L7 28 r (@ r Eh (1-1 (B2, Britl,
~2K i=0 /—i;- T (1+1) m 2 ' 2
+
where
m, = 1
0
2
|
1+t
1
= = -
0
1+ -—_—2

Considering the cases of h being even and odd separately

and combining I, and I, gives the result for t0>0 in Case II.

2 3
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Now consider Case II where to is negative. Again, the
same steps used in finding I2 and I3 can be used. For this

case

P (t<t ) E((B,-84) "] t<ty)

Bouoy 9, h
- J [(v- =)z £la,v,t')du dv 4t',
o oy
Ry
where
ua; 8o
= -C0 ' ]
R, = {0<u<=, ti<ty, v < % }.
Hence
P (t<t.)E ((B.-B,)P|t<t,)
0 2 70 0
uf.o
0°1
tl(®r ——= 0, h ; h+l
- K3[ J f 2 (ET) @ ‘:T‘aziexP[ u(1-p°) (1+68%) ] x
welolee e
2 n+h+i-2
2 Byuo B,uo _
expl l+t'2 (v 0 ’l)]lv 0 ll (zsyl—pz)ldvdudt'
g i 1 o 0'2
Z(-l)h+l = 2 I'(1+l
i=0 (1+1)
Eof O z : Z,i
0 2 2. % , . h+i #268"1-p°)
= K4f f f exp[-u(l-p") (1467)] " (-1) Py
=20 = i=0
n+i-h-3
2 e |P¥2 x% nth+i-2 .o g4 gt
mnF=T e¥e(—3) [ u dt

2

(1+£'7)
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= Ky I (-T2 r r(j).-x-l) )I ° [t..lz AFRTI-19C
. n+i-h-1, , ht+i+l
N S I LI B W @2 brivl
. 4
6.2, = (D) m, 2 y,

r(h+i+1)r(n+i-h—l)
1 (-1) h+i ( 28 ) i 2 2 I (n-z h+i+l)
— - - ¥ 4 L4
ZKi 0 G:':S-i- I'(1+1) mo 2 2

Il ™ 8

This gives the desired result for t;<0 for Case II.
The result for Case III can be obtained by using
technigues analogous to those used in deriving Case II.

The result for Case I can be obtained as follows. We

have

P(]t'|>t6)E((§2-80)hlt'[>t6)

Bouc 02 h

=f [ (v- 1, 2 3" £(u,v,t")du av dt'
G, ' uo
R4 2 1
Boucl 62 h

+ [ [(v=- = )=——] f{u,v,t')du dv dt'
uc
R5 2 1

=I,+1I
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where

R = {0ug=, v > s t

%2

We obtain the desired result immediately by recognizing that

I, is the same as Case II with tj<0, and I is Case III with
1

t5>0.

Remark 3.1:

Upon setting h=0 in Case II and using Lemma 3.3 we
get the distribution function of the t statistic and hence

the power function of the t test is given by

) +2i-
, | ; 62 )1 r(E_%i_l)
P (t<t = ( =
07 i=0 1+6° Bl

r i+ @h (1+6%) 2

n+i-1

o i I( ) :
1 [0 2 n-2 i+l
_..2_2 ( ) n—1 Im (_2 ’ _2 )l
=0 Y1482 a2, . n-1 2, 2 °
P (=T (=7 (1+67)
for t0>0;
+i-1
. r(Eiss .
D PR § ) * 2 n-2 i+l
I —— aT'm, 27 =)
+ i -
1+¢$ I.<n.-l-2)I.(n l)(l+62) 2
2 2
for t,<0. (3.28)

Upon recognizing that
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n+2i-1 . n-1
S R G S S
2 +62

- 1i=0,1,2 ..
T(i+1)T (9-2—1-) 1+6% 1

is the density function of the negative binomial, we get

upon simplification

- i I.(n+:'L---l) .
P(t<ty) = 1- %'Z (—2—) 2 AIom (n;2' l;l)’
i=0 /2 i+2, . ,n-1 2,73 0
I‘(T)I' (T) (1+68°)
for t0>0;
. i I.(n+i-l)
1 s — n-2 i+l
= 5% (-1)%( ) =Tim (7T
i=0 1452 i+2, . n-1 2,2 0
I‘(—z—)I'(T) (1+87)
Remark 3.2:

Referring to (3.25) and (3.26), if we integrate out u
and v and make the transformation t = vn-2 t', we get

the density of the t statistic,

i
t
. . . ( )
N © I.Z (n+:|. 1) 612n+1 3 /a7
£(t/8) = z - n+i-1 5 n+i-1"’

for -«<t<e

= 0, octherwise . (3.30)
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When 6=0 this reduces to the central "Student's t" density
function with n-2 dégrees of freedom.

It is possible to define a sometimes estimator of the

regression coefficient as
BO if teA

B2s =
B, if teaC.

There are three different cases for this estimator, analogous

in nature to those of the sometimes regression estimator.
They are:
Case I:
. By if [t]< tg
st = .
B, if [t[> ¢y,
Case II:
" ~ 60 if t 2>t
Bas =24 .
B, if t < tg,
Case III:
. BO if t < to
P25 ~ B, if t> t
2 o °

Using the results of Lemma 3.1 we get the expectation
of the sometimes estimator of the regression coefficient.

In general §25 is a biased estimator of 82. Noting that
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E(B,.) = By + E[(B,y=8,) |tea®1P (tea®),

we obtain from Lemma 3.1 the following corollary:

Corollary:
Case I:
4 02'1-92 o s 2i+l
ElByg) = Bg * ) E )
2,73 n-1, 0 Y3442
0, (1+687) T (—==)
1 2
n+2i-1
T me2 2is3
T3iF2. m.v2 ¢ T2 7'°
P(-f——ﬁ 0
Case II1: —
~ o, 1-p7§
E(BZS) = BO + c
1
__ % 1-p° (S i r(n+;-2)1 B2 it2,
n-2 - ,/'—2') i+l m 2" 277
2,77 ,a-1, 0TS THT 0
20, (1+67) T (==)
1 )
if t0>0;
9 1-p° ® it1, & |+
— i=
20, (1+8%) 2 r&d 1+$
1 2
n+i-2
xr(_z )1 n-2  it2,
I+1 m 27 2 7«
T(—i-) 0
if t,<0.

0
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Case III:
~ oz'l-p§6
E(Byg) = By + =5
1
g, 1-p ® jv2, 8 *
+ — $ (-1)*T4 )
—_— 1 =0 2
2 n-1,t 1+8
n+i=-2
T3 L mo2 is2
r(l+l) m, 27T 2 7/¢
=2
if £,<0;
Sy 1-p° > s i r(n_—+§-2) n-2 i+2
= Bo" n-2 £ ¢ ) T T 7T
5 2.5 n-1, 70 Y1452 TS 0
if £>0.
From Lemma 3.1 for Case II with to>0
Vo2
E[ (B,-B )zlt<t 1P (t<t,) = (G2 . p)z' 1 x
27Fp 0 0 o n—3
1 n-1 2, 2
I'(-z—') YT (1+6°)
w 0s 2i I.(2:.-;3)1.(n-i-2:l.-3)
[LZ¢ ) T(Z5FD)

1+$
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- i+3 n+1—,
13 28 )l T(=3T( ) @2 i3
2l =0 /3 T11+1T nb 27 2 *
1+8% |
Using Lemma 3.3
2
l ’1_92 ®(2i+1) T (E*'.gl_'?_’)
E[(B B) t<t, ]P(t<t) (-———) [ 2 -
2 °1 i=0 (n-3)I'(21;2)I'( =)
( 62 )1( )P%i ® (J.+1)T(n+l 3)6
1+6° 1+68° i=0 420 - no1 ) n"'; 3
: 41'("" 5T (A 1+6)
n-2 i+3
xIp 557 .
0
Since
n+2i-3 i n-3
I'( > )I'( 2 ) 1+6 1+6
is the negative binomial density function,
/i 2
E[(B,-8,)2]t<t, 1P (t<t )= (2——> [62 + 2
2 "0 0 0 l n-3
- 3 I (B2, i3y (3.31)
i=0 n+i-3 m, 277 2 ° °
i+2 2

dI‘(—)I'( 2 )(l+6 )
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From (3.5) and using the relationship of ¢

o 2

V@E,) = V(Fy + —— E[(B,-8,)°|a"1P (")

-

280.0 5
- —L22 1-0%2 E1(B,-8,) [2°12 (%) . (3.32)

Using the result of the corollary and (3.31) and upon
substituting into (3.32) we get the result in the following
theorem for Case II with t0>0. The other results of the
following theorem may be obtained by using analogous tech-
niques on Lemma 3.1 to those used in obtaining (3.31), using

the corollary, and substituting the results in (3.32).

Theorem 3.2:

Case I:
. 2i+2
_ _ 20'22(1__92) o I.(n+§1—l)6
Viyg)=viyy) - n iio n+2i-1

T (i+1) T (255) (1+s%) 2

2,._ 2, . n+2i-3, (2i
n-2 2i+3, , %2 (17P7) (2i+1) I (===

x Ip 5= =37 + m [z nF2i=3
0 1=0 . n-1 2. 73—
2r(i+1) T (—2—) (1+87)
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Case Il:

2 2
_ _ _ 0, (1-p7) 2

2(1—p2) . I.(n-{~?z.—2)6_1+l P
+ z I )
n L2 n+i-2 "m 2 ' 2
=0  i41 2 0
F(T)F(-—-—) (l+6 )
2 2 o n+1 3
} o, (1-p7) 5 (i+1) T (—5— )6 . (n—2 i+3)
n . n+1-3 m 2 7 2 7!
1=0 1+2 p;
4T (~— )P( 2 )(l+6 )
if t0>0~
s 2(l_p2) © (-1) I.(n+3. 2)514-1 _
Ygq n i=0 n+i-2 m, 2 7
- i+l 2
T(—E—) ( )(l+5 )
2 2 o n+1 -3
N (1-p7) s (-1) ( i+1) T (—5— )6 L (n—2 i+3)
n . n+i-3 m 2 277
1=0 1+2 2 0
4T ( )P( 2 )(l+<S )

if £4<0.



44

Case III:

V(Y ) —V(Yd) +——-ﬁ-1—_-3-)- (1-(n~-3)8%)

2., 2 @ i+2. n+i-2, i+l
_ 9 (1-p7) ¢ (=1)7 "I (== ¢ L @2 iz
n . n+i-2 m, 2 ' 2
=0 .1 2,2 9
[(==)T (—) (l+8 )
2 2 @ i+2 n+i-3
_ 02 (1-p7) pX (-1) (l+l)r(—T-)6 T n-2 i+3

n . n+i-3 “m ( 27
i+2 2 0
4T ( ) )I'( )(l+6 )

_ 9t -ed) = r (212 51t
= Viyg - n iio n+i-2 ‘mo( 2 '

rhr &l ass?) 2

0,2(1-p%) = (i+1)T 36t 2 543
z =5 I, G5
i=0 , 22 W

<+

n

ar (31 & (1+6%)

if £420

Remark 3.3:

As t0 +o in Case II, as t0+--°° in Case III, and as to*O

in Case I, then V(§;) becomes

2 - n-2 i+2
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Lim V(is) = V(y,)
t
0
0.2 (1~p%)
n n-3’"7

which i1s to be expected since the estimator §; in those

cases reduces to §£.

Remark 3.4:

As t,»=« in Case II, as~t0+m in Case III and as t0+m

0

in Case I then V(§g) reduces to

2 2

g 20,.8 0,8
. - - 2 270

Lim V(ys) = V(yd) = 5" ln + X 5

t

0

2
0

022(1-02)

— (1+6°)

which is to be expected since the estimator §; in those

cases reduces to §a.
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IV. COMPARISON OF DIFFERENT

ESTIMATORS

In this chapter a comparison is made of the sometimes
regression estimator with both the difference estimator and
the regression estimator for all the three cases. It will

be assumed that the sample size is n > 4.

A. Comparison of the Sometimes Regression Estimator
with the Difference Estimator for Case I

For this case we have

) _ oPep?) = 2 @2l g2iv2
v(Ys) - V(yd)- n [iio n+2i-1
ra+) T (1+6%) 2
n-2 2i+3
* In G5 )
0
. n+2i-3, 21
3 (2i+1)T(—=—3—)¢ 1 (@2 23
. ni2ic3 m, 2 ' 2 1"
1=0 n-1. .2 2 0
21 (1+1) T (353) (1+6%)
Let
6 = —2 (4.1.1)
Y1+62
and n-3
nT (224 (1+6%) 2 L
* =3 -
D3 (6, m)) — V(T )-V(F) . (4.1.2)
0,  (1-p7)

Since
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n-3
nT (353) (1+6%) 2

‘)

>0
) ’
02 (1-p

D% (8, m;) has the same sign as V(§§)-V(§é), and we have

n+2i-3, .21

© (2i4+1)T (—=—=)8 i
_ 2 n-2 2i+3
PEO M) = L, T @D g2 T2
n+2i-1, .2i+2
_ ; 2F(———§——)9 1 (B2 2i+3) (4.1.3)
Zo T (i+1) mo 2 7 2 .1.

@ 1 (2237362 .
- n-2 2j+3 . s 2
= jio TG+ Imo(—i—, -25—4[(23+1)-2(n+23 3)6%]. (4.1.4)

Let j=i-l1l in the first summation of (4.1.3), then we have

n-3 n-2 3
P(—i—JImO(—E*: 7)
D3 (6, my) = 3
+23=1, ,25+2
= TI(Fe o _ : o o
+2 3 2 £2343),  m=2 22;5)-1 n22’22;3))
=0 (3+1) 4(3+1) m, 2 m,
(4.1.5)
n-3 n-2 3
r(-i—ﬁlnb(—i—v 54
= 2
n+2j-1, 25+2 I (B2, A3,
.03 Lt 197 . -2 2 +5, 23+3 _ _ Mo 2 ‘
2y TG+D my 2 52 J+1 T @2 23%5) "
= m, = )

(4.1.6)



48

Consider first the effect of wvariation in 6. 6 will
vary over the interval (-1, 1) since § may vary over the

interval (==, «).

Using (4.1.6), Dg(e, mo) can be expressed in the form

(o]
_ 23
D;(e, mo) = .E cg(mo)e ’ (4.1.7)
j=0
where
n-3 n-2 3
Ch(mg) = > , (4.1.8)
zr(n+2 -l)Im (ngz' 21;5) Im n;Z’ZJZB)
C*..(m.)= 0 (Z%iénr - 0 )
J+1'0 T'(3+1) 4 (3+1 I (n-2 2j+5)'
m, 2" 2
j=0,1,2... . (4.1.9)
Lemma 4.1l:
For a>1l, b>1l and h>0,
B(a, b+h) < B(a,b). (4.1.10)

Proof:

The lemma follows from the fact that

1
B(a,b+h) = [ xa_l(l—x)b+h 1 ax
0
1
< f %21 (1-x)P1 ax
0

= B(a,b) . Q.E.D.
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Define

Ié(alb)

IT(a,b+h)

X

(4.1.12)

i

Rx(a,b,b+h)

= B(a,bth) , 0<x<1,
B(a,b) (1-x)

where
d Ix(a,b)

I;{(a,b) = T— . (4.1-13)

Lemma 4.2:

There exists an x* » 0<x*<1 and for which

Rx(a,b,b+h) <1 0<x<x*
=1 x=x*
> 1 x*<x<1, where h>0.

Proof:
Ro(a,b,b+h) < 1.

Also
Lim Rx(a,b,b+h) = +o,
x>1l-
The result now follows on noting that Rx(a,b,b+h) is a

strictly increasing continuous function of x for 0<x<l.

Q.E.D.
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Lemma 4.3:

Ix(a,b) i‘Ix(a,b+h) for a>1, b>1 and h>0.

Proof:

From Lemma 4.1,

B(a,b) =
B(a,b+h)

Since

Lim Ix(a,b) Lim Ix(a,b+h)
x>0 x>0

=0,
we have

I_(a,b+h) I!'(a,bt+h)
Lim =X = Lim X

B(a,b)
BZa,B-!-Es

= 2

> 1.
Hence for given

e = 2-1

>0,

36>0, such that for 0<x<§

I_(a,b+h)
- < TX-W- < L+e
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that is

ix(a,b+h)

l<'W< 24-1 .

Hence for 0<x<§

Ix(a,b) < Ix(a,b+h) . (4.1.14)

From Lemma 4.2, 3 x* 3 for Q<x<x*

Ié(a,b) < I;(a,b+h) .

Let x4 be an arbitrary but fixed number such that 0<xl<x*.
Also let
Iil(a,b+h) - Iil(a,b)
€ = (4.1.15)

2

be given. Then since Ii(a,j) is a continuous function in

X, 3 61>0, 62>0 and 63>O; such that

i) for |x-xl| < 844 0<I, (a,b)<1,

ii) for ]x—xll < 62, I;(a,b+h)>1; (a,b+h) -¢,

and 1
1ii) for ]x-xl] < 63, I;(a,b) < I;l(a,b)+€.
Let
AIXl(a,J,q) = le+q(a,3) - le_q(a,J) (4.1.16)
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and
§ = Mln(dl, 62, 63).

Then, we have by the Mean Value Theorem that

AIX (a,b+h,8) I; (a,b+h)-¢

1 N 1
AIx (a,b,8) I; (a,b)+e
1 1
=1 . (4.1.17)

Hence by (4.1.17)
AIX(a,b,G) < AIx(a,b+h,6) (4.1.18)

for every xe(0,x*).

Therefore by 4.1.14 and 4.1.18 for xe(0,x*],
Ix(a,b) < Ix(a,b+h) . (4.1.19)
Now let x be such that

x* < x<1.

Then we have from Lemma 4.2
Ié(a,b) > I;(a,b+h) .

Let X, be an arbitrary but fixed number such that x*<x2i;.
Then using the Mean Value Theorem, and proceeding in a

manner analogous to that used in obtaining (4.1.17), we find



that 3 &§ > 0 3

AIxz(a,b,S)
AI_ (a,b+h,d)
)

> 1.

Hence

AI _(a,b,d)
X > 1
AIx(a,b+h,6)

for every xe(x*, 1].

Hence if for some X3 J x*<x

I, (a,b) >I_ (a,bth),

3 3

then by (4.1.20)

Ix(a,b) > Ix(a,b+h)

for every xs[x3, 1].

But this contradicts the hypothesis that

Il(a,b) = Il(a,b+h)

Hence for all x 3 0<x<1

I_(a,b) < I_(a,b+h),

and the lemma is proved.

53

(4.1.20)

Q.E.D.
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Lemma 4.4:

For a l' %) 2; g eo e and c = 1' 3 2'
1
I.(a,c) I (a,ct 3)
I_(a,ctl) 3 <1, for O0<x<l.
Proof:
Since

Lim I (a,c) = Lim I_(a,c+l) = Lim I (a,c+%)
+ X + X + X
x+0 x+0 x+0

. 3
= Lim Ix(a,c+§) = 0,

x—>0+
and
I!(a,c) oty 1} (a,c4p)
Lim I}'{(a cF1) a:c T = Lim ———s—,
r — T —
w0t ¥ atcts 0T Ix(a,c+2)
we have by L'Hospital's rule
1 1
Lim Ix(a'C) = <_ < c+2 = Lim fﬁiiifi%l
I_(a,ctl) atc 1 ) 3, °
x>0t X atety  xagt Ixla.ct3)
Let
R
€ = (a+ T =a/2 >0
and let £, be such that

2
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C
0<er e -
Then for

€ = Min(el, az)

there exists a 6>0 3 for 0<x<§

1
I_(a,c) cts
0 <35~ €< : FIT et e s 2 i
atc L larc a+c a+c+5
1
ey £y + e
x a,c a+c+-2-
Hence for 0<x<§,
I_(a,c) I_(a C+£)
x x "7 27 4
I (a,c*+l 3 ‘
x( ! ) Ix(a,c+§o

Now consider
dp{x) =

By (4.1.21) ¢(x)>0

for 0<x<1.

xa—l(l_x)c-l

for 0<x<§.

—[B (1-X) Ef

1 3
Ix(aIC+l) Ix(aJC'l"i‘) -Ix(ar c) Ix(a ,C+§) .

1l
X

' (x)= 3
B(a,c)B(a,c+§o 0
1 3
X c=5 >rx
+B(l-x)f ya-l(l-y) .2dy-(l-x)?[
0 0
1
[ 3. .
ZQYJ

-] ¥y

v* L (1-y) Say

2 (1-y) ey

(4.1.21)

(4.1.22)

We must show that ¢(x)>0
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for 0<x<1,
where 1
(atc) (c+-2-)

B=__—1—'_il'
(a+c+5)c

Since ¢(0) = ¢(1) = 0 then in order to show that ¢ (x)>0
for 0<x<1, it will be sufficient to prove that there exists

an x' such that

¢'(x) >0 O<x<x'

< 0 x'<x<1l .

Now consider

1 1
=X X C==
6 (x) = B(l—x)zf y2 Tt (1-y) ey + B(l—x)f y* -y ay
0 0
3 1
=X _ _ X _ C+=—
-(1-x)2J vy 1 (1-y) 7 lay - f v L(1-y) %dy  (4.1.24)
0 0

and recognize that ¢'(x) and ¢l(x) have the same sign in the

interval 0<x<l.

We shall first consider the case when a>4, we have

1
ct> -5rX
61 () = 2-1)x*"H1-x)  2-S(1-x) 2[ v 1 (1-y) Cay
0
X c-= =rx , _
-Bf vy ta-y) Cay + %«1-x)2f ¥ a-p ey, (4.1.29)
0 0

for 0<x<1.
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X
-1 ctl_B a
4

61 (x) = [-(B-1) 2e+3) x> (1-x) R T 1-y) Cay

3

X
(l-x)f v 1 (1-y) eyl (1-x) 2
0

c+2_2

+2(a-1) (B-1) x> 2 (1-x) 2

(4.1.26)
for 0<x<1.
Let

- X -
6, (x) = -(5-1)(2c+§)xa 1(1-x)°+1-§f v® 1 (1-y) Cay
0

x
-2 - -
a Ya l(l-y)c ldy ,

+2(a-1) (B-1)x (1-x)

C+2-%(l—x)f

0

for Oixil.

Note that ¢2(x) and ¢I(x) have the same sign in the interval

0<x<l. Then, we have
' = - 5, B 3,.,2"1,.__,¢
94 (x) = [(B-1) (c+1) (2c+3)-z-7Ix" ~(1-x)

-(a—l)(B-l)(4c+l§)xa‘2(1-x) ct2

c*tlis (a-1) (a-2) (B-1)x2"3 (1-x)

3(* a- -
+Z-J0ya 11-y)°1lay,

for Ofxil.
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3¢ 3

3
T X

5 (x) = {-[(B-l)c(c+1)(2c+§o-2§._

+2(a-1) (a-2) (a-3) (B-1) (1-x) >
+(a-1) [3(B-1) (c+1) (20+3) -2 = 31x® (1-x)
-(a—l)(a-z)(B-l)(6c+221'--)x(l-x)z}xa‘“‘;(l--x)f:-l

for 0<x<1,

Let

Be 3c

$5(x) = -[(B-1)c(e+l) (2e+) —— = = = 21x°

+2 (a-1) (a-2) (a-3) (B-1) (1-x) >

+(a-1) [3(B-1) (c+1) (2c+3) -2 - %] %2 (1-x)

- (a-1) (a-2) (B-1) (6c+3H) x (1-x)2,

for Oigi;.

Note that ¢5(x) and ¢3(x) have the same sign for 0<x<l1.

For a>4, ¢(x), ¢'(x), ¢l(x), @i(x), ¢£(x), ¢2(X), ¢é(X),
$5(x) and ¢5(x) are all continuous functions for 0<x<l with
the exception that ¢i(x) and ¢£(x) are discontinuous at 1.

Since ¢$(0) = ¢'(0) = 0 and ¢(x) is positive in a neighborhood
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of zero, it must be true that ¢'(x) is positive in a

neighborhood of zero. Thus ¢l(x) must also be positive in

a neighborhood of zero.

By using the same reasoning as used on ¢'(x), it can be

shown that ¢;(x), ¢J(x), ¢,(x), ¢;(x), ¢5(x) and ¢,(x) are

all positive in a neighborhood of zero.

As ¢3(x) is a cubic function of x it can have at most

two stationary points. Since ¢3(x) must be positive in a

neighborhood

of zero and ¢3(1) < 0 then it is allowable

that ¢ (x) be of the form

¢3(x) >

for some Xy

0

0

o O

o

X

2

0§x<xl

X=Xl
Xy XKy
x=x2
xz <xix3
x=x3

x3<xil

and x;. But ¢2(l) < 0 and ¢é(l) > 0.

It follows that ¢3(x) can have no other possible form. This

implies that
1 —

>

¢5(x) be of the form

0
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0 x=x5
>0 <x<1l

X5
for some X4 and xs.

Hence it is necessary that ¢2(x) be of the form

¢2(x) =0 %x=0
>0 0<x<x6
=0 ¥=Xe
<0 x6<x§l

for some xg. It can now be seen that $7 (%), ¢i(x), ¢4 (x)
and ¢'(x) have necessarily the same form as ¢2(x) with the
exception that ¢i(x) and ¢i(x) are discontinuous at x=1.
Hence the lemma is proved for a = 4, %, 5 cee &

For a = % the only real change is that ¢£(x) is dis-

continuous at x=0 at which point Lim ¢3(x) = «, It can be
+
x>0

argued that all of the functions retain the same form as be-
fore.
When a=3 we have

B

] — - 5 3 - C
2 (x) = [(B-1) (c+1) (2c+-2-) -z Z]x (1-x)

13, a-=2

- (a-1) (B-1) (4c+53) x* 72 (1-x) O*1

X
+2(a-1) (a-2) (B-1) (1-x) S* 2+-?4-f v3 L (1-y) S Lay,
0
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3c 2

63 (x) = {[-(B-1)c(c+1) (2e+3)+B2 + 3¢+ 31
+(a-1) [2 (B-1) (c+1) (c+2) -2 - 2x(1-x)

- (a-1) (a-2) (B-1) (6e+5H) (1-x) %} (1-x) 71

3¢ 3,.2

¢3 (X) = [-(B-l)c(c+l) (26+g—)+B—4g- + 2 + -4-]x
+(a-1) [2 (B-1) (c+1) (c+2) -7 - %]x(l—x)

- (a-1) (a-2) (B-1) (6c+5H) (1-x) %,

and hence ¢3(x) is now a quadratic function. It can be

reasoned that the form of ¢3(x) is

¢3(x) <0 0§x<xl

=0 X=X,

for some xl and xz.

¢é(0) > 0, but otherwise it can be reasoned that the func-
tions are of the same form as before.
When a = g-then ¢§(x) and ¢£(x) are discontinuous at x=0.

The necessary form of ¢3(x) is
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¢3(x) < 0<x<x

1
X=X,

xl<x<x2

il
© o o o

X=Xz

<0 x2<x§}
for some xl and Xy e

Here Lim ¢£(x) = =o» and Lim ¢é(x) = o, With the exception

+ +
x+0 x+0

of these changes the functions remain the same.

When a=2 we have

X
¢2(x) = -(B-l)(2c+§)x(l-x)c+l-§foy(l—y)cdy

X
+2 (B-1) (1-%) “*2- 3(1-x) f y(1-y) “lay,
0

83 (x) = [(B-1) (c+1) (2c+3) -2 - 21x(1-x) ®-(B-1) (442 (1-x)°*1

3{* -
+ Z{ Y(l-y)c ldy,
0

83 (x) = {[3(B-1) (c+1) (2c+3) -2 - 2] (1-x)

+ [-c((B-1) (c+1) (2c+3) -2 - 2)+31x} (1-0) 7L,

and
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65 (x) = [3(B-1) (c+1) (2c+3) -2 = 3] (1-x)

+[~c((B-1) (c+1) (2c+3) -7 - P+3lx.

¢3(x) is linear in this case. Further ¢3(0) > 0 and

$5(1) < 0.
Then the form of ¢3(x) is

¢3(x) >0 0_<__x<xl
=0 X=Xy
<0 xl<x_<_l

for some xl. Also

$5(x) <0 0<x<x,
=0 X=X,
> 0 x2<x§;

for some X and

¢2(x) >0 0§;<x3
=0 X=Xg
<0 X,<x<1

for some x3.

The rest of the functions are of the same form as

before.

For a = %, ¢£(x), ¢2(x), ¢é(x), ¢£(x) are discontinuous

at x=0, and
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05(x) = [-(B-L)c(orl) (2c+3) +EE + 3¢ + 21%°

+ 3(B-1) (1-x) *+5[3 (B-1) (c+1) 20+3) - 2 - 312 (1-x)

+ %(B-l) (6c+%!'-)x(l-x)2 ,

¢} (x) =[-3(B-1)c(c+1) (2c+3) -3(B-1) (c+1) (zc+3)+.3_§£4%9.+§+%£ x2

+ [3(B-1) (c+1)(2c+31% - 3 - 3(B-1) (6c+51) 1x(1-x)

1l 3 2
+ 7(B-1) (6c+3) (1-x) 2,
and
$1(x) = [-6(B-1)c(c+l) (2c+3) ~6(B-1) (c+1) (2c+3)

9

3Bc , B

1o 21
+ 2(B 1)(6c+??o+ 5

+[3(B-1) (c+1) (20+3) =6 (B-1) (c+1) = 2 - 21 (1-x).
For ¢§ (%),

Coefficient of x < 0,

and the constant term is negative for c¢ small and positive

for ¢ large. Since ¢§(x) is linear in x then either

¢§(x) < 0 for all x,
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or

¢5(x) >0 Oggﬁxl
=0 x=xl
<0 xl<x§l

for some xl.

For either case the required form of ¢§(x) is

$3(x) >0 02x<x,
=0 X=X,

<0 x2<x§l

for some x2.

Hence it can be shown that it is necessary that

05(x) >0  0<x<xy
=0 x=x3
<0 xp<x<1

for some X3e
1]
$5(x) <0 0<x<x,

=0 X=X,
>0 x4<x§1

for some x,,

4
¢2(x) >0 0<x<x5
=0 x=x5

<0 =x <x§;

5

for some Xg .
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The rest of the functions are the same as when a = 4, %l
5 * & o -
When a =1

x
97 (x) =[-(B-1) (Zc+%) (1-x) C'*‘l_lz_f (l—y)c-ldy -%Cl-x)f:(l-y)c-ldy]
3 0

x(1-x) % o0<x<l,

il

X X
- (B-1) (2¢+3) (1-x) °"1-§f (1-y) Sdy-3(1-x) f [y ey

¢, (%)
2 4,

0<x<1,

03 () = [(B-1) (o+1) (20+3) -3 (1-x) 3] "1y ey

0<x<1,
$5(x) = [-((B-1) (ctl) (2c+%) ‘%"E}) c+%] (1-x) €1
0<x<1,
and
6 (x)= ~((B-1) (c+1) (2¢+3) 2 2y esd
<0
0<x<1. Q.E.D.

Lemma 4.5:

For 0<m0_§1 Ca (mo), Ci (mo) ’ C:;_ (mo) s -+« is a sequence of

numbers such that-3 K > 0 such that
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Cg(mo) >0 j <K
<0 j > K .
Proof:

2j+3 . . . .

I3+ is a decreasing function of j.
n-2 23+3
- 3j=20,12 ...
- +

Im (n22, 2125)

0

By Lemma 4.4

is an increasing function of j. We therefore have that

1 n-2 2j+3)
25+3
4(j+1)

is a decreasing function of j. We have

n-3 n-2 3
F(ff—)lmo(—i-, 50
Cg(mo) = ) > 0.

Now suppose

Ct(mg) >0  §=0,1,2 ... .

This implies that

DE(6, my) > 0  0<6<l .
1

But by (4.1.4) for 6 = —
V2

+ € with ¢ > 0

(4.1.27)

(4.1.28)
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[(2j+l)-2(n+2j-3)92]=2j+1_2(n+2j_3)[% +€2+ /Zel

< 0 j=0,1,2 ...,
and hence

D*(—i + €, m <0 O<m

2z

<1.

0) 0

This contradicts (4.1.28) and also

exists a XK such that
cﬁ(mo) <0 j = K, K+1, K+2,

and therefore the lemma is proved.

Theorem 4.1:

For my fixed such that O<m0il,

0<60<l and
* — -
Dz(e, mo) <0 1<6< eo
=0 e=-60
> 0 —eo<e<60
=0 e=6O
<0 60<6<l,
and hence
V(y,) < Viyy) -1<8<-8,
= V(yd) 6=—60

> V(?&) -8.<6<6

(4.1.27). Hence there

Q.E.D.

there exists a 60 wherxe
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8

= V(yy) 8
< vq?d) 6,<6<1.

Proof:

Since from (4.1.6) Di(e, mo) is symmetric in 6, it is
necessary only to consider Dg(e, n%) for 6 positive.

From (4.1.5)

* " 2520 52, B

D3 (0, my) = 3

>0 0<m0§;.
From (4.1.4) for 6 = L + ¢ with € > 0
V2
[(25+1) - 2(n+235-3)6%]| < O 5= 0,1,2,00s
o= _l'. + €
V2
and we have
DE(—£ + g, mo) <0 O<m,<1 -
/2

Since D;(e, mo) is continuous then there exists a eo such

that 0<60<l and

Di(eo, mo) =0 .

We now show that Dg(e, mo) < 0 for & > 60. By Lemma
4.5 there exists a K such that



C¥(my) > 0 for j <K

<0 for j > K.

Hence
* =
ji Cj(mo)eo

o

® 25-1
* =
.Z Cj(mo)eo 0.

3=0

Since Dg(e, mn) is a power series in 8 which converges for

-1<6<1, we get

8D5(6, mo) _ © 3

. 2j-
%*
55 .E 23 Cj(mo)e for 0<6<l1.
3=0
3D% (6, m.) o _
2 2 = I 2j cx(myeddt
8=6, j=1 J
< 2K I cj(m.O)ng"l
=1
%
< 0.

It can be similarly shown that if

*
D§(8 ' mo) <0



71

then

3D (8, m)
2% M <o.
=6*

Therefore we have that with my fixed, as 8 increases,
DE(G, mo) becomes negative in sign and stays negative.

Hence the theorem is proved.
Q.E.D.

Next consider the variation of Dgce, mo) due to m,

with 8 fixed.

Lemma 4.6:
Im (a,c+1)

_m
Qmo(a'c'c"'” = T €y

is a decreasing function of m, for 0<m,<l.

Proof:

a-1
m (1-m.)

0 0 c-1 c
B(a,0)B(a,cFD) - 1~ mo lo (10 " tax- Jo 1 (1-x)%ax]

(a,c)
mo
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But

m
Oxa-l

0

m A
f 021 (1-x) ®ax > (i-mo)[ (1-x) ©~Lax.

0

Hence

’Q (a,c,ctl)

0
< 0.
amo -

Hence Qm (a,c,ctl) is a decreasing function of M.
0
Q.E.D.

Lemma 4.7:

If for fixed 6, there exists an ma e (0,1) such that

BDi(e, mo)

=0
amo mo=m3
then
oD%(6, m.)
2 ' 70 %
T >0 Ozmy<my
— i -—m*
=0 mo m0
<0 m3<m0<l.
Proof:
Let ) .
H?(e) = TG [(23+1)-2 (n+23-3)6°] 3 =0,1,2...

then from (4.1.4)
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(-]

-2 23+3
py(e, my) = I mi(e)T (232, 23,
j=0 0
and
aD* (6, m,) _ .
—2 % -5 mor (3, 235,
m ) j=0 J 0
For 62 Z%‘

(25+1) - 2 (n+25-3) 62

is a decreasing function of j. Since

Ho(e) <0
then
Hg(e) <0 j=20,1,2, ... .

Hence for 62 > % we have

aD%(6, m,)
2’0<0‘

amo -

2 1
For © <-2—

(2§+1) - 2 (n+2j-3)6°

is an increasing function of j. Let

2
2-46

(4.1.29)

(4.1.30)
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where [ ] is the greatest integer function.

Then

H;(e) <0 j £L

>0 j >L.

Suppose that m, is such that 0<m0 <1l and
2 2
%
anz(e, mo)

am0 m,.=

Then noting that
T n-2 2j+3)

m 2 ! 2

n-2 2j+3 2L+3)

3 T3 T3 n=2 2143
2 In, &= =)

j=0’l,2 oo o

gmo (

we have

3D5(6,'m0)

om
0
m.=m
0 02
<D
., ,n=2 2L+3 . n-2 23j+3 2L+3
2 = 2
= 0.
i , m-2 2L+3
Since Imo (-7—7 5 ) > 0,
2
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©

zmxe) R (25 =2 2j*3 2L+3)- 0. (4.1.31)

-0 J 2 2

3=0 02
Now

14 t 4 = - —-— . . .

m, 2 2 2 B(nzz’ 2:;3)(1-m )L 3

Hence for £>0
n-2 23j+3 2L+3 _
Rmo( 7 S =) l-mo-sL 3
= ()
R +€(n 2 2j+3' 2L+3) 1 m,
m, 2 2

> 1 3§=0,1,2...L-1
=«¢= ] J=L

< 1 j=L+l 4 L+2 e o o L]

Let m =m + ¢ for >0 such that m < 1, then

0 0 0, —

3 2 3
aD%* (6, m,) © _ .
S ) = 1 H(e)Tr (B2, L3,

amo g 9 m, 2 2
m,.=m J 3
0 03

By (4.1.32) for b%*, bi, bg, ... such that

n-2 23j+3 2L+3)

Rmo (== =5
3 .
*: — p—1
bj R (B2, 2ir3 25:?; j=0,1,2 ...,
m, 27 2 ! 2
2

we have

%* * =
 bE>bi>b3> ... >b¥_>b¥ = 1>bf .>b¥ ...,
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and
an;(e, m,)
om
0 m,.=
0 03
=y m=2 2L+3, o . n-2 2j+3 2L+3
0 j=0 0
3 2
, m=2 2L+3, o o, n-2 2j+3 2L+3
3 J 2
= 0.
BDE(G, mo)
Hence we have that if T is zero at m, then
0 2
it is negative for my>m, . Hence the lemma is proved.
2
Q-E-D.

Theorem 4.2:

There exists ei>0 and 6§>0 defined as

Dz(eil 1) = 0,

and
6% = Inf 6,
Y,
where
g, = {8: 6>0, D,(8, my) < 0 for all m; 3 o<mo§;};

such that
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a) for 6 fixed and e[—ai, 6{]

D3(6, my) > 0 for O<my<l

0

and hence

V(i;s) ZV(§d> for 0<my<1;

b) for 6 fixed and e{(-8%, -6%)u(s%, 8%}, 3

m¥ 2 0<m*<1l, and

0 0
* *
Dz(e, mo) >0 0<mo§m0
*
<0 my<my<1,
and hence

V(l_fs) > V(§d) 0<m0£m3

v * .
< V(yg) mg<m,<1;
c) for 6 fixed and e{ (-1, -631ule%, 1)}
D5(8, my) < 0 for O<my<l
and hence

V(l_fs) iV(§d) for O<m <l.

0
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Proof:
Since DE(U, mo) is symmetric in 6, it is necessary only

to consider DE(S, mo) for 6 positive.

Suppose that for 6 fixed 5 0<6<1, 3 n%‘9n% € (0,1) and

* =
DE(B, mo) 0.
Since
3D3(8, mo)
Lim D; (8, mo) = Lim _-5_1'[1_— = 0,
m0+0 m0+0 0

it follows from Lemma 4.7 that if

*
8D2(6, mo)

amo

<0

in a neighborhood of mo=0, then

3D% (8, m.)
2 0" <o 0<m.<1.

amo 00—

Hence there could not be a point ma 3 0<m3§1 and
* =
D2(8, mo) 0.

Hence in order that DE(G, mg) = 0 it follows that there must

exist an mB* such that

O<m#* <mt<l

and



79

M *
JDZ(O, mo)

< * %
5 " >0 0 m0<m0
=0 =m* *
* %
< 0 m0 <m0<l.
Hence 1if
3 * p—
02(8, mo) =0

*
then for m0>m0

DE(G, mo) < 0.

By above if for 6=0,

\%
o

D5(8,, 1) >
then

0<m

v
o

If further for 9=62

Dg(ez, 1) <0,
then by Theorem 4.1

62>el .

Hence

= . *
Si {8: 6>0 and DZ(S, 1)

If

DE(S, 1) <0

0}.
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then either 6=6 3

and
D5(63, mo) <0 0<mo§;,
or
9=64 and 3§ mg >
*
D§(64, mo) >0 0<mo<mo
=*
=90 momo
%
<0 nb<mb§l.
Now for
m, <m*
01 0
D5(63, mol) <0
and

D36y my ) 20,
1
then by Theorem 4.1

94393.
Hence
* =
62 énf e
2

and the theorem is proved.
Q.E.D‘

Now let us look at the efficiency of §; with respect

to §é. We have
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- _1._2.,2_ 2_
Viyg) = plog +8g 0y 72899751
2
c
=2(1-0%) (1+6%) .

Therefore

relative efficiency of §; with respect to ¥,

= eg(é, mo)
V(T
v(yg)
= 1
DX(6, m,) °
1.+ : 0n--l
2

r &L (1+6)

Immediately from Theorems 4.1 and 4.2 we have Theorems

4.3 and 4.4.

Theorem 4.3:

For m0 fixed such that 0<mb§; there exists a 90 with
0<eo<l P
* - -
e2(6, mo) > 1 1<6<-8
=1 6=-9
<1 —80<6<60
> 1 6,<6<1 .
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Theorem 4.4:

Let ei and 63 be as in Theorem 4.2 then

a) for 6 fixed and ¢ [-68%, 6_{]

e3 (s, mj) <1 for 0<m,<l,

b) for 6 fixed and { (-6%, —ei)U(ei, 6;)}

im* 3 0<m3<l and

0
<1 for 0<m0§m3
e§(6, mo) =
> 1 for m3<m05;,

c) for 6 fixed and e { (-1, —GE]U[B*, 1)}

e%(§, my) > 1 for O0<m

o) 2 <1.

*
2 0

Theorem 4.5:

For e, fixed such that 0<e.<l, there exists an ma such

0 0

that for m,<m#*

0—-0

*
ez (6, my) > e,-

Proof:
By Lemma 4.7 for fixed 6 or equivalently for fixed

§,3 my(8) 3

1
Dg(e, mo)

e§(6, mo) =

1+ n-1

r&h a+s?) 2

| v

ey 0<m0§m0(6).



83

Here mO(O) may be 1.
Pick
m*¥ = Inf m.(0).
0 0<6<1 0
Hence

e2(6, mD) > e2(m3, §)

v

eo for 0<m0§m3

and for any 8§ ¢[06, =).

B. Comparison of the Sometimes Regression Estimator
with the Regression Estimator for Case I

In this case we have

2, 2
O (I=p) 2 1

V) =V, + e 87 =3
022 (l-pz) .
+ 2:2.92(9, m,) - (4.2.1)
nr(Egl)(1+52) 2
Let
D¥ (8, my) = — VEIVE)).  (4.2.2)

0,% (1-0%) (1-8%) *

Then
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n-2 3
52 L T, == 3)
D} (6, my) = =T = a3 ¥ 73
(1-6%) 2 (n-3) (1-6%) 2
. . . n-2 2j+5
- 21.(n-i-Z% 1)623+2 (23+3)Im0(_§-’ 5 )
+ 3 :
. . - +
520 T (GHTESD 4+
_ n-2 23j+3
n-2 3
I —_—, 3)
2 m 2 7 2
_ 8 _ 1 LM
n-1 n-3 n-3
(1-6%) 2 (n-3) (1-6%) 2
. .
v 3 2r (22 0 21 (@22 2315
r
j=0 T+ En Mo 2 2
I (n-Z, 23+3)
23 ™ 2 2 ) (4.2.3)
4'%T+1T T (B2, 2035, ) Te.
=5t T3

m0 2
Consider first the effect of variation of 6.

Theorem 4.6:

For m, fixed such that 0<m,<l, there exists a §,

such that 0<60<1 and
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D’i(o, mo) >0 -1<6<-6
=0 e=-60
< 0 —60<6<60
=0 6=60
> 0 60<6<l,
and hence
V(YS) > V(YQ') _l<e<-eo
= V(y,) 6=-0,
< V(yl) -eo<6<80
= V(y,) 0=6,
> v(yz) 6,<6<1 -

Proof:

P38, my) _ pa-8%)+(n-1)06°
5 RTL

(1-02) 2

8

(43+4) T (BF2J7Ly 4231

1
+ — I :
r(n;l) 520 T(3+1)
@i+ (352, 2135
< o o1 (Bz2 2313y (4.2.4)
Z(3+1) my 2 2" e
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Let
. . n-2 2j+5
M*(6, m_ )= : Y ( -
0 n-1l, . T(3+1 4(3+1
r&L) s=0 (3+D (3+D)
_ n-2 23+3,, ,23+1
© . n+2.-l
_ 1 4(3+1) T'( )1 B2 2345,
- 3 14
1,(nzl) 520 T(3+1) m, ' 2 2
- i+
1 (nzz, 2 23)
(233 _ T 1623*L (4.2.5)
4(5+1) T n-2 23+5 e
m, 2’7 2 )
0
aDi(e, mo)
If M*(6, mo) is nonnegative then =5 > 0 and

Di(e, mo) is an increasing function of 6.
Next we look at M#* (9, mo) and determine that for fixed 6
if M* (o, m,) is ever negative then its smallest value is

when m =1.
0

Let (@2 23¥3,
B, m) =1 (52, 2823 Mo 27 2
’ = r - - T
0 m, " 2 2 'O © [ @zZ 23%5,
m 2 2
0
(4.2.6)

where j =0,1,... .
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By Lemma 4.5 h*(j, m,) is a sequence of numbers in j
which start out positive and become negative as j increases

and stays negative.

Also,
n-2 2j+5
Tn G2 =2

is an increasing function of m,. Hence if
h* (3, my) < 0,
then for g>0

h*(j, m, + ) < h*(j, mo) <0.

0

But at m0=l h*(0, 1) < 0. Hence for all j,
h*(j, 1) < h*(j, mo) 0§p0<l.

Therefore
M*(6, 1) < M*(6, mj)) for Ozm,<l.

Since for 6 fixed

6 (1-62)+ (n-1) 63
n+l

2

(1-62)

is a positive fixed constant in mo, we have
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P M) | ea-tt@m-ned , o 1

30 2 o+l
(1-6%) 2
1 ea-h)+@-ne’
5 n;l 1-92
(1-6°)
n+2j-1, .23 n-1
-0 f — (1-6%) 2 (25+1)1.
j=0 (53T (3+1)
But
n+24-1 n-1
r(___JL_q . n-.
2 023 (1-92) 2

rED T (5+1)

is negative binomial for Jj=0,1 ... .

Hence
WEC m) 1 _ea-etr@-ne’ | lm-l
98 - n-l 1-62 1-62
(1-02) 2
_ 6(1—62)]
1-9
= 0.

Hence Di(e, md) is a nondecreasing function of 6 for fixed
Mg -

We have
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D% (0, my) < O. (4.2.7)

By Remark 3.3, for t0=0 and hence m0=l, the sometimes regres-

sion estimator becomes the regression estimator and we have

D*

l(6, 1) = 0.

By Theorem 4.2 for 6 in a neighborhood of 1.

therefore
Lim D*(6, m.) > 0 O<m.<1 . (4.2.8)
61 1 0 0

By (4.2.7) and (4.2.8) and the fact that Dz(e, mo) is
a nondecreasing function in €, the theorem is proved. Q.E.D.
Next we consider the effect of m, with 6 fixed. This

result is given in Theorem 4.7.

Theorem 4.7:

With 6 £fixed Di(e, mo) varies with D;(e, mo) as a
function of mo. For 6 fixed such that 0<6<1 then Di(e, mo)
falls in one of the following three categories:

a) Di(e, mo) is always increasing as a function of my
for 0<m0§;;

b) 3m6 such that 0<m}<l and D} (8, m,) is increasing

0

as a function of m, for m0<m3 and decreasing for m0>m3;
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c) Di(e, mo) is always decreasing as a function of m,

for 0<m0§l.

Proof:

The proof follows from the fact that

8 1

D7 (6, mO) = a1 - o3
(1-6%) 2 (n-3) (1-8%) 2
. Dﬁ(e, mo) ,
r2h
and Lemma 4.7. Q.E.D.

If we define by ei(é, mo) the relative efficiency of

§; with respect to y,, we have

Viy,)
< (4.2.9)

e*(§, m,) = —
1 0 V(ys)

then the following two theorems are direct consequences

of Theorems 4.6 and 4.7.

Theoxrem 4.8:

For m, fixed such that 0<mo§l, there exists a 80 such

that
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ei(&, mo) <1 -l<6<-6O
=1 6=-60
> 1 -90<6<60
=1 6=60
<1 60<6<l .

Theorem 4.9:

For § fixed and contained in (-1, 1), ei(é, mo) and
e§(6, mo) vary in the same manner as a function of m, for

0<m,<1.

0

C. Comparison of the Sometimes Regression Estimator
with the Difference Estimator and the Regression
Estimator for Case II with t,<0

In this case the range of § will be (-, 0] since it is

assumed that B,<8,. For this case we have

i+l n+i-2

2, 2
- - 0,” (1-p%) © (=-1) I (——) .
V)=V (T, - —2 —[ = (=it
n-1 2,3 0 rdily Y1462
nI‘(—Z—-) (1+87) 2
i,. n+i-3 .
o S wd&D  ng
= B2, 13 (4.3.1)

for -=<é<p,
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But (4.3.1) is the same as

2 2 nt+i-2
V(Y )=V(¥,)- 7 (70 — z R yitly (802 ir2
¥s’'=V¥q 53, T L my 2 ' 2
Al (E;_l) (l+62) 2 2 1+§
= GHITEE b ges
-z e I, (—2—-, —2-—)] (4.3.2)
i=0 4T (T) Y1+§2 0

for 0<6<w,

It will be noted that V(§;) as given in (4.3.2) is
exactly the same as V(§g) for Case III given by (4-4-})
when t,>0 and 0<§<». Hence the two cases are symmetric in ¢d.
In the next section, we compare V(§g) with V(§é) for Case
III. The findings of that investigation will apply to
Case II in a symmetric manner. Likewise, the results of
the comparison of V(§;) and V(§£) in Section E apply to
Case II in a symmetric manner.

D. Comparison of the Sometimes Regression Estimator
with the Difference Estimator for Case III with t,>0

For this case we have
T (n+i-2) Gi-l-l

L 0,2 (1-0%) w 2 1 @2 i2,
V(y_)=V(y,)- —[ Z I+lm, 2 ' 2
st 7d B3 20, i+l 4, x2,. 2 O
ol (n-z-l) (l+62) 2 I'(—i—_—) (1+87) -
. +i-3, i
© (i+tL)T (328 o
-z 2 1 (B2, ), (4.4.1)
1=0 i+2 2,2 0

4T (T) (1+87)
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With 6 = —3
V1+62
and let
n-3
n (Egl)(l+52) 2 _ _
D,(6, m,) = (V(y )-V(y.,). (4.4.2)
2 0 022(l_p2) s d
Since
, n-3
nr(Egl)(1+52) 2
> 0,

2 2
, (1-07)

D, (6, mo) has the same sign as V(§;)—V(§é), and we have

w (3 n+i-3, .1
i=0 4T (—2—) 0
n+i-2, i+l
o T )0 .
2 n-2 1+2
_lio I.(l‘*'l) Imo (-2_, -2—) - (4.4.3)
2

Letting j=i-1 in the first summation and j=i in the

second summation of (4.4.3) we get
n-3 n-2 3
r(*i—ﬁlmo(—f—' 5)

Dy (8, my) = 7y
= TELZyed L) 2 j+4 2 j+2
J n-2 Jt&, n-2 3+
+jio T (AL, {2(j+l)Inb( 2! 13’) ImO( 2 ! 15‘)}

2 (4.4.4)
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-3 n-2 3 . .
rEaI (32, 9 L p@oriz2, 3+l
_ 2 my 2”2 . rEg=e 1 (B2 x4y (j+2)
4 ‘ 5=0 r(jzl) m, 27 2 22§+l$
n-2 j+2
ImO 2 ' 2 )
T EZ TS }. (4.4.5)
m.* 2 ' 2
0

Letting j=i-1l in the second summation and j=i in the

first summation of (4.4.3)

r&3)e )
= 0
-] I‘(rl_.*-i:é)ej -2 3 . ,
+‘20 2r?;i’ﬁ) Imo (22—’ li_) (lzi =~ (n+j-3)67) . (4.4.6)
J= 5

Consider first the effect of variation in 6. & will

vary only over the interval [0, 1) since it is known that

Using (4.4.5), Dz(e, mo) can be expressed in the form
- j
where
-3
T (2= _
-2 3 (4.4.8)

Co (mg) = —7F— m, ' 2

—~—
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r& 3, &3 B I, O5 55
(my) = 0 { (g*2) _ _0 }
541 r (2L 2(3+1)  ; (n-2 J+4,
2 m, 2" 2
(4.4.9)

j=0,1,2,3 ... .

Lemma 4.8:
For 0<m0§l CO(Hb)' Cl(mo), Cz(mo) ... 1s a sequence

of numbers which starts out positive and becomes negative

and stays negative.

Proof:

ZEjii) is a decreasing function of j, and by Lemma 4.4

n-2 j+2
Imo( 2 7 2 )
n-2 j+4

is an increasing function of j. Hence

(5= =2 1——)
j+2 M
2(3+D) n-2  j+4

is a decreasing function of j.
Co(mo) >0
and

C;(my) > 0.
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Now suppose Cj(mO) > 0 for all j, but then DZ(U' my) 2 0

for all 0 and m,. But by (4.4.6) withe>0, D (—£-+ ¢, m.)
0 2" > 0
0 for O<m0<l. Hence there exists a j such that Cj(mo) <0
and therefore the lemma is proved.
Q.E.D.

Theorem 4.10:

For m, fixed such that 0<m,<l, there exists a 6, where

0
0<60<l and
D, (8, my) > 0 0<6<86,
=0 0=0,
<0 60<e<l ’
and hence
Viy,) > Viyg) 0<6<6,
= V(yd) e=eo
> V(yd) 6,<6<1 .

Proof:

From (4.4.5)

I.(n—3)
_ 2 n-2 3
POy my) = —7— I 5= 3 > 0.

0

From (4.4.6) if for:=>0,6 = +£<1, then since

*
VZ

Bl mej-n 2+ 0)? <o
/z
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for all j, we have

1 + e , mo) < 0.

V2

D2(

So there exists a eo such that 0<60<l and

Dz(eo, mo) = 0.
We shall now show that Dz(e, mo) < 0 for e>eo.

Lemma 4.8 there exists a K such that
Cj(mo) >0 for j <K
<0 for j > K.

Hence by the fact that Dz(eo, mo) =0,

w -
I C.(m.)6.7 =0
5=0 3 0°"0 !

i.e. since 60>0

@©

-1 _
I Cyimy)8y7 ~ = 0.

3=0
ab, (6, m,) © .
2 0 . j-1
= Z jC.(m,.)6 .
a6 j=1 370
3D, (6, m,) .
2 0 . j-1
36 .£.3C;5 (my) 84 '
=0 J—l
0

By
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It can be similarly shown that if
Dz(e*, mo) <0
then

3D2(6, mo) <o

96 0=p*

Therefore we have that with mo fixed, as 6 increases,

D, (8, mo) becomes negative in sign and stays negative. Hence

2(

the theorem is proved.
Q.E.D.

Now consider the variation of Dz(e, mo) due to m -
It will be assumed that toe[o, )} and hence moe(o, 11,
because if t0 were allowed to be less than one, then Bo

could be rejected when §2<BO.

Lemma 4.9:

If for fixed 6, there exists an mae(o, 1) such that

BDZ(G, mo)
om

=mx*
0 m0 mO

then
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anz(e, mo) .
Ty 0 0 <my <tmg
= . =m*
0 mo-mo
*%*
<0 m0<m0§;.
Proof:
Let - n-2
T
Ho(e) = T 9,
I'(z)

r(’—‘t‘?;_'—‘;) g1 3 X
. (4 - (n+3-4)6%) 3 = 1,2,3,...,
2T (l;i) 2

then from (4.4.6)

Hj(e) =

-4

-2 g+2
D,(6, m))= = EH (I (=, £ (4-4.10)
2 )7 2y 3V mg 2 0 72
and
3D,(0, m,) = o
2 -0 - 5 m(e1 (33 I3, (4.4.11)
0 j= 0
For 623_%

1~ (a+j-a)e*

is a nonincreasing function of j. Since Ho(e) and Hl(e) are

nonpositive then Hj(e) < 0 for all j. Hence for 62 Z.%-we

have

aD, (6, m,)
277770 <o0.

Bmo -
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For 62 < %, %-- (n+j-4)62 is an increasing function of
j. Let
2 .
1-26

where [ ] is the greatest integer function. Then
Hy(8) <0 3 <L
>0 j >L .

Suppose that m, is such that 0<m0 <1l and

2 2
aDZ(e, mo) o
om .
0 =m
M0,
Then noting that I (n—2 .+2)
m, 2 ' 2
-2 9+2 L+2 2 .
Rm (nz I 4 Jz r 2 )= . n_z L+2 Where J = 0’1’2 e s o,
02 oy, 50 2
2
we have
D, (8, my) _ ., ,n=2 L+2 n-2 j+2 L+2
om l = I G T3 I ESOR, ()
0 m0=m02 02 j=0 02
= 0‘
Since
' n-2 L+2
Im0 = =) >0
2

then
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0 .
s H.(e) R. (B2, 12 L¥2, _ (4.4.12)
z m. 3 T T3
3"' 02

Now B2, Lt2,

n-2 §+2 L+2 2 T3

R ( ) = — . (4.4.13)
my 2’ 2"’ 2 =3

Hence for e>0

R (B22 j*2  L+2, E%i
myt 2 2" 2 (1-my-¢)
=2 3+ 2, =3
Ry 4o G55 55 5 =
0 (l-mo)

v

1 j=0,1,2,...L-1
={=1 Jj=L

1 j=L+1, L+2, L+3... .

A

Let m, =m. +¢ for >0 such that m, <1, then
03 02 03—
aD (6, m.) b - 1+
2 __0 =z m(0) I+ (B2, I3,
amo :=0 j mo 2 2
m,.=m = 3
0 03
By (4.4.13) for bo, bl’ bz... such that
n-2 j+2 L+2
Rmo e e
_ 3 A
Py = R (B=2 J¥2 L¥2 j=0,1,2...,
m0 2' 27" 2
2

we have b0>b1>b2 "‘bL-l>bL = l>bL+l>bL+2"' and
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= (=92

j=0

n-2 L+2
Jj=0

H.(8)b.R
3()3m

%*
anz(e, mO)

(n-z j+2 L+2)
0 27 2" 2
2

n-2 j+2 Lt2,

== S5 2B eIR, (S 5 5

0,

is zero at m then

Hence we have that if )
T

>m .
0,

it is negative for m,

Theorem 4.11l:

0,

Hence the lemma is proved.

Q.E.D.

There exists el>o and 6,>0 defined as

2

Dz(ell 1) =0,

and
62 = Inf (6)
U
2
where
U2={6: D2(6, nb) < 0 for all m,
such that
a) for 6 fixed and ][O0, ei]
D, (6, my3) >0 0<m,<1,
and hence

V() > Viyy) 0<m,<1;

3 0<m0il},
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b) for 0 fixed and €(8;, 6,), then 1 m§ I O<m¥<l,

and
DZ(O' mo) >0 O<m0<m6
=0 m0=m6
<0 m6<m0§;,
and hence
by *
V(ys) > V(yd) 0<m0<m0
= e =m*
V(yd) m0 m0
e * -
> Viyg) mi<my<l;

c) for 68 fixed and 5[62, 11,

D2(e, mo) <0 0<mo.<_l'
and hence
Viyg) 2 Viyy) 0<m,<1.

Proof:
Suppose that for 6 fixed > 0<6<1l, 3 m3 3 mge(o, 1) such
that
*x) =
Dz(e' mo) 0 .
Since

8D2(6, mo)
Lim Dz(e, 0) = Lim —

om
m0+0 m0+0 0
= 0’

it follows from Lemma 4.9 that if
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aDZ(e, mo)
—=2———— < 0 in a neighborhood of m.,=0,
amo 0
then
ob, (8, m,)
2 0 <o O<m. <1,
Bmo 0—

and hence there couldn't be a point mj 7 O<mi<l and

D2(8, ma) =0 .
Hence in order that D2(9, ma) = 0 it follows that there must

exist an ma* such that

* % *
0<m0 <m0<l
and

3D2(6, mo)

%* %
my 0 0 9™
= =mk%*
0 my mg
% %
<0 ms <m0il.
i * = *
Hence if D2(6, mo) 0 then for m0>m0

*
Dz(e, m0)< 0.
By the above if for 6=6l

1) > 0

D 1’ >

2 (8

then

D2(61, mo) >0 0<m0_<_l.
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If further for 6=82

D2(62, 1l) <O

then by Theorem 4.10

Hence
ei = {6: DZ(G' 1) = 0}.

If

Dz(e, 1) <0
then either

=0, and D,(85, mj) <0 0<m <l

3
oxr
= * 3
=6, and 3 mE >
D2(e4, mo) >0 0<mo<m6‘
=0 m0= 6:
*
<0 m0<moil .
Now for
m, <m¥
0l 0
D2(e3, m, ) <0
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and

D, (8 )lol

, M
4 0l

2

then by Theorem 4.1

8, < 8-
Hence
[ -
92 = Inf 8
U,

and the theorem is proved.

Q.E.D.

Now let us look at the efficiency of §g with respect

- to §é. We have

Viyy) ["z +80 1 -28,0;,]

. 2

_ 9% . 2 2
—T(lp)(l'i-é) .

Therefore

relative efflclency of y with
respect to yd

= e2(5, mD)

V(yy)
viy,)

1
DZ(B, mo)

o -1
r (&) (1+8%) 2

(4.4.14)
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Immediately from Theorems 4.10 and 4.11 we have

Theorems 4.12 and 4.13.

Theorem 4.12:

For m0 fixed such that 0<m0§; there exists a 60 with
0<60<l
e,(8, mp)< 1 0<6<8,
=1 6=60
> 1 60<9<1.

Theorem 4.13:

Let Bl and 62 be as in Theorem 4.10 then
a) for 6 fixed and €[0, 61],

e2(6, mn) <1 0<m0§l;
b) for 6 fixed and e(el, 62)~

I m* 3 0<m*<l and

0 0
ez(s, mo) <1 0<m0<m5
= =m¥
1 mO mO
> 1 m3<m05};

c) for 6 fixed and 3[62, 1],
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Theorem 4.14:

For e, fixed such that 0<e,<l, there exists an m3

*
such that for m,<mg

) > e

s, m)) > e, -

e2(

Proof:

By Lemma 4.7 for fixed 9 or equivalently for fixed

5,3m0(e) 3

e, (8, my) = D

6, m,)
1l + 0

5 (

n-1

rzh) (1+6?) 2

0<m0§m0(6),

Here mo(e) may be 1.

Pick

m%¥ = Inf m.(6) .
0 o<per O

Hence

*
> eo for 0<nb§mo

and for any 6e[0, ).
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E. Comparison of the Sometimes Regression Estimator
with the Regression Estimator for
Case III with tozp
Now a comparison shall be made between the sometimes
regression estimator §; and the regression estimator §£ in
Case III. Consider first the effect of variation in 6.

8 will vary over the interval [0, 1).

Noting that

- - 022(1'92) 2_ 1
V(Yd) = V(Yz) + a (67~ 5:30 .
Then
Viyg) = V(yd)+ =3 Dz(e, m,)
nr @54 (1+6%) 2
2 2 2 2, -
_ 0,7 (1-p7) 0, (1-p%)
=V (F,)+ 2o (8%~ 2+ —2 —=D_ (0,m,).
nr (353) (1+6%) 2
(4.5.1)
Let
= n T Y7 (%
D, (6, my)= =3 (Viy ) -Viy,))
6,2 (1-p%) (1-6%) 2
n-2. 3
2 In, 57 2
_ 8 1 . o
n-1 n-3 2 (n-3)

(1-0%) 2 (m-3) (1-6%) 2

. atjo2) 3+l
+ 3 rt {e (_%:2_74 =2, i%i)

n-2 Jj+2
~Imy (5= 459))- (4.5.2)
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Then
8D1 (8, my)  5(3_g2)+(n-1)0°3
06 - n+l
(1-62) 2
o (4 n+ij-2, .J
+ L (Jﬂ)i( - 1)e L (n;?' j;4) (ZJF-ED
o n-1 + ! J
§=0 T (A T(L&9) T
n-2 j+2
Iy, (2 30
- - =z iiﬁ)) . (4.5.3)
mo 2 2
Lemma 4.10:

82, 5 B2, ki
27 2 s 2
n k+1l1, -— n k+2
Blz. 57 Bz )
Proof:
n k
B(f: 5)

n k+1 k n+k+1 n+k+1 k+2
B(z, =5 _ r&xI (= )T (=T (=7)
n k+1 n+k k+1 k+1 n+k+2
B('i': -2—) I'(—z—-)r(—z—)r( > )T ( > )
n_ k+2
B(f; =)

_ L(n+k-1) (n+k-3) (n+k=5) ... (k+1) 12
(n+k=-2) (n+k-4) ... (k) (n+k) (n+k-2) ... (k+2)

> 1.
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Theorem 4.15:

For m, fixed such that 0<m0<l, there exists a 80 such

that 0<60<l and

D; (8, my) <0 0<6<8,

=0 6=60

and Dl(e, mO) is strictly increasing for

522, 2
08 s —53 7
and hence
V(ys) < V(yl) °ie<90
= V(y,) 8=8, -

Proof:

0,06, 1) 6(1-6%)+(n-1)86>
36 n+l

(1-8%) 2

o (3+1)T (BT g3+

- Z =
5=0 21 (25H (33

n+23-1, 23+1 .
_ 8(1-6%)+@m-1) 0> T(—=5—)6"" "7 (23+1)
n+1l
2

0 ™ 8

162 j=0 20 (3 1 (3+1)
1-8

r(®23)5%3%2 25+2)
0o 2rEHrEd)

1
Il 8

3
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But

n-1
r(&2j-l 623 (3-¢2) 2
- j = 0,1,2, ® s e

r(j+1)r(§§l)

is the negative binomial density function, and therefore

n-1
o n+2j-1 23+ _ ZTz'+1
O ](119’ 23 )=ec1-.e_2‘)g(nf1)e3 _
j=0 T (§+1) T (5= o
| 2 (1-82)
Hence,
a6, 1) = e2j+1[r(91-2-%-’-£)(2j+1) r(E%319(2j+2)e]
T 50 P rGenI & &3 rEd)
(4.5.4)
For
r&2237h) p (2253, 1 (223) (25+1)
8(5) <

rEZ3) T (5+1) T (BEED) (25+2)

B(E52, 2853 (23+1)

B(n-j’ j+1) (2j+2) j = 0’11’200.'

the jth term is positive.

By Lemma 4.10

8(j) < 8(3+1), 3 0,1,2... .



113

Therefore for

-3 3
B (n" ’ _)
0 < 2 2 ,

T 28232, 1)

Dl(G, 1) is an increasing function of 6.
Since Im (E%g, 1%2) is an increasing function of m,
0

and by Lemma 4.6

n-2 j+2
n-2 j+4
Imo( 2 7 2 )

is an increasing function of m,. Hence if
I (E:%’ l%g)

© (@I2 iy *2 my 2 )
m, 27 2 2{j+1) I (n—2 ‘3+4)
: m 27 2
0
becomes negative as m, increases, then it continues to
decrease. But
-2 j+2
1, (B2, t4y dt2 hG 5 )) <0 3=0,1,2
1727 T202GAD T T poz EE - L AR
1t 2 2
(4.5.5)
Hence since
D1 (8, 0) g1 g2y 4(n-1)83
PE:) - n+l ’

(1-6%) 2

and applying (4.5.5) to (4.5.3), we have
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aDl(e, 1) anl(e, mo)

5 < 30 <l.

0<m,

Hence for fixed Wy Dl(e, mo) must continue to increase as
6 increases as long as Dl(e, 1) increases. Hence we have
that Dl(e, mo) is strictly increasing for

n-3 3

o < B(_f—' 5)
- n-3 °
2B ('_2'_1 l)

For m; fixed such that 0<my<1
Dl(e, mo) < 0.

Also

n-1

(1-6%) 2 b (8, m))
6=1

and Dl(e, mo) converges for 6 in a neighborhood of 1. Hence

Dl(e, mo) >0

in a neighborhood of 6=1.

Hence the theorem is proved.
Q.E.D.

The theorem does not give any idea concerning the
efficiency of §g with respect to §£ for 6>8,. On the basis
of the results obtained so far and the numerical evidence,

it is strongly felt that the following result is true.
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Conjecture:

For my fixed such that O<m0<l, there exists a 00 such
that 0<60<l and
Dl(e, mo) <0 0i6<00
>0 80<6<l,
and hence
V(yy) < V(yy)  0<8<8,
= V(yy) 0=0,
> V(?é) 8,<0<1 .

Theorem 4.16:

For 6 fixed and [0, 1), Dl(e, mo) and Dz(e, mO) vary

in the same manner as a function of m, with O<m,<1.

Proof:

This theorem follows by observing that

2 D.(6, m.)
B _ 1 29 My
Dl(e' mO) - n-1 n-3 * r(n-l) :
(1-6%) 2 (a-3) (1-8%) 2 2
Q.E.D.

If el(é, mo), the relative efficiency of the sometimes
regression estimator with respect to the regression esti-

mator, is defined as
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Viy,)
(8, m)) = ——,
Viyg)

ey (4.5.6)

then we have the following results concerning the efficiency

of §; with respect to §£.

Theorem 4.17:

For my fixed such that 0<m0<l, there exists a 60

such that 0<60<l and

el(é, mo) > 1 0<6<60

=1 G=60 .

Theorem 4.18:

For 6 fixed and [0, 1)}, el(d, mo) and ez(d, mo) vary

in the same manner as a function of mO for 0<m0il.
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V. STRATIFIED REGRESSION TYPE ESTIMATOR ;& BASED
[

ON A PRELIMINARY TEST OF SIGNIFICANCE

In this section we shall extend some of the results ob-
tained so far and develop a sometimes regression estimator
appropriate to the case of stratified sampling.

Consider a population classified into k strata, the ith
stratum havingka proportion Wi of the units in the popula-
tion so that I W, = 1. Let Y be the characteristic under
study and con;Zéer the problem of estimating the population

mean

k

based on a stratified random sample of size £ n; . where n,
i=1
units are drawn at random from the ith stratum, i = 1,2,3...k.

An unbiased estimate of Y is

— k —

Y, = iilwiyi, (5.1)
where §£ is the sample mean based on n, units drawn at random
in the ith stratum. The sample mean §i in the ith stratum
is an unbiased estimate of the ith stratum mean Yi‘ Let X
be the auxiliary characteristic on which information is
available for all units in the population. If X and Y are

correlated and the relationship between them is linear,

within each stratum, regression type estimators may be used
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to estimate the population mean ¥. A commonly used esti-

mator is the difference estimator defined as

k
; = 2 W‘; 24 (502)
Wy oi=1 Y4y
where
; = i.; + B (-X_-_;{--)I
di i oi i 7i

Bo. is some fixed constant that is assumed to be known, and
i
ii and Ei are population and sample means respectively in

the ith stratum. This is an unbiased estimator and its

variance is given by

2
k Wi Nl n

- 2
V{y ) = — [o +cr B -2B8, 0., ]
2

k W.

. 2 2 2

2 5 2[0S +8% 0% 28, 0., ]
i=1 %3 21 0i li 01 121

where cg ’ ci and 612 are the variance of Y, the variance
i i i

of X and the covariance of ¥ and X respectively in the ith
stratum. When Bo. is in fact the regression coefficient of
Y on X in the ith stratum, i = 1,2,...,k, the estimator §§a
is the minimum variance unbiased estimator of Y.

When 62., the regression coefficient of Y on X in the ith
stratum is not known, it is customary to estimate it from the

sample with a consistent estimator of 82 given by
i
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R 12,
82i=sz l=l,2o..,k,
4
where
n.
1 * - 7))
s = — Eo(x..=x.)(y..-vy.),
12, n, 1 j=1 ij "1 ij ‘1
and
3
2 _ 1 T 42
Sy, Ta-r B (gt -

i i j=1
This estimator of Y, so obtained is known as the regression
estimator and is given by
k

y., = L

W.if— ’ (5.3)
g q=1 Ay

Y, =Y. + B, (X.-%.).
li i 2i 1 1

In general this estimator will be biased and the bias is
given by
k

Bias(y_ ) = - L W, Cov(By. , X.) .
Yy i=1 * i

The variance of this estimator to the first order of

approximation is



2 2
_ k o, No-n, %2 (7P5)
V(yw ) = .E Yi (N.—l A n. )
2 i=1l i i
2
k W,
- i 2 . 2
- E n 02. (l Dl) 14
i=1 i i
where
°12
p =
i g, O
li 21

is the correlation coefficient between Y and X in the ith
stratum.

It would appear that if BO is an intelligent guess
i
for 82 then the difference estimator §a would be more
i i
appropriate. On the other hand if there is little or no

knowledge of 82 then regression estimator ?2 would have an
i i
advantage. We therefore propose an estimator based on a

preliminary test of significance of the relative closeness

of 80. to 82'.
i i

This estimator to be called "sometimes regression
estimator" may be defined as
— k —
y = ‘z Wiys. ! (5.4)

w
s i=1 i

where,
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k<
i
"l
o

if t.eA
1

if t.eAC
i

I
<
=

i

is an estimate of the ith stratum mean, and

vn;-2 (B, —By ISy
£ = 1 1 s .
i (52 -32 52 )1/2
2.7 By 5
1 1 1

Again the acceptance and rejection regions will be
dependent on the a priori information available concerning
the possible values of 82.. In order to evaluate fully the
expected value and mean s;uare error of the estimator §§ '
it is necessary to define exactly the acceptance and rechtion
regions and make suitable assumptions about the joint distribu-
tions of Y and X. It will be assumed as before that (Y, X)
has a bivariate normal distribution within each stratum.
Under the assumption of bivariate normality and since sampling
is carried out independently in each stratum, the tests ti
are independent. Now the expectation and mean square error
can be determined.

— k J—
E(yws) = iilWiE(ysi) .

By the work of Chapter III

E(yws) = WY, .
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Hence

E(§§ ) =Y .

S
Further,
Viy. ) = g W, 2 Viy. ) .
"W i=1 T Si

Now the expression for V(i& ) is dependent on the case into

which §gi falls. There aresthree cases given as
Case 1I:
§;i = §ai if ltil b toi
= §ki if ;] > toi;
Case II:
§;i - §éi if ot 2 t0l
= §£i if oty < toi;
Case III:
§;l = §ai if ¢, < to1

In general, depending upon the a priori information
available concerning .the range of values of 62_, the
i
estimator §;. of ?i for the ith stratum (i = 1,2,...k)

i
may belong to any one of the three cases mentioned above.



123

It is possible that §§ is such that §; is of Case I for
s i
k, of the strata, is of Case II for k2 of the strata and is

1
of Case III for the remaining strata. We shall consider the
problem when no a priori information is available concerning

the range of values of 82 so that §é is necessarily of

i i
Case I. The estimator §% now takes the form
s
— k ——
v.. = I W,y , (5.5)
W i=1 1S3
where
Y. =Y, if |t.] <t
S; di i 0l

v, if |ty >ty
1 1

The following theorem gives the result regarding the ex-
pected value of the general estimator §§ and its variance.
The variance result follows by using thesresult of Theorem
3.2. The corresponding results when §g. for the ith stratum
is not necessarily of Case I can be obt;ined in a similar

manner.

Theorem 5.1:

The sometimes regression estimator §% is an unbiased
s

estimator of the population mean, i.e.

E(§% )y =Y .
S
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The variance of §§ , when §; (i=1,2,...k) are of Case I

s i
is given by
2 2 n.+2i-1 .
k 2 sz(l—pj ) e ZT(—l—f———)6j21+2
V(y, )= Z W [V(y,)- D —
Wo 5=1 3 dj nj i=0 n.-1 , n.+2i-1
F(+1) T (10465
n_.-2 .
5 21i+3
xIm ( 2 7 2 )
0.
J
2 2 n.+2i-3 .
2,075 = @iryrdo——e 2t
+ —d z J :
n. . n.+2i-3
J i=0 n.-1 2
2T (i+1)T ) (1+6. 2
(—— 59
n.-2 .
2i+
I (L, 2,
0.
J
where
B0.%1,
0.~ —a—J
J .
§. = J
J 5 1/2 '
1-p.
( pj)
Mo, T l2 ’
3 %o.
S
1+ n.-2
J
cg is the variance of Y in the jth stratum,

J
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and p. 1s the correlation coefficient between X and Y in the
jth stratum.

Now we make a comparison of V(§Q ) with V(§§ ).

s d
Define
N —_ —
Dy (¥, By ) = VT, )V, )
s s d
. W 2O 2(l—p 2)
J 2j J (5)
= I px.(6'3, m, ), (5.6)
. n.-3 23 0.
j=1 > n.-1 3
n, (1+6.5)7 2 I (~4-)
where
n.-3
n.-1 .
2 2
3) n. I (—5—) (1+6.) _ _
DX . (6 , M. ) = (V(y_ )=-V(y, )),
23 0. 2 5 s. 4.
J g 5 (1-p.%) J J
: J
J
¥o= e, 6@, ),
() §.
'3 = 1 3 =1,2,...,k,
'1+6.2
J
and
% = (m m m. )
’ r ey .
Og 0,7 70, Oy
Define
n,
g <8,
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if
_ (1) (2) (k)
(‘iso_(oo 2 0 gy,
¥ = () o2 k)
and
o, <o i1,k
Let
0 =1¢,0,0, ... 0)
and
Y=(q,1,1, ... 1 .
We have

Theorem 5.2:

For %O fixed such that 8<%0 <1, there exists %s
S s 0

where 8<%s <T,3 ng(eo(j), m, ) =0( =1,2,... k) and

0 05
4"
Dgw(%s, mos) <0 -X<%S<—%so

=0 ¥ =%
3 S

so % K<
S S S
0 0

=0 ¥ =%
S SO

< 0 3 <3 <1.
So S

Hence
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V@, ) < V) -1<Es<-380
= v(;?wd) ¥ --'é’so
> V(§*d) -3SO<ES<BSO
= v<§wd) 8 = 5,
< V<§§d) 350<355;,
where

-¥_ = -0 (1), g2 _glk)y

Proof:

Using Theorem 4.1 we know that for fixed m, there

: . J
exists a 60(3) where 0<60(3)<l and such that

ng(e(j), moj)‘< 0 _l<e(j)<_90(j)
=0 o (3)=p (3)
>0 -eo(j)<e(j)<eo(j)
=0 e(j)=eo(j)
<0 eo(j)<3(j)<l.

Applying this result to (5.6) the theorem is proved.
Q.E.D.
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The following theorem gives the result regarding the

effect of variation of %0 with %s fixed.

S

Theorem 5. 3:

There exists 3i>0 and 3§>0, defined as

¥ = 0, 5, @

(3)
l l 13 7

...o0, By

0 1

1l

where

(3) - A
ng(el f 1) b 0, j b 1,2'3 ® o e k, and
= (1) o (2) (3) (k)
B - (62 1 4 62 ¥ 62 o e o 62 )’
where

" .
0,3 =1 630,  3=1,2,... k"

.2 Uz .
3
with
u. = {63, 6350 ang pr. (83, my ) < 0 for
2j - 23 3 -
all my 2 O<my <1} 3 = 1,2,...,k,
J J
such that

a) for 35 fixed and e[-gi, Bi]

Dgw(3 %0 ) >0 for B<%O <1,

s’
S
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and hence

V(y, ) 2V(y, ) for G <1;

[ d [
b) for BS fixed and s{(-B*, —Bi)U(g*, 85)}

:l% = (ma ,...m6 ) 2 8<%6<l, and

*
0 1 X
n, v n,
*
Dﬁw(%s’ mos) >0 B<mos§m0

N
< 0 m*<m

<1,
0 Os—

and hence

—_ — v Y
Viy,, ) > V(y ) G<m <m¥*
Wy LA 0,—0

< V(Y. )  mE<m <l
wd 0 0s

c) for Es fixed and e (-1, -Eg]U[B*, 1)1,

n, n, n,
Dgw(%s, mos) <0 o<mos<1,

and hence

-— — NN
Viy, ) < V(y, ) O<m, <1 .
W LA 0s
If we define
Relative Efficiency of y_ with . "
respect to y_ Vg - eZs(ks' Mo
d
i V(ywd)
vy, )
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then the following two theorems are a direct consequence of

Theorems 5.2 and 5.3.

Theorem 5.4:

~ ) n uv .
For m fixed such that B<m0 <1, there exists gs where

s s 0]
(j)'

0

) =0, (j=1,2...k) and

n,
B<%SO<1,BD2j(60

egs(gs' o ) > 1 —1<3s<—35

0s 0
=1 '%5;-380
< 1 -3 <3 <%
S0 S S0
=1 3s= <
0

Theorem 5.5:

For %i and %5, defined as in Theorem 5.3

> — *
a) for Bs fixed and ¢l i, El]

eas(%s' %0 ) <1 for 3<$0 ii;

S S

b) for Bs fixed and e{(-g*, ai)U(g*, %3)}

IME=(m* , m* ,...m* ) D O<m*<I, and
1 9 O 0

(6 m ) <1 for 8<%O fﬁﬁ

s
v v
> 1 for m6<m0 <f;
s
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¢c) for %s fixed and e{(-l, —%;]U[E;, T)},

v
eis(gs, %os) >1 for 3<mos<1.

Next we look at a comparison of the variance of the some-

times regression estimator §* and the regression estimator
s _
Yw L d
2
Let

pr (¥, 3 ) =VE )VE,)
ls' s Os ws wg

22
W.oy,

]
1 3 j

2 L2
('1_ 5 )_(l ej )

I
Il

3

where

. n._3[V(§g.)—V(§k.)].

(3) =
DJ‘f:i(e r T, ) ] 3 J

j
(1—pjz)(1-e. )

We then have the following theorem regarding the effect

of variation of 35 with %0 fixed.
s

Theorem 5.6:

For gax‘fixed'such that 3<%0 si, there exists a 35 where
S . [ 0
?5<’éso<1,3‘nfl=j(eo (3), m, ) =0, (§=1,2,3...k) and
J
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v o,
Dis(%s, m, ) >0 —1<%s<—%s
s 0
=0 %S=-Es
0
< 0 -%s <Bs<§
0 5o
=0 8 =8
0
>0 3 <3 <1
SO S
and therefore
— —— n,
V(yws) > V(ywl) —1<'§s<-'é's0
= V(ywﬂ‘) %s=_%so
< V(ywﬁ) —8so<%s<%so
= V(ng) %s=éso
> v(§%2) 350<35<T .

Proof:

The theorem is proved by applying the results of
Theorem 4.6 to Dij(e(J), my ) for 3 =1,2, ... k.
J
Q‘E.D‘
The following theorem which is a direct consequence

of Theorem 4.7 is concerned with the effect of varying %0

while holding §_ fixed.

S
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Theorem 5.7:

For Bs fixed and (-1, 1), Di (%s, %0 ) will vary as

S s
a function of %O in the same manner as Dgs(e, %O ) for
s S
¥<m. <I.
OS—
Let us now consider the efficiency of §§ with respect
s
to y.. . Then we have
Y
Relative efficiency of y.. with respect to y. = e¥ &, m )
W W 1s' s Os
AC
N
vy, )
s

then we immediately have the following two theorems from

Theorems 5.6 and 5.7.

Theorem 5.8:

For m fixed such that B<%O ﬁi' there exists 35

0
s S 0
where 3<%s <T, and
0
eis(%s' %0 ) <1 —3<35<—%s
s 0
=1 ¥ = -Bso
> 1 —3 <8 <B
So 0
=1 8= 5o
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Theorem 5.9:

. _ % 47 .
For 35 fixed and €( T, }), els(gs’ m, ) will vary as a

. A
function of m

B<, <¥.

=

s
. 4" n,
in the same manner as eZS(%s' m, ) for

0
s s
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VI. CONCLUSIONS AND RECOMMENDATIONS REGARDING THE

USE OF THE SOMETIMES REGRESSION ESTIMATOR

If conditions are such that the use of regression type
estimators is warranted, the question arises as to when the
sometimes regression estimator would be most appropriate.
Actually, the sometimes regression estimator includes both
the difference estimator ?& and the regression estimator §£
as special cases. Hence the sometimes regression estimator
may be used whenever it 1s appropriate to use regression
type estimators.

Consider the effect of change in the relative closeness
of Bo to 82. Theorems 4.1 and 4.10 for Cases I and III
respectively give the result that for fixed M i.e. fixed
level of significance, V(§g) is greater than V(§é) for B,
close to 82, but this relationship reverses itself as the
distance of 82 from 80 increases and it remains reversed.
Theorems 4.6 and 4.15 for Cases I and III respectively illus-
trate that the situation is reversed for the relationship of
the variance of the sometimes regression estimator to the
variance of the regression estimator with the exception that
Theorem 4.15 does not give a result for larger values of §.
Analogous results hold for the relative efficiencies. These
results are illustrated in Figures 6.1, 6.3, 6.5 and 6.7 for

Case III with n equal to 6 and 12 respectively. Figures 6.3



Figure 6.1. Graphs of e2(5, mo) vs § for fixed levels of m
with n=6 for Case III

0
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Figure 6.2. Graphs of e2(6, mo) vs m, for fixed levels of
§ with n=6 for Case III
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Figure 6.3. Graphs of el(6, mo) vs § for fixed levels of

m, with n=6 for Case III

0






Figure 6.4. Graphs of el(é, mo) vs m, for fixed levels of
§ with n=6 for Case III
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Figure 6.5. Graphs of e2(6, mo) vs & for fixed levels of

m0 with n=12 for Case III
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Figure 6.6. Graphs of ez(cS, mo) vs mg for fixed levels of
§ with n=12 for Case III
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Figure 6.7.

Graphs of el(é, mo) vs § for fixed levels

of mO with n=12 for Case III
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Figure 6.8. Graphs of el(s, mo) VS m, for fixed levels of
§ with n=12 for Case IIIL



151

o
246 8

: = = __ = .
WO Q O

1.0

o o

1

e1(8,m0)
1E
1.0
9
8
7

1.




152

and 6.7 also give empirical justification to the conjecture
following Theorem 4.15. The relative distance between 82
and Bo is a fixed unknown quantity. However on the basis
of past experience, it may be possible to have some idea
about the likely range of values it can take on.

The level of significance of the preliminary test and
hence my can be fixed in any manner we please. If m, is
fixed such that the probability of using §é is very high,
then the relative efficiency of §; with respect to §a is
close to 1. On the other hand if the level of significance
is such that the probability of using §é is high, then the
relative efficiency of §; with respect to y, is close to Il.
The effect of changing the level of significance of the
test when the relative distance between Bo and 82 is fixed
is illustrated in Figures 6.2, 6.4, 6.6 and 6.8 for Case
III when n equals 6 and 12 respectively.

The guidelines for using the sometimes regression esti-
mator may be stated as follows:

1. If there is a priori information that B, is the
actual value of 82 and 80 is a very strong guess for 82

then t, may be chosen so that the likelihood that §§ results

0
in using §a is high. This would tend to minimize the loss in
efficiency of §g with respect to §a.

2. If there is a priori information that BO is the

actual value of 82 and BO is not considered to be a strong
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choice for 82 then to may be chosen so that the likelihood
that §g results in using §i is very high. This would tend to
minimize the loss in efficiency of §g with respect to §k.

3. 1If there is a priori information that 8, is the actual
value of 82 and the strength of the 60 choice is unknown then

a middle range value for the level of significance of the test

may be used.
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