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NOMENCLATUHE
p

A

- septum area, ft

C

- volume of filtrate attributed to the septum when the
septum is considered as a fictitious weight of cake,
ft3

d

- diameter, ft.

D

- diameter of cell used in 4H/D, ft. or in.

gg

- proportionality constant relating force and mass,
32.2 Ibjnft/lbfsec^

h

- height of a fluid column causing flow through a porous
mass, ft. or cm.

H

- cake thickness used in 4H/D, ft. or in.

J

- Tiller's J factor

K

- Buth's parameter in the equation (V + C)^ = K(0 + 0^)
- parauEeter in equation 9

k

- permeability constant in equations 1 and 2

kg

- permeability constant in equation 3

L

- bed thickness or cake thickness, ft.

m, n - constants in equation 9
m

- mass ratio of wet cake to dry cake

P

- pressure, Ib^/ft^

Pj

- liquid-pressure at a distance x from the cake-septum
interface, Ibf/ft^

P^

- liquid-pressure at cake-septum interface, Ibf/ft^

Pgg. - solids compressive-pressure at a distance x from the
cake-septum interface, Ibf/ft^
q

- flow rate per unit of filter area or superficial
velocity, ft3/ft^sec

V

qz

- superficial velocity at a distance x from the cakeseptum interface, ft^/ft^sec
- superficial velocity at the cake-septum interface,
ft3/ft2sec
- septum resistance, l/ft.

St

- surface area of particles to total volume of porous
mass, ft2/ft3

S

- specific surface of solids, area of particles to volume
of particles, ft2/ft3

s

- ratio of the mass of solids to mass of slurry

V

- filtrate volume, ft3

W

- mass of solids in filter cake, 11%

Oavg - average specific resistance for compressible filter
cakes, ft/lb^
- point specific resistance at a distance x from the
cake-septum interface; specific resistance obtained
from compression-permeability testing, ft/lbj^
£

- porosity, ratio of void volume to cake volume

£x

- point porosity at a distance x from the cake-septum
interface; porosity obtained from compressionpermeability testing

9

- time, seconds

0Q

- time necessary to collect filtrate volume C, seconds

/

- viscosity, Ib^/ftsec

f

- liquid density, Ib^/ft^

ypg

- solids density, Ib^/ft^

vi

ABSTBACT
The phenomenon of wall friction between the filter cake
and the test cell wall in a compression-permeability test cell
has been investigated and its effect on the point specific
filtration resistance has been determined.

An experiment was designed to measure the point specific
resistance, Og, as a function of filter cake weight at a con
stant applied pressure. The results of the experiment indi
cated that point specific resistance decreased as cake weight
increased and that a cubic relationship in cake weight fit
the data.
A second experiment was designed to test for wall fric
tion. Two test cells differing only in diameter were operated
under the same applied pressure and with cakes of the same
thickness. Split-plot analysis of variance and polynomial
regression techniques indicated a significant difference in
the point specific resistance of the filter cakes in each
cell. This difference between point specific resistances has
been attributed to the effect of wall friction between the
cake and the wall of the test cell chamber.
It has been shown that if point specific resistance is
plotted against the ratio of wall area in contact with the
cake to cross-sectional area, 4H/D, where H is cake thickness
and D is cell diameter, a straight line results. Furthermore
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this plot removes the difference between the point specific
resistances obtained at the same thickness and applied pres
sure in the two test cells.

By extrapolating the straight

line to zero 4H/D the point specific resistance of a differ
ential element of filter cake is obtained.

1

INTRODUCTION
The fundamentals of fluid flow through porous media are
applicable to many areas in the field of chemical engineer
ing. One of these is filtration which is defined as the sep
aration of solids from fluids by a filter medium which permits
the flow of the fluid but retains the solids. There are other
ways of separating solids from fluids, such as centrifugation
or pressing. However, filtration is by far the most impor
tant industrially.
Although filtration is one of the most widely used unit
operations it is one of the least understood, and industrial
equipment for filtration has been developed largely by ruleof-thumb techniques rather than by application of theory.
This is due in part to the inadequacy of theory to account for
the complexity of the porous mass making up the filter cake
and in part to the difficulty in obtaining reproducible re
sults on laboratory equipment.
Since filtration is a special case of flow through porous
media the variables affecting the latter must be investigated
in order to gain a clear insight into the operation. These
variables are flow rate, pressure drop, nature of the solids
composing the media, porosity, and the degree of compressibil
ity of the media. The porosity, which is the fractional ratio
of void volume to total volume, of the medium is mainly a

2

function of the orientation of the particles, the frlctlonal
drag forces, and the applied pressure. The compressibility of
the medium is difficult to measure accurately without knowing
a great deal about the material itself and the structure of
the porous mass.
Prior to the introduction of the compression-permeability
cell concept, laboratory filtrations were carried out on small
pilot plant filters. Correlation of results from such fil
trations was generally not possible due to the variation of
porosity, and thus resistance, throughout the filter cake. In
an attempt to provide this correlation, Buth (39) proposed the
concept of specific resistance and devised the compressionpermeability test cell as a means of conducting laboratory
filtrations. In such a cell the mechanical pressure on the
solids can be applied independently of fluid friction or drag,
fiesistance to fluid flow through the filter cake can then be
measured directly using a liquid head which is small compared
to the applied mechanical pressure. There are certain assump
tions involved in interpreting test cell data. Tiller (53)
enumerates these as follows:
1. Ultimate values of porosity are attained instan
taneously.
2. There is point contact between particles.
3.

The point filtration resistance of a given solid is
determined by the porosity, which in turn depends
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upon the solid compressive pressure Pg^.
4. The porosity or specific filtration resistance
determined under a given mechanical loading, Pg^.,
in a compression-permeability cell is the same as
the resistance at a point in the filter cake where
the solid pressure (computed by Pg^ = P - P^) is
the same as the mechanical loading in the compression-permeability cell.
5. Plow is viscous.
The first assumption is probably valid for filtrations in
which pressure increases slowly. The second assumption leads
to the basic equation P^ + Psx = P* where P^ is the hydraulic
pressure, Pgg. is the solid compressive pressure, and P is the
applied pressure.
In effect, values of porosity and specific resistance
determined in the test cell are assumed to be the values which
would exist in an infinitesimal layer of filter cake under the
same mechanical pressure.
Though the advent of the compression-permeability cell
spurred research in filtration, it is still difficult to cor
relate the data. The usual method of correlation has been to
compare specific resistance values from test cell data with
those obtained from constant pressure filtrations. In too
many instances such comparisons fail to agree. In addition,
recent work at Iowa State University (65) has cast some doubt
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on the foregoing assumptions. Also, it is often difficult to
obtain reproducible values of specific resistance from the
test cell. It has been hypothesized that wall friction be
tween the filter cake and the wall of the test cell may
account for part of the spurious results obtained from test
cell data.
The purpose of this thesis was to investigate the effect
of wall friction in the compression-permeability test cell by
determining its magnitude, if it exists, and then determining
how it affects the specific resistance of the filter cake.

5

BEVIEW OP THE LITEBATUEE
The literature on fluid flow through porous media and
filtration is voluminous.

Nevertheless, almost all of the

work carried out in these fields for the past one hundred
years uses as its base a publication by Darcy in the year
1856 (l4). In the appendix to this publication Darcy proposed
an equation relating the flow rate through a porous mass to
the liquid head and the length of the bed. This equation,
as given by Hubbsrt (27), is
q = -k(h2 - h^)/!

(1)

or, in differential form
q = -k(dh/dL) .

(2)

The proportionality factor k in equations 1 and 2 is a coeffi
cient depending upon the permeability of the bed.

By experi

mentation it can be shown that k is inversely proportional to
the viscosity of the fluid. Thus a new factor, k^, can be
defined such that
q =

-^(dh/dL) .

(3)

In this form Darcy*s equation becomes similar to the wellknown Hagen-Poiseuille equation
q = gcd^Cdh/dL) .

(4)

32/4
Equation 4 treats flow through long, straight tubes. The
similarity between equations 3 afid 4 has led many investiga
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tors over the years to treat flow through porous media as a
special case of the Hagen-Poiseuille equation; thus treating
the porous media as a bundle of capillary tubes.

As Hubbert

(27) points out, this is in error since, in reality, the
Hagen-Poiseuille equation is a very special case of Darcy's
equation.
Following the development of these equations, it is
apparent that in comparing equations 3 and 4

was thought

to be proportional to the square of the diameter of an equiva
lent channel.

Seelheim (^5) proposed a term which used the

effective particle size as the diameter of the channel.

How

ever, Seelheim*s equation did not take into consideration
changes in porosity. Dupuit (16) made the assumption that the
fractional free area of sand bed cross-sections was constant
for a given bed and equal to the porosity.
became q/C.

The flow rate thus

Eventually, workers in the field came to regard

particle size as a measure of specific surface, Sq, rather
than as an equivalent particle diameter, since a fluid flowing
in the laminar region encounters resistance dependent upon the
exposed surface. For spherical particles S© = 6/d and for
non-uniform particles an effective diameter dg^ = 6/SQ can be
defined.

Kruger (33) was the first to make use of this prin

ciple, using it in his studies of sands with porosities rang
ing from 0.30 to 0.40.
In 1927 Kozeny (32) published his classic paper on the
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theory of ground-water movement.

In this paper Kozeny treated

the porous medium as a collection of channels of various
cross-sections but of different length.

He proceeded to solve

the Navier-Stokes equations simultaneously for all channels
passing through a cross-section normal to the flow in the
porous medium.

He then expressed the permeability in terms

of the specific surface,

of the porous medium.

The fol

lowing equation resulted:
q = -

,

(5)

where C is a pure number depending only upon the form of the
cross-section; for circular cross-sections C has a value of
0.50. In comparison with equation 2 the permeability, k, in
Darcy's equation is

k =
in equation 5»

(6)

In 1937 Carman (9) modified k in the following

manner
k =

£3
1

g

(7)

k^Sj(l-e)2
and obtained the so-called Kozeny-Carman equation

1 = —^ 2 •
(l-e)^k]/xs§

(8)

where k^ is usually taken as ^.0. It should be noted that 8^
and SQ in the preceding equations are not the same. 8^ in

8
Kozeny's equation Is the specific surface of the porous
medium, whereas SQ in Carman's equation is the specific sur
face of the solid. Also, in equations 7 and 8, C = ~ and

^1
Carman's value of 1/5 for this is at variance with Kozeny*s
value of 1/2. A few years later the Kbzeny equation was
developed independently in America by Fair and Hatch (I?)»
Early workers in the-field of filtration developed equa
tions from laboratory experimentation rather than from theory
as did Kozeny.

Many of these workers failed to recognize that

Darcy's Law could be applied to filtration.

Almy and Lewis

(1) using a laboratory plate and frame filter press developed
empirically the equation
H = ki

yn

(9)

to describe the rate of flow of filtrate as a function of fil
trate volume and pressure.

Like Baker (4), and Webber and

Hershey (63), they employed equipment with which it was almost
impossible to obtain reproducible results. Sperry (4?, 48,
49) was one of the first workers who attempted to improve the
collection of data and thus obtain more accurate results. He
devised a method to continuously record the time-discharge
rate of filtrate. Essentially this was a float to which was
attached a pen holder.

The pen inked a curve on a cylinder

driven at one revolution per hour by a clock. Sperry (50)
criticized the equation proposed by Baker (4) on the grounds
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that no provision was made for distinguishing between the
resistance due to the filter cloth and that due to the filter
cake.

As far back as I908 Hatscheck (24) had noticed that the

resistance of cloth with a thin layer of cake was much greater
than the sum of the resistance of the cake plus the resistance
of the cloth. Thus he emphasized the importance of the first
layer of filter cake to be laid down.
In 1926 Hinchley and Ure (26) stated that if the analogy
of flow through capillary tubes is used to explain filtration
phenomena then the rate of flow should follow Poiseuille's
Law.

Van Gilse et

(57, 58, 59, 60) determined that the

rate of flow was independent of the volume from which the cake
was formed and depended only upon the quantity of solids in
the filter. That is, the initial concentration of the slurry
did not determine the rate of flow. In addition, Van Gilse
and his coworkers determined that when the resistance of the
I

filter cloth was close to zero, graphs of volume of filtrate
vs. time are parabolas.

They also stated that all layers of

the filter cake are subjected to the same pressure drop, are
equally compressed, and thus have the same resistance.

Later

work by Buth (4l, 42, 43) indicated this to be in error.

Van

Gilse and his colleagues also showed that the resistance of
filter cakes in constant pressure filtrations could be ex
pressed as a linear function of the pressure.

This was a

marked advance over the Lewis equation (62) where r varied
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as

In 1931 the first of a series of papers by Ruth and asso
ciates at the University of Minnesota appeared (41). The re
sult of these papers was to bring about a major change in
theoretical and experimental work in filtration. From experi
mental data Buth was able to deduce the following equation
(V+C)2 = K(G+0o) '

(10)

This equation is a form of the theoretical law
= K©

(11)

which holds for the entire course of a particular constant
pressure filtration. Buth considered the constant C as "the
resistance of a layer of solids which would be separated from
C liters of filtrate in an imaginary filtration beginning with
zero resistance to filtrate flow."

Buth claimed that a single

general equation held for all classes of material whether com
pressible or incompressible. He thereupon formulated the fol
lowing fundamental axiom of constant pressure filtration (43)î
The time-volume curve of a properly performed con
stant pressure filtration forms a portion of a per
fect parabola, of which the missing part near the
vertex represents the theoretical course of a sim
ilar filtration which would generate a resistance
to filtrate flow equal to that already existing when
measured filtrate volume is zero.
In Buth's treatment the constant in equation 10 is ob
tained from the differential form of the equation
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Plotting cL0/dV vs. V results in a straight line with slope
2/K. The average specific resistance of the filter cake mate
rial is related to the slope 2/K by the following equation:
2
"avg =

.

K/i/'s

(13)

The filtration equation, employing cake weight, written in
differential form is
1 dV _

6c A P

(14)

A
Em being the septum resistance. Equation 14 has been employed
by a number of investigators (3, 6, 11, 12, 18, 19, 31, 40,
47).
Since equation 14 is a form of Darcy's equation it can
be compared to the Kozeny-Carman equation. If the KozenyCarman equation is written in terms of cake weight,

results. If the resistance of the septum is neglected then
,

Buth's inception of the compression-permeability cell in

1946 (39) has spurred a large amount of research in filtration.
Among those using the cell, Grace's work in the early 1950*s
is of importance (19, 20, 21).
Grace applied the Kozeny-Carman equation to the filtra-
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tlon of compressible cakes. He determined that the compres
sible nature of most filter cakes is due to particle floccu
lation in the feed suspension. Specifically, the greater the
degree of flocculation the lower the specific resistance of
the filter cake. However, due to the greater flocculation,
the cake is more compressible. Grace also found that the
Kozeny-Carman equation cannot be employed in the usual manner
when applied to compressible filter cakes. Because of the
flocculation phenomena the specific surface of the particles,
SQ, must be calculated from the particular feed suspension
being used while at the same time the compressive pressure
during filtration must be taken into account. Should inde
pendent values of SQ and particle size be obtained, highly
inaccurate values of specific resistance result. Grace's
experimental results indicated that if thickness-to-diameter
ratio for the compression-permeability cell did not exceed
0.6, the effect of wall support and bridging was negligible
and the porosity and pressure distribution within the com
pression-permeability cell were uniform.
During the last decade the compression-permeability cell
has been used by other investigators (19, 25, 28, 29, 31» 3^»
36, 61, 64, 65).
In 1953» Tiller published the first of a series of papers
on the role of porosity in filtration (51, 52, 53)• For the
first time the assumptions underlying the use of the com
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pression-permeability cell were explicitly stated (53)•

The

average specific resistance as first defined by Buth (39) was
given as

oc,avg

(17)

dPsx
Oj/r

Equation 17 is derived on the assumption that ocavg
tion only of solids pressure, Pgx*

^ func

Tiller's work has centered

around modifying and improving this equation. In a constant
pressure filtration the rate of filtration decreases as the
cake builds up.

For such a case Tiller (51) rewrote equation

15 as follows:

o2

.P

s FU. ^ fo 3L âZ = JL dv =
1 - ms gc y°g ^2 de
q^2 de

(18)
Pi

For constant €
q2
^3
s /'/t ^ 10 V_^ = __6
1 - ms gjj
de
1 -e

dPx = (P-Pi)
Pi
(19)

ksg(l-€)

(20)

or

«f/" v_ mc. p. p,
1 - ms

j^2 de

For constant septum resistance

1

(21)

14

«A = /"r ig '
therefore

For zero filtrate volume

?! = P

(dV/d9)Q = 0

(24)

Thus when septum resistance is known initial filtration rates
can be calculated.

Tiller also redefined o^avg
P - Pi

°^avg

7P

*

dPsx
0%
Pi
Substituting in P^ from equation 22
dV
g(5^ d©
n '
.
p
dV •

P ^avg

(26)

gcA de
"

dPsx
—

Using these equations, Tiller showed that plots of dS/dV vs.
V are virtually straight but deviate from linearity at the
beginning of the filtration.
Tiller showed (53) that

values can be determined

indirectly from o^vg values obtained from equation 14. This
equation can be rewritten as

15
=

^^ gç

(27)

where w = W/A and q = dV/(Ad0), and
go AP
- %

q/A

°avg

(28)

w

If g(jAP/(q|<.) is plotted against w then oc^yg
of the angle (g^. û.P/(qyu),

the tangent

g^ aP/(q/A)-B^). By use of equa

tion 28 ot^Yg vs. P - P^ = Pg can be obtained. Then since
P - Pi

Pg,

"avg - ,P - Pi - fPsj

^Psx
0

Em. =

1

(29)
&PsZ

Jo

î£si .

(30)

°^avg

Differentiating equation 30 with respect to Pgj- gives the
following;
^Pgx = '^avg ^^sz " ^sx^^avg

/o]_\

or
•

(32)

dlnPgx
Tiller and Cooper (54) took into consideration the fact
that both m and 6^ change in a filter cake from the surface of

16
the cake to the medium. If the average porosity decreases
then

will vary through the cake, reaching its maximum value

at the cake-septum interface.

By a liquid material balance

over a differential section of the cake, the equation

results, X being measured from the cake surface. The basic
equation describing flow through a porous compressible solid
is

- gc

= Sc

•

(34)

Equations 33 and 3^ are simultaneous equations with Pg^. and q^
as dependent variables. These equations can be combined to
eliminate q^ giving

^ ^sx _
Go %i2

/
^ ^

dPgz

^^x \ / ^^sx
(âp^l (Ti^J

.

These equations are based on the assumption that

(35)
and

are

functions of Pg^ only and that -dP^ = dPg^.
Tiller and Cooper (55) also determined that a plot of 6%
vs.

X

takes on a variety of shapes for different materials

subject only to the condition that 6^ decreases as the fluid
flows from the surface of the cake to the medium.
Tiller and Shirato (56) noticed that when the average
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specific resistance, Oavg»

^ function of a variable flow

rate through the cake, Og^^g = f(P, s, dV/d0), where s is the
slurry concentration. They define a^yg as
°aTg

j(p - fi)
p.

'36)

aPsz
0

where J is defined as
w
J-

\

qiw

d (~).

(37)

0

Now it is seen that
®avg ~ '^^'avg

(3^)

and since J = (lavg/O-i» where Qayg is based upon integration
with respect to w^., J will be less than unity since q^yg is
less than q^, the flow rate at the septum.
Okamura and Shirato (36) examined the liquid pressure
distribution in filter cakes during constant pressure filtrations. They found that liquid pressure distribution is inde
pendent of the volume of filtrate, V, concentration of slurry,
s, and filtration pressure, P. The liquid pressure can be
approximately described by the following equation
IJ

^

P

,

(39)

where %) is unity for incompressible cakej and decreases with
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increasing compressibility.

These authors later determined

(35) that agreement between liquid pressure distributions by
direct measurement and the liquid pressure distributions esti
mated from compression-permeability experiments is not good.
To estimate liquid pressure distributions Shirato and Okamura
made use of a compression-permeability cell. However, their
technique in using the cell differed from that normally em
ployed. For a permeation experiment they would introduce dis
tilled water into the hollow piston and apply pressure to it
by compressed air.

The piston, to which weights had been

applied, would be fixed at a specific position.

Normally the

piston is free to move and a small liquid head compared to the
mechanical loading of the cell is used.

The data obtained by

Shirato and Okamura were graphically integrated to obtain Pj; at
some x/L value using

L
dPx
k . s^(l-e)^
0

From further experiments (37, 46) Shirato and Okamura
stated that there is always an equilibrium between cake com
pressive pressure and the porosity at a certain position in
both isobaric and constant rate filtrations.

Indeed they show

that in comparing m from compression-permeability estimates
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with isobaric filtrations a deviation of + 4^ is observed. A
similar comparison shows that oc^yg deviated by + Z% and E^vg
and K (Buth's parameter) deviated by only + y^. They also
indicate that constant rate filtrations with pressures pre
dicted from compression-permeability data show a deviation of
3^ from constant rate.
In studying the behavior of Gairome-clay slurries Shirato
and Okamura discovered that the specific resistance decreases
with increasing cake thickness. The same phenomenon was ob
served by Willis (64) with calcium carbonate cakes.
The latest work performed with the compression-permeabil
ity test cell is that of Willis (65). He experimentally
tested certain of the assumptions of Tiller (53)• Willis
found that the porosity at any instant in a filter cake con
fined in a test cell is not the equilibrium porosity. Fur
ther, he determined that the relationship dPg^ = - dP^ as
proposed by Tiller (53) does not hold but, rather, should be
of the form dPg% = - 6 dP^. Willis further determined that
though Pgg. does determine
and Pg^. Thus

not solely determined by

is affected by other factors.

In recent years there have been several papers dealing
with aspects of filtration other than that of compressionpermeability testing. Brenner (?) studied the unconfined
growth of a filter cake on a circular filter cloth. This was
an example of a three-dimensional filtration. Brenner was
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able to solve analytically Laplace's equation for the instan
taneous pressure distribution within the cake as well as the
flow rate of filtrate through the filter cloth.
Burak and Storrow (8) studied the flow relationships in
a basket centrifuge - sometimes called a hydroextractor.

They

treated the centrifuge as a filter placing four thicknesses of
filter cloth on the inside of the basket and running the
centrifuge over a range of 4-20 to 3000 rpm.

Earuni and

Storrow (22) studied cake formation in a hydroextractor and
determined that cake formation may be altered by changing the
method of feeding slurry to the basket.

Haruni ^ aJ. (23)

investigated flow through incompressible cakes in a hydroextractor.

Bakker ^ al. (5) studied the influence of initial

filtration velocity and of vibrations on the resistance of a
polystyrene filter cake.

They found that the influence of

initial filtration velocity could be expressed mathematically
but that the parameters in the equation also depended upon
particle size.
A thorough review of the literature in porous media up
to 1959 is given in an excellent monograph by Scheidegger
(44).
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EQUIPMENT AND PBOCEDUBE
Description of the Compression-Permeability Test Cells
Three test cells were used in this investigation.

One of

these cells, constructed of chrome-plated mild steel, was that
used by Willis (64).
square inches.

This cell has a filter area of 2.07^

The other two cells differed mainly in diam

eter and were constructed specifically for this study.

The

construction details of these two cells follow.

Small cell
The smaller cell, Figures 1 and 2, was constructed
entirely of plexiglass with the exception of the porous stain
less steel plates. The drainage base of the cell was machined
from a 4-inch diameter cylinder of plexiglass. The hollow
shaft was machined from a 2 1/2-inch diameter cylinder of
plexiglass. The shaft has an inside diameter of 1.^180
inches. The piston was made from a 1.5000-inch outside diam
eter plexiglass tube with a 1/4-inch wall thickness. The top
of the piston, which serves as a base plate for the applied
weights, was made from a 4-inch diameter by 1 1/4-inch thick
plexiglass blank. The porous stainless steel plates, one to
form the septum and the other to form the bottom plate of the
piston, were obtained from the Micro Metallic Division of the
Pall Corporation. The plates are 3/l6-inch thick and have a

Figure 1. Photograph of component parts of small test
cell; diameter of chamber = I.518O inches
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Figure 2. Detailed drawing of small test cell; diameter of chamber = I.5180 inches
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mean pore opening of l65 microns.

The piston has two 0-rings

1 inch apart to prevent filtrate leakage and piston wobble.
The porous plate on the bottom of the piston was grooved
around the edge to accommodate a brass ring used to secure the
filter paper to the plate. A l/l6-inch inside diameter stain
less steel tube was inserted through the length of the piston
and terminated flush with the bottom face of the piston porous
plate. This tube acts as a pressure probe.

A second probe

was inserted in the shaft wall and terminated in the septum
chamber flush with the upper surface of the porous plate used
as a septum. A 300-mesh copper screen was placed over the
opening of this probe to prevent cake material from entering
the probe.

This cell has a filtering area of I.8098 square

inches.
Large cell
The large cell, Figures 3 and 4, is similar in design
and construction to the small cell. It differs only in size.
The drainage base was machined from a 7-inch diameter plexi
glass cylinder. The hollow shaft was machined from a ^-Inch
diameter plexiglass cylinder. This hollow shaft has an inside
diameter of 3.0100 inches. The piston was made from a plexi
glass tube 3*0000 inches in diameter with a 1/4-inch wall
thickness. The top of the piston, serving as a base plate for
the applied weights, was made from a 7-inch diameter plexi-

Figure 3. Photograph of component parts of large test
cell; chamber diameter = 3*010 inches

Figure 4. Detailed drawing of large test cell; chamber diameter = 3.010 Inches
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glass blank.
Both cells were fitted with an Ames Dial Gage having a
reversed dial. A micrometer, attached to the piston, actuates
the gage in such a manner that the gage always reads the
height of the piston above the septum.

The maximum height

that can be read from the dial gage is 1.0000 inches.
The compression-permeability cell system
The entire system for the compression-permeability test
cells. Figures 5 and 6, consists of a constant head device
made from an 8-liter aspirator bottle for the fluid feed, two
manometers connected to the pressure probes, a self-levelling
burette, 5- and 20-ml. burettes for flow rate measurements,
a 4000-ml. graduated cylinder for filtrate collection, the
test cell, and a clock and stopwatch.
Operating procedure
The operating procedure for the cells was to place a
slurry of the material to be tested into the cell chamber,
insert the piston, apply weights to the piston, pass clear
filtrate through the cake, and measure the flow rate in the
5-ml. burette for the small cell and in the 20-ml. burette for
the large cell.
When assembling the cells it was necessary to be sure
that there was no air in the system. This was done by immers-

Figure 5«

Photograph of test cell system
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Figure 6. Drawing of test cell system
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Ing the drainage base and shaft in water, fitting the porous
plate covered with filter paper into the shaft and then
assembling them all under water. The tygon tubing on the
outlet line was also connected to the outlet port while the
cell was still immersed. Since the outlet tubing had been
maintained full of water this insured that no air would be
trapped in the system. The cell was removed from the water,
excess water removed from the shaft and the slurry poured into
the cylinder.
The piston was connected to the fluid feed system and
filled with water.

A piece of filter paper was placed over

the porous plate and held on by the brass ring. The piston
was then placed in the cylinder and the three-way stopcock in
the feed line properly positioned. As the piston descended
air was forced out through the piston and escaped to the
atmosphere via the stopcock. When the piston stopped moving
the required weights were applied to the top of the piston and
the .three-way stopcock positioned to allow fluid to flow from
the constant head tank. The outlet valve was opened, manometer
leads connected, and the run was started. The following read
ings were taken every 5 minutes for 1 hour: 1) manometers,
2) dial gage, 3) filtrate temperature, 4) flow rate, 5) accu
mulated filtrate.
In this investigation only reagent grade calcium carbon
ate was used.
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BESULTS AND DISCUSSION
Part I. The Effect of Cake Weight on Specific Resistance
Shirato and Okamura (46), as well as Willis (64), re
ported experimental evidence indicating that point specific
resistance decreases as cake thickness increases.

Willis fit

an hyperlxjla to his data. None of these investigators gave
any explanation for this behavior, however.
To verify the existence of this phenomenon, an experiment
was designed to measure the point specific resistance, o^., as
a function of cake weight. Cake weight was chosen because
cake thickness is a function of other factors while cake
weight can be fixed. If the same applied pressure is used
the thickness of the cake varies with cake weight.
Because previous investigators (19, 52) reported that
slurry concentration had an effect on point specific resist
ance, this variable was also included in the design. Thus the
experiment was designed to test for the following factors:
1) effect of cake weight on point specific resistance, 2)
effect of slurry concentration on point specific resistance.
It was decided to test four cake weights and four slurry con
centrations.
Since two factors were to be tested, each at four levels,
a statistical design seemed appropriate. The experiment can
O
be classified as a 4 x 4 or 4 factorial. The statistical
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design that was chosen to incorporate the 4 z 4 factorial was
a completely randomized block design. Such a design is
applicable when observations are classified according to two
different criteria (38).
In the design the two factors were the four concentra
tions and the four cake weights. The mathematical model for
this design is
= /^+ 9i +

;

(41)

i = 1, ..., b
j — 1»
andyn ;

* t,

and t j are constants such that
b
t
S Pi = 2 r 4 = 0 .
i=l
j=l ^

(42)

represents the true effect of the ith level of concentra
tion and Tj represents the true effect of the jth level of
cake weight, both being measured as deviations from the mean.
The

are normally and independently distributed with mean 0

and variance ^2, (NID (0, 2)). The performance of experi
ments of this type are influenced by the operator who carries
out the work. This is usually called a time effect. To re
move this effect the I6 runs were divided in half in such a
fashion that each cake weight and each concentration appeared
twice in each half. These two halves were coded early (E) and
late (L) depending upon the order in which they were run. In
addition, the sequence of run in each half was randomized.
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The experiment is described in Table 1. The Roman num
eral in each cell refers to the unit in the particular portion
of the experiment, the Arabic numeral stands for the order of
run in the portion and the letter refers to the particular
half of the experiment, i.e. E stands for the early half. The
experiment was run at an applied pressure of 27-023 psig and
the length of each run was 20 minutes.

Table 1. Bandomized block design of an experiment to test
the effect of cake weight and slurry concentration
on point specific resistance

Cake
weight
10.00 gms

Concentration
0.266
0.233
gms/ml
gms/ml

0.200
gms/ml
I-5-E

16.66 gms

0.300
gms/ml

.I'-2-L

II-3-E

II'-8-L

III-6-E

IV'-l-L

IV-2-E
VI-4-E

23.32 gms

V*-3-L

V-7-E

VI*-7-L

30.00 gms

VII-l-E

VII*-6-L

VIII-8-E

For each cell in the design a value of the point specific

resistance was calculated. The values which appear in Table 2
were calculated for 1200 seconds. It was found that the poro
sity was relatively constant beyond this point in the run and
thus the run was terminated.
Conclusions from the data were drawn statistically. The

Table 2.

Cake
weight

Values of point specific resistance,
and cake thickness, L,^
at 1200 seconds; applied pressure = 27.023 psig

0.200 gms/ml

Concentration
0.233 gms/ml
0.266 gms/ml

O.30O gms/ml

I-5-E
Ox = 42.548x10®
L = 0.3310

I'-2-L
04. = 39.046x10®
L = 0.3285

II-3-E
= 37.710x10®
L = 0.3320

16 .66 gms.

III'-5-L
Ox = 25.351x10®
L = 0.5370

III -6-E
ttx
= 23.034x10®
L = 0.5210

IV'-l-L
IV-2-E
Ox = 27.615x10® • oc^j. = 28.866x10
L = 0.5320
L = 0.5285

V'-3-L
Ox = 23.073x10°
L = 0.7240

V-7-E
ax = 19.523x10
L = 0.7305

VI'-7-L
Ox = 22.811x10
L = 0.6920

VI-4-E

VII-l-E
ttx
= 19.969x10®
L = 0.9395

VII'-6-L
ttx = 18.284x10®
L = 0.9410

VIII-8-E
Ox = 17.654x10®
L = 0.9265

VIII•-4-L
O x = 19.525x10®
L = 0.9290

MC

10.00 gms

.32 gms

30 .00 gms

&The units of ct^j. are ft/lbj^ and the units of L are inches.

II'-8-L
Ox = 38.617x10®
L = 0.3245

= 22.569x10®
L = 0.7220
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objectives of the statistical analysis were two-fold: 1) to
determine whether slurry concentration and/or cake weight had
a significant effect on point specific resistance, and 2) if
such significant effects were apparent to determine the equa
tion that best fit the data. Prom past experience on the use
of the compression-permeability test cell it was thought that
cake weight would probably have a larger effect than slurry
concentration. Accordingly, four cake weight levels were im
posed on each of the four concentrations. Since the cake
weights chosen were equally spaced it was possible to make use
of orthogonal polynomials in treating the data. In spacing
the cake weight levels equally, it was then possible to deter
mine the constants in the regression equation,quite simply
(15» 30)• The advantage of using orthogonal polynomials to
fit the data is that to obtain a polynomial of one higher
degree all previously calculated constants can be retained and
a new term calculated and added to the previous function.
Orthogonal polynomial values may be obtained from the tables
of Anderson and Houseman (2).
To determine the significance of the two factors in the
design, the half-normal plot technique of Daniel (I3) was
employed. This method indicates which effects of the two fac
tors are nonsignificant, i.e. contribute to the experimental
error term, and which effects are significant. It consists of
computing the single-degree-of-freedom sums of squares corre-
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spending to all the powers inherent in the two factor inter
actions, such as linear, quadratic, and cubic, and plotting
these sums of squares on half-normal probability paper.
Essentially, the empirical cumulative distribution of the
single-degree-of-freedom sums of squares or contrasts is
plotted. This distribution shows certain changes when there
are one or more wild values in the set of observations or when
the error variance is not the same for all observations. To
set up this plot normal probability paper is used. For the
range of P greater than 50 percent each value of P is replaced
by the value P* = 2P = 100. The absolute value of the singledegree-of-freedom contrasts are plotted as the abscissae. The
rank of the contrasts are plotted as ordinates according to
the formula P' = (i - ^)/n. Thus the smallest contrast will
be plotted against the lowest rank number and the largest con
trast against the highest rank number. When the graph is con
structed those contrasts contributing to error, i.e. those
having the same error variance, will fall on the ogive, where
as those contrasts which are significant will show up as
points off the curve.
With this type of graph it is possible to estimate the
standard error,^ , by noting which contrast is closest to
68.3 percent.

However in estimating a- , the contrasts which

are significant should be removed and the ordinates and
abscissas recalculated.
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When the single-degree-of-freedom contrasts obtained from
the ezperimental data were plotted on half normal paper the
resulting graph indicated that slurry concentration had no
significant effect on point specific resistance. The graph
did show that cake weight had a highly significant effect.
As a check on these results an analysis of variance was per
formed on the data. This analysis indicated the same conclu
sion. Figure 7 shows the half normal plot obtained from the
experimental data. The significant sums of squares as ob
tained from the plot were terms that were constant in concen
tration and linear in cake weight, constant in concentration
and quadratic in cake weight, constant in concentration and
cubic in cake weight. Prom orthogonal polynomials the equa
tion that best fit the data was
P(x) = 23.472 - 3.888% + 2.532x2 - 1.327x3 ,

(43)

where x is given by
^=

cake weight - 20
5TÊ#
•

....
(44)

The 95 percent confidence interval for equation 43 is
/

2

2

C.I. = F<I) + (to.o5,i2)(l-935)^Vi + / ( x ) +

*

.

.

2

5
(45)

where 0i(x) = 2x, 02(z) = x^ - ^, and 0^ix) = ^^(x^ - ^x).
The results of this experiment show how point specific
resistance, as calculated from compression-permeability test

Figure 7. Half normal plot for experiment testing the effect
of cake weight on point specific resistance
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cell data, varies with cake weight when the applied or solids
pressure is held constant.
Part II. The Effect of Wall Friction on
Compression-Permeability Testing
The only reported effect of wall friction is by Tiller.*
From preliminary experimental data he indicated that up to 70
percent of the applied pressure is lost for thick cakes in a
compression-permeability test cell due to friction between the
cake and the cell wall. If wall friction between the cake and
the cell wall does exist it may account for the variation in
with cake weight reported by Willis (65) and substantiated
in this work. Therefore, an experiment was designed to test
for wall effect.
Two compression-permeability test cells of the same mate
rial were designed and constructed. The construction of these
cells was described in an earlier section. The cells differed
only in diameter, one having a filtering area 3*932 times as
great as the other.
The experiment was designed statistically. Four cake
thicknesses were tested in each cell and the point specific
resistances calculated. The cake thicknesses were designated

•Tiller, F. M., Dean of College of Engineering, Houston
University, Houston, Texas. An hypothesis concerning wall
friction. Private communication. 1962.
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by the Soman numerals I, II, III, IV. The cells were desig
nated by the Arabic numerals 1, 2; here 1 represents the small
cell and 2 represents the large cell. Table 3 outlines the
experiment.

Table 3*

Experimental design to test for wall effect in
compression-permeability test cells

Replication A
III
II

Replication B
II
III

IV

IV

1

2

1

2

2

1

2

1

2

1

2

1

1

2

1

2

2

1

2

1

1

2

1

2

1

2

2

1

2

1

The design was balanced as far as cells and time were
concerned. Pour runs were made each day, thus each thickness
had four units. For example, in replication A-I, cell 1
occupied the first and fourth time periods and in replication
B-I, cell 1 occupied the second and third time periods. Cell
2 occupied the second and third time periods in replication
A-I and the first and fourth time periods in replication B-I.
This allocation was set up to eliminate any bias in the opera
tion of the cells as far as time of day, operator, and cell
were concerned. This type of grouping did not eliminate any

48

time trend involved, for each cell was operated in all four
time periods. The grouping did insure that both cells suffer
ed the same effect due to time if such an effect were present.
The actual conduct of the experiment was as follows.
Weights of cake were chosen for cell 1. These weights were
multiplied by 3.932 to give the weight of cake for cell 2.
(Preliminary work indicated that this procedure gave approxi
mately equal cake thicknesses for the two cells.) One of the
two replications was chosen at random to be run first. The
thicknesses in the replication were then chosen at random as
to order of run. Due to the "O^-rings on the piston of each
cell there was a certain amount of sliding friction between
the piston and the cylinder wall. This was measured by fill
ing the cylinder with water, adding weights to the piston, and
recording the pressure by means of a 0-50 psig pressure trans
ducer. The average pressure loss in the small cell was 1.60
psig and the average pressure loss in the large cell was 1.45
psig. Extra weight was added to the small cell to make the
applied pressure the same on both cells. This applied pres
sure was 26.406 psig. Each run lasted one hour. The results
of the experiment are summarized in Table 4.
The values of

in Table 4 are those at the 3^00 seconds

interval. At this point in the run the value of the porosity
had become essentially constant. Actually the large cell was
run for two hours in order to compare the value of a^- at that

Table 4. Point specific resistance,
experiment®"

and thickness, L, for wall effect

Thickness
I

II

III

IV

Beplication A
1
61.4543x10®
L = 0.4830

2
8
43.7709x10
L = 0.6065

1
«x 40.6972x10®
L = 0.6740

2
8
41.2682x10
®x
L = 0.8300

2
g
51.4984x10
L = 0.4222

1
g
34.5712x10°
ax
L = O.58O9

2
8
47.0088x10°
L = 0.7045

1
23.7285x10®
L = 0.7646

2
g
51.6538x10°
L = 0.4705

1
g
32.5655x10°
®x
L = 0.5858

2
g
41.4814x10°
ttx
L = 0.6465

1
30.2441x10®
eye
L = 0.7888

1
g
44.1051x10°
L = 0.4705

2
8
ax 43.7318x10°
L = 0.5820

1
g
41.0372x10
L = 0.6875

2
38.5717x10®
«X
L = 0.8365

®Units of

are ft/lb^ and units of L are inches.

Table 4. (Continued)
Thickness
I

II

III

IV

Replication B
2
8
47.0462x10
L = 0.4410

1
44.1628x10®
Otx
L = 0.6200

°x

2
a
36.6451x10°
L = 0.6700

31.6149x10®
L = 0.8865

1
8
42.3316x10°
Ox
L = 0.4638

Ox

2
a
47.1738x10°
L = 0.5640

1
8
35-6330x10
L = 0.7362

2
39.5287x10®
L = 0.8302

1
8
36.6561x10°
%
L = 0.4825

2
8
37.8080x10°
Ox
L = 0.5119

1
a
34.1748x10
®x
L = 0.6930

2
ttj. 38.6564x10®
L = 0.8110

1
8
37.8993x10°
L = 0.6080

2
a
43.5305x10°
L = 0.7497

O-X

2
a
42.5036x10°
L = 0.4268

Ox

«X

1
a
32.6224x10°
L = 0.7609
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time period with that value of

obtained from the small cell

at 1800 seconds. This was done to obtain a comparison at the
same dimension less time.
An analysis of variance was performed on the data,
in Table 4. The analysis of variance used was that applicable
to a split-plot design. In this design there were four thick
nesses which made up the four blocks or whole plots.

Each

plot had two cells, in this case duplicated. It was noticed
that in replication A-1 the first value of cell 1, namely
g

ajr = 61.4543x10 , was unusually high compared to its mate,
Q

ttx = 44.1051x10 , and the

values for cell 1 in replication

B-I. This high value was traced to the lower pressure probe
becoming clogged early in the run, thus giving an erroneous
hydraulic pressure reading. This high value of

was dropped

and replaced with its mate, which statistically is its best
estimate. To account for this replacement one degree of free
dom was subtracted from the measurement error term in the
analysis of variance.
The data in the above design can be represented by the
model
%ljkl =

+ llj + fk * 'Vjk +Cljk * ^Ijkl '
1 = 1. 2
J = 1, ..., 4
k = 1, 2
1 = 1, 2

''''>
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where

is the true effect of the ith replication; YJ is the

true effect of the jth thickness;

is the whole-plot error;

is the true effect of the kth cell;

is the true

effect of the thickness by cell interaction for the jth thick
ness and kth cell;

is the sub-plot error; andf^jki

the measurement error associated with the ijklth combination.
The i^ijkl

assumed NID(0,cr2) in every case.

The results of the split-plot analysis of variance given
in Table 5 indicated that the only significant effect was that
due to cells.
The P-ratio for cells is

= 23.4050 which is highly

significant. All other main effects and interactions were
statistically insignificant at the 5 percent level. Previous
work, as outlined in Part I, had shown that the weight of cake
or thickness had a significant effect on the point specific
resistance. The significance level for thickness in this
analysis of variance was approximately the 15 percent level.
On observing the data it is obvious that point specific
resistance does decrease as thickness increases. In using the
analysis of variance technique it was assumed that within each
whole plot the thickness was equal. This of course was not
the case since it was not experimentally possible to control
thickness so precisely. However, the point specific resist
ance values can be adjusted for the thickness variation within
each whole plot by a regression technique.

Table 5*

Analysis of variance for split-plot design
D.F.

8.8.

M.S.

Reps (R)

1

15.2652

15.2652

Thick (T)

3

438.1204

146.0401

Whole-plot error

3

129.4630

43.1543

4+

Cells (C)

1

348.9984

348.9984

<rf + 2<r| + 16 <r^(^)

T X C

3

34.3971

11.4657

+ 2

Sub-plot error

4

59.6453

14 .9113

Measurement error

15

157.4901

10.4993

4 + 2<r|
d

Total

30

1183.3795

Source

E.M.S.
<f! + 2 <r| + 4 (T^ + 16 <r^(P)
+ 2r| + 4

+ 8 <r^(r)

+ 4 (T^

+ 4 (T^Cr,^ )

54

Since the combination of thickness sum of squares and
cell sum of squares accounted for approximately 80 percent of
the total sum of squares in the analysis of variance a regres
sion model incorporating thickness and cell was used to repre
sent the data.

The model assumed was

Yi = 3l + 02^1 + PjTi + @4?^ +
where

,

(47)

is the observed thickness and z = + 1 depending upon

whether the small cell or large cell was being used.
the observed value of

is

A cubic model was chosen since

previous work indicated that a cubic model in cake weight fit
the data, and, there is a linear relationship between cake
weight and cake thickness. The normal equations resulting
from the regression model were solved for the P*s by use of a
standard multiple regression program on an IBM 7074 computer.
The regression equation as calculated was
Y = 78.2731 - 134.2500 T + 168.5600 T^ - 82.9700 T^ - 3.1252 z.
(48)
This regression model had a multiple correlation coefficient
of 0.5741. Thus the regression model used accounted for 57
percent of the total sums of squares. The remainder of the
total sum of squares not accounted for by the regression model
can be attributed to the various interactions and sampling
error. If the quadratic and cubic terms in thickness are
omitted from the model the r^ value is 0.5731* This indicates
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that over the range of thickness tested little is gained by
adding quadratic and cubic terms in thickness.
Equation 48 can be employed to adjust the experimental
value of 0% to a common thickness value within each whole
plot. The mean value of the observed thickness within each
whole plot was calculated and the point specific resistance
adjusted accordingly by the following equation
adj

= Y^obs. -

- g^fT^-T^) ,

(4?)

or
adj Yi = Y^obs. + 134.2500(1^-1) - 168.5600(1^-1^) +
82.9700(T^-f^) .

(50)

The new array of adjusted point specific resistance
values along with the thickness for each block is shown in
Table 6. The high value in replication A-I for the first
value of cell 1 was again replaced by its mate.
To determine what effect the adjustment of the point
specific resistance values had on the analysis of variance,
the analysis was recalculated using the adjusted values. The
results are shown in Table 7*
Once again the difference between cells shows as the only
significant effect, although the significance level is now
about 3 percent rather than 1 percent. The thickness effect
still shows a significance level of approximately 15 percent.
Statistically, this means'that if two filter cakes of the

Table 6. Adjusted values of point specific resistance, 0%
Thickness
II

III

IV

Replication A
= 44.6825x108
L = 0.4524

8
0^ = 44 .3012x10
L = 0.5824

8
ctx = 39.7933x10
L = 0.6918

= 41.6817x108
L = 0.8136

^
8
Og. = 50.4586x10
L = 0.4524

^
8
= 34.5404x10
L = 0.5824

^
8
Og. = 47.2652x10
L = 0.6918

^
A
= 22.6382x10
L = O.8136

^
A
Ox = 51.3010x10°
L = 0.4524

^
8
Ox = 32.6298x10°
L = 0.5824

^
8
Og. = 40.5617x10
L = 0.6918

^
8
OLg = 29.6488x10
L = 0.8136

1
p
ct^ = 44.6825x10
L = 0.4524

2
= 43.7209x10°
L = 0.5824

1
Ox = 40.9483x10
L = 0.6918

2
= 39-1574x10
L = 0.8136

Table 6. (Continued)
Thickness
I

II

III

IV

Replication B
2
o
46.6709x10
L = 0.4324

°x

1
8
ttx 42.7065x10
L = 0.4524
1
0
37.5950x10°
Sc
L = 0.4524
2
41.6314x10°
•L = 0.4524

«x

1
0
48.4054x10°
L = 0.5824

2
g
36.2107x10
Sc
L = 0.6918

2
8
46-7502x10°
L = 0.5824

1
8
36.5407x10°
L = 0.6918

«X

2
8
39.9517x10°
L = 0.8136

2
8
36.0876x10
L = 0.5824

1
8
34.2072x10°
L = 0.6918

«x

2
8
38.5923x10°
L = 0.8136

1
38.4518x10®
L = 0.5824

°x

2
8
44.7210x10
L = 0.6918

1
8
33.6262x10
L = 0.8136

1
8
31.3982x10
L = 0.8136

Table 7. Analysis of variance using adjusted % values
Source

D.F.

8.8.

M.S.

E.M.8.

Reps (a)

1

6.5384

6.5384

Thick (T)

3

434.6316

144.8772

Whole-plot error

3

132.4355

44.1452

Cells (C)

1

291.4224

291.4224

T X C

3

54.5220

18.1740

+ 2

Sub-plot error

4

109.1831

27.2957

+ 2

Measurement error

15

227.7298

15.1820

Total

30

1256.4628

+ 4 0-2 + i6(r2(p)

+ 2

4 + 4 <r| + 8 a^{r)
+ 2
4 + 4 cr^
4 + 2 4 + 16 <5^ if)
+ 2

+ 4

"^2

)
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same thickness are tested in two compression-permeability test
cells differing only in diameter different values of

would

be expected and, in particular, higher values of o^- would be
expected in the larger test cell.
Part III. Correlation of

with 4H/D

Experimental evidence presented and discussed above indi
cates that point specific resistance decreases as thickness of
cake increases and that for a cake of the same thickness in
two different test cells the point specific resistance is
greater in the larger test cell. It has been shown that the
data from a compression-permeability test cell can be repre
sented by a cubic relationship between point specific resist
ance, o^, and thickness of cake. The defining equation for
Oj. in terms of thickness,

^ ^ A G, (PG-PL)^ ,

(51)

shows CLg to be inversely proportional to L and the relation
ship to be linear.

Also, since cell geometry is not included

in this equation it is apparent that the use of a particular
cell should not make any significant difference in the value
of 0% for a particular cake thickness.
However, if wall friction exists between the cake and the
wall of the test cell, the effect should be greater in a cell

6o

where the ratio of wall area in contact with the cake to
cross-sectional area is greatest. In theory, the weight
applied to the piston is transmitted by the cake to the sep
tum. If the cake were unconfined this applied pressure would,
in fact, be transmitted to the septum. However, when the cake
is confined some of the applied pressure can be transmitted
to the walls of the chamber by sliding friction between the
cake and the walls. As a result, the cake becomes slightly
less compacted and therefore should have less resistance.
This situation should show up to a greater extent in the
smaller diameter test cell. In this cell, for a given cake
thickness, the ratio of wall area to cross-sectional area is
greater than in the larger diameter cell. Because of this,
more of the applied pressure would be transmitted to the wall
in the small cell resulting in a cake with less resistance.
This effect should also manifest itself to a greater extent
with thick cakes than with thin cakes. For a given cell the
ratio of wall area to cross-sectional area is greater for
thick cakes; more of the applied pressure will be transmitted
to the wall with a resulting decrease in compaction and,
therefore, a decrease in the point specific resistance of the
cake.
Considering these possibilities, it appeared desirable to
investigate the relationship between o^- and H/D for the two
test cells. As a first step in this direction equation 48, a

6l
polynomial regression equation, was used to calculate values
for Og. for four mean thicknesses, I.e. 0.4^24 In., 0.5824 In.,
0.6918 In., and O.8I36 In. for both the small and large test
cells. For each thickness and each cell the ratio of wall
area to cross-sectional area was calculated. This ratio
simplifies to 4H/D, where H is the thickness of the cake in
inches and D is the diameter of the filter chamber in inches.
A plot of 0% vs. 4H/D was then made on arithmetic paper and a
straight line fit to the data by the method of least squares.
The graph of this least squares line is depicted in Figure 8.
The least squares line fit to these predicted values of

Y = 50.5935 - 8.4637 X ,

is
(52)

where X is the ratio 4H/D and Y is the predicted value of a^.
2

Of significance in this least squares fit is the value of r ,
the fraction of the total sum of squares accounted for by the
linear regression. In this case r^ has a value of 0.9253 with
a corresponding correlation coefficient of approximately -O.96.
Thus there is a very high degree of linear correlation between
Oyr and 4H/D. Also of Interest in this fit are the 95 percent
confidence intervals for 3 and a. These were determined to be
-10.8654 6 p 6 _ 6.0620

(53)

47.3360 ^ a ë53.8510

(54)

for 3 and

for a.
It is Interesting that this least squares fit to the data

Figure 8. Predicted values of ax obtained from equation 48
vs. 4H/D; applied pressure = 26.406 psig
Least squares line: Y = 50•5935 - 8.4637 X
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includes values of a^- obtained from tests conducted with both
the large and the small cell. Values of

obtained from the

small cell occur at high values of 4E/D and values of

ob

tained from the large cell occur at low values of 4H/D. That
a straight line fits these data with a high degree of correla
tion suggests that values of

obtained at the same 4H/D

ratio from both cells should not show any significant differ
ence. Although no data were taken to confirm this view an
attempt was made to predict values of

by using equation 48

outside of the range for which it was obtained. There is
justification for such treatment since it was shown earlier
that over the range of thickness used in the experiment the
data could be fit equally as well with a linear model and the
quadratic and cubic terms do not contribute much to the value
of
Values of

were estimated for the small cell for thick

ness chosen to give the same 4H/D ratio that occurred in the
large cell. An estimate of the variance of these four values
of Oyr for the small cell was calculated along with an estimate
of the variance of the four values of

previously estimated

for the large cell. An F-test indicated no significant dif
ference between the variances of the

values obtained from

the two cells.
The actual experimental values of

which had been

adjusted for thickness variations were then plotted against
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4E/D. In this case the mean value of

for each cell in each

thickness level was calculated and plotted. A least squares
line was fit to the data.

The equation of this line was found

to be
Y = 51.5190 - 9.1135 X ,

(55)

where X is ^H/D and Y is the estimated value of o^. This
graph is shown in Figure 9. It is obvious that both the esti
mate of 3, -9.1135» and a, 51.5190, fall within the confidence
intervals calculated above. The value of r^ for this fit is
0.8496 giving a correlation coefficient r of approximately
-0.92.

Both equations 52 and 55 were fit to data obtained at
an applied pressure of 26.4o6 psig. It would be expected that
the straight line describing these data would move up or down
depending upon whether the applied pressure was increased or
decreased.
The steel cell used in Part I had a pressure loss of 3.90
psig, as measured by Willis (64); with the weights added to
the piston in this experiment the applied pressure, taking
into account the 3.90 psig pressure loss, was 23.I23 psig.
Therefore considering the foregoing discussion it would be ex
pected that the value of the intercept, a, calculated from a
least squares line fit to the data would be less than the
values reported above. The I6 values of

obtained from the

steel cell were plotted against their respective 4H/D values

Figure 9. Experimental values of

adjusted by equation 48

0% vs. 4H /D; applied pressure =

26.406 psig
Least squares line: Y = 51.519O - 9.II35 X
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Figure 10. Values of ou. obtained from steel cell used in
Part I
ttx vs. 4H/D; applied pressure = 23.123 psig
Least squares line: Y = 4^.213 - 13*325 X
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and a least squares line fit to the data. The equation of
this line, the graph of which is shown in Figure 10, was
Y = 47.213 - 13.325 X.

(56)

As expected, the value of a, 4?.213, was less than that cal
culated at the higher applied pressure. The value of r^ for
this least squares fit was 0.8376, giving a value of r =
-0.915.
From these investigations, it is apparent that wall
effect must be taken into account when interpreting compres
sion-permeability test cell data. This effect has not been
accounted for in previous work and may, therefore, account for
some of the spurious results obtained. In order to predict
filtration resistances from test cell data it has been the
custom to measure the specific resistance of a cake in a test
over the range of pressure under which the actual filtration
would proceed.

However, it is assumed when using the test

cell that the point specific resistance of a differential
element of filter cake is measured, whereas in reality the.
specific resistance of a finite cake is measured. The corre
lation of Og. with 4H/D makes it possible to obtain the point
specific resistance of the differential element of filter
cake. By measuring the specific resistances of two or three
cakes of different thickness in a test cell and plotting the
values of

so obtained against the 4H/D ratio corresponding

to the particular thickness, the straight line through these
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points extrapolated to zero 4H/D would essentially give the
point specific resistance of a differential element of filter
cake at that applied pressure.

Following this procedure it is

quite likely that a better correlation between test cell data
and constant pressure filtration data would result.
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CONCLUSIONS
The results of this investigation have shown that if two
filter cakes having the same thickness are tested in two test
cells, differing only in diameter, the point specific resist
ance of the two cakes differ. A statistical analysis of the
data indicates that.this difference is significant. The
filter cake tested in the cell with the greater diameter
possesses a larger point specific resistance. Since the equa
tion used to calculate the point specific resistance indicates
that cakes of the same thickness under the same applied pres
sure should possess equal point specific resistances, this
difference is attributed to a wall effect between the filter
cake and the wall of the test cell.
It has been shown that the wall effect can be removed if
is plotted against the ratio of wall area in contact with
the cake to the cross-sectional area of the septum. This
ratio is 4E/D, where H is cake thickness and D is cell diam
eter. A straight line results. The intercept of this line
at zero 4H/D is the point specific resistance of a differ
ential element of filter cake at the particular applied pres
sure.
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BECOMMENDATIONS
Further work needs to be done on the correlation of the
results from compression-permeability tests with constant
pressure filtration results. In particular, it is recommended
that:
1. Experiments be conducted using the 4H/D zero inter
cept values of o^. as the point specific resistance
values of a differential element of filter cake.
When these values, obtained over the range of pres
sure used in a constant pressure filtration, are
averaged and compared with the average specific
resistance obtained from the constant pressure
filtration a high degree of correlation should be
indicated.
2. The test cells should be modified to obtain more
accurate hydraulic pressure readings. This could be
done by using pressure transducers.
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APPENDIX A: LEAST SQUARES LINE FOE a% vs. 4H/D; VALUES
OF CXx PBEDICTED PBOM EXPEBIMENTAL BEGBESSION
EQUATION APPLIED PBESSUBE = 26.406 PSIG
Y = Ox , X = 4E/D
Y

X

Y

X

47.4848

0.6012

41.2344

1.1921

43.9918

0.7740

37.7414

1.5346

41.7255

0.9193

35.4751

1.8229

39.0631

1.0812

32.8127

2.1438

Least squares line: Y = a + bX
e x = 10.0691

X =

zty = 319.5288

Y = 39.9411

1.2586

(ex)^ = 101.3868

(zty)^ = 102098.6540

(%7x)^/n = 12.6734

(•zly)Vn = 12762.3317

Tx^ = 14.6696

Z7y2 = 12916.8728

=

1.9962

= 154.5411

rxY-i^

B =

_ 9

= - 8.4637

a = Y - bX = 50.5935

Î = 50.5935 - 8.4637 X
= UMTNLLKLLKLL) = 0-9253

ztxy = 385.2757

VXjY ^ 402.1709
n
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9S% Confidence Interval for p

.....

n - 2

o

2 S.S.E.
Sb = ^ " ^ = ^ 9 0 = 0-9^39 '

St.Vs§ = 0.9815

^6,0.05 ^ 2.44?
s^t = 2.401?

. B - S-J^T

^

P - B + S-J^T

-10.8654 ^ p ^ -6.0620

95^ Confidence Interval for a
1+

Li - a - ^5^0.05 ®E V n

g

^2
'1+ X
Lg - a + ^6,0.05 ®E V n
^
Li = 50.5935 - 3.2575 = 47.3360
Lg = 50.5935 + 3.2575 = 53.8510
Li é a é

47.3360 - a ^ 53.8510
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APPENDIX B; LEAST SQUABES LINE FOB EXPERIMENTAL
VALUES OP ttx ADJUSTED BY EXPEBIMENTAL
BEGBESSION EQUATION;
vs. 4E/D;

APPLIED PRESSURE = 26.4o6 PSIG
Y

X

Y

42.4166

1.1921

47.5155

0.6012

38.5068

1.5346

42.7150

0.7740

37.8724

1.8229

42.1896

0.9193

29.3278

2.1438

39.3458

1.0812

Least squares line:

2^ X = 10.0691
X = 1.2586
= 101.3868

Y = â + bX

r Y = 320.3895
Y = 40.0487

Z XY = 385.0618
HxTY = 403.2542

(Sy)^ = 102649.4317

(27X)Vn = 12.6734

(Z:Y)Vn = 12831.1790

rx^ = 14.6696

27 Y^ = 13026.3242

= 1.9962

X

TJyZ = 195.1452

ZTx SY

à = Y - bX = 40.0487 + 9.1135(1.2586) = 51.5190
Y = 51.5190 - 9.1135 X

" ^^2^y2

(1.99^2)(195.1542) = 0.8496

n
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APPENDIX C: LEAST SQUARES LINE FOE VALUES OF
OBTAINED FROM STEEL CELL;
vs. 4H/D;
APPLIED PBESSUBE = 23.123 PSIG
Y

X

Y

X

42.548

0.8148

37.710

O.8127

25.351

1.3218

27.615

1.3095

23.073

1.7821

22.811

1.7033

19.969

2.3126

17.654

2.2806

39.046

0.8086

. 38.617

0.7988

23.034

1.2824

28.866

I.3OO9

19.523

1.7981

22.569

1.7772

18.284

2.3163

19.525

2.2867

Least squares line: Y = â + bX
Tx = 24.7064

ZTY = 426.195

X = 1.5442
(Tx)^ = 610.4062

Y = 26.637
(EY) = 181642.178

(EX)Vn = 38.1504

(EY)^/n = 11352.636

Ex^ = 43.0273

ZTY^ = 12386.479

= 4.8769
b =

t 7^ = 1033.843
= - "-325

à = Y - bX
â = 26.637 + 13.325(1.5442)
a = 47.213
Y = 47.213 - 13.325 X

ZrxY = 593-124
n

= 10529.744

16
= 658.109

95^ Confidence Interval for p
S.S.E.

=

869.911.
= 11.995

= l&iSSi = 2.460

Sb = 1.57
tl4,0.05 = 2.145
= b - 8bti4,o,o3 = - 13.325 - 1.57(2.145) = - 16.693
L2 = b + Sbt3^4,o.05 = - 13.325 + 3.368 = - 9.957
- 16.693 - P - - 9.957
95% Confidence Interval for a

Li = 47.213 - 5.519 = 41.694
L2 = 47.213 + 5.519 = 52.732
IiQ^ — a
41.694

- Iig

-a 652.732
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APPENDIX D: FORTRAN PROGRAM FOR THE CALCULATION OF
SPECIFIC RESISTANCE CALCULATION
100 WRITE OUTPUT TAPE 2,1
1 FORMAT (10X,3HP0R,14X,1HQ,15X,4HDELP,12x ,5HAIXPHA)
12 FORMAT (15)
READ INPUT TAPE 1,12, NUMB
DO 14 1=1,NUMB
2 BEAD INPUT TAPE 1,3,W,E,A,V,T,PRES,BHO,ZMU
3 FOBMAT (P8.4,1X,F6.4,1X,F8.6,1X,F5.2,1X,F5.2,1X,F5
1.2,1X,F7.4,1X,P10.8)
4 POR=1.0-(W*12.0)/(182.83*H*A*453.59)
Q=V/(T*A*28320.0)
DELP=(PRES*RHO)/30.48
ALPHA=(32.2*A*DELP)/(Q*ZMU*(W/453•59))
WRITE OUTPUT TAPE 2,10,POR,Q,DELP,ALPHA
10 FORMAT (5X,F12.6,4X,F12.8,5X,F12.4,4X,F13.1)
14 CONTINUE
5 STOP
END
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APPENDIX E: DATA FOR COMPRESSION-PERMEABILITY
TESTS DESCRIBED IN PART I

Table 8. Data for compression-permeability tests described in Part I
(Test material - reagent grade CaCO^; applied pressure - 23.123 psig)

OyIo^
Thick.
(in.) ft /ft sec

P
^ _
Ib^/ft^

—8
a^xio °
ft/lb%

T
°C

0.6754
0.7877
0.9122
0.7184
0.9926

110.3727
108.1861
93.8474
107.9819
112.7824

19.9687
28.8662
37.7103
22.5690
42.5483

27.0
25.0
25.0
25.0
25.0

0.5210
0.7305
0.9265
0.5320
0.3285

0.9182
0.7661
0.6626
0.7752
0.9097

100.6335
99.6128
100.2252
104.1288
96.9076

23.0337
19.5230
17.6544
27.6148
39.0456

25.0
25.0
25.0
24.0
27.0

0.6764
0.6755
0.6883
0.6797
0.6614

0.7240
0.9290
0.5370
0.9410
0.6920

0.7096
0.6494
0.7497
0.6072
0.6906

111.4791
111.0708
90.4272
95.1221
104.9201

23.0726
19.5246
25.3510
18.2841
22.8113

24.0
24.0
25.0
25.0
25.0

0.6903

0.3245

0.1066

109.9272

38.6169

28.0

Cake
weight
(gms.)

Por.

VII-E-1
IV-E-2
II-E-3
VI-E-4
. I-E-5

30.00
16.66
10.00
23.32
10.00

0.6770
0.6833
0.6974
0.6755
0.6964

0.9395
0.5285
0.3320
0.7220
0.3310

III-E-6
V-E-7
VIII-E-8
IV*-L-1
I*-L-2

16.66
23.32
30.00
16.66
10.00

0.6787
0.6793
0.6747
0.6854
0.6941

VI-L-3
VIII•-L-4
III'-L-5
VII «-L-6
VI'-L-7

23.32
30.00
16.66
30.00
23.32

II'-L-8

10.00

Run
no.
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APPENDIX F: DATA FOR COMPRESSION-PERMEABILITY
TESTS DESCRIBED IN PART II

Table 9*

Data for compression-permeability tests described in Part II
(Material tested - reagent grade CaCO^; applied pressure - 26.4o6 psig)

Bun
no.

Cake
weight
(gms.)

3
Ibt/ft

o
a^xlO"
ft/lb%

Por.

(in.)

T
°C

I-l-A-1
I-l-A-2
I-l-B-1
I-l-B-2
I-2-A-1

14.9990
15.0106
58.9555
58.9857
18.9992

0.6424
0.6327
0.5911
0.6091
0.6234

0.4830
0.4705
0.4222
0.4705
0.5809

0.3849
0.5281
0.4795
0.4701
0.4568

124.9028
121.2122
125.3740
124.7739
113.1337

61.4543
44.1051
51.4984
51.6538
34.5712

22.0
22.5
23.5
23.0
19.0

I-2-A-2
I-2-B-1
I-2-B-2
I-3-A-1
I-3-A-2

18.9990
74.6986
74.7098
23.0013
22.9993

0.6266
0.6394
0.6242
0.5907
0.6148

0.5858
0.6065
0.5820
0.6740
0.6875

O.5108
0.3664
0.3841
0.3566
0.3707

119,1634
112.0891
114.6207
124.2608
125.3221

32.5655
43.7709
43.7318
40.6972
41.0373

19.0
20.0
21.0
19.5
22.0

I—3—B—1
I-3-B-2
I—4—A—1
1—4—A—2
I—4—B—1

90.4439
90.4339
26.9974
26.9973
106.1624

0.6241
0.5904
0.5934
0.6059
0.6255

0.7045
0.6465
0.7646
0.7888
0.8300

0.3176
0.3721
0.4460
0.3673
0.2946

123.3041
127.4925
109.2611
115.9162
117.8897

47.0088
41.4814
23.7785
30.2441
41.2682

21.0
21.0
18.5
18.0
21.0

I—4—B—2
II-l-A-1
II-l-A-2
II-l-B-1
II-l-B-2

106.1647
14.9981
14.9988
58.9795
58.9789

0.6284
0.6277
0.6421
0.6084
0.5954

0.8365
0.4638
0.4825
0.4410
0.4268

0.2928
0.4225
0.4746
0.4046
0.4701

112.1912
106.3289
106.1352
108.9544
110.2499

38.5117
42.3316
36.6561
47.0462
42.5036

20.0
17.0
16.0
18.5
20.0

Thick.

_
ftVft sec

Table

Bun
no.

(Continued)
Cake
weight
(gms.)

For.

QxlO^
Thick,
(in.) ft3/ft^sec

I' 2
Ib^/ft

o^xlO"®
ft/lb*

T
OC

II-2-A-•1
II-2-A-•2
II-2-B-•1
II-2-B-•2
II-3-A-•1

19.0007
18.9989
74.7076
74.7177
22.9974

0.6471
0.6402
0.6122
0.5823
0.6403

0.6200
0.6080
0.5640
0.5119
0.7362

0.3658
0.4446
0.3627
0.4154
0.3957

116.4041
112.2485
113.9849
107.1632
111.0917

44.1628
37.8993
47.1738
37.8080
35.6330

19.0
22.0
22.0
21.0
23.0

II-3-A-•2
II-3-B-•1
II-3-B-•2
II-4-A-•1
•2

22.9980
90.4400
90.4352
26.9991
26.9978

0.6179
0.6048
0.6468
0.6493
0.5915

0.6930
0.6700
0.7497
0.8865
0.7609

0.4270
0.3753
0.3419
0.3129
0.3469

114.9717
107.0988
114.5403
107.2491
112.3956

34.1748
36.6451
43.5305
31.6149
32.6224

23.0
23.5
24.0
16.5
20.0

II-4-B-•1
II-4-B-•2

106.1652
106.1645

0.6256
0.6167

0.8302
0.8110

0.2748
0.2858

107.8998
109.7390

39.5287
38.6564

20.0
20.0

