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CHAPTER 1
Evaluation of System Sensitivity to Design Changes
Evaluating the dynamic response of a structure involves
examining the natural frequencies (eigenvalues) and mode
shapes (eigenvectors) of the system.

If a prototype is

available, the natural frequencies and mode shapes are
obtained experimentally.

In the absence of a prototype, the

system is often modeled using ~inite-element software, and
the mode shapes and natural frequencies are then obtained by
solving the following eigenvalue problem:

(1 . 1)

where

[K] = stiffness matrix
[M] = mass matrix
w.2
1

= 1.th eigenvalue

U.1 = 1.th eigenvector

where the natural frequencies are the square roots of the
eigenvalues and the mode shapes are functions of the
eigenvectors.
The undamped eigenvalue problem is illustrated here.
For systems with little or no damping, the damping has
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little effect on the natural frequencies and mode shapes and
therefore can be neglected in the initial analysis.

This

thesis will focus on the wide variety of finite element
problems that are formulated without damping.
Once the eigenvalues and eigenvectors are known, the
design analysis begins.

The original system may exhibit

natural frequencies that lie in an unacceptable range or
mode shapes that are unacceptable, resulting in the need for
a new design.

The redesign process involves either making

alterations to the prototype and retesting or specifying new
values for one or more of the design variables and resolving the eigenvalue problem for a new set of mode shapes
and natural frequencies.
Many changes to the system may need to be considered in
order to arrive at an acceptable design.

Although it often

seems obvious how a prospective design change will affect
the natural frequencies of the system, the magnitude of the
change is not apparent.

Furthermore, the relationship

between the design change and the various mode shapes is
often very subtle and impossible to determine in advance.
Thus with each design change the prototype must be modified
and tested or a detailed re-analysis must be done to obtain
the new system characteristics.

If the re-analysis involves

obtaining solutions to the eigenvalue problem, then the
process can be very time consuming.
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Sensitivity methods can be used to reduce the number of
times that the prototype is altered or the eigenvalue
problem is solved.

Sensitivity methods provide a quick

estimate of the new mode shapes and natural frequencies
without re-solving the eigenvalue problem or retesting the
prototype.

However, sensitivity methods provide only an

estimate of the system's dynamic response.

After

investigating the effects of changing several variables
using sensitivity methods, the· eigenvalue problem must be
re-solved or the prototype tested to obtain the natural
frequencies and mode shapes for the new design.
The goal of this thesis is to investigate the potential
improvements which might result in the redesign process when
sensitivity methods are used in conjunction with interactive
computer graphics.

Sensitivity methods will be used to

estimate the new natural frequencies and mode shapes, and
computer graphics will be used to animate and display these
results.

The intent is to reduce the time involved in the

redesign process by providing the designer with visual
feedback on the effect of a design change on the system's
dynamic response.

This in turn will reduce the number of

computer runs or prototype modifications required to arrive
at an acceptable design.
Chapter 2 discusses the techniques involved in using
sensitivity methods and graphically animating the mode
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shapes and natural frequencies.

Chapter 3 presents an

example which shows how the procedure can be applied.
Chapter 4 discusses the development of the procedure and
presents conclusions on the applicability of this procedure
to the design modification process.
with recommendations for future work.

Chapter 5 concludes

5

CHAPTER 2
Calculating and Displaying Mode Shapes and Frequencies
Graphical display of the mode shapes, whether generated
by the computer or by hand, gives the designer a feel for
the system characteristics.

Visualizing the mode shapes

from scanning a lengthy list of numerical output, without
graphics, is tedious and difficult to do.

The human mind

can process a large amount of data very rapidly if the data
are presented graphically.

Foley and VanDam [1] point this

out as one advantage of using interactive graphics.
Animating the mode shape shows at a glance where the
maximum and minimum amplitudes occur, where the nodes occur,
and also the general vibrating shape of the system.
Effective animation depends on two factors:
1.

The display characteristics of the graphics
terminal.

2.

The speed at which the calculated information
can be made available to the the display
device.

Graphics terminal display characteristics
Three of the most common terminal types used for
computer graphics include direct-view storage tube displays,
refresh displays, and raster-scan displays.

Each terminal

6

has specific graphics display characteristics relating to
its use in animating objects.
A direct-view storage tube display is a cathode ray
tube device that operates like an oscilloscope with a very
long-persistence phosphor.

Lines drawn on a storage tube

display remain visible until they are erased.

It is not

possible to erase parts of the screen selectively, so that
with each display change the whole screen must be redrawn.
Animation with such a system is therefore limited by how
fast the screen can be redrawn.

Because of this limitation,

direct-view storage terminals are best suited for displaying
static objects [5].
On the other hand, refresh or vector terminals are
commonly used for animating objects.

A vector display is a

cathode ray tube device that uses a short-persistence
phosphor to produce an image on the screen.

Because the

phosphor fades quickly, it is necessary to repaint the
display many times per second.

The rate at which the

display is repainted is called the refresh rate, which is
typically 30 to 40 hertz [5].
In order to produce a smooth animation on a vector
display, all the vectors must be drawn in a short enough
time so that the human eye does not detect any flicker in
the image [1].

As the geometrical complexity of the object

increases, a faster system is required.

Some of the more
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sophisticated refresh terminals can repaint thousands of
vectors before flicker begins to occur.

Evans and

Sutherland is a well known manufacturer of vector terminals.
Raster-scan terminals are also used to animate objects.
These terminals display images using technology similar to
that used in standard television monitors, with the added
capabilities of increased resolution and color control.
Flicker-free displays can be accomplished through the use of
double buffering.

In double buffering the bit planes of the

computer memory are divided into two equal sections, a front
buffer and a back buffer.

While the contents of the front

buffer are being displayed, new information is being written
into the back buffer.

When the new image is complete, the

computer swaps buffers and displays the new image while the
original image is overwritten with new information.
Therefore, an image is displayed continuously until the new
image is ready for display.
smooth animation of complex

This technique produces very
objects~

however, the animation

speed is limited by how fast the buffer can be loaded.
Complex objects can be displayed without flicker, but the
image may move too slowly and appear to "stutter".

Megatek,

Silicon Graphics, and Tektronix are well known raster-scan
display manufacturers.
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Calculating the mode shapes using sensitivity methods
The purpose of combining sensitivity methods with
computer graphics is to provide an interactive design tool
that shows how the mode shapes and natural frequencies of a
system change as a function of a design change.

In order

for the procedure to operate interactively, the mode shapes
must be recalculated quickly for each new design change.
Re-solving the eigenvalue problem after each design
change produces the eigenvectors and eigenvalues of the
system; however, this method can be very time consuming when
used to analyze large systems.

Sensitivity methods can be

used to obtain a quick estimate of the mode shapes and
natural frequencies of the modified system, thus making
interactive display feasible.

These methods involve using a

Taylor series expansion to obtain the eigenvalues and
eigenvectors of the new system.
The first order Taylor series expansion of the
eigenvalues and eigenvectors is:

(2.1)

= uo
where

w~

= the

+

au

ae

original eigenvalue

(2•2)

9
2

wn = estimate of the new eigenvalue
Uo = the original eigenvector
Un

=

estimate of the new eigenvector

aw 2
ae

=

eigenvalue derivative with respect
to the design variable e

au = eigenvector derivative with respect
ae
to e
The eigenvalue derivative is the rate of change of an
eigenvalue with respect to a design variable.

By

differentiating the eigenvalue problem (equation 1.1), Fox
and Kapoor [2] developed the following equation to calculate
the first derivative of an eigenvalue with respect to a
design variable for an undamped symmetric system:

2
aw.21
= ui (aK/ae - w.1 ( aMI a e) ) U1.
ae
u.T (M)U.
1

where

1

aw.21
= eigenvalue derivative of the 1.th
ae
natural frequency
U.1 = 1.th eigenvector

U~1 = transpose of the 1.th eigenvector
M = mass matrix

( 2.3)
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aK/ae = derivative of the stiffness matrix
with respect to e
aM/ae = derivative of the mass matrix

Similarly, an eigenvector derivative is the rate of
change of an eigenvector with respect to a design variable.
Fox and Kapoor [2] present the following equation to
calculate eigenvector derivatives assuming UTMU is constant:

au.

ae
where

1

=

n
~

p=l

a p u.Ip

(2.4)

u.Ip = the pth entry in the U ' eigenvector
1

n = number of degrees of freedom
and for i;t:p
2
w. ( aMI ae) ) U .

= U~( aK/ae -

1

1

for i=p
=

-U~(aM/ae)U.
1
1
2

If the structure is modeled using Nastran, a finite-element
software package, the eigenvector and eigenvalue derivatives
are available as part of that software.
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The derivatives of the mass and stiffness matrices are
difficult to obtain directly because the entries in those
matrices are generally not analytic functions.

Rizai and

Bernard [4] suggest that such matrix derivatives can be
obtained through finite-difference methods.

The equation to

determine aK/ae is:
K(e ) - K(e )
aK
n
o
=
ae
e n - eo
where

(2.6)

e 0 = original value of the design
variable
en = new value of the design variable

K(e ) = stiffness matrix evaluated at eo
o
K(e n ) = stiffness matrix evaluated at en
A similar equation can be written to determine aM/ae.

Using

finite-difference methods, the mass and stiffness matrix
derivatives for a system with a large number of degrees of
freedom can be found using a finite-element preprocessor.
These derivatives can then be used in equations 2.3 and 2.4
to determine the eigenvalue and eigenvector derivatives.
The redesign process involves obtaining the initial
eigenvalues and eigenvectors, then imposing a design change
on the system, and finally calculating the new mode shapes
and natural frequencies using the Taylor series estimates.
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Since the new natural frequencies and mode shapes are based
on equations 2.1 and 2.2, the computational burden is

small~

thus, when the system is changed, the new mode shape and
natural frequency can be viewed immediately.
Displaying the mode shapes and natural freguencies
The deflection can be separated into a position
dependent component X, and a time dependent component T.
The shape of the curve

1S

calculated from values of the

position component of the displacement which is a function
of the eigenvector elements.

The animation is accomplished

by multiplying each point on the curve by a cosine function
corresponding to the time component of the mode shape.
Most structures have natural frequencies that are too
high to use as the animation frequency.

Therefore, instead

of using cos(wit) as the time function, it is common to use
another function cos(ft), where f is an arbitrary value
chosen for the display which is independent of the natural
frequency of the system.
Since the frequency of vibration is not displayed,
changes in the natural frequency of the system due to
changes in a design variable are not reflected in the
display.

Thus while the display is a useful tool to aid in

understanding the changes in the mode shape, frequency
information is not carried along with the image.

Therefore,
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if the designer needs to know how the natural frequency of
the system changes as a function of the design variable,
another graphical method for displaying the natural
frequency must be incorporated into the overall technique.
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CHAPTER 3
An Example
It will be useful at this point to illustrate the
method by an example.

This chapter will present a model of

a system and discuss how the designer can interactively
change a design variable and view the new mode shape.
The system model
The system consists of a simply supported beam with
uniform cross section as shown in Figure 1.

The beam has a

mass m2 that is attached to it by a spring at location x.
The beam has length L, cross-sectional area A, modulus of
elasticity E, moment of inertia I, and mass per unit length
p.

The spring is assumed to be linear with a spring

constant k2.

Another mass m3 is rigidly attached to the

beam at location

v.

Damping is neglected.

The transverse vibration of a simply supported beam is
expressed as [7]:

y(x,t)

=

~

j=l

D.(t) sin(jrrx/L)
J

(3•1)

The position dependent component of the deflection is
sin(jrrx/L) and D(t) is the time varying component.
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y
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k2

FIGURE 1.

The system model
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When the beam is given an initial displacement which is
one of its mode shapes, it will vibrate at the corresponding
natural frequency with displacement proportional to the
original mode shape.

The displacement of a simply supported

beam vibrating at the ith natural frequency is:

( 3 .2)

Since the mode shapes, sin(irrx/L), are merely sine waves,
they can easily be visualized without the aid of computer
graphics. But as the system becomes more complicated, the
complexity of the equations defining the mode shapes
increases, making it very difficult to visualize the mode
shapes without using computer graphics.
For example, the addition of m2 and m3 to the beam
results in the following equations of motion:
for the beam (j = 1 to (n-l»

(3•3)
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and for mass 2
m2(z)
where

+

k2

n-l

~

k=l

Dk sin(krrx)
L

+

k2(z) = 0

(3.4)

D = time varying function
n = number of degrees of freedom

Letting z = Dn the equations can be rearranged into a more
useful form:
[M]{D} + [K]{D} = 0
ff

where

( 3 .5)

[M] = mass matrix
[K] = stiffness matrix
.f

The mass matrix contains the coefficients of the D terms,
and the stiffness matrix contains the coefficients of the D
terms.
The equations of motion indicate that this system
exhibits both inertial and flexibility coupling as shown by
the presence of off-diagonal terms in the mass and stiffness
matrices.

To obtain the solution to this set of equations,

the associated eigenvalue problem is solved, yielding a
matrix of eigenvectors [U] and a matrix of eigenvalues [w 2 ].
After scaling UTMU = 1, a linear transformation is performed
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where
{D(t)} = [U]{N(t)}

(3.6)

Using [U] as the transformation matrix allows the following
simplification of equation 3.5:

where {N} is a vector of normal coordinates.
to equation 3.7

1S

The solution

a set of n independent equations.

In

order to obtain an expression for D(t), the solutions are
then substituted into equation 3.6 and result in n equations
of the form:
Dj(t) =

where

n
~

i=l

u .. cos(w.t)

( 3 .8)

1

1J

u .. = the J.th entry in the U. eigenvector
1
1J

The resulting deflection of the beam when vibrating at the
ith natural frequency is:
n-l

~

j=l

u.· sin
1J

and the deflection of mass 2 is:

(j L1I'x)

cos (w. t)
1

( 3 .9)
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u.ln cos(w.t)
1

(3.10)

In this example, the mode shapes of the beam are not simply
pure sine waves.

Rather, each shape is a summation of many

sine waves.
In comparing equations 3.2 and 3.9 one can see that the
small addition of two masses to the beam has significantly
increased the complexity of the equations defining the mode
shapes.

Whereas for the beam alone, the mode shapes can be

visualized by looking at the eigenvector elements, that is
not the case when the two masses are added to the beam.
Figure 2 shows the first mode shape of the system of Figure
1 and its corresponding eigenvector.

At a glance, the

numbers have little relationship to the shape displayed.

As

higher modes are examined, the increasing contributions of
higher frequencies appear and make the mode shape even
harder to visualize from the eigenvector alone.

Figures 3

and 4 show the second and third mode shapes with their
corresponding eigenvectors.

Graphical display is essential

when viewing mode shapes even in a system as simple as shown
in Figure 1.
Interactive changes to the system
The position v of mass 3 was chosen as the design
variable for this example.

Once the eigenvalues and
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FIGURE 2. The first mode shape and its corresponding eigenvector Ul
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eigenvectors were determined, their derivatives with respect
to v were calculated and the Taylor series expansions of the
eigenvalues and eigenvectors were computed using equations
2.2 and 2.3.
The IRIS computer graphics system manufactured by
Silicon Graphics was used to display the mode shapes and
natural frequencies.

The IRIS is a raster terminal with

double buffering capability which is well suited to animate
the mode shapes.
The display begins by showing the initial system at
rest (Fig. 5).

A prompt allows the user to enter the number

of the mode shape of interest, and the indicated mode shape
is then animated on the screen.
mass 3 along the mode shape.

The mouse is used to move

When the desired position has

been located, a mouse button is depressed which records a
new value for v that is used in calculating the new
eigenvectors and eigenvalues with the Taylor series
expansions.

The new mode shape is then calculated using

equation 3.9.
The eigenvector elements have already been scaled such
that UTMU
purposes.

=

1; however, that is not sufficient for display
Changing the eigenvector without rescaling the

mode shape will produce a new mode shape with a different
maximum amplitude.

In order to compare the new mode shape

to the original mode shape directly, both must be scaled to

24

FIGURE 5.

The initial graphical display
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the same maximum amplitude.

After rescaling, the new mode

shape is animated on the screen.

The original mode shape is

also statically displayed at the same time so that
differences due to the design change can be viewed directly.
Figure 6 shows the display of the third mode shape after a
design change.
In order to see the effect of the design change on the
natural frequency, the original and the new natural
frequencies are displayed using a bar chart at the bottom of
the screen.

The numerical values of the frequencies are

displayed next to each bar.
Because changes in the system affect all the mode
shapes, the user may be interested in viewing another mode
shape.

The options at this point in the program include

viewing another mode shape or continuing the redesign
process by moving mass 3 to another location and repeating
the procedure.

26

FIGURE 6.

The display of the third mode shape after a
design change
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CHAPTER 4
Discussion and Conclusions
The procedure presented in chapter 3 evolved through
many revisions.

This chapter presents a discussion of some

of the variations attempted during the development of this
procedure and closes with conclusions on the applicability
of this method in the design process.
Development of the graphical display
Initially, an attempt was made to have the mode shape
change as the mouse moved the mass along the beam.

But when

this was incorporated into the program, the calculations
could not keep up with the moving mouse.

This produced a

jerky image that was very irritating to view.

The final

method involved moving the mouse to a new location before a
value is sent to the computer for updating the mode shape.
Thus the mode shape doesn't change as the design changes,
but once a position is indicated by depressing the mouse
button, the new mode shape is calculated and displayed.
Originally the mode shapes were estimated using the
Taylor series expansion and displayed without rescaling.
This procedure could mislead a user into believing that the
absolute amplitude of vibration is being displayed on the
screen.

Eigenvectors provide information on the relative
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amplitudes of vibration of different components and can be
arbitrarily scaled by any factor.

Therefore, to eliminate

any misunderstanding about the amplitude differences
produced by a design change, the final program scales all
the mode shapes to show the same maximum amplitude.
Small changes in the mode shape were hard to detect as
the new mode shape was animated on the screen.

The program

was modified to include a static display of the previous
mode shape displayed at the same time as the newly
calculated mode shape.

This provided a direct visual

comparison of the two mode shapes.
The success of using interactive graphics in dynamic
analysis hinges on using an approximation for the
eigenvalues and eigenvectors for each design modification
rather than solving the differential equations of motion for
new eigenvalues and eigenvectors.

In this example, a linear

approximation is used to estimate the new mode shapes and
natural frequencies.

Figure 7 shows a comparison of the

approximation of the third mode shape to the exact mode
shape in the case where mass 3 is moved to the left of its
original position by a distance of 10% of the beam length.
For that design change the approximation is very close to
the mode shape that results from re-solving the eigenvalue
problem.
However, for other design changes the linear
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approximation is inadequate and the mode shape that is
displayed is very different from the mode shape that would
be obtained from re-solving the eigenvalue problem.

Figures

8 and 9 show the third mode shape for design changes of 5
and 10% to the right.

Although the approximation is good

for a 5% change to the right, it is not good for a 10%
change to the right.

The approximation continues to get

worse for changes larger than 10%.
Error also exists in approximating the natural
frequencies.

Using the third mode as an example, figure 10

shows the exact natural frequency and the linear
approximation of the natural frequency as a function of the
design change.

For changes greater than 5% in either

direction, the linear approximation deviates significantly
from the natural frequency.
If the techniques under consideration here are to be
used in a production environment two improvements need to be
considered.

Higher order terms of the Taylor series are

needed to eliminate some of the error in the approximations,
and the display needs to be modified so the user receives a
warning when the mode shape or natural frequency is
deviating too much from the correct value.

At that time the

engineer could re-so1ve the eigenvalue problem to obtain
accurate derivatives at the new location and then return to
the interactive procedure to investigate the response of the
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system to design changes in that area.

Chapter 5 presents

suggestions on how to reduce the error associated with the
linear approximation and how to warn the operator when the
approximation is significantly different than the exact mode
shape.
Several aspects of the final program proved to be very
effective.

Double buffering the image produced very smooth

animation.

Using the mouse to move the mass along the mode

shape worked well.

Having the ability to view other mode

shapes and see the effect of the design change on those
shapes was a very useful option.
The graphics not only helped the operator visualize the
mode shape of the beam but also helped to visualize the mode
shapes of the mass suspended from the spring attached to the
beam.

At low frequencies the mass moved with a large

amplitude relative to the beam motion.

At high frequencies

the mass appeared to stand still relative to the beam.

This

proved very effective in giving the user a feel for the
motion of the whole system.
Conclusions
When faced with a design that exhibits an undesirable
system response, the user can arrive at a new design by
changing one or more design variables.

The determination of

the design change can be made intuitively or in a more
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structured manner utilizing optimization software.

In

either case the procedure described in this thesis can be
used to improve the redesign process.
In most instances the sensitivity of a system to a
change in any particular design variable is not immediately
apparent, making intuitive decisions about design
modification very difficult.

The interactive nature of this

procedure gives the user immediate feedback on the system's
sensitivity to change, therefore eliminating much of the
guess work and many computer runs in the design modification
process.
If an optimum design was specified by some system
optimization software, the procedure presented in this
thesis could be used to investigate changes in the dynamic
response of the system for variables in the vicinity of that
optimum.

Typically, the constraints used in applying

optimization software are not absolute but may be
compromised based upon additional information about the
system response.

Using interactive graphics to help in

understanding the effects of changes to the system can
confirm or improve the design specified by the optimization
software.
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CHAPTER 5
Future Work
Future work can be categorized into two areas:
improving the estimates of the mode shapes and natural
frequencies and improving the display.
Improving the Taylor series estimates
A first order Taylor series approximation was used in
this thesis to predict the new eigenvalues and eigenvectors.
Rizai and Bernard [4] indicate that a better approximation
of the new mode shapes can be computed using higher order
terms of the Taylor series.

Using higher order terms will

also make the approximation better for a larger range of
design changes; however, errors will always be present when
those changes become sufficiently large.
A method is needed to determine when the estimated mode
shape is significantly different from the correct mode
shape.

Observing the convergence of higher order terms of

the Taylor series may indicate when the estimate is getting
too far from the actual mode shape.

At that point the

eigenvalue problem could be re-solved to provide a new set
of eigenvalues and eigenvectors and the procedure continued.

37

Suggested improvements to the display
Displaying the changing natural frequency with a bar
chart was effective but could be improved upon.

Even though

the animation frequency is arbitrarily chosen, it may be
possible to scale the animation frequency to reflect changes
in the natural frequency.

The combination of the bar chart

and the varying speed of the animation would be very
effective in displaying the effects of design changes on the
natural frequency of the system.
The presence of error in the mode shapes and natural
frequencies due to the Taylor series estimates needs to be
reflected graphically.

If the estimated mode shape or

natural frequency was significantly different from the
correct mode shape or natural frequency, a visual indicator
of the need to re-solve the eigenvalue problem would be
helpful.

A change in display color or a warning message

could be added to accomplish this.
The example illustrated in this thesis only allowed
changes in one design variable.
than

on~

Typically there is more

variable under consideration.

To accommodate more

than one variable, the program could be modified to include
selecting which variable to change.

An option to change

several variables at one time could also be incorporated
into the program.
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While using the mouse to move the mass along the beam
worked very well, the mouse on the IRIS is limited because
it has only three buttons to choose from.

If one wished to

change more than one variable at a time, a different I/O
device would be needed.

The keyboard, light pen, dial box,

and digitizing pad are all available options which could be
used.

39
BIBLIOGRAPHY
1.

Foley, J. D. and Van Dam, A. Fundamentals of
Interactive Computer Graphics. Reading: AddisonWesley Publishing Company, 1982.

2.

Fox, R. L. and Kapoor, M. P.
"Rates of Change of
Eigenvalues and Eigenvectors." AIAA Journal 6 (1968):
2426-2429.

3.

Meirovitch, Leonard. Elements of Vibration Analysis.
New York: McGraw-Hill Book Company, 1986.

4.

Rizai, Matt N. and Bernard, James E.
"An Efficient
Method to Predict the Effect of Design Modifications."
Proceedings of the Design Engineering Technical
Conference of The American Society of Mechanical
Engineers, Columbus, Ohio, October 1986.

5.

Rogers, David F. and Adams, J. Alan. Mathematical
Elements for Computer Graphics. New York: McGraw-Hill
Book Company, 1976.

6.

"Derivatives of Eigenvalues and
Rogers, Lynn C.
Eigenvectors." AIAA Journal 8 (1970): 943-944.

7.

Timoshenko, S., Young, D. H., and Weaver, W. Vibration
Problems in Engineering. New York: Wiley and Sons,
1974.

