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ABSTRACT: Discharge dynamics of granular particles from a ﬂat-bottomed silo is studied using both continuum modeling and
three-dimensional (3D) discrete element method (DEM) simulations. Using DEM, the inﬂuence of microscopic parameters
(interparticle friction coeﬃcient, particle−wall friction coeﬃcient and particle coeﬃcient of restitution) and system parameters
(oriﬁce width) on the discharge rate is quantiﬁed. The spatial extent of diﬀerent regimes (quasi-static, intermediate and inertial)
of granular rheology are quantiﬁed using a regime map previously established from DEM data of homogeneously sheared
granular ﬂow. It is shown that all three regimes of granular rheology coexist during silo discharge, and the intermediate regime
plays a signiﬁcant role in discharge dynamics. A quantitative comparison between results of continuum and DEM simulations is
performed by computing discharge rates, solid velocities, and solid stresses for a three-dimensional (3D) ﬂat-bottomed silo. It is
found that the three constitutive models investigated in this study overpredict the discharge rate when compared to DEM data.
Contour plots of the error in solid stress prediction are compared with the spatial extent of diﬀerent regimes of granular rheology
to deduce that it is inaccurate modeling of the intermediate regime that is responsible for overprediction of the discharge rate.

1. INTRODUCTION
Modeling and prediction of granular ﬂows in nature and in
technological applications is a challenging problem of
considerable socioeconomic importance.1 For example, solids
processing is a multibillion dollar industry that is a critical part
of the pharmaceutical (e.g., capsule, tablet solids), agricultural
(e.g., fruits, seed processing), and consumer product (e.g.,
cereal, detergent, canned goods) industries. Silos are one of the
important devices widely used in the processing and handling
of granular materials in many industrial and agricultural
applications.2 Accurate prediction of the discharge rate is
critical for dependable design and optimum performance of
these devices. There are two diﬀerent numerical approaches
that are commonly used to study discharge dynamics of a silo.
The ﬁrst approach, DEM (discrete element method), is a
particle-level microscopic simulation method that represents
multiparticle interaction on contact through a contact force
model.3 The computational cost of DEM restricts its use to
relatively small system sizes and idealized geometries. The
second approach is a continuum description of granular ﬂows
that results in averaged conservation equations for mass,
momentum, and energy. The continuum approach is used for
simulations of device-scale granular ﬂows because the cost of
simulating individual particles is prohibitive for large systems.
In the continuum approach, the granular stress needs to be
modeled using a constitutive relation that should correctly
reﬂect the rheological behavior of granular ﬂow as a function of
macroscopic conditions (shear rate and solid volume fraction)
and microscopic properties (e.g., interparticle friction and
coeﬃcient of restitution). Granular rheology is complex, with
the existence of at least three distinct regimes (quasi-static,
intermediate, and inertial) emerging from experiments4 and
DEM simulations.5−8 Constitutive models for the inertial
(rapid ﬂow) regime have been successfully developed by means
of corrections to the kinetic theory of gases,9−11 whereas the
© 2013 American Chemical Society

quasi-static regime is generally described by plasticity
theories.12−14 However, no uniﬁed theory has been proposed
for the intermediate (transitional) ﬂow regime,4,15,16 where
both collisional and frictional interactions between particles are
important.
Benyahia17 performed validation studies of diﬀerent constitutive models for granular ﬂow in the frictional regime by
comparing discharge rates from a two-dimensional (2D) bin
with the Beverloo correlation18 [ṁ = 0.58ρbg0.5(D − kdp)2.5] for
diﬀerent oriﬁce widths. The ﬁrst constitutive model assessed in
his work17 is the model proposed by Schaeﬀer,12 which has
been traditionally used in the MFIX computer code.19 The
second model he assessed is the constitutive model developed
by Srivastava and Sundaresan,20 referred to as the S&S model
for brevity. Srivastava and Sundaresan20 conducted a validation
study of their model by comparing discharge rate with the
well−known Beverloo correlation18 for a 2D bin. These
studies17,20 found that the discharge rate predicted by existing
continuum theories does not match well with that obtained
from the Beverloo correlation18 of experimental data.
We also conﬁrm this observation by performing continuum
simulations of the same 2D bin discharge problem that was
earlier studied by Srivastava and Sundaresan20 and Benyahia.17
Figure 1a shows the temporal variation of the discharge rate
obtained from two diﬀerent constitutive models (the Schaeﬀer
model12 and S&S model20) compared with the Beverloo
correlation18 of experimental data. This result shows that both
constitutive models predict discharge rates that are much higher
(more than 70%) than that obtained using the Beverloo
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Figure 1. (a) Temporal variation of discharge rate using two diﬀerent continuum models and (b) transverse solid velocity proﬁle during steady
discharge at time t = 4.0 s, at 1 cm above the discharge oriﬁce. The dashed vertical lines indicate the location of the edge of the oriﬁce.

centerline. The existence of these diﬀerent ﬂow modes can be
directly related to diﬀerent levels of shear stress at the silo wall.
Further, as we show later in this work, these diﬀerent levels of
shear stress could be the result of the coexistence of diﬀerent
regimes (quasi-static, intermediate, and inertial) of granular
rheology, which we quantify using DEM simulations.
As noted previously, granular rheology is a function of both
macroscopic conditions and microscopic properties. Experiments25 and DEM simulations5,7,8,26 have shown that microscopic properties such as the interparticle friction coeﬃcient
can signiﬁcantly aﬀect the rheology of granular ﬂows. For
example, Engblom et al.25 performed experiments to study the
segregation mechanics of powder mixtures in a cylindrical silo
due to variation in material properties. They found that material
properties (such as interparticle friction) have a signiﬁcant
eﬀect on the distribution of powder mixing. This result
indicates the need for more precise quantiﬁcation of the eﬀect
of material properties (such as the particle friction coeﬃcient
and the coeﬃcient of restitution) on the diﬀerent regimes of
granular rheology, and on the silo discharge rate. Note that
Beverloo’s correlation of experimental data that is widely used
to calculate the discharge rate18 does not include the eﬀect of
particle friction. Anand et al.27 studied the discharge from a 3D
rectangular hopper using DEM and quantiﬁed the eﬀect of
diﬀerent simulation parameters (such as interparticle friction
coeﬃcient, particle−wall friction coeﬃcient, oriﬁce width, and
particle coeﬃcient of restitution) on the discharge rate.
However, we are not aware of a comprehensive study that
compares results of DEM and continuum simulations for a 3D
silo.
In this work, a 3D ﬂat-bottomed silo is simulated using DEM,
and the eﬀect of diﬀerent microscopic (interparticle friction
coeﬃcient, particle−wall friction coeﬃcient, and coeﬃcient of
restitution) and system parameters (discharge outlet size) on
the discharge rate is studied. Further, we quantify the spatial
extent of diﬀerent regimes (inertial, intermediate, and quasistatic) of granular rheology in this silo discharge problem using
a comprehensive regime map26 that was previously established
using 3D DEM data of homogeneously sheared granular ﬂow.
The eﬀect of interparticle friction coeﬃcient on the spatial
extent of these diﬀerent regimes of granular rheology is also
studied. A direct quantitative comparison between DEM and

correlation18 [ṁ = 0.58ρbg0.5(D − kdp)2.5]. Figure 1b shows the
proﬁle of transverse solid velocity during steady discharge at
time t = 4.0 s, at 1 cm above the discharge oriﬁce. This ﬁgure
reveals that both constitutive models predict that there is some
ﬂow even in the corners of the bin, whereas these regions
should really be stagnant, as previously observed in experiments.21 One reason for this discrepancy in the prediction of
the discharge rate and the discharge velocity is that not all
particle−particle interactions are correctly represented or
modeled in the continuum simulations.
This motivates our use of DEM simulations, which represent
important particle−particle interactions, as a route to understanding the deﬁciencies in the continuum simulations and for
suggesting improvements. Although restricted to relatively
small system sizes and idealized geometries, DEM simulations
can be used to evaluate and develop improved constitutive
models for particulate ﬂows. The rapid increase of computing
power and advances in numerical methods have made it
possible to perform detailed and accurate DEM simulations of
particulate ﬂows. Several studies have been performed to
understand the discharge dynamics of granular particles from
silos and hoppers22−24 using DEM. Landry et al.22 studied the
vertical stress proﬁle in two- and three-dimensional (3D) silos
and further examined how this stress proﬁle changes with
dimensionality. Their analysis revealed that the Janssen theory
does not fully describe these packings, especially at the top of
the piles. They also found a number of noticeable diﬀerences
between 2D and 3D packings. For instance, their study shows
that 2D packings support much less vertical stress than 3D
packings. Most DEM simulations of silo discharge thus far have
been conﬁned to 2D systems. Hence, the work of Landry et
al.22 motivates the need for 3D DEM simulations of silo
discharge.
Goda and Ebert23 performed a detailed DEM study on a 3D
silo. However, their study was limited to studying the
distribution of normal wall forces and pressure developed at
the end of the ﬁlling process. Ketterhagen et al.24 performed a
systematic study to quantify the modes of powder ﬂow in a
series of 3D conical hoppers and quasi-3D wedge-shaped
hoppers using DEM simulations. These ﬂow modes (mass ﬂow
or funnel ﬂow) are quantiﬁed using a mass ﬂow index (MFI),
which is deﬁned as the ratio of the mean particle velocity at the
hopper wall to the mean particle velocity at the hopper
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continuum simulation is performed by comparing the outlet
solid velocity proﬁle and solid stresses inside the silo.
The next section discusses the DEM simulations of silo
discharge along with a description of the method used to
characterize the spatial extent of diﬀerent regimes of granular
rheology in the silo discharge problem. The following section
describes the details of 3D continuum simulations, including a
brief description of three diﬀerent constitutive models that are
assessed in this work. In section 3.3 we discuss results from a
quantitative comparison between DEM and continuum
simulations for a 3D ﬂat-bottomed silo. Finally, conclusions
are drawn in section 4.

2. DISCRETE ELEMENT METHOD SIMULATIONS
In order to infer local ﬂow behavior and to have a direct
quantitative comparison with continuum simulations, we
perform 3D DEM simulations of silo discharge. The DEM
simulations model the granular material as a particle assembly
consisting of monodisperse, spherical, cohesionless particles of
diameter dp and mass mp. A soft sphere model is used, in which
particles interact via contact laws and friction only on contact.
Since the realistic modeling of particle deformation is
complicated, a simpliﬁed contact force model based on a linear
spring−dashpot combination is used in this work.3 Details of
the computational model used in these discrete element
simulations are given in the Appendix. For all the DEM
simulations reported, the mass and diameter of particles are set
to 1, so the density of particles is 6/π. The value of normal
spring constant (kn) is set to 2 × 105 (mpg/dp units), which
captures the general behavior of intermediate to high kn
systems.3 The integration time step Δt for all the DEM
simulations is selected to be tc/50, where tc is the binary
collision time. This time step is shown to be suﬃciently small
to ensure temporal convergence.3
2.1. DEM Simulations of Silo Discharge. The movement
of individual particles during the outﬂow caused by gravity is
studied using 3D DEM simulations. The domain size selected
for these simulations is 18 × 18 × 36 particle diameter units in
the x, y, and z directions, respectively. It is shown later in this
section that this system size is big enough to ensure a discharge
rate that is independent of domain size. The only external force
acting on the system is gravity in the negative z direction. In all
these DEM simulations the discharge outlet is circular in shape
with diameter 6dp, where dp is the particle diameter (except for
a few simulations that are performed to quantify the eﬀect of
discharge outlet size on the discharge rate). The domain is
bounded by ﬂat−frictional walls in all the directions (x, y, and
z). The number of particles simulated in this study varies
between 11 136 and 13 340, depending on the initial solid
volume fraction and domain size for a speciﬁc simulation.
To ensure a constant discharge rate that is independent of
domain size, the following design constraints are used:27
(1) D ≥ 6dp, where D is the size of discharge outlet and dp is
the particle diameter.
(2) H > D, where H is the ﬁll height at centerline.
(3) W > 2.5D, where W is the silo width.
In order to ensure that the discharge rate from the silo
remains unchanged with domain size, we performed DEM
simulations with diﬀerent domain sizes. Figure 2 shows the
amount of mass discharged with time for a simulation with
initial solid volume fraction of 0.60, for four diﬀerent domain
sizes of 12dp × 12dp × 24dp, 15dp × 15dp × 30dp, 16dp × 16dp ×

Figure 2. Eﬀect of domain size on discharge rate from a ﬂat-bottomed
silo. Simulation parameters: D = 6dp, μp = μw = 0.1, e = 0.88.

30dp, and 18dp × 18dp × 36dp, respectively. The slope of the
linear portion of the discharge plot in Figure 2 gives the
discharge rate. This ﬁgure shows that the discharge rate is
almost independent of the domain size, provided it meets the
minimum design constraint of W > 2.5D. This result is in good
agreement with the ﬁndings of Brown and Richards,28 who
previously reported that the discharge rate remains constant as
long as W > 2.5D.
Parts a, b, and c of Figure 3 show contour plots of the
magnitude of solid velocity [in (dpg)1/2 units] from the ﬂat-

Figure 3. (a) Velocity contour [in (dpg)1/2 units] of particle discharge
from silo at time t = Td/40 (a), Td/2 (b), and 3Td/4 (c).

bottomed silo at time t = Td/40, Td/2, and 3Td/4, respectively,
where Td is the discharge time scale (time required to
completely discharge all the granular material from the silo).
These ﬁgures show that the DEM simulations are able to
capture the stagnant zones on the either side of the oriﬁce,
which has been previously observed experimentally by
Nedderman et al.21
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2.2. Inﬂuence of Microscopic Parameters on Silo
Discharge Rate. Both experimental25 and DEM studies5,7,8,26
have shown that friction can play an important role in
determining granular rheology and, hence, could aﬀect the
discharge rate. However, the Beverloo correlation18 [ṁ =
0.58ρbg0.5(D − kdp)2.5] has no dependence on friction (both
interparticle and particle−wall). In order to quantify the
inﬂuence of microscopic parameters (interparticle friction
coeﬃcient, particle−wall friction coeﬃcient, and coeﬃcient of
restitution) on the discharge rate, we perform a series of 3D
DEM simulations with diﬀerent values of these parameters.
Figure 4 shows the time evolution of mass discharged (scaled
with initial mass in the silo, m0) for three diﬀerent values of the

signiﬁcant change in the silo discharge rate. This result can be
attributed to the fact that, for a broad silo (W/D ≥ 2.5), the
wall friction coeﬃcient does not aﬀect the ﬂow near the oriﬁce
outlet and, hence, has little eﬀect on the discharge rate.
The coeﬃcient of restitution is another parameter that has
not been completely explored in experimental studies. In order
to understand its inﬂuence on the discharge rate, we performed
DEM simulations with diﬀerent values of particle restitution
coeﬃcient ranging from 0.70 to 0.95. This range corresponds to
the coeﬃcient of restitution of particles generally used in solid
processing industries. We ﬁnd almost no change in the
discharge rate when the particle restitution coeﬃcient is
increased from 0.70 to 0.95 (results not shown here). Using
2D simulations, Ristow29 reported a change in the discharge
rate of 1.2% when the coeﬃcient of restitution increased from
0.5 to 0.9. This ﬁnding can be ascribed to the fact that silo ﬂows
are dense and are dominated by long-lasting, frictional, and
multiparticle contacts. Hence, it is not surprising that the
coeﬃcient of restitution has a negligible inﬂuence on silo
discharge dynamics.
2.3. Inﬂuence of System Parameters on Silo Discharge
Rate. The Beverloo correlation of experimental data18 shows
that the discharge rate scales with the discharge outlet size to
power 2.5 (see eq 27). This dependence of the discharge rate
on the discharge outlet size is probed using 3D DEM
simulations. In Figure 5a, the discharge rate is plotted with
discharge outlet size (D̂ = D/dp) for a simulation with an
interparticle and particle−wall friction coeﬃcient of 0.10.
Figure 5a shows that the discharge rate is a function of outlet
width raised to the power 2.4 for circular oriﬁces, which
matches extremely well with the Beverloo correlation, which
predicts that the discharge rate scales with the outlet width
raised to the power 2.5 for a 3D silo (see eq 27). Figure 5b
shows the amount of mass discharged (scaled with the initial
mass in the silo, m0) with time for four diﬀerent outlet sizes of
6dp, 7dp, 8dp, and 9dp. It is seen from Figure 5b that the
discharge rate increases with an increase in the discharge outlet
size, with an almost 4-fold increase as the discharge outlet size
is increased from 6dp to 9dp. Clearly, the discharge outlet size is
one of the most important parameters inﬂuencing silo
discharge.
2.4. Characterization of Diﬀerent Regimes of Granular
Rheology in Silo Discharge. As noted earlier, the rheology
of granular ﬂow depends on particle properties (friction

Figure 4. Amount of mass discharged (scaled with the initial mass in
the silo, m0) with time for three diﬀerent values of interparticle friction
coeﬃcient. Simulation parameters: μw = 0.1, e = 0.88.

interparticle friction coeﬃcient: μp = 0.10, 0.25, and 0.50. The
particle−wall friction coeﬃcient is 0.10 in all the cases. This
ﬁgure shows that as the coeﬃcient of interparticle friction
increases, the discharge rate decreases. The discharge rate
decreases by about 30% when the interparticle friction
coeﬃcient increases from 0.1 to 0.5. These results indicate
that the discharge rate depends on the interparticle friction
coeﬃcient, and its neglect in experimental correlations should
be revisited. However, our DEM simulations reveal that the
particle−wall friction coeﬃcient has negligible inﬂuence on the
discharge rate (results not shown here). Increasing the wall
friction coeﬃcient from 0.10 to 0.75 does not lead to any

Figure 5. (a) Discharge rate with oriﬁce outlet width. Simulation parameters: μp = μw = 0.1, e = 0.88. (b) Amount of mass discharged (scaled with
the initial mass in the silo, m0) plotted with time for diﬀerent widths of discharge outlets.
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coeﬃcient, coeﬃcient of restitution) and macroscopic conditions of imposed shear rate and solid volume fraction. These
diﬀerent rheological behaviors are classiﬁed as diﬀerent regimes
of granular ﬂow based on the scaling of shear stress with the
strain rate.5 In the inertial regime,30 the stress scales as the
square of the strain rate (σ ∝ γ̇2), whereas in the quasi-static
regime,5 the stress remains independent of the strain rate [σ ≠
f(γ̇)]. In between these two extremes there exists an
intermediate regime where stress is related to the strain rate
in the form of a power law (σ ∝ γ̇n), where n takes values
between 0 and 2 based on the interparticle friction coeﬃcient
and the shear rate.4 In order to quantify the spatial extent of
diﬀerent regimes of granular rheology in this silo discharge
problem, we ﬁrst establish a regime map in the space of ν, μp,
k*; i.e., the parameter space deﬁned by solid volume fraction ν,
particle friction coeﬃcient μp, and nondimensional shear rate
k* = kn/(ρsdp3γ̇2). Diﬀerent regimes of granular rheology
(inertial, intermediate, and quasi-static) are identiﬁed on the
basis of the scaling of shear stress with the strain rate using
DEM data obtained from homogeneously sheared assemblies of
granular particles (where the stress is independent of location),
for a wide range of solid volume fractions, shear rates, and
interparticle friction coeﬃcients. Details about this comprehensive regime map can be found in previously published
work.26 These regimes have also been analyzed by other
researchers.7,8
We now describe how the spatial extent of diﬀerent granular
rheology regimes is calculated from the DEM silo simulations.
The interparticle friction coeﬃcient μp is ﬁxed in each DEM
simulation, and we simulated μp = 0.5 and μp = 0.25 to
represent a range of granular materials. In each DEM
simulation, the solid volume fraction ν and nondimensional
shear rate k* vary spatially. The spatial map of granular
rheology regimes is generated at the midplane of the silo,
corresponding to y = L/2. The solid volume fraction and mean
strain rate tensor

Figure 6. Characterization of spatial extent of diﬀerent regimes of
granular rheology in a ﬂat-bottomed silo based on local solid volume
fraction, mean strain rate, and particle friction coeﬃcient. Blue
represents the quasi-static regime and red represents the inertial (rapid
ﬂow) regime, whereas other colors indicate the spatial extent of the
intermediate regime. (a) Simulation parameters: D = 6dp, μp = 0.5, e =
0.91. (b) Simulation parameters: D = 6dp, μp = 0.25, e = 0.91.

in a ﬂat-bottomed silo obtained using this method for
interparticle friction coeﬃcient values of 0.50 and 0.25,
respectively. In Figure 6a,b, red represents the inertial regime
(which is found to exist near the discharge oriﬁce), blue
indicates the quasi-static regime (which exists near walls and
regions far away from the discharge outlet), and the presence of
any other color corresponds to the intermediate regime.
From this study, it is evident that all three regimes of
granular rheology (inertial, intermediate, and quasi-static)
coexist for this silo discharge problem. It is also interesting to
note that the intermediate regime spans a considerable spatial
region in the silo. Comparing parts b (μp = 0.25) and a (μp =
0.5) of Figure 6 reveals that the spatial extent of the
intermediate regime expands as the interparticle friction
coeﬃcient decreases from 0.50 to 0.25. The interparticle
friction coeﬃcient for most granular materials (such as glass
beads) used in the solid processing industries varies between
0.15 and 0.50, and hence, expansion of the intermediate regime
has implications for granular ﬂow in practical devices. This
result also indicates that it is critical to understand the
rheological behavior of the intermediate regime, which still
poses signiﬁcant challenges for constitutive models.26 Most of
the frequently used constitutive models do not perform
satisfactorily in this regime.

⎡ γxẋ γxẏ γxż ⎤
⎥
⎢
⎢
γ
γ
γ
̇
̇
̇
γij̇ = yx yy yz ⎥
⎥
⎢
⎢γ ̇ γ ̇ γ ̇ ⎥
⎣ zx zy zz ⎦
are computed by averaging over cubical bins of side 2dp. The
value of nondimensional shear rate k* at the center of each bin
is calculated using the second invariant of the mean strain rate
tensor as
k* = k n /(ρs d p3I2D2)

(1)

where
I2D =

1
[[tr(γ )]
̇ 2 − tr(γ 2̇ )]
2

3. CONTINUUM SIMULATIONS
A continuum description of granular ﬂow is useful for
simulating problems at a larger industrial scale, but they
require accurate constitutive models. To perform a quantitative
assessment of diﬀerent constitutive models, we compare the
discharge rates, solid velocities, and solid stresses obtained from
DEM and continuum simulation of a 3D silo.
3.1. Setup for Continuum Simulations. Simulations of
particle discharge from a 3D ﬂat-bottomed silo are performed
using the averaged two-ﬂuid (TF) continuum formulation in
the MFIX computer code.19 MFIX is an Eulerian−Eulerian
computational ﬂuid dynamics (CFD) model in which gas and
granular solids are modeled as continua. However, since the
current study focuses only on dense granular ﬂows, the eﬀect of

(2)

which is calculated from the components of the mean strain
rate tensor as
I2D = [(γxẋ γyẏ + γyẏ γzż + γxẋ γzż ) − (γxẏ γyẋ + γxż γzẋ + γyż γzẏ )]
(3)

Using the values of ν, μp, and k* at each bin center, we assign
that location a value corresponding to its regime: 2 for inertial,
1 for intermediate, and 0 for quasi-static according to the
regime map established by Vidyapati and Subramaniam.26 Parts
a and b of Figure 6 show the spatial extent of diﬀerent regimes
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interstitial ﬂuid can be neglected (provided the particle
diameters are relatively large, e.g., Geldart type B particles).
Therefore, no eﬀect of ﬂuid is introduced in the MFIX model
equations. The “dry” granular kinetic theory model used in the
MFIX code19 is essentially the same as that derived by Lun et
al.9 Conservation of mass for constant solid density results in
⎡ ∂ν
⎤
+ ∇·(ν vs)⎥ = 0
ρs ⎢
⎣ ∂t
⎦

Table 1. Values of Model Parameters Used in the
Continuum Simulations

(4)

where ρs is the solid density, ν is the solid volume fraction, and
vs is the average solid-phase velocity. Conservation of linear
momentum is given by
⎤
⎡ ∂ν vs
+ ∇·(ν vsvs)⎥ = ∇·(τk + τf ) + νρs g
ρs ⎢
⎦
⎣ ∂t

n ·(τk + τf ) ·

(6)

where Θs is the granular temperature, q is the ﬂux of granular
energy, and Js is the granular energy dissipation due to inelastic
collisions. Solids kinetic−collisional and frictional stress terms
are given by
τk = [−Ps + ημ b ∇·vs]I + 2μs SS

(7)

τf = −Pf I + 2μf SS

(8)

1
1
[∇vs + (∇vs)T ] − ∇·vsI
2
3

vsl
π 3
+ (n ·τf ·n)tan δ + max ϕ′ρν
g Θ 1/2vsl
s 0 s
|vsl|
6ν

=0

(10)

n·q =

π 3
π 3
ϕ′ρνg Θs1/2|vsl|2 − max (1 − e w 2)ρν
g Θ 3/2
s 0 s
6ν max s 0
4ν
(11)

where n is the unit normal from the boundary into the particle
assembly, τk and τf are the kinetic and frictional stress tensors,
respectively, νmax is the maximum solid volume fraction, Θs is
the granular temperature, q is the ﬂux of granular energy, δ is
the angle of wall friction for the material, ϕ′ is the specularity
coeﬃcient, ρs is the solid density, ν is the solid volume fraction,
ew is the coeﬃcient of restitution at the wall, and vsl = v−vwall is
the slip velocity of the particle assembly at the wall. For all
other dependent variables, the usual continuation condition
(i.e., zero gradient in the direction normal to the boundary) is
applied. The silo is initialized with particles at rest,
corresponding to an initial void fraction of 0.40.
3.2. Description of Constitutive Models. Three diﬀerent
constitutive models (Schaeﬀer,12 S&S,20 and CSS7) for the
frictional stress are used to simulate silo discharge in this work.
The continuum simulation results corresponding to the
Schaeﬀer and S&S models in section 3.3 refer to an
implementation where the total granular stress is decomposed
into a kinetic part, τk (obtained from the kinetic theory of
granular ﬂow9) and a frictional part τf due to enduring contacts
obtained from the Schaeﬀer or S&S models, as implied by eq 5.
A brief description of these models is presented below.
3.2.1. Schaeﬀer Model.12 This model has been traditionally
used in the MFIX code.19 It is used when the critical state is
reached, where the solid volume fraction exceeds the maximum
packing limit. In the Schaeﬀer model,12 I2D represents the
second invariant of the deviator of the strain rate tensor, which
is related to the norm of the square of the strain rate tensor by
I2D1/2 = (Ss:Ss)1/2/2. The model for the frictional stresses is
given by the following equations:17

and
SS =

values
2.9 g/cm3
1 mm
26.56
12.3
0.25
0.91
0.91
0.65

taken from Johnson and Jackson.31 This boundary condition
can be written as

(5)

where τk and τf are the kinetic and frictional part of the stress
tensor, respectively. The translational granular energy conservation equation is given by
⎤
3 ⎡ ∂ν Θs
ρs ⎢
+ ∇·(ν Θsvs)⎥ = −∇·q + τk : ∇vs − ρs Js
⎦
2 ⎣ ∂t

parameter
solid density, ρs
particle diameter, dp
angle of internal friction, ϕ
angle of wall friction, δ
specularity coeﬃcient, ϕ′
interparticle coeﬃcient of restitution, e
coeﬃcient of restitution at wall, ew
maximum solid packing, νmax

(9)

where Ps is the solid pressure, η is a constant depending on the
particle restitution coeﬃcient,20 μb is the bulk viscosity of the
solid phase, I is the identity tensor, μs is the granular viscosity,
and SS is the strain rate tensor as given in eq 9. The closures for
diﬀerent terms arising from the kinetic theory are taken from
Lun et al.,9 while three diﬀerent constitutive models for the
frictional stress are used.
The problem studied is a 3D ﬂat-bottomed silo with domain
size 18 × 18 × 36 particle diameters in x, y, and z directions,
respectively, with an open top and an oriﬁce centered at the
bottom. The only diﬀerence between the continuum and DEM
simulations is that the continuum simulations have a squareshaped outlet, whereas the DEM simulations have a circular
outlet. However, the eﬀective diameter (hydraulic diameter) of
the square discharge outlet is the same as the diameter of the
circular outlet, which is 6dp. A 5dp high region below the silo is
included in the domain so that a boundary condition is not
required right at the exit of the bin. A grid resolution of dp, dp,
and 2dp is used in the x, y, and z directions, respectively.
According to Srivastava and Sundaresan,20 such a ﬁne mesh is
required to eﬀectively resolve variations in the velocities and
solid volume fractions near the oriﬁce region. The initial solid
volume fraction in the bin is set to 0.60, whereas the initial
granular temperature is taken to be nonzero everywhere
(0.01dpg units). Table 1 lists the values of the simulation
parameters used for the ﬂat-bottomed silo simulations.
The boundary condition for momentum and pseudo-thermal
energy (PTE) of the particulate phase at the walls of the silo are

⎧1025(ν − ν max )10 if ν > ν max
Pf = Pc = ⎨
⎩0
if ν ≤ ν max

(12)

⎧ Pc
sin(ϕ) if ν > ν max
⎪
2
I
⎨
μf =
2D
⎪
⎩0
if ν ≤ ν max

(13)

⎪

⎪
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pQS = αQS|ν − νc|

where Pc is the critical state pressure, SS is the strain rate tensor,
and ν and νmax are the solid volume fraction and its value at the
maximum packing limit, respectively.
3.2.2. S&S Model.20 This frictional model is proposed by
Srivastava and Sundaresan,20 who gave expressions for the
frictional stresses in a compressible granular assembly. This
model is a modiﬁcation of Savage’s model32 that accounts for
strain rate ﬂuctuations even in the dense regime of granular
ﬂow. The frictional stresses start inﬂuencing the granular ﬂow at
a minimum solid volume fraction (νmin), which is below the
maximum packing (νmax), as proposed by Johnson and
Jackson.31 In this study, the critical state theory applies only
when the granular assembly is incompressible (i.e., above
maximum packing). The critical state pressure in the S&S
model20 is speciﬁed by the following equation:
⎧1025(ν − ν max )10 if ν > ν max
⎪
⎪ (ν − ν min)r
Pc = ⎨ Fr max
if ν max ≥ ν > ν min
s
−
ν
ν
(
)
⎪
⎪
⎩0
if ν ≤ ν min

2/3

pInt = αIntγ ̇ ̂

μf =

sin(ϕ)
2

Pf
SS : SS + Θs /d p2

⎞n − 1
⎟
⎟
⎠

(21)
2

pInert =

αInertγ ̇ ̂

|ν − νc|2

(22)

τQS = βQS|ν − νc|

(23)

5/7

τInt = βInt γ ̇ ̂

(24)
2

τInert =

βInert γ ̇ ̂

|ν − νc|9/5

(25)

where γ ̇ ̂ is deﬁned as follows:
γ ̇̂ =

γḋ p
k n /(ρs d p)

=

1
k*

(26)

kn/(ρsdp3γ̇2)

In eq 26, k* =
is the nondimensional shear rate, γ̇
is the applied shear rate, kn is the normal spring constant, dp is
the particle diameter, and ρs is the solid particle density. The
model constants αQS, βQS, αInt, βInt, αInert, and βInert are speciﬁed
in Table 2 on the basis of the work of Chialvo et al.7

(14)

where Fr = 0.5 dyn/cm2. Typical values for the model constants
r and s are chosen to be r = 2 and s = 5 in this model.20 The
frictional pressure is related to the critical state pressure as
follows:
⎛
∇·vs
Pf
= ⎜⎜1 −
Pc
n 2 sin(ϕ) SS : SS + Θs /d p2
⎝

(20)

Table 2. CSS Model Constants Corresponding to Diﬀerent
Regimes of Granular Flow
(15)

⎛
⎛ ⎞1/(n − 1)⎞
⎜n − (n − 1)⎜ Pf ⎟
⎟
⎜
⎟
P
⎝
⎠
c
⎝
⎠
(16)

model constant

value

αQS
βQS
αInt
βInt
αInert
βInert

0.676(kn/dp)
0.260(kn/dp)
0.15kn(ρs/kn)1/3
0.0854(kn/dp)(ρsdp3/kn)5/14
0.0185(dp2ρs)
0.0217(dp2ρs)

The coeﬃcient n has diﬀerent values depending on whether the
granular assembly is experiencing a dilation or compaction:
⎧ 3
⎪
sin(ϕ) if ∇·vs ≥ 0
n=⎨ 2
⎪
if ∇·vs < 0
⎩1.03

3.3. Quantitative Comparison between DEM and
Continuum Simulations of Silo Discharge. The discharge
rate is one of the most important quantities measured in silos.
Figure 7a shows the temporal variation of the discharge rate for
a 3D ﬂat-bottomed silo. This result shows that at early time
there is a rapid increase in the discharge rate, which is then
followed by a plateau region, where the discharge rate does not
vary appreciably with time. Figure 7a also shows that the steady
discharge obtained from the Schaeﬀer model is 7.75 g/s,
whereas the steady discharge obtained from the S&S model is
9.62 g/s. This diﬀerence in the prediction of discharge rate is
attributed to the fact that, in the S&S model, the frictional
stress starts inﬂuencing the granular ﬂow at a value of solid
volume fraction (νmin in the description of S&S model) that is
lower than the Schaeﬀer model, where frictional eﬀects only
start at maximum packing.17 However, the CSS model7 predicts
a discharge rate of 6.67 g/s. We also compute the discharge rate
from DEM simulation and the Beverloo correlation and
compare these with the discharge rate obtained from diﬀerent
constitutive models. These calculations are done for particles
with a density of 2.9 g/cm3 and 1 mm diameter. For these
particle properties, DEM predicts a steady discharge rate of
4.94 g/s (shown with dash−dot−dot line in Figure 7a). The
Beverloo correlation (eq 27)

(17)

In eq 17, the coeﬃcient n determines the shape of the yield
surface.
3.2.3. CSS (Chialvo−Sun−Sundaresan) Model.7 The
general form of this recently developed CSS bridging model
can be written as7
⎧p + p
for ν ≥ νc
⎪ QS
Int
p=⎨
⎪(p −1 + p −1 )−1 for ν < νc
⎩ Inert
Int

(18)

⎧
τ + τInt
for ν ≥ νc
⎪ QS
τ=⎨
⎪
−1
−1 −1
⎩(τInert + τInt ) for ν < νc

(19)

In eqs 18 and 19, the subscripts QS, Int, and Inert correspond
to the quasi-static, intermediate, and the inertial regime,
respectively. Here ν and νc are the solid volume fraction and
critical solid volume fraction, respectively. In eqs 18 and 19, the
individual regime contributions are deﬁned as
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Figure 7. (a) Temporal variation of the discharge rate using three diﬀerent constitutive models and DEM simulations for a 3D ﬂat-bottomed silo. (b)
Proﬁle of vertical component of solid velocity near the oriﬁce during steady discharge, and (c) same as in part b but normalized by the reference
velocity vref = ṁ /(ρbA) based on the discharge rate corresponding to each model. Simulation parameters: D = 6dp, μp = 0.5, e = 0.91.

ṁ = 0.58ρb g 0.5(D − kd p)2.5

the discharge rate corresponding to each model. This ﬁgure
shows that the models predict a similar shape of the velocity
proﬁle, but there are quantitative diﬀerences in the discharge
rate prediction, as shown in Figure 7a.
In order to understand this discrepancy in the discharge rate
prediction, the error incurred in the solid stress prediction is
quantiﬁed by comparing the predicted granular stress (using
the three diﬀerent constitutive models) with that of DEM data.
We extract stresses from the constitutive models and DEM
simulations in each cell and quantify the error using the vector
norm of the relative error in each cell:

(27)

predicts a discharge rate of 4.29 g/s. In eq 27, ṁ is the discharge
rate, ρb = ρsν is the initial solid bulk density, g is the
acceleration due to gravity, D is the outlet discharge size, k is
the Beverloo constant, and dp is the particle diameter. From this
result it is evident that the two frequently used constitutive
models (Schaeﬀer and S&S) signiﬁcantly overpredict the
discharge rate compared to the discharge rate obtained from
the Beverloo correlation18 and DEM data. The CSS model does
somewhat better by predicting the discharge rate within 35% of
DEM data. However, there is good agreement between the
discharge rate predicted using DEM simulations and the
Beverloo correlation of experimental data.
The discharge rate is closely related to the discharge velocity
of solids near the oriﬁce, and these are compared in Figure 7b.
The vertical component of solid velocity is extracted during
steady discharge at a location 2dp above the bottom oriﬁce. As
shown in Figure 7b, the velocity of solid particles is highest at
the center of the oriﬁce for all the constitutive models and
DEM simulations. Near the walls the particles ﬂow down with
very low velocity, as seen in Figure 7b. As expected, the
discharge velocity predicted by the S&S model is higher than
the discharge velocity computed using the Schaeﬀer and CSS
models, thus leading to the higher discharge rate prediction by
the S&S model, as shown in Figure 7a. The discharge velocity
predicted by the DEM simulation is lowest, which also veriﬁes
the lower discharge rate predicted by the DEM simulation.
Figure 7c shows the vertical component of solid velocity
normalized by the reference velocity [vref = ṁ /(ρbA)] based on

ε̂ =

(σij)model − (σij)DEM
(σij)DEM

2

2

(28)

In the DEM, these stresses are extracted in a slice of
thickness 2dp in the y direction, which is located at the center of
the silo. A uniform grid with spacing 2dp × 2dp is used in the x
(along the width of the silo) and z (along the height of the silo)
directions to perform this error analysis. Parts a, b, and c in
Figure 8 are the contour plots of error (ε̂) in solid stress
prediction using Schaeﬀer, S&S, and CSS models, respectively.
This ﬁgure shows that the maximum error incurred in solid
stress prediction (when compared with the stresses computed
from DEM simulations) is around 42% and 56% for the
Schaeﬀer and S&S model, respectively. However, the CSS
model7 is able to predict solid stresses within 26% of the DEM
data. The better performance of the CSS model is ascribed to
the fact that this model provides a blending function for
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Figure 8. Error in solid stress prediction (error quantiﬁed using vector norm of relative error, see eq 28): (a) for the Schaeﬀer model, (b) for the
S&S model, (c) for the CSS model, and (d) for the Schaeﬀer model superimposed with the spatial extent of diﬀerent regimes (QS, quasi-static; Int,
intermediate; Inert, inertial) of granular rheology. Simulation parameters: D = 6dp, μp = 0.5, e = 0.91.

Figure 9. Performance of diﬀerent continuum models in a simple homogeneous shear ﬂow. (a) Simulation parameter: ν = 0.62, μp = 0.1, and e = 0.7.
(b) Simulation parameter: ν = 0.58, μp = 1.0, and e = 0.7.

patching each regime’s asymptotic form in order to predict the
stresses in diﬀerent regimes of granular rheology.
It is also interesting to note that the S&S model predicts the
lowest stresses (both shear as well as normal stresses). The
reason for this lower stress prediction by the S&S model is
attributed to fact that the S&S model allows for the dilation

eﬀect at solid volume fractions below the critical packing value.
In the S&S model the frictional pressure is modiﬁed for the
dilation eﬀect, as opposed to directly using its value at the
critical state (which assumes the granular assembly deforms
without any volume change) as done by Schaeﬀer. In the
Schaeﬀer model, high values of frictional viscosity are expected
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regimes of granular rheology in the silo discharge problem is
quantiﬁed using a regime map established from DEM
simulation data of homogeneously sheared granular ﬂow.26
The results of this study reveal that all three regimes of granular
rheology (inertial, intermediate, and quasi-static) coexist in this
silo discharge problem. It is also found that the spatial extent of
the intermediate regime that occupies a signiﬁcant portion of
the solid ﬂow directly above the oriﬁce expands as the
interparticle friction coeﬃcient decreases.
Quantitative comparison of DEM and diﬀerent constitutive
models in the continuum simulations reveals that two
frequently used constitutive models (Schaeﬀer12 and S&S20)
signiﬁcantly overpredict the discharge rate from the silo.
However, the CSS model7 does somewhat better by predicting
a discharge rate within 35% of the DEM data. Nevertheless, the
DEM prediction of discharge rate is in very good agreement
with the discharge rate computed using the Beverloo
correlation18 of experimental data. The error in the solid stress
(with respect to DEM data) incurred by the constitutive
models shows a maximum of 42%, 56%, and 26% for the
Schaeﬀer, S&S, and CSS models, respectively. It is also found
that the spatial region with the maximum error (for all the
constitutive models used in this study) in the solid stress
prediction almost exactly overlaps the region corresponding to
the intermediate regime of granular rheology. The results of
this study reconﬁrm that DEM can be used as a tool to isolate
and identify one of the possible causes for poor prediction of
the discharge rate in silos, namely, the large spatial extent of the
intermediate regime and its complex rheological behavior,
which current constitutive models have diﬃculty in capturing.

due to the high critical pressure computed using eq 12. The
S&S model predicts a frictional pressure (Pf) that is always
lower than the critical pressure (Pc) if the assembly is dilating
(∇·vs > 0 in eq 15). Therefore, the stresses computed in the
S&S model are lower than that of the Schaeﬀer and CSS
models. Figure 8d shows the error in solid stress prediction (for
the Schaeﬀer model) superimposed on the spatial extent of
diﬀerent regimes of granular rheology for an interparticle
friction coeﬃcient of 0.5. In Figure 8d QS, Int, and Inert
correspond to the quasi-static, intermediate, and the inertial
regimes of granular rheology, respectively. This ﬁgure shows
that the maximum error incurred in the solid stress prediction
corresponds almost exactly to the spatial region where the
intermediate regime is present. Therefore, it can be concluded
that this intermediate regime poses a signiﬁcant challenge for
the constitutive models. Note that in the intermediate regime,
the scaling of stress with strain rate is σ ∝ γ̇n (0 < n < 2), where
n is itself a function of particle (such as interparticle friction
coeﬃcient, coeﬃcient of inelasticity) and ﬂow (such as the
shear rate) properties.
To further investigate the performance of these three
constitutive models in the intermediate regime of granular
rheology, where the error in solid stress prediction is found to
be highest, we compare their shear stress predictions with DEM
data for homogeneously sheared granular ﬂow. These
homogeneous shear simulations are performed with periodic
boundary conditions in all directions (x, y, and z) and uniform
shear is generated in the domain using the “SLLOD”
algorithm.33 The SLLOD algorithm33 is used in conjunction
with the Lees−Edwards boundary condition34 to generate
simple shear ﬂows.
Parts a and b of Figure 9 show the comparison of the shear
stress predicted using these three constitutive models with
DEM data for a solid volume fraction of 0.62 and 0.58 with an
interparticle friction coeﬃcient of 0.1 and 1.0, respectively (it is
established by Vidyapati and Subramaniam26 that this
combination of solid volume fraction and particle friction
coeﬃcient can exhibit intermediate regime ﬂow behavior over a
range of shear rates). These values also correspond to the range
of solid volume fraction values (0.57−0.62) that was extracted
from the continuum simulations in the spatial region
corresponding to the intermediate regime. Both parts of Figure
9 show that the shear stress predicted using the Schaeﬀer12 and
the S&S20 models are almost independent of the applied shear
rate in the intermediate regime. The CSS model7 shows a
dependence on shear rate, but it does not accurately capture the
DEM data for all values of the shear rate tested in the
intermediate regime. This result reveals that the constitutive
models used in the continuum description of granular ﬂows in
this work are not able to quantitatively predict the DEM data
for rheological behavior of stress with the strain rate in the
intermediate regime, although the CSS model is best able to
capture the qualitative trends.

■

APPENDIX: CONTACT MODEL DESCRIPTION
For two contacting particle {i,j}, with radii {ai,aj} at positions
{ri,rj}, with velocities {vi,vj}, and angular velocities {ωi, ωj}, the
normal compression (δij), relative normal velocity (vnij), and
relative tangential velocity (vtij) are3
δij = d p − rij

(A.1)

vnij = (vij·nij)nij

(A.2)

vtij = vij − vnij − (aiωi + ajωj ) × nij

(A.3)

where d = ai + aj, rij = ri − rj, nij = rij/rij, with rij = |rij| and vij = vi
− vj.
Note that there is no sum over repeated indices. The rate of
change of the elastic tangential displacement (utij), set to zero at
the initiation of contact, is
du tij
dt

= vtij −

(u tij ·vij)rij
rij 2

(A.4)

The last term in eq A.4 arises from the rigid body rotation
around the contact point and ensures that utij always lies in the
local tangent plane of contact. Normal and tangential forces
acting on particle i are

4. CONCLUSIONS
Discharge dynamics of granular particles from a 3D ﬂatbottomed silo is studied using both discrete (DEM) and
continuum simulations. DEM results for discharge rate in a ﬂatbottomed silo are shown to behave robustly with variation of
parameters such as interparticle friction coeﬃcient and
discharge outlet size. However, it is found that the wall friction
coeﬃcient and particle coeﬃcient of restitution have no
inﬂuence on the discharge rate. The spatial extent of diﬀerent

Fnij = f (δij/d p)(k nδij nij − γnmeff vnij)

(A.5)

Ftij = f (δij/d p)( −k t u tij − γtmeff vtij)

(A.6)

where kn,t and γn,t are the spring stiﬀness and viscoelastic
constants, respectively, and meff = mimj/(mi + mj) is the reduced
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mass of spheres with masses mi and mj. In this work, all particles
have the same mass, mp. The corresponding contact force on
particle j is simply given by Newton’s third law, i.e., Fji = −Fij.
The function f(δij/dp) = 1 is for the linear spring−dashpot
model, and f(δij/dp) = (δij/dp)1/2 is for Hertzian contacts with
viscoelastic damping between spheres. Static friction is
implemented by keeping track of the elastic shear displacement
throughout the lifetime of a contact. The static yield criterion,
characterized by a local particle friction coeﬃcient μ, is
modeled by truncating the magnitude of utij as necessary to
satisfy |Ftij| < |μFnij|. Thus, the contact surfaces are treated as
“sticking” when |Ftij| < |μFnij| and as “slipping” when the yield
criterion is satisﬁed.
The amount of energy lost in collisions is characterized by
the value of the coeﬃcient of restitution, which is deﬁned as the
negative ratio of the particle normal velocity after collision to
the velocity before collision. For the linear spring−dashpot
model, the coeﬃcient of normal restitution and contact time
can be analytically obtained
en = e−γntc /2
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where the contact time (tc) is given by
(A.8)

The value of the spring constant should be large enough to
avoid particle interpenetration yet not so large as to require an
unreasonably small simulation time step dt, since an accurate
simulation typically requires dt ∼ tc/50.5 After the contact force
is calculated, the equations of motion, which are ordinary
diﬀerential equations, can be numerically integrated to get the
particle trajectories.
The total granular stress corresponding to the DEM contact
force model is composed of contact (virial) and streaming
(dynamic) contributions that can be computed from particle
properties in a domain of volume V as
σ = σ contact + σ streaming
=

1
V

N

⎡

1 (i)(j)
⊗ f (i)(j) + (mp v′(i) ⊗ v′(i)
r
2
i ⎣ j,j≠i
⎤
+ Iω′(i) ⊗ ω′(i))⎥
⎥⎦
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(A.7)

tc = π (k n /meff − γn 2/4)−1/2

Article

∑ ⎢⎢ ∑

NOMENCLATURE
ṁ discharge rate
D size of discharge outlet
dp particle diameter
e particle restitution coeﬃcient
ew coeﬃcient of restitution at wall
H ﬁll height at silo centerline
Js granular energy dissipation due to inelastic collision
k Beverloo constant
k* nondimensional shear rate
kn particle normal stiﬀness coeﬃcient
m0 initial mass in silo
md amount of mass discharged from silo
mp particle mass
n coeﬃcient in the frictional model
Pc critical state pressure
Pf frictional pressure
Ps solid pressure
tc binary collision time
Td discharge time scale
W silo width
g acceleration due to gravity
I identity tensor
q ﬂux of granular energy
vs solid velocity
Δt time step for DEM simulations

Greek symbols

δ angle of wall friction
γ̇ shear rate
η constant depending on particle restitution coeﬃcient
μb bulk viscosity of solid phase
μf frictional viscosity
μg gas viscosity
μp particle friction coeﬃcient
μs granular viscosity
μw wall friction coeﬃcient
ν solid volume fraction
νmax maximum solid packing
ϕ angle of internal friction
ϕ′ specularity coeﬃcient
ρb bulk density of solid
ρg gas density
ρs particle density
σ granular stress

(A.9)

where r(i)(j) is the vector pointing from the center of particle j to
the center of particle i, f(i)(j) is the contact force acting on
particle i by particle j, mp is the mass of a particle, I = mpdp2/4 is
the moment of inertia of a spherical particle about its center, v′
is the ﬂuctuating velocity, ω′ is the ﬂuctuation in particle
rotational velocity, and ⊗ denotes a dyadic product. The stress
obtained from DEM simulations in this paper neglects the ﬁnal
term associated with the rotational momentum transfer, and
only the virial and translational terms are included. However,
sample calculations of stress including the rotational
momentum transfer term indicate that the diﬀerence in total
stress is less than 1% for solid volume fraction values greater
than 0.53. Therefore, its neglect does not signiﬁcantly change
the results or conclusions of this paper.
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Θs granular temperature
τf frictional part of stress tensor
τk kinetic part of stress tensor
νmin minimum frictional solid volume fraction
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