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Abstract
There is much interest in the potential to use Structural Health Monitoring (SHM) technology to augment
traditional Nondestructive Evaluation (NDE) methods to improve safety, increase asset availability, and
reduce maintenance and inspection costs. SHM has the potential to be used in many areas of application
including critical components in aircraft and pipelines. Probability of detection (POD) plays a critical
role in aircraft structural integrity programs. As such, there has been a high interest in developing
methods that can be used to assess POD in SHM applications. In contrast to traditional NDE laboratory
experiments to assess POD that involve a set of specimens with cracks, SHM sensors are fixed and SHM
data are acquired over time as cracks grow or otherwise evolve. Traditional statistical methods for
assessing POD (e.g., as described in MIL-HDBK 1823A 2009) have to be extended to properly handle
repeated-measures data. This purpose of this paper is to review the basic statistical concepts of probability
of detection (POD) and to show how these concepts can and should be applied to SHM POD studies by
modifying and extending existing methods for estimating POD. The methods presented here are
applicable when there is a scalar damage index or other response that will be used to make a detect
decision. The paper compares a simple model based on length at detection and a random effects model to
describe repeated measures data.

Keywords: Bayesian inference, Length at detection, MAPOD, POD, Random effects, SHM

1

29 September 2019

1. Introduction
1.1 Background
There is a high degree of interest in the development and implementation of Structural Health Monitoring
(SHM) technology to augment traditional Nondestructive Inspection (NDI) methods to improve safety
and reduce maintenance costs. SHM has the potential to be used in many areas of application from critical
components in aircraft to pipelines. The effectiveness of SHM, however, needs to be demonstrated by
using properly conducted performance data and successful field operations (Munns et al. 2003 and Roach
and Rice 2018). Key to these performance assessments are methods to estimate the Probability of
Detection (POD) levels for SHM sensors. The purpose of this paper is to review the basic statistical
concepts of probability of detection (POD) and to show how these concepts can be used to develop
appropriate statistical methods for SHM POD studies.
This paper is focused on describing the statistical methods that can be used to estimate POD once
acceptable data has been acquired. We illustrate the methods using data from three different SHM POD
studies. We provide a brief description of the SHM systems but it is important to note that we do not
attempt to compare the different SHM methods but merely uses the available data from these systems to
illustrate the applicability of the statistical methods. Comparing different systems would require that the
systems be tested on the same kind of parts and with the same kind of crack growth mechanisms. Also,
and very importantly, in order to compare POD curves, it is always necessary to establish that the
methods have the same probability of false alarms (e.g., concluding that damage exists when it does not).
We have not done this. For the examples shown here, the respective thresholds were provided by the
experimenters.

1.2 Applicability of MIL-HDBK-1823 to SHM
A frequently asked question is whether and how it might be possible to adapt the methods and procedures
given in MIL-HDBK-1823 to SHM technologies. The nature of SHM differs from that seen in traditional
NDE in that the position of SHM sensors are fixed, and because they are permanently installed, SHM data
can be sampled frequently over time as flaws grow and/or evolve. Thus, generalizations of the MILHDBK-1823 methods will be required to quantify POD for SHM.

1.3 Related work
Shook et al. (2008) point out that recurrent inspection results for SHM POD studies will not be
independent, and develop a probabilistic model to take dependency into account when estimating POD.
Forsyth (2016), in the context of POD for SHM, reviews the important fact that in POD studies involving
cracks, the dominant source of variability is crack-to-crack variability due to crack morphology. Schubert
Kabban et al. (2015) describe a statistical random coefficient model for SHM POD that is similar to the
model presented in Section 5 of this paper, but which uses only a random slope. Seaver et al (2013)
describe the need for a "statistically valid" assessment of an SHMs ability to detect flaws before SHM
systems will be accepted for organizations like the DoD.

1.4 Overview
The remainder of this paper is organized as follows. Section 2 reviews the important underlying concepts
and assumptions of a POD study and reviews the statistical model that is commonly used for estimation
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of POD for traditional NDE applications. Section 3 describes the important characteristics of an SHM
POD study and introduces SHM POD study data from two different kinds of sensors: Piezoelectric
Transducer (PZT) sensors, Carbon Nanotube (CNT) sensors, and Comparative Vacuum Monitoring
(CVM) sensors. These three examples will be used subsequently to illustrate the statistical methods for
estimating POD. Section 4 describes the simple Length-at-Detection (LaD) method to compute POD and
applies it to the PZT data. Section 5 describes the random-effects model as a suitable extension of the
traditional simple linear regression model (the extension is needed because of repeated measures in SHM
POD studies) and applies it to the PZT data. Sections 6 and 7 apply the LaD method and the randomeffects model method, respectively to the CNT and the CVM data. Section 8 compares the LaD and the
random-effects model. Section 9 provides some suggestions about how to implement model-assisted
methods to estimate POD (MAPOD). Section 10 provides some concluding remarks and describes areas
for future research.

2. Basic Concepts of Probability of Detection (POD)
2.1 Definition of POD
Given the existence of a damage (e.g., a crack) that should be detected, POD is the probability that for a
given inspection opportunity, the inspection will detect that damage. POD is usually expressed as a
function of damage characteristics (e.g., crack length). When there are other important factors affecting
POD, the implicit assumption (not always met) is that these factors have been suitably considered and
incorporated, according to an appropriate joint probability distribution describing the variation of those
factors in actual inspection applications.
In general, the POD is computed as the probability that the inspection method output (NDI or SHM) falls
into the detect region (the detection part of the line in the case of a scalar signal), as a function of chosen
fixed characteristics (such as crack length). The probability distribution should reflect the variability in all
of the other important signal-affecting factors in the inspection (described in Section 4). In general,
finding this probability distribution presents one of the most challenging parts of a POD study. For
traditional NDI POD, the probability distribution is estimated from experimental data, as described in
Appendix G of MIL-HDBK-1823. Conducting experiments that correctly capture all the important
sources of variability for SHM technologies, however, will be challenging and costly.

2.2 The Simple â Versus a Method
The â versus a method is described, for example, in Appendix G of MIL-HDBK 1823A (2009). This
method is based on the underlying statistical model that there is a population of cracks and that the POD
study is based on data collected from a sample of these cracks under conditions that are similar to actual
inspections. Figure 1 is a plot of typical â versus a data on a log-log scale. Note the large amount of
variability in the â signal response for cracks of similar crack size a.
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Figure 1 Typical â versus a signal-response data



The traditional statistical model for signal-response (also known as a versus a ) POD data is based on the
simple linear regression model

Responsei = β 0 + β1 × lengthi + ε i ,

i = 1,, n

(1)

ε i  Normal(0, σ ε )
where Responsei is the random signal response, lengthi is the length of crack i, β 0 is the intercept, β1
is the slope, and ε i is an error term. The error term describes the deviation between the random response
value and the linear model for crack i and σ ε is the error standard deviation describing the spread of the
random response values around the true model line β 0 + β1 × lengthi . Then the available data (a single
response from each of the n cracks and the crack sizes) are used to estimate the parameters β 0 , β1 , and

σ ε , as illustrated in Figure 2.
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Figure 2 The fitted â versus a model showing how POD is computed.
The probability of detection (POD) is computed as the probability of having a response that is greater
than the detection threshold ath (equal to 3 in the example, as shown in Figure 2) is computed as

POD(length) = Pr( Response > ath ) = 1 − Φ Norm ( z )
where

z=

ath − ( β 0 + β1 × length)

σε

(2)

and Φ Norm ( z ) is the standard normal (Gaussian) cumulative distribution function. To estimate POD, β 0 ,

β1 , and σ ε in (2) are replaced by their maximum likelihood (ML) estimates. Figure 3 is a plot of the
estimate of POD as a function of crack size, along with a set of 95% lower confidence bounds for POD.
The aˆ90 = 0.033 value is an estimate of the crack length where the estimate of POD is 0.90. The

a90/95 = 0.042 value is an upper confidence bound for a90 , representing the largest crack that might be
missed in an inspection. The upper confidence bound a90/95 is a common scalar metric that is used to
describe inspection capability. Details for how to do these kinds of statistical computations (including
with censored observations that sometimes arise) are given in Appendix G of MIL-HDBK 1823A (2009).
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Figure 3 The estimate of POD with a set of one-sided pointwise 95% lower confidence bounds. The â90
and a90/95 values are also shown.

2.3 Variability and Uncertainty
In discussing POD and other statistical applications, it is important to distinguish between variability and
uncertainty. Variability generally arises due to the stochastic nature of physical phenomena, including
damage characteristics and inspection variables. The spread in the data points in Figure 1for a given crack
size illustrate this variability.
Uncertainty arises when there is limited information (i.e., limited data) about a quantity of interest (e.g.,
POD of a crack of a particular size for a given UT inspection). This uncertainty is reflected in the lower
confidence bounds for POD in Figure 3. In general, more data will reduce uncertainty, but not variability.
If instead of 40 cracks there had been 400 cracks in the study, the estimate and the lower confidence
bounds would have been almost the same. For further discussion, see Li, Spencer, and Meeker (2012,
2015). Statistical confidence intervals and one-sided confidence bounds are used to describe statistical
uncertainty (i.e., uncertainty due to limited data). Statistical tolerance intervals and prediction intervals
are used to describe a combination of variability in a distribution and the uncertainty in describing the
distribution due to limited data. Chapter 2 of Meeker, Hahn, and Escobar (2017) provide detailed
explanations about such statistical intervals.

2.4 Detection Threshold and Probability of a False Alarm
In any inspection process, there will be a need to set a detection threshold. In a simple situation where the
SHM signal is a scalar, then, as in MIL-HDBK-1823A (2009), the detection threshold is also a scalar. For
example, as illustrated in Figure 3, there will be a detection call if the signal response is greater than
ath = 3 . Smaller values of ath will result in larger values of POD, but will increase the probability of a
false alarm (PFA).
In NDE applications the threshold is generally set high enough that the probability of a PFA is acceptably
low. The acceptable level of PFA will depend on the particular application, but usually, there will be a
need to have PFA to be negligible. Then POD can be evaluated to determine if it is acceptable or not.
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Detection capability (i.e., POD) of different inspection methods can be compared only if the
corresponding PFA values are the same. PFA would be computed in exactly the same way as POD,
except using the corresponding probability distribution of signals in the absence of damage (i.e., the
distribution of noise). Statistical methods for doing this are described in Appendix G of MIL-HDBK
1823.

3. Characteristics of an SHM POD study
3.1 Characteristics of a Traditional POD Study
The purpose of a POD study is to collect the necessary information about model parameters so that an
estimate of POD and a quantification of statistical uncertainty can be computed. For traditional NDE, a
POD study consists of a set of targets (e.g., flat-bottom holes in a block, cracks in flat plates, or synthetic
hard alpha inclusions in a titanium block). MIL-HDBK-1823A (2009) recommends that at least n = 40
targets be used in an â versus a POD study. Each target is inspected once, and the resulting data can be
used to estimate POD, as illustrated in Section 2.2.

3.2 Factors Affecting Detection Sensitivity and Sources of Variability in SHM
To properly quantify POD from a POD study, it is essential that all important sources of variability that
could affect detection are explicitly captured. Omitting influential sources of variability in a POD study
could result in overestimating the probability of detecting smaller cracks or underestimating the potential
for false alarm indications.
Factors relating to damage and system properties that could affect SHM signals include:
1. Damage size, shape, and orientation (including changes in these characteristics over time). We
note that this is typically the dominant source of variability in traditional NDE and it is expected
that this will be true also for SHM applications.
2. Damage location relative to sensor location (including the distance between the sensor and the
damage).
3. Environmental variables such as temperature and humidity.
4. Mechanical variables such as strain conditions (due to variable fuel loading, etc.).
5. Variability in sensor signal responses due to sensor-to-sensor manufacturing variability.
6. Change in the structural configuration where the sensors are located as a function of time and that
could have an effect on SHM signal.
7. Changes in sensor performance over time due to maintenance repair, re-painting, etc.
8. Sensor aging and degradation.
9. Sensor, adhesive and other characteristics relating to installation-to-installation variability.
Then, for those factors that are not assumed to be held constant across inspections or compensated for by
a calibration operation, it is essential that there be an accurate characterization of the joint probability
distribution. For example, in traditional NDE, to crack-to-crack variability arising from differences in
crack morphology (different cracks with nominally the same size can have signal responses that vary
enormously) tends to be the dominant source of variability and this is also expected to also be the case in
SHM applications.
Many factors are involved in obtaining viable SHM data for POD calculations. Some of these factors
depend on the SHM system itself and some depend on the type of testing, the complexity of the test
7
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article used in the assessment and the type, location, and orientation of damage being detected. Factors to
be considered include, but are not limited to, determining the boundaries for the SHM system
applications, producing validation tests that are representative of the actual structure, establishing proper
damage detection thresholds, utilizing data with appropriate signal content compared to system noise, and
data analyses methods.

3.3 Considerations for an SHM POD study
An SHM POD experiment for aerospace applications will generally consist of fixed sensors being placed
on specimens (e.g., flat plates) with starter-cracks (e.g., EDM notches). Then the cracks could be grown
in fatigue over time by applying cyclic mechanical loads to the plate. SHM signal data would be taken
periodically over time and related to the length of the crack at that time. Similarly, for pipeline
applications, fixed sensors could be used to monitor a corrosion process where SHM signals would be
related to the amount of metal loss.
The SHM-POD experiment should accurately simulate the actual SHM process. Again, it is important
that the experiment capture relevant sources of variability. For example, the variability in cracks grown in
the experiment should accurately represent the variability seen in actual cracks. The observational units in
SHM POD studies will be crack/sensor combinations (where there may be an array of sensors in some
applications). To simplify the discussion in the rest of this paper, however, we will generally refer to a
“crack” as the observational unit.
In any SHM application, there will be an important consideration of how to map the SHM signal(s) into a
detect/no-detect decision at each inspection opportunity (however inspection opportunity is defined),
typically referred to as a damage index. The POD will then depend on the (joint) probability distribution
of the inputs to that decision-making mechanism. Data from one or more SHM sensors may be mapped
into one or more scalar damage indices that can be used for decision making, however, each damage
index would produce separate individualized POD results. In this paper, we will assume that the decisionmaking response is a scalar and that the crack length, which is known, adequately describes crack
properties (i.e., truth data).
Because SHM POD experiments generally consist of fixed sensors with repeated measures on cracks that
are growing over time, the traditional MIL-HDBK 1823A (2009) â versus a cannot be used with out
needed generalization of the statistical methods. This paper describes two alternative and appropriate
statistical methods and these are described and illustrated in the next two sections of this paper. The
remainder of this section introduces three SHM POD data sets that will be used to illustrate the statistical
methods.

3.4 An SHM POD Study Based on PZT Sensors
Piezoelectric Transducer (PZT) sensors can be attached to existing structures without changing the local
and global structural dynamics (as described in Kumar et al. 2013). PZT sensors can act as both
transmitters and receptors. As transmitters, piezoelectric sensors use electrical excitation to generate
elastic waves in the surrounding material. As receptors, they receive elastic waves and transform them
into electrical signals. It is possible to install arrays of active-sensors, in which each element takes, in
turn, the role of transmitter and receptor, and thus scan large structural areas using ultrasonic waves.
Complete reflection, partial reflection, scattering, or other detectable effects on the ultrasonic waves can
be used as the basis for damage detection.
A network of PZT sensors were installed on a generalized beam structure which is representative of
structures found in rotorcraft cabin frames and bulkheads. Starter notches were used to control the
8
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damage such that only one crack was being monitored at a time. Then tension-tension fatigue tests were
used to grow cracks. Data from the network were processed to provide a damage index (DI). Details are
omitted here but are available in Roach and Rice (2016),
Figure 4 is a plot of the PZT damage index (DI) data captured around the predetermined detection
threshold ath = 0.05 for crack detection from the sensor network. This threshold was chosen
conservatively so that the probability of a false alarm would be, effectively, zero. For the range of crack
lengths in the data in Figure 4, the DI is approximately linear in crack size and that is an important
consideration random effects model that will be introduced in Section 5. These data will be used to
compute POD in using a length at detection (LaD) method in Sections 4 and a random-effect model
approach in Section 5.

Figure 4 Plot of the PZT damage index versus crack length. The horizontal lines indicate the detection
threshold of 0.05.

3.5 An SHM POD Study Based on Carbon Nanotube (CNT) Sensors
CNT networks involve literally trillions of CNTs forming the electrical path, each contributing to either a
parallel or series resistance. As a crack grows anywhere under the CNT network, the measured resistance
will change as a function of the crack length.
For the experiments described here, 50 x 20 mm CNT sensors were bonded to 300 x 25 x 3 mm 6061-T6
Aluminum bars with a strain gauge epoxy. A 0.25 x 1.5 mm notch was cut into one edge of the specimen
using an EDM notch as a crack starter. The specimens were loaded in 4-point-bending with 25 mm
between the inner rollers and 200 mm between the outer roller, and cycles at 80% yield strain (3300
microstrain). Resistance was measured every 1000 cycles in the unloaded condition, and crack length was
estimated by simply solving the prior equation for crack length using a known relationship between crack
length and resistance. More details about CNT sensors and the experiment are given in Kessler et al.
(2015) and Kessler and Dunn (2019). These data will be analyzed using both methods in Section 6.
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Figure 5 Plot of the CNT damage index versus crack length. The horizontal lines indicate the detection
threshold of 0.75.

3.6 An SHM POD Study Based on Comparative Vacuum Monitoring (CVM) Sensors
Comparative Vacuum Monitoring (CVM) sensors provide another method to detect cracks in structures.
CVM is a pneumatic, elastomeric sensor with fine channels etched on its adhesive face. When the
sensors are adhered to the structure under test, the fine channels and the structure itself form a manifold of
galleries alternately at low vacuum and atmospheric pressure. When a crack develops, it forms a leakage
path between the atmospheric and vacuum galleries, producing a measurable change in the vacuum level
which is detected by the CVM monitoring device.
In the performance tests discussed here, a CVM sensor was mounted adjacent to a 5mm edge notch on a
series of 600 x 40 X 2mm Al-Li coupons. The CVM sensor used a 20mm L crack intercept region with
two 0.32mm W sensing galleries to produce the crack detection response. Each test specimen was
subjected to tension-tension cyclic loading to initiate and grow natural fatigue cracks. Vacuum levels
(Damage Index = dCVM level) were measured every 1,000 cycles and a calibration exercise was used to
determine the dCVM value corresponding to sensor crack detection. Additional information regarding
CVM sensors and their use for crack detection is provided in Roach (2009, 2018).
Figure 6 is a plot of the CVM data showing that the damage index increases exponentially in crack length.
Figure 7 is a plot of the same data on log-log scales. The log-log transformation makes the CVM damage
index approximately linear in crack length. The transformed data will be analyzed in Section 7.
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Figure 6 Plot of the CVM damage index versus crack length onlinear-linear scales. The horizontal lines indicate the detection
threshold of 1.5.
y vs. x

y
unit

S01

S02

S04

S05

S06

S07

S08

S09

S11

100
30

10
3

1
0.3

0.1

100
30

10
3

1
0.3

0.1

100
30

10
3

1
0.3

0.1
S12
100
30

10
3

1
0.3

0.1
1

2

3

1

2

3

1

2

3

Crack Size (mm)

Figure 7 Plot of the CVM damage index versus crack length on log-log scales. The horizontal lines indicate the detection
threshold of 1.5.

4. The Length-at-Detection (LaD) Method to Compute POD
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4.1 Basic Idea
Statistical performance assessments of damage detection sensors that are permanently mounted in a fixed
position must be handled differently than similar studies using hand-held or other deployed transducers
that are moved along the structure being inspected. In the case of in-situ SHM sensors, the damage of
interest originates, and may even propagate, into the region being monitored by the SHM sensor.
Performance analyses then consider the response of the sensor or damage detection and its relationship
with the size of the damage when detected.
The Length at Detection (LaD) method for repeated inspections of cracks growing under or near fixed
sensors provides a simple, statistically valid method to compute POD for SHM applications. This method
was originally suggested by Spencer (2006) and first applied to POD assessments of SHM systems in
Roach et al. (2007) and Roach (2009). This method uses only the crack-length values when cracks are
first detected. Similar to other POD applications, the underlying statistical model is that there is a
population of crack/sensor combinations and that the POD study is based on a sample of these
crack/sensor combinations. Each crack has a length, random from crack to crack, at which the crack will
be detected. Because only one observation is taken from each crack/sensor combination, the issue of
dealing with the dependency of repeated measures data does not arise.

4.2 Computation of POD and Lower Confidence Bound
Under the assumption that the length at detection values can be described by a normal (Gaussian)
probability distribution, POD can be computed as follows. From the available sample of cracks, let
x1 , x2 , , xn denote the observed length at detection for the n cracks. Also, let x denote the sample mean
and let s denote the sample standard deviation of the x1 , x2 , , xn values. Then the POD estimate for a
crack having a specified size denoted by length is

 length − x 
POD(length) = Pr( X ≤ length) = Φ norm 

s


where Φ norm () is the standard normal distribution cumulative distribution function (cdf). A
corresponding lower confidence bound on the probability of detecting a crack of a specified size can be
computed by using a standard statistical method based on the noncentral t distribution. The details of this
method are described in Section 4.5 of Meeker, Hahn, and Escobar (2017). R function normTailCI in
R package StatInt is available to do the needed computation. Then this procedure is repeated for
different values of length over the desired range.
Under an assumption that the length at detection values can be described by a lognormal distribution,
POD can be computed in a similar manner as

 log(length) − x 
POD(length) = Pr( X ≤ length) = Φ norm 

s


where x is the sample mean and s is the sample standard deviation of the logarithms of the LaD values.
Other location-scale and log-location-scale distributions can also be used to describe the LaD distribution.
These pairs of distributions include the logistic and log-logistic, the smallest extreme value and Weibull,
and the largest extreme value and Fréchet distributions. These distributions are described in Appendix C
of Meeker, Hahn, and Escobar (2017). It is important to check the adequacy of these different
distributions (as we will do in subsequent examples) and the effect that they have on POD estimation
because there is usually not a sufficient amount of information in the data to confirm that a particular
distribution should be used.
Because of the close relationship between confidence intervals for probability distribution quantiles and
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tail probabilities, the computation of the lower confidence bounds for POD in the LaD method can also be
done by using statistical methods for computing a one-sided tolerance bound, as described in Roach
(2009). More specifically, the a90/95 point and a 95% upper confidence bound on a90 , the crack size that
will be detected with probability 0.90. This upper confidence bound can be obtained as a one-sided upper
confidence bound on the 0.90 quantile of the LaD distribution and this is equivalent to a one-sided upper
tolerance bound on the same distribution. Methods for computing this confidence (or tolerance) bound are
given in Section 4.4 of Meeker, Hahn, and Escobar (2017). R function normQuantileCI in R package
StatInt is available to do the needed computation. Tables of factors to compute such tolerance bounds
are also available in Krishnamoorthy and Mathew (2009), Meeker, Hahn, and Escobar (2017), and some
engineering statistics textbooks. Corresponding estimation and confidence bound and confidence interval
methods for the other location-scale and log-location-scale distributions are described and illustrated in
Chapter 14 of Meeker, Hahn, and Escobar (2017).

4.3 Application to the PZT Data
Figure 8 is a plot of the PZT POD data with individual fitted regression lines. The plot also shows the
lengths at detection for each crack/sensor combination, defined as the crack size after the first time that
the damage index crosses the detection threshold, simulating periodic interrogation of the sensor network
that is commonly used in actual applications. The numerical values are given in Table 1.

Figure 8 Plot of the PZT POD data with a linear regression line for each crack/sensor combination. The
lengths at detection values are the crack-length values at the first inspection after the damage index
crosses the detection threshold of 0.05.
Table 1 Length at detection and estimated slope for each crack/sensor combination in the PZT data
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Probability plots are used to assess and compare the adequacy of distributional models for data. If the
plotted points for a plot corresponding to a particular distribution are approximately linear, one can say
that the data are consistent with the distribution. More specifically, if one can draw a straight line through
95% simultaneous confidence bands plotted on a probability plot for a particular distribution, then the
data are consistent, at the 95% level of confidence, with that distribution. See Chapter 6 of Meeker and
Escobar (1998) for more information about probability plots and simultaneous confidence bands.
The plots on the left in Figure 9 are probability plots with 95% simultaneous confidence bands for the
length at detection values from the PZT data for the (from top to bottom) Weibull, lognormal, normal, and
largest extreme value distributions. Note that what is being plotted in these four probability plots is
exactly the same. What is changing are the scales of the plots.
Plots on the right provide estimates and 95% lower confidence bounds for POD for the same four
distributions. The a90/95 ucb (95% upper confidence bound on a90 , the crack size that will be detected
with probability 0.90) is also indicted on these plots. In this application, there is little difference between
the normal and lognormal distributions, partially because the dynamic range of the data (ratio of the
maximum to the minimum) is small so that the log transformation has little effect on the statistical
estimates from the model. The larger a90/95 for the largest extreme value distribution is due to the heavier
upper tail of that distribution.
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Figure 9 In the left row are probability plots with 95% simultaneous confidence bands for the length at
detection values from the PZT data for the (from top to bottom) Weibull, lognormal, normal, and largest
extreme value distributions. Plots on the right provide estimates and 95% lower confidence bounds for
POD for the same four distributions.
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5. A Random-Effects Generalization of the â versus a Signal-Response
Model
5.1 Basic Idea and Model
Although the â versus a method described in Section 2of this paper and more fully in MIL-HDBK
1823A (2009) is not applicable for SHM applications with repeated measures on cracks, a suitable
statistical generalization is available. This method is based on the same underlying statistical model that
there is a population of crack/sensor combinations and that the POD study is based on data collected from
a sample of these crack/sensor combinations and that a signal response (or some transformation of the
signal response) can be described as a linear function of crack size (or some transformation of crack size).
Then it is possible to fit a linear random-effects regression model that describes the crack-to-crack
variability in the intercepts and slopes. This model assumes that each crack/sensor specimen in the
population has its own intercept and slope and we estimate the joint distribution of intercepts and slopes.
That is,

Responseij = β 0i + β1i (length − length) + ε ij , i = 1, , n, j = 1, , mi
where length is the sample mean of all of the length values in the data set, β 0i is the intercept, and β1i
is the slope, respectively, for crack/sensor combination i and ε ij is the error term for reading j from
crack/sensor combination i . The β 0i and β1i values are assumed to have a bivariate normal probability
distribution and ε ij  Normal(0, σ ε ) values are assumed to be independent of the random β 0i and β1i
values. Then the available repeated-measures data from the sample of crack/specimen combinations are
used to estimate the six parameters µ β , µ β , σ β , σ β , ρ , and σ ε . These parameters can be interpreted
0

1

0

1

as follows.
•

µ β is the mean of the intercepts at the crack size length (i.e., the sample mean of the observed
0

Response values at crack size length ) for all of the crack/sensor combinations in the
population.
•

σ β is the standard deviation of intercepts at the crack size length .

•

µ β is the mean of the slopes.

•

σ β is the standard deviation of the slopes.

•

ρ is the correlation between the slopes and intercepts.
σ ε is the standard deviation of the spread of the Response values around the lines for each

•

0

1

1

crack/sensor combination.

5.2 Computation of POD
The probability of detection (POD) for the random effects model is

POD(length) = Pr( Response > ath ) = 1 − Φ Norm ( z )

(3)

where ath is the detection threshold and

z=

ath − ( µ β + µ β (length − length))
0

1

(σ β2 + (length − length) 2 σ β2 + 2(length − length)σ β σ β ρ + σ ε2 )1/2
0

1

0

16

1

.

(4)

29 September 2019
Here µ β + µ β (length − length) is the mean of the Response values at crack size length and the
0

1

denominator in (4) is the corresponding standard deviation of the Response values at crack size length .

5.3 Using Bayesian Methods to Estimate POD and Compute Lower Confidence Bounds
Bayesian estimation with weakly informative (i.e., diffuse) prior distributions for the parameters provides
an appealing alternative to maximum likelihood estimation for random effects models. The computations
in this paper were done with the R package rstan, providing an interface between R (R Core Team 2019)
and Stan (The Stan Development Team 2019). Specific codes have been written in R and Stan to
implement the methods described in Sections 5.1 and 5.2. These have been included in the R package
RPOD. The output from Stan provides a large number of draws (typically 10 to 20 thousand draws are
sufficient to reduce Monte Carlo error enough so that at least two significant digits of accuracy are
available in final answers) from the marginal posterior distributions of the model parameters

µ β , µ β , σ β , σ β , ρ , and σ ε .
0

1

0

1

The weakly informative prior distributions used here are normal distributions with a very large standard
deviation relative to the observed spread in the data for µ β and µ β . For ρ the prior is also a normal
0

1

distribution with a large standard deviation but truncated outside of (−1, 1) . The prior distributions for

σ β , σ β , and σ ε are Cauchy distributions with a scale parameter that is large relative to the sample
0

1

standard deviations computed from the data using a simple two-stage estimation method.
The matrix scatter plot on the left side of Figure 10 provides a graphical summary of draws from the
posterior distribution. The distributions are well behaved and the commonly-used diagnostics suggest that
the draws will accurately describe the joint posterior distribution. Along the diagonal are histograms of
the marginal posterior distributions for each of the six parameters. The off-diagonal plots are scatter plots
of the bivariate marginal posterior distributions for each pair of parameters. We can see some positive
correlation between the estimates of µ β and µ β . On the other hand, we see no correlation between σ ε
0

1

and either µ β or µ β , as predicted by statistical theory.
0

1

Draws from the marginal distributions of β 0i and β1i , i = 1, , n, are also provided. The medians of
these distributions are estimates of the intercepts and slopes, respectively for the individual crack/sensor
combinations and these were used to plot the regression lines in the plot on the right side of Figure 10.
The probability densities and the thicker line in the center give the response distribution and estimated
mean response as a function of crack size and were computed using the marginal posterior draws of the
model parameters µ β , µ β , σ β , σ β , ρ , and σ ε .
0

1

0

1
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Figure 10 A matrix scatter plot of the draws from the joint posterior distribution of the model parameters
for the PZT data (on the left) and a plot of the corresponding fitted random-effects model (on the right).
These draws are also substituted into (4) and (3) for a given value of length to provide draws from the
posterior marginal distribution of the POD function at that value of length. Then an estimate of POD is
obtained from the median of these draws. The lower 95% credible (confidence) bound is obtained from
the 0.05 quantile of these marginal posterior draws. The computations are repeated for different values of
length. The results are plotted in Figure 11. The â90 and a90/95 values are a little smaller than those from
the LaD method because of the implicit interpolation to estimate the crossing length, relative to the LaD
method which uses the crossing length at the first inspection after the damage index crosses the detection
threshold.

Figure 11 A plot of the POD curve estimated from the draws from the joint distribution of the posterior
distribution of the random effects model parameters for the PZT data.

6. Application to the Carbon Nanotube SHM Data
This section describes the analysis of the carbon nanotube (CNT) sensor POD data, first introduced in
Section 3.5. The statistical methods used in this section are the same as those used in Sections 4 and 5 for
the PZT data.
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6.1 Estimates of POD from the LaD Method
Figure 12 is a plot of the CNT sensor POD data for cracks less than 2.1 mm in length. The plot also
shows the lengths at detection for each crack/sensor combination (again defined as the size of the crack at
the first inspection after the damage index exceeds the threshold ath = 0.75 ). Table 2 contains the
numerical values of the LaD values.

Figure 12 Plot of the CNT POD data with a linear regression line for each crack/sensor combination. The
lengths at detection values corresponding to the detection threshold of 0.75 are also shown.

Table 2 Length at detection and estimated slope for each crack/sensor combination in the CNT data
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The left side of Figure 13are probability plots with 95% simultaneous confidence bands for the length at
detection values from the CNT data for the (from top to bottom) Weibull, lognormal, normal, and largest
extreme value distributions. Plots on the right provide estimates and 95% lower confidence bounds for
POD for the same four distributions. Again, the data are consistent with all four of these distributions.
In contrast to the PZT data, there is a bigger difference between the fitted normal and lognormal
distribution in Figure 13, resulting is substantially different values for the a90/95 upper confidence
bounds. The effect of the log transformation in these data is stronger than it was for the PZT data, due to
the relatively large dynamic range of the crossing values (length at detection values). The difference
between fitting these two distributions can be seen more clearly in the probability plots in Figure
13showing ML estimates of the respective distributions and 90% two-sided intervals for POD (so that the
lower bounds correspond to one-sided 95% bounds on POD). Although the lognormal distribution
provides a better fit to the data, neither of these two distributions can be ruled out statistically; as both
distributions are consistent with the data.
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Figure 13 In the left row are probability plots with 95% simultaneous confidence bands for the length at
detection values from the CNT data for the (from top to bottom) Weibull, lognormal, normal, and largest
extreme value distributions. Plots on the right provide estimates and 95% lower confidence bounds for
POD for the same four distributions.
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6.2 Estimates of POD from the Random-Effects Model
Figure 14 gives results of fitting the random effects model to the CNT POD data. The distributions shown
in the scatterplot matrix on the left are well behaved and again, the commonly-used diagnostics suggest
that the draws will accurately describe the posterior distribution. The plot on the right shows the estimated
regression lines for each sensor/crack combination and provides a visualization of how the estimate of
POD is computed. Note the considerable amount of variability in the signal response for any given crack
length.

Figure 14 A pairs plot of the draws from the joint posterior distribution of the model parameters for the
CNT data (on the left) and a plot of the corresponding fitted model illustrating how POD is computed (on
the right).
Figure 14 summarizes results of fitting the random effects model to the CNT POD data. The distributions
shown in the scatter-plot matrix on the left are well behaved and again, the commonly-used MCMC
diagnostics (details not given here) suggested that the draws will accurately describe the posterior
distribution. The plot on the right shows the estimated regression lines for each sensor/crack combination
and provides a visualization of how the estimate of POD is computed. Note the considerable amount of
variability in the signal response for any given crack length.
Figure 15 shows the corresponding plot of the estimate of POD and the lower 95% confidence bound on
POD. As with the PZT example, these values are somewhat smaller than the values given by the LaD
method in Figure 13 because the random effects model implicitly uses the point of crossing the detection
threshold as the definition the detection where as the LaD methods used the crack length at the
observation after crossing the detection limit.
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Figure 15 The POD curve and lower confidence bound obtained from the draws from the joint posterior
distribution of the random effects model parameters for the CNT data.

7. Application to the Comparative Vacuum Monitoring (CVM) SHM Data
7.1 Estimates of CVM POD from the LaD Method
The analysis in this section is similar to those in Section 4.3 (for the PZT data) and Section 6.1 (for the
CNT data). Figure 16 shows the fitted regression line for each specimen and the LaD values. One
interesting difference is that, when compared to the PZT and the CNT data, there is more variability in the
slopes in the CVM data.

Figure 16 Plot of the CVM POD data on log-log scales with a linear regression line for each crack/sensor
combination. The lengths at detection values corresponding to the detection threshold of 1.5 are also
shown.
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Figure 17 In the left row are probability plots with 95% simultaneous confidence bands for the length at
detection values from the CVM data for the (from top to bottom) Weibull, lognormal, normal, and largest
extreme value distributions. Plots on the right provide estimates and 95% lower confidence bounds for
POD for the same four distributions.
24

29 September 2019
This section summarizes the analysis of these LaD values for the same four probability distributions used
previously for the PZT and the CNT data in Sections 4.3 and 6.1, respectively. The probability plots on
the left-hand side of Figure 17 suggest that all four of the distributions are consistent with the data.
The POD plots on the right-hand side show that there is little difference is the estimates of a90 , . Because
it has a longer upper tail, the lognormal distribution results in the largest a90/95 value.

7.2 Estimates of CVM POD from the Random-Effects Model
Recall from Section 3.6 that log transformations were used to have an approximatly linear relationship
between the damage index signal and crack length. Figure 18, similar to the previous examples, shows the
scatterplot matrix of the draws from the posterior distribution and the left and the model plot on the right.

Figure 18 A matrix scatter plot of the draws from the joint posterior distribution of the model parameters
for the CVM data (on the left) and a plot of the corresponding fitted random-effects model on log-log
axes (on the right).

Figure 19 A plot of the POD curve estimated from the draws from the joint distribution of the posterior
distribution of the random effects model parameters for the CVM data.
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8. A Comparison of the Length-at-Detection (LaD) and the Random Effects
Model Methods of Estimating SHM POD
There are tradeoffs between the LaD and the random-effects methods of estimating POD.
The repeated-measures random-effects model method:
• Uses available data more efficiently and, especially, there is more information to check model
assumptions.
• There is some evidence that the method is more robust to departures from model assumptions
(because it uses all of the available data).
• It provides a framework for model-assisted probability of detection (MAPOD), as described in
the next section.
• More complicated computational algorithms are needed, but with modern computational tools
that are available (hardware and software), this should not be an impediment to the use of the
random-effects model.
The length-at-detection (LaD) method:
• Is computationally, relatively simple.
• Because only two parameters neeed to be estimated more precision can be expected in estimation.
This has been seen in Monte Carlo simultation that have been conducted (details not reported
here).
• Requires an assumption about the distribution of detectable crack sizes (e.g., normal, lognormal,
or other distributions used in the exampes in this paper), with little information to discriminate
among different assumptions that might give vastly different a90/95 values.
• In some applications (e.g., the CNT data), the estimate of POD can be highly sensitive to the
assumed distribution.

9. Use of Model-Assisted Probability of Detection (MAPOD) in SHM
Applications
9.1 Background and related literature
Because of the nature of SHM, it is difficult to conduct economical POD studies like those suggested in
the main part of MIL-HDBK-1823A (2009) (e.g., it is suggested there that 40 or more craxcks shouold be
used and for an SHM-POD study sensor/crack combinations where cracks will be grown over time) for
traditional NDE. Aldrin et al. (2016) outline general considerations that will be needed to provide a valid
characterization of SHM capability.
Model-assisted POD (MAPOD), where physics-based models of inspection are used to help quantify
POD for particular kinds of inspections has, for many years, been a subject of discussion and research
(e.g., Thompson 2008 and Li, Meeker, and Thompson 2014). Aldrin et al. (2011) and Lindgren and
Buynak (2011), among others, have outlined some of the general needs for applying MAPOD concepts to
quantify POD in SHM applications. Janapati et al. (2016) describe some of the important steps that would
be needed to provide information for a MAPOD-based POD study for SHM.

9.2 A framework for MAPOD in SHM applications
The random-effects model described in Section 5 provides a framework for applying MAPOD in SHM
applications. If the parameters µ β , µ β , σ β , σ β , ρ , and σ ε were known, POD could be computed
0

1

0

1
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exactly using (3) and (4). The physical interpretations of these parameters are given in Section 5.2 (e.g.,
the means and variances of slopes and positions of the regression lines across the population of possible
crack-sensor combinations). In actual applications, these parameters will never be completely known, but
prior information about the parameters is often available or can be made available in an economical
manner. Bayesian estimation methods allow combining such prior information about these parameters
with data, perhaps from experiments on a smaller sample of crack/sensor combinations. For any given
state of knowledge and available data, one can use the methods described in Section 5.3 to compute POD
and lower credible bounds. When applying Bayesian methods, it is possible to specify weakly informative
(or diffuse) prior distributions for some of all of the parameters. However, doing so when there is limited
data (i.e., experimental results on only a few crack/sensor combinations) can result in considerable
uncertainty in estimates of POD, resulting in a lower confidence bound on POD that is much less than the
point estimate. Such a result would imply the need for tests on more crack/sensor combinations or
additional prior information on one or more of the model parameters. Using the Bayesian framework in
this way will help determine how many crack/sensor combinations will be needed to have the desired
amount of precision for estimating POD.

9.3 Sources of information to inform the prior distributions
The challenging part of implementing MAPOD is to obtain relevant prior information about the model
parameters in the form of sensible, defensible prior probability distributions. Prior information for
MAPOD can be obtained from a variety of sources including combinations of transferable past
experimental results, mathematical models describing the physics of inspection, and data from smaller,
focused physical experiments that are less expensive than testing additional crack/sensor combinations.

10.Concluding remarks and areas for future research
Using in-situ SHM sensors, it is possible to remotely monitor the integrity of specific parts of a structure
during service and to detect incipient damage before catastrophic failures occur. As mentioned earlier, in
POD studies for either NDI or SHM, it is vitally important to recognize and properly capture and model
all important sources of variability. Statistical methods in MIL-HDBK 1823A (2009) assume that each
target or in a POD study will be inspected only once. These methods need to be generalized (similar to
other generalizations that have been used in the past for other applications, such as having explanatory
variables other than damage size) for SHM applications in which there will be repeated measures on
crack/sensor combinations.
This paper presents valid statistical methods for modeling data from an SHM POD study allowing
estimation of POD for a fixed sensor detecting a crack that is propagating in a known direction near the
sensor. The methods presented here are applicable when there is a scalar damage index or other response
that will be used to make a detect decision. The LaD method offers promise but ignores useful
information. The statistical generalization to the MIL-HDBK 1823 methods based on a random-effects
model can be used for repeated measures SHM applications.

Further comments and areas for future research include the following.
• This paper has illustrated the statistical methods and computations that can be used to
compute a POD function. The validity of such computations depends on the source of the
input data, driven by the design of the POD experiment. For example, when SHM sensors
are mounted on flat plates in an experiment, the resulting POD estimate will reflect the
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•

•

•

•
•

•

probability of finding cracks in flat plates and any attempt to extend the results to other
settings will require justification.
Things change over time. SHM monitoring systems (e.g., those based on guided waves)
may be highly sensitive to changes in the structural configuration as a function of time.
Similarly, sensors themselves can deteriorate over time, affecting system efficacy.
In traditional NDI applications, calibration is used to verify that the inspection system is
working as expected and to reduce variability due to such factors as probe-to-probe
variability and possible changes in the inspection system over time. Relatedly,
corresponding methods will have to be developed to assure the continuing efficacy of
SHM monitoring.
The statistical methods presented in this paper, aimed at traditional aerospace
applications (as opposed to pipeline integrity applications), NDI damage detection
decisions are made on the basis of current readings only. There is no attempt to compare
current readings with previous readings in applications where there are multiple
inspections. Statistically, under certain conditions, more sensitive change detection
methods can be obtained by combining current readings with previous readings. Axiom II
in Worden et al. (2007) states: “The assessment of damage requires a comparison
between two system states.” Of course, when a change is detected, there needs to be a
way to distinguish changes due to a flaw versus changes due to sensor degradation or
other innocuous changes near the SHM system.
The statistical models described in this paper are appropriate when there is a scalar
response (such as a damage index). A more complicated model would be required for a
vector signal response.
Traditionally, POD is usually given as a function of damage size (e.g., crack length). In
some SHM applications, it will be more appropriate to have POD depend not only on
damage size but also on variables such as distance between the crack and the sensor(s) or
the point of initiation of the crack.
As mentioned in Section 8, there is some evidence that the random-effects model will be
more robust to deviations from the assumed statistical model (and there will always be
such deviations). More research will be required to confirm this.
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