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ABSTRACT
Bulk metallic glasses (BMGs), or amorphous metal alloys, have a unique combination of
properties such as high strength, large elastic strain limit (up to 2%), corrosion resistance and
formability. These unique properties make them candidates for precision mechanical
elements, hinge supports, contact surfaces as well as miniaturized systems (MEMS).
However, their limited ductility hinders further realizations of their industrial potential.
Under uniaxial tension tests, metallic glass fails in a brittle manner with unstable propagation
of a single shear band. There is a need to understand the conditions for shear band nucleation
and propagation in order to achieve a superior material system with adequate toughness to
ensure in-service reliability.
This dissertation focuses on understanding the nucleation and propagation mechanisms of
shear bands in BMGs under constrained deformation. The nature of the work is primarily
experimental with integrated finite element simulations to elucidate the observed trends.
Wedge indentation with a circular profile of different radii is used to provide a stable loading
path for in situ monitoring of shear band nucleation, propagation in Vitreloy-1. Detailed
analyses of the in-plane finite deformation fields are carried out using digital image
correlation. The incremental surface analysis showed that multiple shear bands are developed
beneath the indenter. The observed pattern closely follow the traces of slip line field for a
pressure sensitive material. The first shear bands initiate in the bulk beneath the indenter
when a critical level of mean pressure is achieved. Two distinct shear band patterns are
developed, that conform to either the α or β lines for each sector. The deformation zones
developed under indenters with different radii were found to be self-similar.
The evolution of shear bands beneath the indenter is also characterized into two different
categories. A set of primary bands is identified to evolve with the process zone front and
presents an included angle of 78º- 80º. The other set of bands evolves at a later stage of
loading within the originally formed ones but with consistently higher included angle of
around 87 º. The band spacing is found to scale with the local average of maximum in-plane
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shear strain such that the local strain energy is minimized. The measurements shed light on
the critical shear strain needed to initiate these bands. The richness of the shear band
network establishes a basis for calibration of constitutive models.
Experimental in-plane deformation maps show the amount of total strain that builds prior to
the initiation of localized deformation. Furthermore, the maps help examine the change
imposed on the surrounding strain field by the appearance of shear bands. It was verified
that shear bands relax the asymptotic field by changing the order of singularity. Finally, it
was seen that the shear bands are not the only accumulation of permanent deformation but
that the surrounding material can accrue relatively high level of inelastic deformation (up to
5%).
To rationalize these findings, the Johnson cavity expansion model is adapted and modified to
account for pressure-dependent yielding conditions. The elasto-plastic boundary from such
analysis is used to scale the experimental measurements for all indenter radii, loading level
and spatial position beneath the indenter. The continuum finite element simulations have
shown that the macroscopic measurements of force-depth indentation curves would predict a
lower value of the pressure sensitivity than those observed from the detailed microscopic
measurements. Moreover, a transition from pressure insensitive response to progressive
pressure sensitivity is observed by decreasing the indenter radius, or in effect by increasing
the level of hydrostatic pressure under the indenter. This leads to the belief that the BMG’s
pressure sensitivity parameter is in itself dependent on the level of the applied pressure.
These observations give detailed insight on the post-yield behavior of BMGs, which cannot
be obtained from macroscopic uniaxial tension or compression tests.
Despite the richness of the shear band details, the current framework has provided several
notable results. First, the macroscopic trends, force-indentation depth response and the extent
of deformation zones are well captured for this constrained deformation mode by continuum
models that address only the onset of yielding. Second, the apparent pressure dependence of
the shear band angle on the macroscopic measurements is minimal. Third, the initiation
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point, and not the shear band development is of critical importance. These findings would
formulate the basis for simulation of shear band nucleation, propagation and interactions.
They would also elucidate the role of secondary particle inclusion for toughening.
Another form of inhomogeneous deformation in the form of shear bands is also studied in
constrained layer of ductile metal subjected to shearing deformation. The material system
utilized was comprised of a ductile layer of tin based solder, encapsulated within relatively
hard copper shoulders. The experimental configuration provides pure shear state within the
constrained solder layer. Different Pb/Sn compositions are tested with grain size approaching
the film thickness. The in-plane strain distribution within the joint thickness is measured by a
microscopic digital image correlation system. The toughness evolution within such highly
gradient deformation field is monitored qualitatively through a 2D surface scan with a
nanoindenter. The measurements showed a highly inhomogeneous deformation field within
the film with discreet shear bands of concentrated strain. The localized shear bands showed
long-range correlations of the order of 2-3 grain diameter. A size-dependent macroscopic
response on the layer thickness is observed. However, the corresponding film thickness is
approximately 100-1000 times larger than those predicted by non-local continuum theories
and discreet dislocation.
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CHAPTER 1. INTRODUCTION
Bulk metallic glasses (BMG), or amorphous metal alloys, have no long range order,
unlike crystalline materials. The lack of periodicity in the atomic structure can be achieved
by rapid cooling (>105K/s) from the liquid state, thus averting crystallization and forming a
supercooled liquid that solidifies to a glass. The high rates of cooling have imposed limits on
practical sample dimensions. Typically, amorphous binary alloys were produced by melt
spinning, vapor beam deposition or by using picosecond lasers. It was later found (Chen,
1974; Johnson, 1999; Inoue, 2000) that slower cooling rates can be achieved when multi
component alloys are used. The glass forming ability is enhanced by choosing elements with
negative heats of mixing, varying diameters, and by choosing eutectic compositions. The
slower cooling rates allowed for greater sample dimensions (bulk), thus renewing interest in
this class of materials and broadening their applications.
BMG have a unique combination of properties, such as high strength (up to 2% of
Young’s modulus), large elastic strain limit (up to 2%), corrosion resistance and formability.
Despite manufacturing costs, their combined properties make them ideal for use as surgical
knives, precision mechanical elements, light springs, hinge supports and MEMS (Maekawa
et al, 2000; Yavari et al, 2001; Liu et al, 2001; Salimon et al, 2004). While the above
properties are outstanding and surpass those of crystalline solids, BMG ductility and fracture
toughness is quite poor.
For deformation behavior at the macroscopic scale, Spaepen (1977) created an
empirical deformation map and separated flow into two regimes: homogeneous and
inhomogeneous. The homogeneous regime occurs at low stresses, high temperatures or in
creep tests. Under those conditions BMG each volume of the material deforms in the same
manner.

At higher temperatures, BMG can also exhibit superplastic behavior.

Inhomogeneous flow is seen at high stresses and low temperatures where the deformation
behavior of BMG is highly localized, forming shear bands. Unstable propagation of a single
shear band leads to failure (Bruck et al., 1994; Wright et al., 2001).
It is believed that if the shear band growth or propagation is impeded or further
dispersed, the ductility or fracture toughness of BMG will improve. To this purpose, BMG
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composites are formed either by partially crystallizing the amorphous alloy or by introducing
an entirely new phase (Dandliker et al, 1998; Choi-Yim et al, 1999; Hays et al, 2000). The
fundamental difference in structure from crystalline materials implies that concepts such as
the rule of mixtures cannot be directly applied to create composites that have both high
strength and toughness. In fact, the failure behavior of the composites is still dictated by the
deformation behavior of BMG (Biner, 2005). Before the full potential of BMG can be
achieved, shear band formation and propagation needs to be properly characterized and
correlated to macroscopic behavior.
The overall objective of the research described in this dissertation is to use
experimental and numerical tools to correlate shear band formation and evolution in BMG to
macroscopic measurements. These observations will be used to examine as well as establish
parameters for improved constitutive modeling.
The following sections will present an overview of past work, define the proposed
work and the motivation behind it. In addition, the details of the thesis organization will be
given.

1.1 BACKGROUND: METALLIC GLASS
1.1.1 Mechanical Properties
Mechanical properties of BMG have been experimentally studied for many years. In
uniaxial tensile tests, BMG exhibit very high yield strength compared to crystalline metals
(Leamy et al, 1972). Ductility has been practically non existent when BMG are tested in
unconfined geometries such as uniaxial tension or compression (Pampillo, 1975; Bruck et al,
1994; Hufnagel et al, 2000; Wright et al, 2001). Multiple shear bands are initiated, yet
failure still occurs when a single shear band grows in an unstable manner. Figures 1.1 and
1.2 present some of the typical stress-strain data in uniaxial tension and compression for one
of the most popular BMG, Vitreloy-1 (Zr41.2Be22.5Ti

13.8Cu13.5Ni10).

Sample dimensions and

loading rates significantly affect macroscopic measurements. It has been accepted the yield
strength in tension is lower than that in compression. As can be seen from the figures, there
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is no post yield data for this material. Immediately after yield is reached, the material fails.
The failure surfaces of various compositions of BMG also show a variation in inclination
with the loading axis depending whether loading is compressive or tensile. Examples of
typical failure surfaces when tested in compression or compression are presented in Figs. 1.3
and 1.4. For Vitreloy-1, (Sergueeva et al, 2005) found failure surfaces were inclined at 42º
and 56º, when tested in compression and tension respectively.

Acoustic emission

measurements verified that multiple shear bands initiate prior to yielding (Vinogradov and
Khonik, 2004).
On the other hand, under confined geometries, such as under bending (Conner et al.,
2003), or bonding a layer of BMG between two ductile metal layers (Leng and Courtney,
1991), the material is able to exhibit some degree of ductility with further stable shear band
growth. Conner et al (2003) has also tried to correlate the shear band spacing to the beam
thickness in a bend experiment specimen due to strain relaxation in the vicinity of the shear
band at the surface.
Meanwhile, fracture toughness values ranging from 16 to 55 MPa√m have been
measured using compact tension and single edge notched bend geometries (Conner et al,
1997; Gilbert et al, 1997; Lowhaphandu and Lewandowski, 1998). Even higher values of
fracture toughness of a Zr–Ti–Ni–Cu–Be (Flores and Dauskardt, 1999) BMG have been
reported. The high fracture toughness of BMG is assumed to be associated with the multiple
shear bands and crack branching ahead of the main crack tip.
1.1.2 BMG Composites
Ductility of metallic glasses is improved by diffusing or impeding the propagation of
a single shear band and the subsequent unstable fracture. Higher macroscopic ductility has
been observed when the BMG matrix is reinforced with a ductile metal (Choi-Yim et al,
1999; Szuecs et al, 2001; Conner et al, 1998). These composites are formed by either adding
a new soft phase (Choi-Yim et al, 1997; Dandliker et al, 1998; Hays et al, 2000) or by
recrystallizing some parts of the amorphous alloy, directly from the melt (Flores et al, 2003).
Higher total strains to failure have been achieved, especially in compression. The presence of
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the second phase has facilitated the formation of ordered shear bands throughout the entire
gage length, under bending, compression, and tensile tests. Improved fracture toughness and
diffused shear bands have been also observed in the fracture and fatigue testing of BMG
composites (Flores et al, 2003; Szuecs et al, 2001).

The mechanisms of shear band

interactions with these second phases remain unclear.
While it has been observed that the secondary phase particle would inhibit the
propagation of shear bands (Choi-Yim et al, 1999), it has been also seen that the shear bands
can traverse the secondary phase (Flores et al, 2003). In contrast, it has been also observed
that adding more reinforcement particles increases the nucleation and formation of secondary
bands (Conner et al, 1998). Two general conclusions can be made from the literature: (i) the
mechanical properties of the ductile reinforcing phase have very little influence. Usually, the
resulting composite ductility does not significantly differ from that of its constituent metallic
glass matrix material for vastly different reinforcements. (ii) Reasonable volume fractions of
ductile reinforcements also do not appreciably improve the ductility, and may even result in
ductility levels lower than the ductility of the metallic glass matrix. It is evident that in order
to methodically improve the ductility of BMG composites, criteria need to be established to
control shear band interactions with reinforcement particles.
1.1.3 Inhomogeneous deformation in BMG
Since the deformation mechanisms of BMG are controlling failure even when
incorporated in composites, a closer examination of their behavior is merited.

The

fundamental difference from crystalline solids signifies that deformation behavior in BMG is
not due to dislocation creation or motion. In fact, lack of long range order does not preclude
a tendency for short range order (SRO) (Spaepen, 1977). Recent experimental observations
and numerical simulations have resolved the atomic-level structure of amorphous alloys
(Sheng et al., 2006; Hufnagel, 2004) by verifying that the atoms form three-dimensional
shapes called Kasper polyhedra. These three dimensional structures can be further organized
giving rise to a medium range order (MRO).
Recent molecular dynamics simulations of binary systems have linked the tendency
of short range order (SRO) in amorphous metals to deformation behavior (Shi and Falk,
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2005). Free volume models assume that flow in the material occurs when the free volume
created by stress is much greater than the annihilation/diffusion rates (Spaepen 1977; Argon,
1979). Free volume is the excess volume surrounding an atom (or cluster of atoms) that is
redistributed without a change in energy (Turnbull and Cohen, 1961).

Experimental

observations of TEM studies have indeed shown that within a shear band, the amount of
voids has increased when compared to the surrounding (Li et al., 2002).
The origin of voids and how they correlate to atomic rearrangements is still unclear.
It is acknowledged that the material within a shear band undergoes a structural change
(softening) when compared to its surroundings. The structural change has sometimes been
compared to Taylor instabilities (where a liquid is constrained between two solids) and there
have been some claims of melting within a shear band, mitigated by the reported vein
fracture surfaces and thermography (Flores and Dauskardt, 1999).
The localized deformation has been modeled by assuming an initial band of slightly
weaker material (Steif et al; 1982). However, the origin of such a band was not considered in
detail. Vaks (1991) proposed a possible mechanism for the formation of shear bands in
amorphous alloys at the stage preceding the macroscopic flow. Huang et al (2002) and Biner
(2005) showed that the inhomogeneous deformation is a result of a perturbation of the free
volume distribution.
1.1.4 Predicting the multiaxial response
Constitutive laws are necessary to predict the multiaxial response of a material after it
exceeds the elastic regime. A yield condition determines when the elastic regime ends under
any possible loading situation. Past the elastic regime, the increments of plastic strain and
total stress are not necessarily related. A flow rule would relate total stress to incremental
strain and state of stress through the plastic regime. Finally a hardening rule is needed to
describe how the yield condition will change once the plastic regime is reached.
Modeling efforts are relatively scarce compared to experimental investigation of
BMG. The multi-axial response still remains unclear in literature. Some (e.g. Bruck et al,
1994) have concluded from a tension torsion test that BMG closely obey von Mises
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continuum plasticity theory, wherein microscopic plastic deformation is strongly influenced
by the local shear stress only (cf. Hill, 1998). On the other hand, Donovan (1989a; 1989b),
Lowhaphandu et al (1999), Flores and Dauskardt (2001) and Vaidyanathan et al (2001)
suggested that the plastic deformation response of BMG is influenced by the shear as well as
the normal component of the local stress, and possibly the hydrostatic stress. Moreover,
Lowhaphandu et al (1999) showed that while the fracture stress was not altered by the
applied pressure, the fracture plane orientation was changed.
Lack of post yield data from stress strain curves tested in uniaxial tension or
compression, means that the flow and softening/hardening rules cannot be found
experimentally. Past modeling work has always assumed normality flow (Vaidyanathan et
al, 2001; Patnaik et al., 2004; Anand and Su, 2005; Su and Anand, 2006; Yang et al, 2006).
Normality or associative flow means that the increment of plastic strain will always be
perpendicular to the yield surface tangent, when examined in the π-plane. Since BMG have
many similarities to granular materials, it is also possible for them to exhibit non-normality
flow, but this has not been examined experimentally. Finally, the yield surface evolution is
rather limited. The little post-yield response observed in compression shows the material to
be perfect plastic. When shear band behavior is to be modeled, the post yield response is
assumed to be softening. It was presented in Section 1.2.3 that the origin of softening is not
yet clear. There have been several attempts to quantify this from viscosity measurements
(that relate to the evolution of free volume) but most of the softening parameters are
estimates. The importance of experimental measurements of the post yield response is
imperative if the failure mechanisms due to unstable shear band propagation are to be
completely characterized.

1.2 MOTIVATION AND PROPOSED WORK

In crystalline materials the fundamental unit of plastic deformation is the motion of
an individual dislocation. Because dislocations generally interact only weakly with the
triaxial stress-state the von Mises yield criterion (or any pressure insensitive criterion) is
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found to be adequate because it accurately predicts the observed tension compression
symmetry. There is a clear intrinsic material length scale associated with a crystalline solid
(e.g., Burgers vector, b, or average spacing between active slip systems). In contrast, because
of the disordered atomic structure, the nature of onset and post yielding behavior of BMG is
a point of contention. As mentioned above, some studies indicate that yield behavior of
BMG is similar to crystalline solids and pressure insensitive criteria can be adequate, while
some others indicate strong pressure or normal stress dependency. Moreover, there is no
clear length scale, which can be correlated to, or control the formation of the localized
deformation bands. As yet, experimental observations on the details of the deformation at the
scale of localizations are scarce because experimental techniques and instrumentation have
not been available or properly utilized (Bastawros and Kim, 2000). Most of the constitutive
material response is being calibrated through geometry of loading that provides macroscopic
load-displacement curves and post analysis of the fractured or deformed surfaces. Although
there has been growing interest in the mechanical properties of BMG, systematic
experiments and analysis of their constitutive behavior under general multiaxial loading
conditions have not been conducted so far.
The overall goal of the proposed research is to establish yield and post-yield criteria
of BMG and understand how shear band nucleation and propagation affects failure by using
experimental observations and numerical simulations. The specific goals of this work are:
1. Examine how shear band initiation is related to macroscopic properties for different
values of the mean pressure ( p ).
2. Estimate the extent of shear band process zone for different p levels.
3. Examine the validity of calibrating parameters of constitutive models used in FEM
from experimental macroscopic measurements.
4. Explore how shear band angle measurements can be used to extract parameters for
constitutive modeling.
5. Investigate how shear band spacing evolves with increased loading and different
levels of mean pressure.
phenomenological model.

Based on the above measurements create a
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6. Find what influences shear band spacing and if a characteristic length scale can
possibly exist for BMG.
7. Calculate the degree of accumulated strain before the transition from homogeneous to
heterogeneous deformation occurs.
8. Explore the evolution of various strain states and find the potential function.
9. Examine changes in the surrounding strain field due to shear band nucleation and
propagation.
The specific tools to achieve the above tasks are:
1. Devise a stable testing configuration utilizing cylindrical indentation that enables the
in situ observation of shear band creation, propagation and evolution. Indentation is
chosen since it allows for a multiaxial strain state exploration. Indentations will be
done for different indenter radii so as to examine the dependence of the developed
shear bands with various p levels.
2. Utilize the finite element method (FEM) and invoke mean field constitutive models
to:
− Characterize yield behavior in BMG and examine how values of necessary
parameters can be calibrated from experimental response.
− Model the details of the shear band evolution.
3. Employ analytical tools to characterize important macroscopic parameters to the local
measurements (angle, process zone size etc.).
4.

Utilize image correlation techniques to obtain experimental deformation maps.

1.3 DISSERTATION ORGANIZATION

The remainder of the dissertation is organized so that the goals listed in Section 1.2
can be addressed. The influence of mean pressure on shear band initiation and the size of the
resulting shear band network (Goals 1 and 2) are addressed in Chapter 2. The manuscript for
Chapter 2 has been published in Materials Science and Engineering A. Chapter 3 explores
how parameters of constitutive models calibrated from macroscopic measurements differ
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from microscopic observations (Goals 3 and 4). Chapter 3 has been accepted to the Journal
of Material Research. Chapter 4 further examines the shear band angle evolution explores
how shear band spacing evolves and presents a phenomenological model from these
observations (Goals 4, 5 and 6).

Chapter 5 uses image correlation to obtain in-plane

deformation maps. From the maps, the amount of strain accumulated prior to deformation is
calculated (Goal 7). Additionally, the incremental strain maps are used to find the evolution
of the potential function and explore the changes imposed on the surrounding field due to
shear band initiation (Goals 8, 9). Chapters 2-5 have been either submitted or prepared to be
submitted to journals as individual manuscripts.

Chapter 6 gives an overview of the

analytical tools that were derived in this work. In particular, a cavity expansion model for a
pressure sensitive material that allows for non-normality flow and perfect plasticity are
presented. A constitutive model that imposes softening and assumes a random distribution
for the cohesive strength is also presented. The constitutive model is incorporated in FEM,
and the initial results of the shear band initiation during cylindrical indentation are presented.
The final chapter summarizes all results and presents recommendations if future work is to be
done on this material. Finally, an appendix is attached to this dissertation presenting a
published manuscript in the Journal of Material Research. The work presented in the
appendix is an independent project on localized shear bands in a crystalline material that was
undertaken during the Ph.D. study.
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(a)

(b)

Figure 1.1 Stress-strain curve of Vitreloy-1 tested in uniaxial (a) tension and (b) compression
(Bruck et al., 1994). The strain rates were 10-4/s to 10-3/s. The samples were constructed
from rods, and the sample dimensions were as follows: the dogbone sample tested in tension
had a 3mm diameter and 20mm gage length. The compression samples had varying
diameters (D=2.5 to 7mm) with lengths (l~2D).

Figure 1.2 Stress-strain response for Vitreloy-1 tested in uniaxial (a)-(b) compression and (c) tension (Sergueeva et al., 2005).
The various strain rates are indicated. The sample for the tensile tests were manufactured from flat plates were the gage length
and width were 1mm each. The out of plane thickness was 0.1mm. The compression samples were rectangular with two
different dimensions, as indicated.

(c)
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Figure 1.3 SEM micrographs revealing the tensile fracture feature of Zr59Cu20Al10Ni8Ti3
metallic glass. (a) Shear fracture of the tensile specimen; (b)–(e) tensile fracture surface at
different magnification; (f) shear band on the specimen surface (Zhang et al; 2003).
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Figure 1.4 SEM micrographs revealing the compressive fracture feature of
Zr59Cu20Al10Ni8Ti3 metallic glass. (a) Shear fracture of the tensile specimen; (b)–(e) tensile
fracture surface at different magnification; (f) shear bands on the specimen surface (Zhang et
al; 2003).
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CHAPTER 2. DEFORMATION BEHAVIOR OF A ZIRCONUIM BASED
METALLIC GLASS DURING CYLINDRICAL INDENTATION: IN-SITU
OBSERVATIONS
A paper published in Materials Science and Engineering A1

Antonia Antoniou2,3, Ashraf F. Bastawros2,4, C.C.H, Lo5, S.B. Biner5
2.1 ABSTRACT
An experimental methodology was developed as simple and yet accurately elucidates the
stress-state dependency of the deformation behavior of metallic glasses or similar amorphous
systems. The methodology includes in-situ observations of the evolution of the deformation
behavior of metallic glasses under a cylindrical indenter. The set-up not only collects
information on the load-displacement response of the system to the deformation but also
resolves the much-needed information on the temporal and spatial evolution of the shear
bands. By employing various indenter radii, the critical shear stress for the nucleation of the
shear bands is obtained. Experimental results for a Zirconium based metallic glass where
found to be consistently independent of the indenter radius and in close agreement with the
uniaxial yield values.
2.2 INTRODUCTION
The mechanical and physical properties of metallic glasses have received renewed interest
due to the recent achievements in the development of new bulk glass forming alloys [1]. The
deformation behavior of metallic glasses is usually classified as inhomogeneous and
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homogenous deformation. Inhomogeneous deformation occurs at temperatures well below
the glass transition temperature. The formation of localized shear bands and very limited
ductility are the typical characteristics of this deformation behavior. In contrast, homogenous
deformation takes place near the glass transition temperature and exhibits almost superplastic behavior without the localization of deformation.
Indentation experiments are being increasingly used to evaluate the mechanical response of
metallic glasses, due to their very limited tensile ductility. Shear bands have been identified
on the surface around the indentations in metallic glasses by using atomic force microscopy
[2, 3] and their spatial distribution correlated with the shear stress distribution associated with
a Berkovich type indenter [4]. In addition to the examination of the surface around the
indentation, there are experiments that may relieve the deformation field below the indenter
by using serial sectioning and etching techniques [5]. More recently, a “bonded interface”
approach was used to elucidate the shear band patterns in plane along the indentation axis
[6]. In addition to the evolution of shear bands, recent transmission electron microscopy
studies [4, 7] reported the formation of the nanocrystalline phase beneath the indenter during
the course of deformation, consistent with earlier studies [8]. The conclusion drawn in these
studies was that recrystallization can occur under quasi-static loading conditions, in the
absence of a large source of adiabatic heating, and high temperatures. However, the driving
force for such microstructural evolutions remains unclear. It has been shown that while slow
indentation loading rates promote discrete plasticity (so-called serrated flow), at high loading
rates the deformation becomes more uniform resulting in smooth load-displacement curves.
It has been proposed that at low rates a few shear bands operate in isolation, while at high
rates there are many shear bands operating at the same instant leading to more uniform
deformation behavior [9-16]. It has also been suggested that at sufficiently high deformation
rates, this could lead to homogenization of plastic deformation not only in time, but in space
as well [13]. On the other hand, it has also been argued that the discrepancies seen between
low and high deformation rates are due to instrumentation artifacts, and the mechanism of
plastic deformation does not change and remains as discrete events [14,15]. A more detailed
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review of the indentation experiments on the metallic glasses systems is recently given by
Schuh et. al. [16] and the references therein.
In this study we utilized the triaxial stress field under a cylindrical indenter, to study the
spatial and temporal evolution of the shear bands in zirconium based metallic glass. This
loading mode while ensures a stable deformation path, it also provides the ability to monitor
and study the microstructure evolution within the inhomogeneous deformation field
including the nucleation and propagation of the shear bands. The details of our experimental
set up are presented first followed by the results and finally by the discussion and
conclusions.
2.3 DETAILS OF THE EXPERIMENTAL STUDIES
The metallic glass used in this study was Zr 41.2-Ti 13.8-Cu 12.5-Ni 10-Be 22.5 (Atomic
Weight). Both the X-ray diffraction analysis and TEM studies indicated that the system was
in the amorphous state. The sample has a cross section of 3 mm in width by 7 mm in height
and total length of 15mm. The sample surfaces were polished with standard metallographic
techniques to 1µm finish prior to indentation experiments. Special care was taken such that
the surfaces remained orthogonal during the polishing.
The indentation experiments were conducted using an Instron 8862 servoelectric testing
frame with loading rate of 10µm/sec. The special loading fixture, shown in Fig. 2.1 was
designed to ensure that the line of contact between the indenter and top surface was
perpendicular to the front plane of the sample. This critical alignment ensured that the
indentation was two-dimensional and the shear bands that were seen on the surface of the
specimen were not emanating at oblique angles. The indenter displacement was monitored
as the averages of the two independently mounted LVDTs to the loading rig, as shown in Fig.
2.1. The SiC cylindrical indenters used had radii, R, of 0.4, 0.8, 1.6 and 2.4 mm. For each
indenter radius duplicate tests were conducted.
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Digital images of the specimen surface were captured during the course of deformation using
a progressive-scan camera (Pulnix – TM-6702 CCD array of 648(H) x484(V)) with a
traveling microscope having a 5x or 10x objective lens. A combination of collimated white
light through the objective lens and external oblique polarized lights were used to illuminate
the indentation region. The utilized optical setup provided a field of view of about 1 and 2
mm respectively. The imaging system was synchronized with the load frame to capture an
image for every two seconds.
2.4 RESULTS
2.4.1 Metallographic Observations and Kinetics of Shear Bands
The spatial and temporal evolution of the shear bands for the cylindrical indentor having
R=2.4 mm are summarized in Fig. 2.2. The corresponding force-indentation displacement
curve is shown in Fig. 2.2(a). The letters on the curve indicates the locations where the
sequence of images shown in Fig. 2.2(b) through Fig. 2.2(h) recorded during the course of
the indentation. Fig. 2.2(c) marks the initiation of the shear bands where the initiation site
below the indenter is encircled. As can be seen from the image, there was a limited finite
deformation zone immediately formed beneath the indenter with the out of plane motion.
This effect had manifested itself as the formation of a dark band immediately beneath the
indenter. The time sequence of images shows that as the deformation progresses, more shear
bands form around the symmetry axis of the indenter; and begin to interact with each other
nearly in an orthogonal trajectory. The details of these interactions will be shown later. The
final surface texture upon unloading for each indenter radius was examined by SEM and they
are shown in Fig. 2.3. These images approximately correspond to the same indentation
depth. For all the indenters, the evolution of the deformation zone in the form shear bands
seems to be self-similar and reminisces of the slip lines. The evolution of the out plane
deformation just beneath the indenter can also be seen as a lighter circular zones beneath the
indenters in Fig. 2.3.
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As seen earlier in Fig. 2.2 not all the shear bands nucleate simultaneously. The detailed
interaction between the bands formed at earlier and later instances of the deformation can be
clearly seen in Fig. 2.4, wherein the shear displacements of the earlier bands with the recent
ones are indicated. However, in other incidences the arrest (shielding) of the recently formed
shear bands by the earlier ones was also observed. Such an arrest event is shown in encircled
regions in Fig. 2.5. As can be seen in Fig. 2.5(a) the shear band moving from the top right
corner crossed the shear band coming from the top left one, however, the subsequently
nucleated shear bands arrested by the same shear band originated from the left top corner in
Fig. 2.5(b) through Fig. 2.5(e). We were also able to observe the instabilities within the
shear bands in the form of the nucleation of several secondary shear bands from the primary
ones during the course of deformation. The time sequence for such nucleation event is
shown in the encircled regions in Fig. 2.6 and the more SEM detailed view is given in Fig.
2.7.
The evolution of the deformation zone is quantified by measuring the process zone depth and
width from the recorded images during the course of deformation. The depth and width were
taken as the maximum distance a shear band is traversed away from the reference indentation
surface. Fig. 2.8 shows the evolution of the deformation zone size with the increasing
indentation depths.

The size of the deformation zone increases almost linearly with

increasing indentation depth for all cases.

Moreover, the deformation zone size is

systematically increasing with the cylindrical indenter radius. Fig. 2.9 shows the correlation
of the process zone sizes with the applied force. It is evident that all data from Fig. 2.8 now
almost unifies to a single curve. This correlation suggests that the maximum pressure
beneath the indenter is the proper single parameter that scales the whole self-similar
deformation field beneath the indenter in the metallic glasses or amorphous systems. Both
the experimental studies and molecular dynamics simulations [18-21] have indicated that the
use of pressure dependent plasticity criterion such as Mohr-Coulomb is more appropriate for
metallic glasses and Fig. 2.9 also supports this view.
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2.4.2 Load-Indentation Depth Response
Typical load-indentation depth curves are presented in Fig. 2.10 for the four cylindrical
indenter radii utilized in this study. The initial contact was established within the first
nonlinear region, wherein small surface asperities were deformed and full surface contact
was established. Then a linear zone can be identified where the contact zone was assumed to
be approximately elastic. This trend was followed by a nonlinear region commencing with
the nucleation and propagation of shear bands. The arrow on each curve marks the first
observed formation of the shear bands from the digital images taken during the course of the
deformation. As can be seen, the deviation from the linearity closely follows the nucleation
of the shear bands. Moreover, the shear band nucleation starts at approximately the same
indentation depth. The shear band nucleation loads are correlated with the indenter radii in
Fig. 2.11. We observe almost a linear relation with the cylindrical indenter radius and the
nucleation of the shear bands, for the indenter radii ranges used in this study. The mean
pressure Po underneath the indenter can be estimated by employing elastic Hertzian contact
theory [17]:
Po =

2 F0
π aW

(2.1)

where Fo is the force, W is the width and a is the radius of the contact respectively. The
corresponding maximum shear stress is, τ max = 0.3 Po , which could be considered as a
measure of the flow stress [17]. These load levels are converted for each indenter radius to
the mean pressure using Eq. 2.1.

Fig. 2.12 shows that such nucleation pressure is

approximately constant and independent of the indenter root radius when plotted against the
normalized contact radius ratio, a R . Moreover, by taking the 30% of this constant value
gives a critical shear stress for the nucleation of the shear bands as 0.8 GPa. This value
agrees with the reported uniaxial yield stress values of about 2.0 GPa for this system [16].
This value is slightly lower of what a shear stress derived from a Mises criterion should be
( σ yield

3 ), wherein a direct extension to the pressure dependent plasticity are not exactly

known. Moreover, the estimated nucleation shear stress is derived from the first observed
nucleation of the shear bands (as in Fig. 2.2) rather than observable global yielding as in the
case of usual tension or compression tests.
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2.5 DISCUSSION AND CONCLUDING REMARKS
Indentation testing employing spherical or pyramidal indenter has been utilized before to
understand the constitutive behavior of metallic glasses in [5, 18]. This framework relied on
changing the free parameter of Mohr-Coulomb yield criterion to match the macroscopically
observed load-indentation depth curve using numerical simulations. While this approach
provides a framework, however, it does not easily reveals the details of the evolution of the
deformation. On the other hand this outlined work of cylindrical indentation tests may offer
this ability. Moreover, by fitting the constitutive framework to the experimental results of a
given indenter radius, we can check its conformity to other applied load levels from other
radii, while monitoring the spatial and temporal evolution of the shear bands. While the
proposed approach is quite promising to study the deformation behavior of metallic glasses,
however, it can be opened to several abstract criticisms including: the surface morphology at
the contact region and the resulting friction effects, the 3-D effects in the form of out of plane
deformation and the complexity of the over all deformation field. By maintaining a wellpolished and lubricated contact surface, the interface asperities and the frictional effects can
be minimized. As for complexity of the indentation field, the initial deviation from the
elastic contact field would be considered as an indication of the yield loci. However,
subsequent macroscopic load-indentation displacement characteristics are needs to be
quantified in conjunction with the numerical framework because of the pressure dependency
of the yield surface for metallic glass systems. As for the 3-D effects, at the free ends of the
indenter/specimen contact, the out of plane compressive stress (σ y = ν (σ x + σ z ) ) will be
relaxed, permitting the specimen surface to expand slightly and thereby reducing the contact
pressure near the surface. If the cylindrical indenter does not tilt and thereby maintaining a
uniform contact area right up to the end, then Po on the surface will differ by a factor of

(1 −ν ) from that of the constrained middle plane [17].
2

This work has initiated with the objective of conducting a systematic studies on the evolution
of the shear bands in the bulk metallic glasses. The technique developed in this study
enables to collect information not only load-displacement response of the system to the
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deformation but also much needed information on the time and spatial behavior during the
evolution of the shear bands. The observations made in this study clearly indicate the
complex nature of the evolution of plasticity in these amorphous systems. Moreover, the
material dependent the critical events such as stress need for the nucleation of the shear
bands becomes possible with the in-situ observations.
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Figure 2.1 Schematic of loading fixture.
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Figure 2.2 Evolution of the deformation under the indenter with 2.4mm radius (a) the loaddisplacement curve; (b-h) images of the deformation evolution. Their timing is marked with
the corresponding letters on the F-δ curve.

Figure 2.3 SEM images of the deformation zone after unloading for different indenter radii.
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Figure 2.4 Shear displacements of previously nucleated shear bands with respect to the
more recently nucleated shear bands.
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Figure 2.5 Arrest of shear bands by previously nucleated shear bands.
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Figure 2.6 Instabilities of shear bands. Sequential images showing the nucleation of
secondary shear bands from primary ones.

0.1mm
Figure 2.7 SEM images of primary and secondary shear bands.
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CHAPTER 3. EXPERIMENTAL OBSERVATIONS OF DEFORMATION
BEHAVIOR OF BULK METALLIC GLASSES DURING WEDGE-LIKE
CYLINDRICAL INDENTATION
A paper accepted in the Journal of Material Research

Antonia Antoniou1,2, Ashraf F. Bastawros2,3, S.B. Biner1,4
3.1 ABSTRACT
This paper reports on the in situ observations of deformation behavior of a metallic glass
under a wedge-like cylindrical indenter. The experimental observations for various indenter
radii provide information on both macroscopic and microscopic details of the deformation.
The deformation zones developed under indenters with different radii were found to be selfsimilar, and in agreement with the predictions of continuum finite element simulation with
pressure-dependent yielding. There are two types of shear bands being identified beneath the
indenter. A set of primary bands is identified to evolve with the process zone front and
present an included angle of 78º- 80º. The other set of bands evolve at a later stage of
loading within the originally formed ones but with consistently higher included angle of
around 87 º. Despite the richness of the shear band details, the macroscopic trends, forceindentation depth response and the extent of deformation zones are well captured for this
constrained deformation mode by the continuum models that address the onset of yielding
only.
3.2 INTRODUCTION
Bulk metallic glasses (BMGs), below the glass transition temperature, have a unique
combination of properties such as high strength, large elastic strain limit (up to 2%),
1

Graduate student, Associate Professor and Adjunct Associate Professor respectively, Department of Aerospace
Engineering, Iowa State University.
2
Primary researcher and author.
3
Corresponding author.
4
USDOE Metallurgist, Materials and Engineering Physics, Ames Laboratory, Iowa State University.

35
corrosion resistance and formability.1

However, their limited ductility hinders further

realizations of their industrial potential. Under uniaxial tension tests, BMGs fail in a brittle
manner with unstable propagation of a single shear band.1-3 To avoid unstable failure,
BMGs’ mechanical properties usually are evaluated in constrained geometries such as
indentation,4-8 bending9 or bounding a layer of bulk metallic glass between two ductile metal
layers.10 Under such conditions, evolution of multiple shear bands is observed together with
somewhat delayed catastrophic failure. Clearly, the limited increase in ductility correlates
with sustained multiple shear band formation, and this is precisely the aim of adding ductile
metal reinforcement in bulk metallic glass composites.11-12 Numerical models have indicated
that the ductile reinforcement changes the morphology of the shear bands but failure is still
dictated by the BMGs matrix.13
On a macroscopic level, constitutive models for BMGs tend to encompass the macroscopic
tensile-compressive asymmetry of the yield surface1 as well as the microscopic fracture
surface inclination with the loading axis.14-16 This asymmetry has also been observed in
molecular dynamic simulations.17

The yield behavior of BMGs in its simplest level is

modeled as that of a pressure sensitive material, either obeying Mohr Coulomb or Druger
Prager yield criterion.6-7,14

The salient parameters of the models are calibrated by

macroscopic measurements of the load-displacement relationship for various loading
configurations.6-7
On a microscopic level, complex shear bands formed around spherical indentations have
been reported without investigating the extent of the deformation and its relation with
macroscopic measurements.4,7,18 The formed 3-D deformation field under the spherical
indenter can only be revealed by sectioning and etching.

Even the bonded interface

technique is problematic; it is impossible to distinguish in-plane shear bands from
experimental artifacts due to weakening of planar constraints at the bonded interface.18 From
the modeling prospective, the cavity expansion model is used to show the dependence of the
plastic zone size on the degree of pressure sensitivity7,19 but a comparison with experimental
results has not been systematically investigated. There have been several FEM simulations
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exploring the nature of the localization of the shear bands. Vaks20 proposed a possible
mechanism for the formation of shear bands in amorphous alloys at the stage preceding the
macroscopic flow by forming a region where cohesion strength (defined by Eq. 3.4) is
reduced due to a free volume change. Huang et al.21 and Kramer et al.22 showed that the
inhomogeneous deformation is a result of a perturbation of the free volume distribution.
Constitutive models have been recently developed to account for the free volume evolution
by introducing softening in the post yield response.23-24 The presumed softening behavior has
never been observed experimentally, since BMGs have very limited ductility within the post
yielding region when tested in tension or compression.
On the atomistic scale, plastic deformation is accommodated by rearrangements of atom
clusters; known as the shear transformation zones (STZ).25 Several atomistic simulations of
amorphous binary systems are carried out to examine such deformation mechanism. 26-29 One
of the potential causes of localization is believed to be softening due to the creation of
multiple STZ. The origin of softening is still unclear, however, it was shown that the degree
of localization correlates with the tendency of metallic glasses to form short range order
(SRO).26-28 Despite work in bridging the STZ-type theories to apply to a real material29, the
transition from atomistic to continuum is still bounded to calibrating the phenomenological
continuum theories23, 30 that results in similar deformation patterns to those of the atomistic
simulations.27, 28, 31
It is evident that in situ observations of the shear bands are still lacking, especially to
elucidate the transition from homogeneous to localized deformation in BMGs.32-33 Such level
of observation is necessary to understand how shear bands nucleate and the percentage that
become active during the course of deformation. In this work, we have devised a new
experimental configuration involving wedge-like cylindrical indentation that allows in situ
observation of the nucleation and propagation of shear bands. The bulk response of the
material under strain gradients can thus be carefully observed. The macroscopic response and
the details of the microscopic deformation mechanisms can be accurately correlated.
Typically, the material constitutive relations are calibrated by matching the macroscopic
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load-displacement curve for the tested configurations. In the current work, while such
approach will be utilized and examined, however, further insight will be also sought from the
details of the measured shear band angles and their correlation with the level of the pressure
sensitivity. First, we summarize the details of our experimental studies in Section 2. From the
macroscopic responses, we examine the parameters that are valid for the constitutive models.
The details of the constitutive models and numerical simulations (FEM) are given in Section
3. The experimental and numerical results as well as a comparison of the shear band network
with slip line field for pressure sensitive materials are given in section 4. The discussion
section further elaborates on the deformation mechanisms and the additional details of the
deformation field, such as the angle of intersections of the shear bands.
3.3 EXPERIMENT DESCRIPTION
The metallic glass used in this study is Zr 41.2–Ti 13.8–Cu 12.5–Ni 10-Be 22.5 (Vitreloy-1).
TEM and high-energy synchrotron X-ray diffraction showed that the material is
amorphous34. Beams of 3mm thick, 7 mm height and 25mm long are used. The sample
surfaces are polished with standard metallographic techniques to 1µm finish prior to the
indentation experiments. A SiC wedge-like indenter with circular nose is utilized. The
indenter thickness is 5mm. Four different nose radii are used (R= 0.4, 0.8, 1.6 and 2.4mm.)
A special loading fixture is devised to ensure the alignment and perpendicularity of the line
of contact with the sample front plane. A schematic of the loading fixture is given in Fig.
3.1. The fixture would ascertain the symmetry of the indentation field on the imaging
surface, as well as minimize the tendency of the shear bands to follow an oblique plane
through the thickness. The fixture guides have transition fits so as not to impose any
constraints on the deformation field. We have also examined other samples without the
fixture and we got the same (within the experimental error range) load-indentation depth
curve as well as the same pattern of shear bands.
Each specimen is tested on an INSTRON 8862 servoelectric computer controlled testing
frame. The experiment is performed in displacement control at a depth of indentation rate of
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1µm/s. During the course of loading, the macroscopic response is recorded, namely the
applied displacement and load response. The machine compliance and the loading fixture is
corrected for and removed from the macroscopic force displacement curves.
The evolution of the deformation zone below the indenter is in situ recorded via digital
imaging during the course of indentation using a progressive-scan camera (SPOT Insight
CCD array of 2048x2048) attached to a traveling microscope with 5x and 10x objective
lenses. Proper illumination is essential to show the surface texture. A combination of normal
incident, randomly polarized white light via a beam splitter along the optical train as well as
an oblique fiber optic linearly polarized white light lighting is used to enhance the surface
contrast of the specimen. The setup provides a variable field of view of 1 or 2mm based on
the magnification. The image acquisition is synchronized with the loading rate, to acquire an
image every 2s. The recorded images are utilized to follow the evolution of the shear bands’
orientation and spacing along the indent centerline for each sample tested. At the point of
intersection of two bands, tangents were drawn and the included angle is measured. The
estimated error in measuring the angles is about 1°. The angle measurement is found to be
the same regardless of whether it is measured during loading (from the acquired images) or at
the last stage of deformation by full SEM analysis. Along the indent centerline, the spatial
location from the indent interface is recorded for every pair of primary bands intersecting
each other.
3.4 ANALYTICAL AND NUMERICAL MODELING
The measured angles of the shear bands on the surface of the specimen can be correlated to
the level of the pressure sensitivity in view of a simplified plane strain slip line field theory.
While there can be variance in the pattern of shear bands between those observed on the
surface and those on the constrained middle plane; however as will be explained in the
discussion section, the two patterns conform to each other. The basic features of the slip line
field for a cylindrical indentation problem are very similar to that of a blunt-notch field. Such
deformation field ahead of blunt notch was developed by Al-Abduljabbar and Pan35, Jeong et
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al.36 for pressure sensitive material. Utilizing this solution, the different sectors of a
cylindrical indentation are shown schematically in Fig. 3.2(a). In this figure, sector IV is the
logarithmic sector, sectors I and III are the simple stress sectors and sector II is a composite
sector in which a transition from the simple stress sectors to the logarithmic sector takes
place. Fig. 3.2(b) schematically shows the details of the slip line patterns (or what should
presumably be the directions of the shear bands). The dotted lines indicate the expected
response in sectors I to III. The angle between the α and β slip lines, bisected by the minor
principal stress direction, is π 2 − γ where γ depends on both the friction angle, φ and
dilatancy angles, ψ

30-31

.

The friction angle, φ is the degree of pressure sensitivity of the

yield surface as shown on Fig. 3.2(c). The dilatancy angle, ψ is a measure of deviation from
normality rule, wherein the angle between the total stress and plastic strain increment would
be (ψ − φ ) , as shown also on Fig. 3.2(c). For materials that follow the associative flow rule,
both the yield surface and the flow potential surface are parallel, and thereby

φ = ψ and

γ = φ . For small deviations from normality, ψ has a secondary effect on γ .35,

36

In

addition, when φ → 0° , the material is pressure insensitive.

The analytical solutions for the process zone beneath various indenter shapes were developed
by Johnson37 using the cavity expansion model for elastic-perfect plastic materials obeying a
Mises yield criterion. Here, the same solution is modified to accommodate for a pressure
dependent Mohr Coulomb yield criterion, as well as for its reduced form as the Tresca yield
criterion in the absence of pressure sensitivity. Although, the general solution is more
complex; however, there was insignificant difference from its reduced form based on Tresca
criterion, for the pressure sensitivity levels of the BMGs examined in this study. An estimate
of the elasto-plastic boundary of plastic zone size, c below the indenter is devised to
normalize spatial distances from the contact point. The plastic zone boundary c is given by:

(

c
1 −ν 2
= 2π
R
E / 2k

)


1 − 2ν 
.
e p / k −1  e p / k −1 −
2(1 − ν ) 


(3.1)

Here, R is the indenter radius; E is the Young’s modulus; ν is the Poisson ratio and

k = 0.5σ YT , where σ YT is the tensile yield strength in tension ( σ YT = 1.9GPa for the examined
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BMG1), p is the mean pressure within the cavity core. For an applied force F that induces

(

)

total indentation depth h, p = F 2W 2 Rh , where W is the indenter width. The
normalization defined by Eq. (3.1) would enable the comparison of the deformation field at
various loading levels for different indenter radii.
There have been several simulations exploring the nature of the localization of the shear
bands. In our framework we will employ simple constitutive models that do not focus on
modeling the details of the shear band evolution. Instead, various constitutive models within
the finite element framework were used to examine the macroscopic response and the
viability of identifying or calibrating the level of pressure sensitivity from the macroscopic
force-indentation depth measurements. 2D and 3D geometric models for the indentation
were studied using ABAQUS38 finite element package. The dimensions of the sample are
taken to be the same as those of the experiment. Only quarter of the sample was analyzed in
3D, whereas half of the in-plane section was modeled in 2D with plane-strain assumption.
The 2D model employed 4-node quadrilateral elements and the three dimensional model was
composed of 8-node hexahedral element.

The mesh is separated into three regions of

increasing refinement close to the indenter tip. The region with the most refined mesh was
set such that the elastic-plastic zone at the maximum indentation depth was encased. The
element spacing closest to the indenter tip was R/40. Frictionless contact was assumed
between sample and indenter. The indenter was modeled as rigid to simplify the contact
analysis. The material was taken to have an effective modulus E* where
2
2
 1 − ν SiC

1 − ν BMG

+
E* = 
EBMG 
 ESiC

−1

(3.2)

and ν SiC = 0.14 , E SiC = 410GPa , ν BMG = 0.36 , E BMG = 96GPa . The effective modulus,
accounts for the elasticity of the SiC indenter and thereby avert its influence when compared
with the experimental response. Sensitivity studies were performed so that any further
decrease of the mesh would not significantly influence the response. Since the strains
underneath the indenter are large, finite deformation is used. The numerical simulations
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were carried out in displacement control with a maximum displacement of 0.15mm for all
radii.
An elastic-perfect plastic continuum constitutive law based on Mohr Coulomb yield criterion
is employed. The associated flow rule (i.e. ψ = φ ) and no hardening are assumed.

In this

framework, yielding occurs when a critical combination of shear and normal stresses is
reached on a certain plane, such that:

τ max + σ m sin φ − k cos φ ≤ 0

(3.3)

Here, τ max is the radius of the greatest Mohr circle (or maximum shear stress), σ m is the
mean stress and k is the cohesion strength. Again, the Mohr Coulomb yield criterion
reduces to Tresca yield criterion when φ → 0° . The cohesion strength was approximated
from the tensile strength of metallic glasses σ YT , such that
k = σ YT

1 + sin φ
2 cos φ

(3.4)

For a Tresca Material, k = 0.5 σ YT , is the shear yield strength.
3.5. EXPERIMENTAL AND NUMERICAL RESULTS

3.5.1 Macroscopic Response
The general trend of the measured force-indentation depth curves are shown in Fig. 3.3 for
the range of the examined indenter radii. The solid line is the average of at least three
different tests, with one standard deviation indicated. The greatest scatter is observed at the
beginning of loading, where initial contact is being established over the local asperities. The
first surface observable shear band for each radius is also marked on the graph. The average
response for each indenter radius is compared in Fig. 3.4 with the FEM results for different
level of pressure sensitivity, φ for both the 2D and 3D simulations. The initial elastic
response is also shown. All simulations, regardless of the degree of constraints (2-D vs. 3-D)
or pressure sensitivity, overlap during the early stage of the indentation. In situ surface
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imaging during this early stage of loading did not reveal initiation of shear bands on the
surface or gross out of plane deformation. This stage is presumably within the initial elastic
indentation loading.
The initial deviation from the presumed elastic response is a manifestation of initial settling
of local asperities. Beyond the initial settling, the experimental curves follow the elastic
response for a limited load range, until the commencement of the first shear band. A larger
deviation from the presumed initial elastic response is noticeable for the largest tested radius
on Fig. 3.4(c). This could be a result of larger contact radius where in higher number of
initial asperities have settled before full establishment of the contact. Further deviation from
the elastic response is linked to shear band nucleation beneath the indenter. It was shown in
our previous study8 that such deviation occurs when the pressure level attains a critical value,
independent of the indenter radius. A nucleation pressure of p = 0.8 − 0.9 GPa is identified.

Beyond the initial limited elastic response, the macroscopic experimental response is closer
to the 3D simulation. For a pressure insensitive response (i.e. Tresca type material), the
numerical results show that the experimental specimen dimensions is influenced by the effect
of the free surface, leading to reduction of the maximum attained load by about 15% relative
to that of a 2D simulation, at the same indentation depth. This result indicates that the effect
of the specimen thickness cannot be ignored. Thus different 3D simulations were carried out
with different φ . A transition can be identified wherein the macroscopic response is showing
the pressure sensitive response as the pressure builds up. For smaller radii (Fig. 3.4a), the
macroscopic response closely fit the pressure sensitivity level of φ = 2o at p ≥ 3 GPa .
Increasing the indenter radius, would delay the appearance of such pressure sensitive
response to a higher applied load, as shown in Fig (3.4b). For the largest radius (Fig. 3.4c),
the entire macroscopic range falls in the range of nearly pressure insensitive response.

3.5.2 Shear Band Process Zone
Representative patterns of the observed shear bands on the specimen surface below the
indenter are shown in Fig. 3.5 for each of the tested radii at the end of the loading sequence.
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This set of images is presented with the same magnification and different indentation depth
to illustrate the degree of similarity of the observed shear band patterns. A full sequence of
the shear band evolution pattern can be found elsewhere.8 Figure 3.5 shows that the shear
bands evolve into a 2D pattern, with their traces following the α and β lines of the slip line
filed shown in Fig. 3.2. Two primary patterns are observed. One pattern occurs when the
shear bands originate underneath the indented and reach the contact area as shown in Fig.
3.5(a, b). Such case is probably driven by the initial surface roughness within the contact
area. Alternatively, the shear band traces emanate directly below the indenter, intersecting at
the indentation line of symmetry and propagating deeper into the specimen as shown for
“Region a” on Fig. 3.5(c). The well developed 2D “primary band field” is altered with the
evolution of secondary bands, with further increase in the indentation depth. At this stage,
primary shear bands bifurcate as marked by “Region c” in Fig. 3.5(c). With increased
loading, a larger area beneath the indenter reaches yield. As such, bands that form near the
edges of the indentation as marked by “Region b” in Fig. 3.5(c) align with the simple stress
sector of the slip line field. Upon further progress of the deformation, the 3D effect for the
out of plane deformation reaches a critical level and it is accommodated by densely spaced
circular shear bands, surrounding the contact region underneath the indenter as can been seen
in Fig. 3.5(c).
The evolution of the deformation zones as depicted by the observed shear bands is estimated
by measuring the process zone depth and width from the recorded images during the course
of deformation. The depth and width were taken as the maximum distance a shear band
traverses away from the indentation interface. On Fig 3.5(a), contours of equal level of total
plastic strain increment of 5% or higher are overlaid on the micrograph for different values of
the friction angle φ . The value of 1% is arbitrary; we are interested in viewing how φ changes the
process zone size and its aspect ratio. The value of φ =7.4° is chosen to coincide with the
value calibrated by Vaidyanathan et al.6 for Vitreloy-1. In particular, the process zone is
elongated in the direction of the indentation by about 10% relative to that of a pressure
insensitive material (φ =0°). The corresponding contour for φ=2° based on the macroscopic
response was very similar to that of φ =0°. The evolution of the process zone size is depicted
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on Fig. 3.6 for different loading increments and for all indentation radii (data points). The
figure also shows the predictions from the 3D FEM model for a Tresca material, based on the
contours of 5% total plastic strain increment. The trend of the FEM results follows the
experimental measurements, for the arbitrary estimate of the process zone size at the set 5%
strain. However, when the full amplitude of the plastic strain increment is considered, the
FEM simulation gave much higher estimate. Such overestimation is not of major concern
since (i) the value of the simulation is to show the experimental trend only, and (ii) the
experimental definition of the process zone size is based on the extent of surface texture only.
The extent of the surface texture may not spread through the entire plastic zone, especially if
the shear band nucleation requires critical strain level to be attained.

3.5.3 Shear Band Angles
Following the summary of slip line analysis presented in Section 3, the degree of pressure
sensitivity can be extrapolated by measuring the included angle between the shear band
traces that follow the α and β lines of the slip line field. From the slip line analysis it is seen
that the intersecting bands of the logarithmic sector (IV) and sector (III) should meet at an
angle of π 2 − γ where γ depends on the friction, φ and dilatancy angles, ψ . A sequence
of images given in Fig. 3.7 shows the progress and the spatial locations where the included
angle between shear bands was measured. The load-depth indentation curve is also shown in
Fig. 3.7, marking when each pair of bands appeared during the course of deformation. The
angles measured are designated A-E with ascending order with the applied load. Here, when
a pair of bands appears at the propagating front of the deformation, it would be termed “PFset”, and when the set of bands appear within previously formed bands, it will be termed
“BWB-set”. The first sets of shear bands observed on the surface are at location A, and then
B is formed (with a shear band arrest). The field then propagates deeper in the sample,

forming another set at C. All three angle measurements were close to 76°. The next set D is
formed as a BWB-set between those of B and C. The angle measurement of BWB-set at D is
noticeably higher. The field does not progress forward but instead forms set E at a location
prior to the set at A. The last set F is formed between D and C. Following this sequence, it
is quite apparent that when a set of primary bands nucleates and propagates deeper into the
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sample, its angle of intersection is about 76°. However, at a later stage of loading when a
new set of bands is nucleated within previously developed band, such as the BWB-sets at D
and F, its angle of intersection is higher. Moreover, the propagating front doesn’t necessarily
progress only forward into the bulk, but also backward towards the indenter as depicted by
set E.
To draw a general trend for all indenter radii, the measured angles from various tests are
plotted in Fig. 3.8 with respect to the normalized spatial distance from the contact zone, z/c.
As described earlier, c, given by Eq. (3.1) is the elasto-plastic boundary of the indentation
field, derived from the cavity expansion analysis for a Tresca-based material.

Such

normalization maps the spatial coordinate for different loading level and indenter radii on the
same scale. The angles measured from the propagating shear band front have been separated
from those measured from bands within bands. Within each group, the angles are averaged
out regardless of the indenter radii or the spatial location. The mean and one standard
deviation of the angle evolution for each group are shown in Fig. 3.8 with respect to the
normalized z direction. The average angle measurement from the propagating shear bands
show a small increase as a function of z, (varying from 78º to 80º). However, the angles for
those bands that are generated within-bands are consistently higher in value, around 87 º.
3.6 DISCUSSION

The constitutive behavior of BMGs is typically calibrated by experimental measurements of
the load-displacement curve for different experimental configurations that provide either
confined or unconfined plastic deformation. The utilization of cylindrical indentation in the
current study has provided a confined plastic deformation state with a high degree of gradient
field below the indenter. The variation of the applied indentation load as well as the indenter
radius supplied different level of hydrostatic stress below the indenter. However, the whole
deformation field remained self-similar. Despite the richness and the details of the shear
band sub-microstructure below the indenter, the FEM analysis (or even simplified analytical
solutions such as Johnson’s cavity expansion model) that utilize only the details of the
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pressure-dependent yielding in the form of classical constitutive models of plasticity,
adequately represent the macroscopic force-indentation depth relations. Apparently, if further
damage evolution in the form of nucleation and growth of microscopic voids, or local
material softening is contained, these classical constitutive relations adequately address the
sensitivity of the yield surface to the hydrostatic pressure level. Accordingly, one may
conclude that under confined loading, the onset of yielding is more critical and needs to be
accurately quantified rather than the details of the post yielding behavior.
The macroscopic measurements clearly show that the internal friction angle φ, could itself be
a function of the applied mean stress. The current measurements show that for larger radii,
the macroscopic response is closer to that of pressure insensitive material. Such transition to
pressure dependent response could be an extrinsic geometric factor rather than an intrinsic
material parameter. Higher level of φ has been reported for the micro-indentation work of
Vaidyanathan et al6 the same BMG alloy. Employing a Berkovich indenter, a pressure
sensitive response of φ= 7.4º was needed to match the FEM prediction with the measured
load-depth indentation curve. Such differences can be rationalized based on the encountered
pressure levels in each experiment. In the micro-indentation experiment, the maximum
encountered mean pressure is about 6GPa.39 This level is about 2-3 times the levels
encountered in our cylindrical indentation ( p ≈ 2 − 3GPa ).

The richness of the observed shear band texture on the surface was the key for comparison
with the 2D slip line pattern. It should be noted however that the front surface of the sample,
where the deformation was observed, is not under plane-strain condition but rather affected
by the 3D stress distribution near the free surface. In 3D specimens, the deformation field
close to a stress riser (such as crack or indenter) that passes through the entire thickness is
driven by the core inner field at the early stage of loading. That is to say that the spatial shape
of the deformation field is “nearly” self similar between the plane-strain and plane-stress
conditions, except the amplitude of the deformation is modulated by the stress free surface.
To this extent, Bastawros and Kim (2000)40 have showed that in a notched bend bar, the inplane components of the strain on the surface have the same spatial distribution like those of
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the middle plane, with difference in the mean strain level only. Here, we found that the shear
bands piercing the front surface are extended parallel to the loading axis through the
thickness. This evidence is summarized in Kramer et al.34 (2005). In this work, an EDM cut
normal to the indenter axis is done at depth of 0.5 mm from the free surface. The cut section
is further analyzed with focused ion beam (FIB). The extent of individual shear band
originating from the surface is followed through the thickness and was found to remain
parallel to the loading axes. The utilization of high-energy synchrotron X-ray diffraction did
not reveal any crystalline phase within the process zone or within the virgin material.
Additionally, for a 2-D indentation, there is no need to utilize bonded interface technique
such as those employed by Su and Anand (2006). In there work, they have showed very
similar shear band patterns on the bonded interface similar to those presented in Fig. 3.5.
However, for a 3D spherical indentation, we believe that the shear band pattern is highly
influenced by the level of constraints at the bonded interface. In the current work, the circular
band right beneath the indenter in Fig 3.5(c) have appeared at a much later stage of
deformation as a manifestation of the out of plane deformation. Similarly, we believe that the
shear band pattern reported for spherical indentation7 is highly influence by the artifact of the
bonded interface experiment.
While the macroscopic comparison with the noted discrepancies is appreciated, the details of
the shear band angle measurements for a propagating front of 78° − 80° indicates the proper
level of pressure sensitivity of the friction angle to be φ = 10° − 12° if associate flow is
assumed. Such level of angles has been reported in spherical micro-indentation wherein the
shear band included angle was about 79°,7 which was in the same range for the included
shear band angles in our study. The slip line field solution around a spherical indentation is
that of logarithmic spirals and any deviation from normality will again be described by

π 2 − γ .36,41 Patnaik et al.7 used the Druger-Prager yield criterion, associated flow and
perfect plasticity to find that the range of 0° ≤ α ≤ 10° matches the macroscopic loadindentation depth curve in their work. For a Mohr-Coulomb yield criterion with associate
flow, this would correspond to a range of 0° ≤ φ ≤ 5.85° . For the same material (Vitreloy-1)
three different studies have found three different amounts of the pressure sensitivity
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parameter based on the macroscopic loading curve; the current study 0° ≤ φ ≤ 2° , Patnaik et
al.7 0° ≤ φ ≤ 5.85° and Vaidyanathan et al.6 φ = 7.4° .

Finding the pressure sensitivity

parameter using macroscopic data appears to be a curve fitting exercise at best. Results
suggest that for a given metallic glass system, the higher the amount of pressure developed
underneath the indenter during the course of deformation, a larger pressure sensitivity
parameter is needed to match the experimental observations. On the local level, the degree
of pressure sensitivity is much higher as seen from the shear band angle measurements. The
variance between the microscopic and macroscopic pressure sensitivity measurements needs
to be accurately addressed in any constitutive modeling.
The microscopic analysis of the process zone has revealed the evolution of self-similar
deformation zones resulting from different radii. Extremely good correlation was found
between the shear band surface traces and the slip-line field under cylindrical indenter. This
is an ample indication that the surface traces are shear bands. If they were cracks, they
should have been oriented in a radial direction i.e. at the direction of the principal tensile
stress. The region below the indenter (Region a in Fig. 3.5(c)) follows very closely the
intersecting α and β lines from Regions III and IV. For indentations at even larger depths, as
more material reaches yield, the primary bands formed at the sides of the indentation become
aligned to the lines in sector I. Finally, the band bifurcation of region c in Fig. 3.5(c)
corresponds to Region II, the transition from the logarithmic spirals to the simple stress state.
The duality of the friction angle measurements as seen in Fig. 3.8, are an indication of a
structural change that occurs while the shear band network is formed.

The degree of

structural change within a shear band has been extensively studied and speculated.23-24,42-43
We know that the defects in the form of micro-voids appear within the shear bands with the
progression of deformation. The results here also indicate a change for the material bounded
by the formed bands. For those sets forming BWB, the included angle of the shear bands
indicates a decrease in the pressure sensitivity to a level of φ = 3° (if associated flow is still
assumed). However, the changes in the slip line angles can also result not only from the
pressure sensitivity, but from deviation from the associated flow.29 The strain increment is
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known to deviate form the direction of stress when internal damage is accumulated.44 It is
plausible that local damage evolution may give rise to non-normality plastic flow state,
which is responsible for such angular deviation and may warrant further detailed studies.
This observation is important since experimental observations of the post yield response of
BMGs are nonexistent.
Finally, the combined approach of measuring the macroscopic response as well as details of
the microscopic deformation mechanisms has provided new details of the deformation
characteristics of BMGs that can be utilized to develop more accurate constitutive
descriptions as well as new avenues to design advanced higher performance BMGs and their
composite derivatives.
3.7 CONCLUSIONS

In this study, the behavior of bulk metallic glass is systematically examined under
cylindrical indentation. The macroscopic measurements overlook the richness of the
developed network of shear bands.

The observations and the complementary analysis

elucidated the details of nucleation and evolution of shear bands in bulk metallic glasses. The
results also show that under confined loading, the onset of yielding is more critical to be
quantified rather than the post yielding behavior and the details of damage evolution.
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Figure 3.1 Schematic of the loading fixture for the cylindrical indentation test.
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Figure 3.2 (a) Slip line field solution for cylindrical indentation, illustrating the various
sectors under the indenter. (b) Schematic of the slip lines developed during a cylindrical
indentation (c) Schematic of the yield function (ƒ(σ)) and the potential function (g(σ)) in the
σe-σm stress space. The associated flow rule is assumed when both functions are parallel,
such that φ = ψ . When φ = 0° the yield function (ƒ(σ)) no longer depends on the mean
pressure (σm).
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Figure 3.3 Experimental measurements of the force-indentation depth response for different
indenter radii. The data is the average of at least three test with one standard deviation noted.
The location where each shear band is observed on the front surface is marked.
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Figure 3.4 Comparison of the experimental and numerical macroscopic response for
different indenter radii. All numerical models are 3D, unless noted. The points where the
first shear band (SB) commences are marked.
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Figure 3.5 Micrographs showing various shear band patterns beneath the cylindrical indenter of BMG (R=2.4mm and
different hmax). The shear band patterns are similar to the slip line pattern in Fig. 2. (a) Contours for 5% equivalent plastic
strain levels for different friction angles are also included in (a).
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Figure 3.6 Evolution of the 5% contours of the equivalent plastic strain from the numerical
model for a 3-D Tresca material (lines) as a function of load. The experimental measurement
of the average process zone size for all radii (data points) is also shown as a function of the
macroscopic load.
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CHAPTER 4. EVOLUTION OF SHEAR BAND ANGLE AND SPACING
IN BULK METALLIC GLASS USING CYLINDRICAL INDENTATION
A paper to be submitted in the Journal of the Mechanics and Physics of Solids

Antonia Antoniou1,2 and Ashraf F. Bastawros2,3

4.1 ABSTRACT
Wedge-like cylindrical indenter is used to study the deformation behavior of Vitreloy-1 bulk
metallic glass.

A silicon carbide indenter with different indenter radii (0.4-2.4mm) is

utilized. The constrained deformation mode underneath the indenter enabled in situ
monitoring the history of shear band evolution. The shear band morphology evolved in a
self-similar way with a process zone of constant aspect ratio. The surface textures closely
follow the slip line field for a pressure sensitive material, with dominating textures that
follow either the α or β lines for each sector. The shear band angle and spacing are also
monitored during the loading along the indent centerline. A normalization parameter based
on the elastic-plastic process zone boundary from cavity expansion is used to rationalize the
measurements for the different indenter radii, loading level and the spatial distance from the
indent interface. There are two types of shear bands being identified underneath the indenter.
A set of primary bands is identified to evolve with the process zone front and present an
included angle of about 79º. The other set of bands evolve at higher loading level within the
originally formed shear bands but with consistently higher included angle of 87°. The band
spacing is found to scale with the local average of maximum in-plane shear strain such that
the local strain energy is minimized. The measurements shed light on the critical wavelength
after which localized deformation is no longer possible. The richness of the shear band
network establishes a basis for calibration of constitutive models.

1

Graduate student and Associate Professor respectively, Department of Aerospace Engineering, Iowa State
University.
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4.2 INTRODUCTION
Bulk metallic glasses (BMG) have a unique combination of properties such as high strength,
large elastic strain limit (up to 2%), (Bruck et al., 1994, Wright et al., 2001) high hardness
(Donovan, 1989a), corrosion resistance and formability (Kawamura et al., 1998). They are
candidates for many applications such as precision mechanical elements, light springs,
coatings, biomedical implants and MEMS (Maekawa et al., 2000; Yavari et al., 2001; Liu et
al., 2001; Salimon et al., 2004).
Using data from various macroscopic tests, the deformation behavior of BMG has been
separated into two modes: the homogeneous flow and inhomogeneous flow regimes
(Spaepen, 1977). In the homogeneous flow regime which generally occurs at low stresses or
high temperatures, each volume element deforms uniformly and it is possible for BMG to
exhibit superplastic behavior. The inhomogeneous flow regime occurs during high stresses
or low temperatures and the BMG exhibit highly localized deformation in the form of shear
bands. Multiple shear bands can be initiated. However, in unconstrained geometries, such as
uniaxial tension or compression, failure ensues when a single shear band grows in an
unstable manner (Leamy et al., 1972; Bruck et al., 1994; Wright et al., 2001; Zhang et al.,
2003). Due to the catastrophic failure, there is very little post yield data for BMG from the
uniaxial stress-strain curves.
More stable shear band propagation has been observed under constrained geometries, such as
indentation (Donovan, 1989a; Kim et al., 2002; Vaidyanathan et al., 2001; Patnaik et al.,
2004; Jana et al., 2004; Antoniou et al., 2005; 2006; Anand and Su, 2005; Su and Anand,
2006), in notched geometries (Flores and Dauskardt, 2001) and bending (Conner et al.,
2004).

However, the formed shear bands have never been correlated to macroscopic

measurements. One of the main problems has been that shear bands can only be observed
after deformation, with sectioning and etching. Thus, it was never possible to observe how
bands nucleate or interact with one another until the recent in situ studies based on
cylindrical indentation (Antoniou et al., 2005; 2006). Since shear bands are the major
deformation mechanism in high stresses and/or low temperatures, it is imperative to

63
understand what controls the formation of the bands. Conner et al. (2004) described shear
band spacing during bending to sample thickness but they did not relate it to macroscopic
loading.
Modeling of BMGs has primarily focused on experimentally calibrated homogenized
constitutive models.

On a macroscopic level, the asymmetry of the yield strengths

(Donovan, 1989b; Bruck et al., 1994; Wright et al., 2001) and the different inclinations of the
fracture surfaces in uniaxial tension and compression, (Lowhapandu et al., 1999; Zhang et
al., 2003) indicate that the yield criterion for BMG is pressure sensitive (Donovan, 1989a;
Lewandowski and Lowhaphandu, 2002; Zhang et al., 2003).

There has been a lot of

uncertainty as to the exact yield criterion to be used; some authors favor the Mohr-Coulomb
yield criterion on the basis of the strong sensitivity to the normal stress (Donovan, 1989a;
Vaidyanathan et al., 2001; Flores and Dauskardt, 2001; Lewandowski and Lowhaphandu,
2002). A molecular dynamics simulation (Schuh, and Lund, 2003) also conforms to the
Mohr-Coulomb criterion.

Other researchers favor the Druger-Prager yield criterion i.e.

Patnaik et al. (2004). The differences between the two yield criteria are very subtle; MohrCoulomb in the absence of pressure sensitivity reduces to the Tresca criterion (a hexagon on
the π-plane) and the Druger-Prager reduces to the Mises criterion (a circle on the π-plane).
Also, the Mohr-Coulomb criterion does not take into consideration the influence of the
intermediate stress. On the macroscopic level, it is impossible to make a distinction between
the two, and as such both yield criteria are used interchangeably. The pressure sensitivity
parameter is found by fitting the expected response of various yield criteria to the
experimental measurements (Donovan, 1989b; Vaidyanathan et al., 2001; Lewandowski and
Lowhaphandu, 2002; Patnaik et al.; 2004).

The constitutive models calibrated from

experimental measurements usually assume associative flow that cannot be accounted
experimentally due to lack of post yield measurements (Vaidyanathan et al., 2001; Patnaik et
al., 2004; Antoniou et al., 2006). Perfect plasticity is assumed on the basis that BMG
fractures when it reaches yield. This is further confirmed by pile-up response from various
indentation studies (Vaidyanathan et al., 2001; Tang et al., 2004).
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On a microscopic level, various theoretical models have been used to describe the difference
between homogeneous and inhomogeneous deformation (Spaepen, 1977; Argon, 1979).
Theoretical models introducing the concept of free volume (Cohen and Turnbull, 1959;
Turnbull and Cohen, 1961) have been used to characterize the marked changes in material
property i.e. viscosity, specific heat, during the transition from the liquid to the glass state.
Free volume is the excess volume surrounding an atom (or cluster of atoms) that is
redistributed without a change in energy (Turnbull and Cohen, 1961). Free volume can
control molecular transport i.e. diffusion, annihilation and flow (Spaepen, 1977). Spaepen
(1977) devised a model for flow in metallic glasses based on free volume. He assumed there
is an inherent competition between the generation of free volume (resulting from applied
shear stress) and its annihilation (through diffusion).

When the rate of free volume

generation exceeds the diffusion/annihilation rates, then it leads to softening (Spaepen, 1977;
Argon, 1979; Huang et al., 2002). Whether the deformation continues to be homogeneous or
changes to heterogeneous on the onset of softening, is controlled by the distribution of free
volume and if any perturbations are allowed to grow (Huang et al., 2002).
The phenomenology of the fracture surface i.e. the vein like patterns (Spaepen, 1981; Flores
and Dauskardt, 2001) or the differential etching (Pampillo, 1972) implied structural changes
within the shear band, that were believed to result in local softening. Nanometer like voids
were detected within a shear band by Li et al. (2002) using high-resolution electron
microscopy. This amount of softening has never been calculated directly from experiments.
Instead, various models either employed the flow equation from free volume theories (Steif
et al., 1982; Huang et al., 2002) or incorporated viscosity measurements to obtain free
volume dependence as a function of temperature (Yang et al., 2006). Localized deformation
occurred when a part of the material had a disruption in the free volume distribution (i.e.
Vaks, 1991). Other models incorporate softening using more general constitutive frameworks
that do not directly utilize free volume theories, and then assume a randomness in the
cohesion strength to initiate localization (Anand and Su, 2005; Su and Anand, 2006).
Finally, there are atomistic simulations that are also detailing the dependence of localized
deformation on the composition, degree of randomness and thermal history of the BMGs (Shi
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and Falk, 2005; Shi and Falk, 2006). All these models encompass an array of material and
phenomenological constants that may not be calibrated in a direct manner from macroscopic
measurements of the load-displacement relationship.
In this work, we have devised a new experimental configuration involving cylindrical
indentation that allows in situ observation of the nucleation and propagation of shear bands.
The bulk response of the material under strain gradients can thus be carefully observed and
the shear bands can be monitored and compared to slip line field solutions for a pressure
sensitive material. Section 4.3 describes the rationale of the microscopic measurements for
correlating the shear band angles with those of pressure sensitive slip line field and the
normalization of the band spacing. Details of the experiment setup are given in Section 4.4.
The experiment results of the shear band angle, aspect ratio and spacing are given in section
4.5 along with a comparison of the shear band network with slip line field for pressure
sensitive materials. Section 4.6 is the discussion where we further elaborate on the shear band
network and the comparison with slip line field theory. Three appendices are included;
Appendix 4.A presents the details of slip line field theory, Appendix 4.B presents the
derivation for the field normalization expression and Appendix 4.C includes a description of
an FEM model employing a mean field constitutive model with the Tresca yield criterion.
4.3 PROPOSED PROTOCOL
This work examines the evolution of shear bands in BMG under a well controlled
deformation field of cylindrical indentation. Cylindrical indentation is chosen to provide
constrained plastic flow and stable shear band propagation. The observed shear bands will be
compared to the slip line field of a pressure sensitive material. Measurements of the shear
band angle will be correlated to the degree of pressure sensitivity, employing slip line theory.
The aspect ratio of the shear bands will also be quantified and compared to the expected
prediction from slip line field theory.

The shear band spacing will be examined and

correlated to the indenter radius, spatial distance from the indent interface and the loading
level through a normalization parameter that depends on the elastic-perfect plastic boundary
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of the Johnson’s cavity expansion model (Johnson, 1970). Details of the methodology are
elaborated next.
4.3.1 Slip line field
The measured angles of intersecting shear bands on the specimen surface (Fig.1(a)) can be
correlated to the level of the pressure sensitivity in view of a simplified plane strain slip line
field theory. These observable surface traces are reliable traces of the shear bands through
the thickness of the specimen as will presented in Sec. 4.5 of the experimental results. The
stress state right below an indenter (i.e. with a negative mean stress) is such that the minor
principal direction coincides with the compressive stress ( σ zz ) direction. The angle between
the α and β slip lines, bisected by the minor principal stress direction, is π 2 − γ as shown
on Fig. 4.1(b). The angle γ depends on both the friction angle φ and the dilatancy angle ψ
(Jeong et al., 1994; Al-Abduljabbar and Pan, 1998). The definition of these angles is
pictorially presented on the yield surface and the flow potential depicted in Fig. 4.1(c). The
friction angle φ is the degree of pressure sensitivity of the yield surface. The dilatancy
angle, ψ is a measure of deviation from normality rule, wherein the angle between the total
stress and plastic strain increment would be (ψ − φ ) . For materials that follow the associative
flow rule, both the yield surface and the flow potential surface are parallel, and thereby

ψ = φ and γ = φ . For small deviations from normality, ψ has a secondary effect on γ
(Jeong et al., 1994). In addition, when φ → 0° , the material is pressure insensitive.

Within the framework of homogeneous, isotropic, rigid-perfect plastic incompressible
material, several slip line field solutions were developed for the indentation problem.
Indentation of a half space with a flat punch exhibits the familiar Prandtl slip line field
(1920). This solution can be taken as the first approximation to the solution of indentation of
a flat surface by a cylindrical indenter through the use of perturbation methods (i.e. Spencer,
1962). The Prandtl-type field is also the solution around a sharp crack as proposed by Rice
(1968). For blunt notches, the field also incorporates logarithmic spirals for the region of slip
lines that is closer to the circular notch (Kachanov, 1971). It is possible to modify the above
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conditions to account for a perfect plastic material with pressure sensitivity that may/not
obey the associative flow rule (Jeong et al., 1994; Al-Abduljabbar and Pan, 1998; Tordesillas
and Shi, 1999). Such constitutive framework is plausible to describe the constitutive response
of various material systems, such as glassy polymers, granular soils as well as BMG.
Here, we utilized the slip-line field ahead of a blunt notch in a pressure sensitive material
(Al-Abduljabbar and Pan, 1998; Jeong et al., 1994) to construct the corresponding slip line
field for the employed experimental configuration of cylindrical indentation. A summary of
the derivation as presented by Jeong et al. (1994) is given in Appendix 4.A.

The field,

shown in Fig 4.1(b) has four distinct sectors under the cylindrical indenter. Sector IV is a
logarithmic sector and is right beneath the indenter interface. Sectors I and III are constant
stress sectors. Sector I connects with the free surface and Sector III is an extension of IV in
the bulk of the material. Sector II is a composite sector transitioning from the constant stress
sectors to the logarithmic sector. The included shear band angle below the indenter is
identified in Fig. 1(a) as π 2 − γ . On the assumption of associative flow, the influence of the
degree of pressure sensitivity on the logarithmic sector of the slip lines is plotted in Fig.
4.2(a-b), based on equations 4A.10a and 4A.10b found in Appendix 4.A.

Assuming

associative flow (ψ = φ ), an increase in the internal friction angle φ induces the α and β
lines to deviate even further from the maximum shear direction as depicted on Figs 4.2(a-b).
The aspect ratio of the logarithmic sector will be also examined as an indication of the
process zone shape. Figure 4.2(c) shows the utilized definition of the process zone aspect
ratio (B/A).

Any deviation from orthogonality will have a measurable effect on the

logarithmic sector aspect ratio. From the geometry of the logarithmic sector, the aspect ratio
(B/A) is given by

B
= 2 sin(θ o ) exp(− θ oξ η )
A

(4.1)

Here, θ o = tan −1 (η ξ ) and is expressed in radians; η and ξ are trigonometric expressions,
defined in Appendix 4.A.
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4.3.2 Field Normalization

The measurements of both the included shear band angle and spacing should be expressed as
a function of a spatial coordinate. A normalization parameter is required to capture the
dependence on the indenter radius and the applied load level. We have seen in past work that
the fields developed below the indenters are self-similar (Antoniou et al., 2005; Antoniou et
al., 2006). Thus it is plausible to normalize the field using the elastic-plastic zone size, c,
from the Johnson’s cavity expansion model (1971). The Johnson model is derived for
different indenter shapes for elastic-perfect plastic material obeying a Mises yield criterion.
Here, the same solution is modified to accommodate for a material with a Tresca yield
criterion. A pressure dependent Mohr Coulomb yield criterion has been also incorporated,
however, while the solution is more complex, there was insignificant difference in scaling
from the prediction based on Tresca, for low levels of pressure sensitivity as those
encountered in BMG. The utilized estimate of the plastic zone boundary c is given by:

(
1 − ν 2 ) p / k −1  p / k −1 1 − 2ν 
c
 e
.
= 2π
e
−
2(1 − ν ) 
R
E / 2k


(4.2)

Here, R is the indenter radius; E is the Young’s modulus; ν is the Poisson ratio and
k = 0.5σ YT , where σ YT is the tensile yield strength in tension ( σ YT = 1.9GPa for the examined
BMG (Bruck et al., 1994), p is the mean pressure within the cavity core. For an applied

(

)

force F that induces total indentation depth h, p = F 2W 2 Rh , where W is the indenter
width.

Please note that indentation depth is dependent upon the applied load.

The

normalization defined by Eq. (4.2) would enable the comparison of the deformation field at
various loading levels for different indenter radii.
4.4 EXPERIMENT DESCRIPTION

Vitreloy-1 samples 3mm thick, 7 mm height and 25mm long are used. It was verified by
both TEM and X-ray diffraction that the material was indeed amorphous (Kramer et al.,
2005). Before the experiments, the samples were polished up to 1µm finish. For more
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details of Zr 41.2–Ti 13.8–Cu 12.5–Ni 10-Be 22.5 (Vitreloy-1) are found elsewhere (Bruck
et al., 1994).
Four different indenter radii of SiC were used (R=0.4, 0.8, 1.6 and 2.4mm.) A special
loading fixture was designed that ensured alignment so that the line of contact was
perpendicular to the sample front plane. The fixture would ascertain the symmetry of the
indentation field on the imaging surface, as well as minimize the tendency of the shear bands
to follow an oblique plane through the thickness (Antoniou et al., 2005; Antoniou et al.,
2006). Each specimen was tested using an INSTRON 8862 servoelectric computer controlled
testing frame. The experiment was performed in displacement control with a loading rate of
1µm/s.

The stiffness of the machine and the loading fixture was removed from the

macroscopic force-displacement measurements.
The microscopic response was monitored using a progressive scan camera (SPOT Insight
CCD array of 2048x2048) attached to a traveling microscope with a 5x and 10x objective
lens. The setup provided a variable field of view of 1 or 2mm based on the magnification.
Proper illumination of the sample’s front plane was essential in observing the surface texture.
A combination of normal incident, randomly polarized white light via a beam splitter along
the optical train, as well as an oblique fiber optic linearly polarized white light lighting are
used to enhance the surface contrast of the specimen.

The image acquisition was

synchronized with the loading rate, to acquire an image every 2s.
The recorded images were utilized to follow the evolution of the shear bands’ orientation and
spacing along the indent centerline for each sample tested. At the point of intersection of two
bands, tangents were drawn and the included angle was measured. Each measurement of the
angle was repeated at least twice and the estimated error was about 1°.

The angle

measurement is found to be the same regardless of it being measured during loading (from
the acquired images) or at the last stage of deformation by full SEM analysis. Along the
indenter centerline, the spatial location from the indent interface is recorded for every pair of
primary bands intersecting each other. The aspect ratio, B/A, was found by superimposing a
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β line belonging to the logarithmic sector, on the shear band texture seen at maximum
indentation depth, hmax . The origin of the slip line field was set at a distance a m ≈ 2 Rhmax .
The measured shear band spacing is correlated to an average strain measure, derived from a
2D continuum finite element solution employing Tresca yield criterion.
4.5 EXPERIMENT RESULTS

4.5.1 Shear Band texture conforming to slip lines
A representative pattern of the observed shear bands on the specimen surface below the
indenter is shown in Fig. 4.1(a) for one of the tested radii (R=1.6mm) at the end of the
loading sequence. Various patterns of observed shear band under cylindrical indentation are
reported in Antoniou et al., (2006). An entire history of evolution of a shear band pattern is
reported in Antoniou et al., (2005). Figure 4.1(a) shows the very close similarity of the
observed shear band on the surface to the slip line field traces of Fig. 4.1(b). Extensive
surface and subsurface investigations (Kramer et al., 2005) have shown that the observed
traces of shear bands piercing the front surface are extended parallel to the loading axis
through the thickness. An EDM cut normal to the indenter axis was done at depth of 0.5 mm
from the free surface. The cut section was further analyzed with focused ion beam (FIB).
The extent of individual shear band originating from the surface was followed through the
thickness and was found to remain parallel to the loading axes. The band orientation is
slightly influenced by the free surface as seen in Figs. 5(c) and (d) of Kramer et al. (2005).
The utilization of high-energy synchrotron X-ray diffraction did not reveal any crystalline
phase within the process zone or within the virgin material.
It should be noted however that the front surface of the sample, where measurements were
made, is not under plane-strain conditions but is influenced by the 3D stress distribution near
the free surface. In 3D specimens, the deformation field close to a stress riser (such as crack
or indenter) that passes through the entire thickness is driven by the core inner field at the
early stage of loading. That is to say that the spatial shape of the deformation field is “nearly”
self similar between the plane-strain and plane-stress conditions, except that the amplitude of
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the deformation is modulated by the stress free surface. To this extent, Bastawros and Kim
(2000) have showed that in a notched bend bar, the in-plane components of the strain on the
surface have the same spatial distribution like those of the middle plane. The only difference
is in the value of the mean strain level only.
4.5.2 Shear Band Angles
The deviation from normality can be found from the included angle measurement between
the shear band traces that follow either the α or β lines of a pressure sensitive material.
Furthermore, if we know how the increment of plastic strain correlates to the total stress, we
can deduce the pressure sensitivity parameter from the angle measurements. This analysis
was introduced in Section 4.3 and is further elaborated in Appendix 4.A. From the slip line
analysis it is seen that the intersecting bands of the logarithmic sector (IV) and sector (III)
should meet at an angle of π 2 − γ where γ depends on both the friction angle and the
dilatancy angle. Figure 4.3 shows the evolution of the shear band angle measurement for an
indentation radius, R=1.6mm. The presented trend here has been observed for all samples
regardless of radius dimension and was reported for R=2.4mm, in Antoniou et al. (2006).
The instances where each of the images (Fig 4.3(a-h)) was taken are marked on the forceindentation depth plot (Fig 4.3(i)). Each of the images shows an angle measurement labeled
(A-J) in order of appearance with the applied load. When an angle measurement is made on
bands forming the propagating front of deformation it will be termed “PF-set”. When the
angle measurement is done between a set of bands that appear within previously formed
bands, it will be termed “BWB-set”. The first set of shear bands appear at location A and
soon after B is formed deeper in the sample. Both angle measurements are very similar ~78°
and both form a “PF-set”. The following two sets (C and D) form the “BWB-set” since they
form in between the already formed A and B. Note that the angle measurements for this set
are noticeably higher (80° and 88° respectively.) The next is the almost instantaneous
appearance of a BWB-set, E, and a PF-set, F. Two more BWB-sets are created (G and H)
before another simultaneous BWB-set, I, and a PF-set, J. From the above sequence of
images it can be deduced that the bands forming the PF-set (A, B, F, J) have an angle of
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intersection that is consistently lower than the angle measured from a BWB-set (C, D, E, G,
H, I).
The PF-set and BWB-set measurements are made for all indenter radii from various tests.
The results of the angle measurements for all radii are shown in Fig. 4.4 as a function of
distance (z) from the indent centerline. The average and standard deviation of angle
measurements with the same indenter radius are shown. At least three measurements were
used to calculate the average, and different symbols are used for each radius and angle set
(PF-set or BWB-set). The PF-set shows a general trend of modest reduction of the included
angle –changed from 76° to 80°, as a function of the spatial distance from the indenter
interface. The BWB-set shows almost an independent response of the z-coordinate. To
enable further correlation with the applied load and the different indenter radii, the
normalization presented in Section 4.3 is utilized. The angle measurement is plotted as a
function of the normalized spatial distance from the indent interface, z / c in Fig. 4.5. We
saw in Section 4.3 and Eq. (4.2), the expression for the elastic-plastic boundary from cavity
expansion analysis for a Tresca material. This normalization properly maps the spatial
coordinates for different levels of loading and indenter radii. The proper normalization
allows for averaging the angle measurements regardless of the indenter radius. Both the
mean and standard deviation of the PF-set and the BWB-set for each radius are shown on
Fig. 4.5. For the propagating front set, the average angle measurement increases the further
one moves from the indent centerline (from 76º to 80º).

For the band within band set, the

angle measurements show a higher average angle measurement of about 87º.
4.5.3 Aspect ratio
Another way to extrapolate a measure of the degree of pressure sensitivity is by measuring
the aspect ratio (width to height) of the shear bands below the indenter. Figure 4.6 shows the
experimentally measured aspect ratio as a function of the normalized spatial distance for two
different radii. The corresponding included shear band angles and the deviation of the slip
line field from orthogonality are also marked on the right vertical axes, by utilizing Eq. (4.1).
The normalization properly scaled the radial distance regardless of indenter radius or state of
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loading. From the experimental measurements, we can say that the average aspect ratio is
about B/A=0.57 and is independent of the local mean pressure level. Using Eq. (4.1), the
aspect ratio for the average angle measurements of the PF-set and the BWB-set are marked
by the dashed lines on Fig. 4.6. It can be seen that the average of the experimental aspect
ratio measurements conforms much closer to the PF-set with about 2% deviation in the
prediction of the aspect ratio.
4.5.4 Shear Band Spacing
The spacing between sets of intersecting bands underneath the indenter is also monitored.
Figure 4.7 is a schematic of the spacing calculations that are performed at the last stage of
loading. They were also measured at the indentation depth where the band intersection
occurred, but the difference between the two measurements was less than 1%. The distance
the band intersection occurred is marked as zi and the spacing (λi) is defined as the difference
with a band intersection before zi, that is much closer to the indent interface. In such a
manner, all intersecting bands regardless of being parts of the PF-set or BWB-set, are
measured. Figure 4.8(a) shows the spacing dependence as a function of normalized distance
for all samples with R=1.6mm. The intersecting bands forming the PF-set are separated from
those forming the BWB-set. On the same graph, the range of the normalized contact radius
(a/c) value is also marked.

Several observations can be noted here. The BWB-set

measurements are still different from those of the PF-set. However, both sets of bands
present spacing that has dependence on the z/c ratio, or the local average of stress and strain
levels. As can be seen, most shear band intersections are initiated within or just outside the
core i.e. when z<a (as defined by the cavity expansion model). Since the cavity expansion
model is not valid for z<a, an analytical expression cannot be used to estimate the strain
distribution. A two dimensional FEM model is employed to find the average measure of
effective strain.

The model employed a constitutive model following the Tresca yield

criterion, with associative flow and perfect plasticity. Since the strains underneath the
indenter are large, finite deformation is used. The details of the model are summarized in
Appendix 4.C. From the model description, the effective strain measure is obtained. This is
defined as:
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ε eff =

(ε xx − ε zz )2 + 4ε xz2

(4.3).

The PF-set of intersecting bands have a spacing that is inversely proportional to the in-plane
shear strain. The BWB-set –aside from a few aberrations, has a mostly constant spacing
between intersecting bands, regardless of the amount of effective strain. This trend is
generalized for all radii and is shown on Fig. 4.9. One important observation is that no shear
band spacing below ~30µm is observed.

Based on the above observations, a

phenomenological model can be created relating the spacing to an average measure of strain.
4.6 DISCUSSION

The details of the evolution of the shear band network under a strain gradient are examined
here. The network of shear bands underneath the indenter resembles characteristic lines
predicted for a pressure sensitive material. As such, angle measurements and aspect ratio
measurements of the intersecting shear band angles beneath the indenter were made and
compared to slip line field predictions.
The angle of intersecting primary bands was measured and the deviation from orthogonal slip
lines was extrapolated from the measurement. It should be reminded that the angle deviation
from orthogonality, is not only influenced by the friction angle φ , but also by the dilation
angle ψ (i.e. deviation from non-normality flow). The experimental measurements give

γ = 10° − 12° for the propagating front angles. On the other hand the angles from the bandwithin-band measurements give a decreased angle of γ = 3° . Up to now, there hasn’t been a
way to calibrate experimentally whether the material follows non-associated or associated
flow. Figure 10 shows how the included shear band angle measurements ( γ ) vary as a
function of the friction angle ( φ ) and four different dilation angles (ψ ). The plot was
obtained using Eq. (4.A.7) in Appendix 4.A. It should be reminded, that this derivation
assumes that shear bands are the only possible cause of heterogeneous deformation (Rudnicki
and Rice, 1974). Three different cases will be considered here:

75
− Case 1: Associative flow is always imposed. This case is marked in Fig. 4.10

with points a and b.
− Case 2: Associative flow that is followed by non-associative flow. This case is

marked in Fig. 4.10 with points a and c.
− Case 3: Non-associative flow is always imposed. This case is marked in Fig. 4.10

with point d.
We have two experimental observations: the angle measurements of the PF-set and the
BWB-set and these measurements are also marked in Fig. 4.10.
If Case 1 is assumed, then the included angle of the PF-set gives a friction angle of ~11°
when the material is first propagated in the bulk (point a). If associative flow is always
imposed, then the angle measurement of the BWB-set would signify that the friction angle
changed. The included friction angle prediction of the BWB-set is ~3° (point b). The
assumption of associative flow means that our experimental observations can be understood
by allowing the slope of the yield function (as seen in Fig. 4.1(c)) to be a function of the
mean pressure.
According to Case 2, an included angle of 79° for the PF-set could give a friction angle of
~11° when associative flow is assumed (point a). If the friction angle is kept constant, i.e. if
the yield function has the same slope in the σeff –σm plane, then the BWB-set can only be
explained if non-associative flow is allowed so that point c can be reached. So, for Case 1,
the angle measurement of the PF-set will give the friction angle, and the BWB-set can give a
measure of the deviation from normality at a later stage of loading.
Finally, if Case 3 is obeyed then the PF-set can intercept any of the varying ψ curves. One
representative set is marked at point d when ψ=45°. Please note that up to the 45° deviation
from normality, the friction angle changes only about 1° (from φ ~11° to φ ~12°). After the
45° deviation from normality, the friction angle changes dramatically with small increases in
the dilatancy angle. This can be seen in Fig. 4.10 when points d and e are compared. The
BWB-set angle would signify a further change of the dilatancy angle.
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The experimental observations cannot prove or disprove any of the three cases considered
here. However, if Case 1 is valid, the change of the friction angle can be considered to be a
material effect. The degree of structural change within a shear band has been extensively
studied and speculated (Spaepen, 1977; Argon, 1979; Li et al., 2002). We know that void
like defects appear as a result of the excess free volume created within each band. According
to free volume theories, flow occurs when the stress induced free volume overcomes the
annihilation/diffusion mechanisms (Spaepen, 1977). Steady state is reached when the stress
induced free volume equals the diffusion/annihilation rates, as seen in Fig. 1 of Huang et al.
(2002).

It may be possible to continue beyond the equilibrium point so that the

annihilation/diffusion mechanisms overcome the stress induced free volume. That coupled
with the influence of free volume on the mean stress (Flores and Dauskardt, 2001) may
explain the structural change that occurs in the bands that form between the pre-formed
bands. The distribution in the free volume forces the material to no longer exhibit such a
high sensitivity to pressure.
If Case 2 is valid, then the differences between the PF-set and the BWB-set can be
considered to be a geometrical effect. The effect of dilatancy has been investigated by
Reynolds (1885) and he attributed it to a geometrical constraint. Past work on granular flow
of compacted spheres showed that the dilation angle can influence the critical inclination
angle. In this work the inclination angle would correspond to the included shear band angle
( γ ). The effect of the inclination angle becomes more severe for thinner layers of the
material (Pouliquen and Renaut, 1996). This is because the lesser the layer of particles (or
clusters of atoms for BMG), the higher the geometrical interlocking amongst them. Further
motion is allowed when the constraints imposed by the surrounding particles are overcome.
Thus, if Case 2 is valid, the pre-formed bands impose a constraint on the enclosed BMG
material and any further flow initiation can occur when the constraint is overcome.
Finally, Case 3 can be considered as a coupling of both material and geometrical effects.
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What the PF-set and BWB-set angle measurements indicate is that a change has occurred not
only within the shear band but also in the surrounding. Further work is needed to be able to
distinguish if the change is due to a material or geometrical effect. The measurements here
have been made when only the influence of the surroundings along one dimension of the
shear band network is considered. Of course, in a three dimensional sense, all neighboring
bands will influence the measurements. For example, in Fig. 4.3(b) there are preformed
bands on the right, below A. When shear bands C, D or E are formed the pre-existing bands
should also influence the measurement. Thus a greater angle will be made i.e. almost
approaching orthogonality. This observation can also explain the variance in the BWB
measurements that can be seen when Fig. 4.3 of this work is compared to Fig. 7 of Antoniou
et al. (2006) (i.e. Fig. 3.7 of this dissertation).
We have considered here the difference between the PF-set and the BWB-set angle
measurements to be stemming only from a difference in the flow rule, since we constantly
assumed the material to be perfect plastic. The angle measurements could also be stemming
from a different post-yield response i.e. if the material exhibits global softening.
The aspect ratio of slip lines also changes with the degree of pressure sensitivity. A non-zero

γ angle elongates the Region III sector towards one direction. Accordingly, the other sectors
will conform. We have seen that shear bands initiate in the bulk of the sample, below the
indent interface (Antoniou et al., 2006). Thus, the logarithmic sector’s aspect ratio should
control the entire field’s eccentricity. In past work, we have seen that the developed network
of bands is self similar and this process zone scales with finite element models for pressure
insensitive materials (Antoniou et al., 2005; Antoniou et al., 2006). Figure 4.6 can explain
this discrepancy.

Even though the angle measurements reveal a material with non-

orthogonal shear bands, the aspect ratio measurements are so small that they can fall within
the experimental error of the measurements. If we add on this, the bifurcation of shear bands
and the BWB effects, it is no wonder that the overall process zone size corresponds to a
pressure insensitive material. The size of the process zone is not the correct method that
should be used to calibrate and extract the pressure sensitivity of the material.
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When the shear band spacing was plotted as a function of the effective strain measure, the
shear band spacing was inversely proportional to the effective strain as seen in Fig. 9.
However, above a certain value of strain ~4%, the spacing reaches a steady state value,
regardless if the band measurement was done on a PF-set or a BWB-set. There is no shear
band spacing below ~30µm observed in any sample. Huang et al. (2002) examined the
conditions of the transition from homogeneous to heterogeneous deformation.

The

homogeneous solution allows for uniform softening of the material. They have performed a
perturbation analysis on the homogeneous solution and found that the transition from
homogeneous solution to heterogeneous depends on the wavenumber ( k ) of the
perturbations. Below a critical wavenumber ( k c ), the perturbations will become unstable and
localization will ensue. Above the critical k c , the perturbations will grow in a stable manner
and homogeneous deformation will continue. For this particular case, the lack of shear band
formation, even in the BWB set, below a critical wavelength, signifies that the transition
from heterogeneous to homogeneous deformation has occurred. Therefore λc=30µm and the
critical wavenumber is found from:
kc =

2π

λc

(4.4)

to be k c = 0.2 × 10 3 m −1 .

From the observations of scaling of the shear band spacing with the average effective strain,
we can devise a phenomenological model that predicts the spacing between the bands.
Figure 4.11(a) shows a schematic of the intersecting shear bands and how their spacing
increases the further one moves from the indenter interface. Instead of carrying a higher
degree of this average strain measure ( γ AVG ) over a distance (λ), it is distributed over a
smaller area with thickness (t) that carries a higher degree of strain than the surrounding
region. The surrounding region will carry less amount of strain than the average shear strain
measure ( γ AVG ). The combined effect of the region of lower strain and that of higher strain
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should be the same as if the region was undergoing homogeneous deformation with a strain
level of γ AVG . The phenomenological model can be written as:

γ AVG λi = γ L ( λi − t ) + γ H t

(4.5)

where γ AVG is the average strain at a certain distance z from the indent centerline. This value
is obtained from a plane strain FEM simulation of a Tresca material with associative flow
and perfect plasticity. More details of the model can be found in (Antoniou et al., 2006).
The other parameters of the phenomenological model are: t is the shear band thickness, λi is
the spacing of a band located at zi from indent centerline (as defined in Fig. 4.7). Figure
4.11(b) shows the definitions for γ L and γ H . The shear stress-strain equation is obtained
from the work of Huang et al., (2002) who used incorporated free volume in a constitutive
model and examined its evolution for homogeneous and inhomogeneous deformations. The
plot here corresponds to homogeneous deformation. We are assuming that at the onset of
homogeneous deformation, there will be a bifurcation to the inhomogeneous solution.
Experimental measurements using an AFM probe were used to examine the band thickness.
A representative case is shown in Fig. 4.12 for a scan performed after the experiment was
completed. Multiple scans have been performed and the range of values can be found to be
Equation (4.4) can be re-written as:

γ AVG = (γ H − γ L )t λi + γ L

(4.6)

The average in-plane shear strain ( γ AVG ) is plotted versus ratio of band thickness to band
spacing ( t λi ) in Fig. 4.13 for all radii. The BWB-set is still separated from the PF-set.
While the BWB-set has little correlation to the above phenomenological model, the PF-set
does conform well and thus, γ L and γ H values can be found from the ordinate intercept and
the slope. The low level of shear ( γ L ) is independent of the band thickness but γ H will be
inversely proportional to the thickness. For t=0.26µm, the γ L and γ H values are found to be
0.993% and 487% respectively. The fact that the BWB-set has a different relation than the
above phenomenological model, gives an added proof that a structural change has occurred
to the material around the pre-formed bands –aside from the structural change within the
bands.
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4.7 CONCLUSIONS

The microscopic deformation details regarding shear bands formed in bulk metallic glass
under a strain gradient field have been presented here.

We have seen that the angle

measurement of the intersecting shear bands beneath the indenter can give a measure of the
degree of pressure sensitivity of the material. The aspect ratio of intersecting shear bands is
also an indicator of such a measure but since this effect is very slight, the overall field
measurements cannot accurately capture the deviations from normality of the shear bands.
Finally, the shear band spacing has been rationalized and a phenomenological model has
been created to account for it. The above observations are essential to anyone who wishes to
improve the ductility of the material by adding a ductile phase since the potential for nonassociative flow means that some parts of the material can be susceptible to geometrical
constraints. Finally, these measurements could be used to calibrate constants for constitutive
modeling.
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APPENDIX 4A. SLIP LINE FIELD FOR PRESSURE SENSITIVE MATERIALS

4A1. Summary of the solution for a Mohr-Coulomb material
The slip line field solution can be easily modified to account for pressure sensitivity
effects (Jeong et al., 1994).

The Mohr-Coulomb criterion in the absence of pressure

sensitivity reduces to the Tresca yield criterion. The following derivation is based on a
Mohr-Coulomb yield criterion which can be expressed as:
F=

1
3

σ e + (tan φ )σ m − σ o ≤ 0

(4A.1)

where

σ e = 3sij sij 2

(4A.2)

is the effective stress;

σ m = σ kk 3

(4A.3)

is the mean stress and φ , σ o are the friction angle and the critical shear stress (cohesive
stress). As a reminder, the deviatoric stress is defined as
s ij = σ ij − σ mδ ij .

(4A.4)

To enable the possibility of non-normality flow, the plastic potential function is defined per
Rudnicki and Rice (1974), as
G = 3σ e + (tanψ )σ m − σ p ≤ 0

(4A.5)

Where ψ is the dilation angle. For incompressible plastic flow ψ = 0° and for associated
flow ψ = φ .

By using the plane strain condition, the principal out of plane stress is

calculated and substituted in the yield criterion. Expressed in polar conditions the yield
criterion then becomes:
2

σ + σ θθ
 σ rr − σ θθ 
= σ cos γ

 + σ r2θ + sin γ rr
2
2


where

(4A.6)

85
tan(φ ) 1 − tan 2 (ψ ) 3

sin γ =

(4A.7)

1 − tan(ψ )tan(φ ) 3

and

σ =σo

1 − tan 2 (ψ ) 3
1 − tan 2 (φ ) − 2 tan(ψ )tan(φ ) 3 + 4 tan 2 (ψ )tan 2 (φ ) 9

(4A.8)

Both the friction angle and the dilation angle have an influence on the angle deviation from
normality for two slip line families. As noted by Jeong et al. (1994) if the difference between

φ , ψ is small, then the dilatancy parameter has a secondary influence on the angle
deviation.
Two families of slip lines that satisfy the equilibrium equations for a Mohr-Coulomb
non-hardening material are shown in Fig. 1(b).

Each characteristic line is inclined at

π 4 − γ 2 with respect to the minimum principal stress direction. This is also indicated on a
reduced Mohr plane diagram.
Let

γ
γ
η = cos − sin

(4A.9a)

γ
γ
ξ = cos + sin

(4A.9b)

2

2

2

2

The slip line patterns will be different if one is dealing with positive or negative
hydrostatic pressure.

For the case of cylindrical indentation where the mean stress is

negative, the spiral equations for the logarithmic sector (III) ( 0 ≤ θ ≤ π 2 ) are:

ξθ − η ln

r
= const .
a

along an α line

(4A.10a)

ξθ + η ln

r
= const .
a

along a β line

(4A.10b)

4A2. Slip line aspect ratio
The slip line field beneath the indenter is comprised of various sectors and only the simple
stress sectors (I and III) and the logarithmic sector (IV) of Fig. 4.1a have exact descriptions
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for the slip line patterns. For the logarithmic sector equation (4A.10) can be adjusted to
procure the eccentricity of the field. The eccentricity, defined as B/A, is defined shown in
Fig. 4.2(c). Along a β line, Eq. (4A.10b) can be rewritten as:
1

(const .−ξθ )
r
= eη
.
a

(4A.11)

η 
The vertical tangent of the β line can be found to occur at θ o = tan −1   . This angle is
ξ 
marked in Fig. 4.2(c). The aspect ratio B/A is calculated from :
 r 
  r 

B
= 2 sin(θ o ) 
  

A
 a  θ =θ o   a  θ =0° 

−1

(4A.12)

to be
B
= 2 sin(θ o ) exp(− θ oξ η ) .
A

(4A.13)

On the assumption of associative flow (i.e. ψ = φ and γ = φ ), a pressure insensitive material
will have an aspect ratio of B/A=0.645. A material with φ = 11° will have B/A=0.551.
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APPENDIX 4B. CAVITY EXPANSION MODEL FOR A TRESCA MATERIAL USING
WEDGE INDENTATION

Johnson (1970) used cavity expansion models to express the distribution of stresses/strains
beneath wedge or spherical indenters.

Using his derivation as a guideline, the cavity

expansion model can be modified to describe indentation of a Tresca material.

The

cylindrical cavity expansion solution for a Tresca material is already well known (Hill, 1983;
Chakrabarty, 1987). From there, we can obtain the two conditions of force equilibrium and
compatibility at the interface. Then, in the spirit of Johnson’s cavity expansion derivation
(1970) the expression for the hydrostatic pressure in the core is:

 c 
p = k 1 + 2 ln 
 a 


(4B.1)

The radial displacement of the material particles is found to be
du( a ) ( 1 + ν )( 1 − 2ν )
( 1 + ν )( 1 − ν )  c 
a
=
( − k )2  + 2
2k  
dc
E
E
c
a
By assuming volume conservation in the core we can write

(4B.2)

πadu( a ) = 2adh = 2a tan βda
Finally assuming self similarity: dc da = c a = cons tan t and substituting the above two
assumptions in the relation from the radial displacement we get
2

2 E
1
c
2(1 − ν )  − (1 − 2ν ) =
tan β
π ( 1 + ν ) 2k
a
For a shallow indentation tan β ≈

(4B.3)

a
. We can again rewrite the Eq. (4B.1) and Eq. (4B.3) to
R

describe the size of the elastic plastic zone as:

(

1 −ν 2
c
= 2π
R
E / 2k
with k =

σ YT
2

)


1 − 2ν 

e p / k −1  e p / k −1 −
2(1 − ν ) 


being the maximum in plane shear strength.

(4B.4)
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APPENDIX 4C. NUMERICAL MODEL DESCRIPTION

2D and 3D geometric models for the indentation were studied using ABAQUS (2003) finite
element package. The dimensions of the sample are taken to be the same as those of the
experiment. Only quarter of the sample was analyzed in 3D, whereas half of the in-plane
section was modeled in 2D with plane-strain assumption. The 2D model employed 4-node
quadrilateral elements and the three dimensional model was composed of 8-node hexahedral
element. The mesh is separated into three regions of increasing refinement close to the
indenter tip. The region with the most refined mesh was set such that the elastic-plastic zone
at the maximum indentation depth was encased. The element spacing closest to the indenter
tip was R/40. Frictionless contact was assumed between sample and indenter. The indenter
was modeled as rigid to simplify the contact analysis. The material was taken to have an
effective modulus E* where
2
2
 1 − ν SiC

1 − ν BMG

+
E* = 
EBMG 
 ESiC

−1

(4C.1)

and ν SiC = 0.14 , E SiC = 410GPa , ν BMG = 0.36 , E BMG = 96GPa . The effective modulus,
accounts for the elasticity of the SiC indenter and thereby avert its influence when compared
with the experimental response. Sensitivity studies were performed so that any further
decrease of the mesh would not significantly influence the response. Since the strains
underneath the indenter are large, finite deformation is used. The numerical simulations
were carried out in displacement control with a maximum displacement of 0.15mm for all
radii.
An elastic-perfect plastic continuum constitutive law based on Mohr Coulomb yield criterion
is employed. The associated flow rule (i.e. ψ = φ ) and no hardening are assumed.

In this

framework, yielding occurs when a critical combination of shear and normal stresses is
reached on a certain plane, such that:

τ max + σ m sin φ − k cos φ ≤ 0

(4C.2)
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Here, τ max is the radius of the greatest Mohr circle (or maximum shear stress), σ m is the
mean stress and k is the cohesion strength. Again, the Mohr Coulomb yield criterion
reduces to Tresca yield criterion when φ → 0° . The cohesion strength was approximated
from the tensile strength of metallic glasses σ YT , such that
k = σ YT

1 + sin φ
2 cos φ

(4C.3)

For a Tresca Material, k = 0.5 σ YT , is the shear yield strength.
Figure 4C.1(a) represents the variation of the effective strain for three different load levels.
The effective strain distribution is for a two dimensional FEM simulation of a Tresca
material with an indenter of R3=2.4mm. If the material is pressure sensitive, then for the
same load level, the value of the maximum effective strain will be less than the Tresca. If
instead we consider the distribution of strains on the front surface of a three dimensional
sample, the maximum value of the load will be more spread and the peak value will be
higher. Regardless of all the above, each field will be properly normalized by z/c in Fig.
4C.1(b).
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ψ (σ m )

flow
potential

φ (σ m )
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σm
Figure 4.1 (a) Shear band patterns that can be developed during a cylindrical indentation
(R=1.6mm) of BMG (b) Schematic of the slip lines developed during a cylindrical
indentation. The included angle between the two different slip families is labeled
π / 2 − γ (c) Schematic of the yield function (F) and the potential function (G) in the σe-σm
stress space. The associated flow rule is assumed when both functions are parallel, such that
φ = ψ . When φ = 0° the yield function (F) no longer depends on the mean pressure (σm).
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Figure 4.2 Logarithmic spirals for (a) pressure insensitive material (b) pressure sensitive
material (friction angle, φ = 11° ) and associated flow rule (c) Schematic of the aspect ratio
parameters, B and A found from a β line.
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Figure 4.3 (a)-(h) Evolution of the angles measured along the indent centerline for
R2=1.6mm and hmax= 130µm (i) The corresponding load-indentation depth curve showing
the instance each shear band intersection occurred.
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Figure 4.4 Included shear band angle measurements as a function of distance from the
indenter interface, for all radii (R0=0.4mm; R1=0.8mm; R2=1.6mm; R3=2.4mm).
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Figure 4.5 Included shear band angle measurements as a function of normalized distance for
all radii (R0=0.4mm; R1=0.8mm; R2=1.6mm; R3=2.4mm). All radial distances are
normalized with the elastic-plastic boundary for a Tresca material.
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Figure 4.6 Aspect ratio calculation for two different radii (R2=1.6mm and R3=2.4mm) as a
function of normalized distance. The corresponding included shear band angle is also
shown.
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Figure 4.7 Schematic of the spacing between shear bands. The spacing of intersecting bands
at point i, is measured with respect to the previous intersecting bands (i-1).
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Figure 4.8 (a) Shear band spacing as a function of normalized radial distance from the indent
interface for all samples with R2=1.6mm. (b) Correlation of the shear band spacing with the
average effective strain measured from a two dimensional FEM simulation for a Tresca
material. The shear bands are separated to those propagating in the bulk (PF) and those
initiated in-between pre-formed bands (BWB).
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Figure 4.9 Shear band spacing as a function of the average effective strain measured from a
two dimensional FEM simulation for a Tresca material for all radii (R0=0.4mm; R1=0.8mm;
R2=1.6mm; R3=2.4mm). The shear bands are separated to those propagating in the bulk
(PF) and those initiated in-between pre-formed bands (BWB).
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parameter ( φ ) for different angles of dilation (ψ ). The experimental measurements of the
PF and BWB angles are also shown.
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Figure 4.11 Schematics presenting the relevant parameters of the phenomenological shear
band spacing model (a) Scaling of the shear band spacing with maximum in plane shear
strain (b) Shear stress versus average shear strain prediction for the homogeneous solution
(Huang et al., 2002).
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Figure 4.12 Shear band thickness measured using an AFM probe.
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CHAPTER 5. POST YIELD EVOLUTION OF SHEAR BANDS IN A BULK
METALLIC GLASS DURING CYLINDRICAL INDENTATION
A paper to be submitted in Acta Materialia

Antonia Antoniou1,2 Hui Wang3 and Ashraf F. Bastawros2,4
5.1 ABSTRACT
The deformation evolution is monitored in situ during cylindrical indentation of Vitreloy-1
bulk metallic glass. The history of deformation is recorded on the front surface of the sample
and strain maps of the in-plane Lagrangian strain components are obtained using the image
correlation technique. All the possible strain states beneath the indenter are described and
the shear bands are found to conform to the principal states for each sector. The field
beneath the indenter is found to be self similar and evolves in a proportional way. Vitreloy-1
exhibited relatively large level of homogeneous deformation (~5%) before the deformation
field became highly localized into shear bands. Radial lines demonstrate that the far field
grows in a self similar manner and agrees with the cavity expansion model predictions.
Observations of the strain components on a reduced Mohr-plane show that the potential
function grows in a self similar manner. Incremental strain maps before and after the first
few shear bands are initiated, show the strain levels around the localized bands.

5.2 INTRODUCTION
Bulk metallic glasses (BMG) have high strengths, hardness, wear and corrosion resistance,
formability (Salimon et al., 2004).

However, their ductility is limited (Bruck et al, 1993).

Multiple shear bands are initiated during the course of loading but in unconstrained
geometries, such as in uniaxial tension or compression, failure ensues when a single shear
band grows in an unstable manner (Pampillo, 1975; Bruck et al, 1993; Hufnagel et al, 2000;
1

Graduate student and Associate Professor respectively, Department of Aerospace Engineering, Iowa State
University.
2
Primary researcher and author.
3
Graduate student, developed image correlation codes and helped with analysis.
4
Corresponding author.
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Wright et al, 2001). On the other hand, under confined geometries, such as under bending
(Conner et al., 2003), or bonding a layer of BMGs between two ductile metal layers (Leng
and Courtney, 1991), the material is able to exhibit some degree of ductility with further
stable shear band growth.
The above unstable failure means that any studies of the post yield response from uniaxial
tension/compression tests are inexistent.

There have been various studies reporting

complicated shear band patterns during bending (Conner et al., 2003) or three dimensional
indentations (Donovan, 1989 a; b; Vaidyanathan et al, 2001).

However, their role on

macroscopic properties or their influence on the yield or post yield response has never been
examined experimentally.
On a macroscopic level, attempts to describe necessary yielding criteria have been done by
performing experiments for different configurations and examine how the macroscopic
response matches different yielding criteria (Donovan, 1989b). Other studies compared
experimental observations to predicted responses from finite element simulations and
extracted necessary parameters (Vaidyanathan et al, 2001; Patnaik et al., 2004). There is still
contention as to whether the yield criterion for this material is that of a pressure insensitive
material (Mises or Tresca) or pressure sensitive (Druger Prager or Coulomb).

The

macroscopic tension compression asymmetry (Bruck et al., 1993) and the different fracture
angles have given a basis for pressure sensitive yielding. However, cylindrical indentation
tests (Antoniou et al., 2006) have presented the possibility that the pressure sensitivity
parameter may not a constant but may also be a function of pressure.
In this work we have devised a new experimental configuration involving cylindrical
indentation that allows us to observe shear band initiation and propagation. A sequence of
acquired images during the course of loading is analyzed through the image correlation
technique and in-plane deformation maps are obtained. These maps present the changes
imposed on the overall field by the initiation and propagation of localized deformation.
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5.3 EXPERIMENT DESCRIPTION

The metallic glass used in this study was Zr 41.2–Ti 13.8–Cu 12.5–Ni 10-Be 22.5 (Vitreloy1). TEM and X-ray diffraction showed that the material is amorphous (Kramer, 2005). The
dimensions of the sample were (3x7x25mm). The sample surfaces were polished with
standard metallographic techniques to 1µm finish prior to indentation experiments. The
properties of Vitreloy 1 can be found elsewhere (Bruck et al., 1993).
In previous studies we have reported observations for various indenter radii.

In this

particular work, the results of one SiC indenter (R=2.4mm) are presented. The alignment of
the indenter and the sample was crucial and a fixture was devised that ensured the line of
contact of the indenter and sample was perpendicular to the front plane of the sample. A
schematic of the fixture can be found elsewhere (Antoniou et al, 2006).
Each specimen was tested using an INSTRON 8862 servoelectric testing frame.

The

experiment was performed in displacement control at a rate of 1µm/s. During the course of
loading, the macroscopic response is recorded, namely the applied displacement and load
response. The machine compliance was corrected and removed from the macroscopic force
displacement curves.
Additionally, digital images of the front sample surface right below the indenter are captured
during the course of deformation using a progressive-scan camera (SPOT Insight CCD array
of 2048x2048) attached to a traveling microscope with a 5x and 10x objective lens. Proper
illumination was essential and a beam splitter along with oblique lighting was used to prevent
shadowing and reduce the reflection from the glass surface. The setup provided a 1-2mm
field of view of the sample surface. For this configuration the pixel resolution is 0.5-1
pixel/µm. The image acquisition was synchronized with the loading rate, to acquire an image
every 2s.
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From the acquiring images of the in-situ creation of the shear band network, in-plane strain
maps were produced using image correlation techniques. For this technique to be successful
a random pattern was placed on the surface. Care was taken that the pattern would not
entirely obscure the surface, thus enabling the creation and propagation of the shear bands to
be carefully recorded. The size of the speckle pattern was essential in the image correlation
technique and it was set to be about 15 pixels. Utilizing a continuum representation for an
elastic perfect plastic material, the cavity expansion model (Johnson, 1970) gave the elastic
plastic boundary location to be 1.2mm for the largest of the four radii for the highest load
applied (F=10KN). The inhomogeneous deformation was assumed to be well within the
elastic plastic boundary, so the field of view was set to be at least two times as large.
The analysis is performed through digital image correlation (Wang et al, 2006). The images
of the current deformed configuration are correlated to the image of the original undeformed
configuration by using a two step technique. First, a coarse search of the entire field is
performed, that is used as an initial guess for a series of 2-D Newton-Raphson iterations (fine
search) that resolve the partial differential correlation of corresponding sub-windows (Bruck
et al, 1989). Each image is divided into a set of 40-pixel square sub-windows, with a 10pixel overlap. The average displacement of each sub-window is represented at a node
located at the window center. The details of the analysis are given elsewhere (Bruck et al,
1989; Wang and Cuitino, 2001; Wang et al, 2006). The nodal displacement output from the
DIC code is filtered through a bilinear interpolation filter based on the nearest three
neighboring points to eliminate the high frequency digital noise, without obscuring any
displacement localization. Utilizing the filtered nodal displacements, the Lagrangian strain
components of the in-plane strain tensor are evaluated on the original configuration, based on
polynomial differential of neighboring displacements scheme. The finite strain calculations
depend on a gage length that is function of the spacing between sub windows and the
window size of the fitting polynomial used in the fine search. As such, the strain measures
presented here will be lower than in actuality, due to averaging. From the in-plane strain
components ( ε xx ,ε zz ,ε xz ) a measure of the effective strain can be obtained:

ε eff =

(ε xx − ε zz )2 + 4ε xz2

(5-1)
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5.4 ANALYTICAL MODEL
The analytical solutions for the process zone beneath various indenter shapes were developed
by Johnson (1970) using the cavity expansion model for elastic-perfect plastic materials
obeying a Mises yield criterion. Here, the same solution is modified for the Tresca yield
criterion.

This criterion makes the solution of differential equations for displacement

possible (and hence the small strains). An estimate of the elasto-plastic boundary of plastic
zone size, c below the indenter is devised to normalize spatial distances from the contact
point. The plastic zone boundary c is given by:

(

c
1 −ν 2
= 2π
R
E / 2k

)


1 − 2ν 
.
e p / k −1  e p / k −1 −
2(1 − ν ) 


(5-2)

Here, R is the indenter radius; E is the Young’s modulus; ν is the Poisson ratio and

k = 0.5σ YT , where σ YT is the tensile yield strength in tension ( σ YT = 1.9GPa for the examined
BMG1), p is the mean pressure within the cavity core. For an applied force F that induces

(

)

total indentation depth h, p = F 2W 2 Rh , where W is the indenter width.
The normalization defined by Eq. (3.1) would enable the comparison of the deformation field
at various loading levels for different indenter radii.
The effective strain component, of the field developed underneath the indenter for a Tresca
material is found within the elastic plastic zone ( a ≤ r ≤ c ) to be:

ε eff

( 1 + ν )( 1 − 2ν )  Y  ( 1 + ν )( 1 − ν )  c 
=
Y 
−  +
2E
2E
 2
r

2

(5-3a)

and within the elastic zone ( r ≥ c ),
2

ε eff =

1 +ν Y  c 
  .
2E 2  r 

(5-3b)

5.5 RESULTS

5.5.1 Effective strain evolution
Figure 5.1 shows the evolution of the in-plane effective strain measure for different stages of
loading that are indicated on the force-indentation depth plot. The total effective strain
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accumulated prior to the initiation of shear bands can be seen at Stage A to be up to 5% for
the region closest to the indenter interface.

As shear bands are initiated, the major

accumulation in strain occurs within the shear bands as shown in stages C and E. With
increased loading, new bands are formed (stage C to E) but strain continues to accumulate
within preformed shear bands. At the last stage of loading, the total accumulated effective
strain within the bands is up to 12%. The formed shear band network of Stage E are in
agreement to those shown in Fig. 5.2, an optical image of the shear bands obtained after
unloading. Note that the overall network of bands is slightly unsymmetrical. The levels of
residual strain are presented at Stage F to be about 5% within the bands and 1% surrounding
the band.
The strain components for the last state of loading (Stage E) are shown in the radial and
circumferential direction in Fig. 5.3. The shear bands in all strain states are formed along the
principal strain ( ε rr ,ε θθ ) directions.
5.5.2 Radial dependence of strains
Figure 5.4 shows a line plot along the indent centerline (line a-a) for the unloaded (residual)
image at Stage D. The line a-a is marked in Fig. 5.1. Since this is a principal strain state,

ε xz is zero. The residual ε zz is compressive and the maximum value within the shear band is
about 2.5%. There is a finite region surrounding the band that also carries a permanent level
of accumulated compressive strain in the z direction, which is of the order of 1%. The
residual ε xx component is tensile, and is 2% within the shear band but 1.5% outside. For
both strain levels, the far field carries about 0.5% residual strain.
Radial lines of the strain components are presented for various loading stages, along the 90º
and 120º lines as indicated in Fig. 5.5(a). Stage A is right before the first shear band is
initiated as indicated on the load-indentation depth plot of Fig. 5.1.

Stage C is an

intermediate state and Stage E is the last stage, prior to unloading. As the loading level is
increased, so does the total effective strain. The initiated shear bands appear as peaks in the
overall effective strain field (stage E). The levels of strain in the 120º direction (Fig. 5.5b)
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are different that those at 90º (Fig. 5.5c). There are higher levels of strain attained with the
bands, seen as superimposed peaks on the overall field.
The effective strains for different loading stages of Fig. 5.5 are shown as a function of
normalized distance in Fig. 5.6. The normalization parameter is (c), the elastic plastic
boundary predicted by the cavity expansion model (Eq. 5-2). Along with the experimental
observations, the prediction from Eq. 5-3 is included. In the far field, regardless of loading
level or radial direction, the effective strain measure conforms to the predictions of the cavity
expansion model. The experimental results deviate from the theoretical predictions closer to
the indenter interface, when finite deformation commences.
Figure 5.7 shows a comparison between the overall field response and the prediction from a
finite element simulation of a Tresca material, with associated flow and no hardening (finite
deformation is allowed). Further details of the model can be found elsewhere (Antoniou et
al, 2006). Three different loading stages are presented; one before shear band initiation
(Stage A), an intermediate state (Stage B) and finally the maximum loading state (Stage E).
The effective strain from FEM predictions for all loading levels conforms well to the
experimental measurements. The shear bands are causing local strain fluctuations but the
overall field conforms to the continuum finite deformation predictions of a pressure
insensitive (Tresca) material.
5.5.3 Circumferential variation of strains
The strain dependence for various radii is also investigated along the circumferential
direction. The location of the circumferential line is shown in Fig. 5.8(a). The experimental
predictions along the circumferential direction are shown on the reduced Mohr-plane

((ε xx − ε zz ) 2 ,ε xz ) for four stages of loading (Stage A, B, D and E) in Fig. 5.8(b).

Since the

indentation strain space includes various strain states, the circumferential line plot will in
essence give the shape of the potential function. The potential function will have the same
shape as a yield function, if associated flow is assumed. The evolution of the potential
function is shown on Fig. 5.8(b) to be self similar.
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5.5.4 Strain fluctuations around a shear band
The transition from a homogeneous to localized deformation state is shown in Fig. 5.9.
There are eight sequential images that start from Stage A (shown in Fig. 5.1) and follow
through the initiation of the first few shear bands. Stage A, corresponds to the analysis of
image A0 to the original undeformed image. Here, in Fig. 5.9, the strain maps present the
incremental change from image A0 to image A7 in Fig. 5.9. The compared stages are each
labeled A1-A0, i.e. show the strain change of image A1 with respect to image A0. The overall
load increase from image A0 to A7 is ~400N. The first incremental stage (A1-A0) shows the
growth of the homogeneous field, where the strains are well below 0.5%. As the first two
shear bands, labeled (1a,b), commence on the surface at stage A2-A1, the strain levels within
the bands increase much more than the surrounding field. In the next incremental stage (A3A2), high strain levels are achieved only where two new shear bands, labeled (2a,b), appear
adjacent to pair (1). In the next incremental loading step (A4-A3), deformation continues to
accumulate in the shear band (1a) and in (2a). At the same time, a single third shear band,
labeled (3), also commences. In the following incremental stage (A5-A4) only shear band
(2b) accumulates strain. During stage (A6-A5), bands (1b), (2b) and (3) grow further. In the
final stage (A7-A6), the strain grows uniformly everywhere.
Figure 5.10, shows line plots of the accumulation of effective strain in two cuts perpendicular
to shear band (1a) as marked in Fig. 5.9. The first cut (line b-b) is close to shear band set (2)
and line c-c is closer to band (3). Figure 5.10(a) shows the strain distribution along line b-b.
There is a jump in the effective strain when the pair (2a, b) appears during loading increment
(A3-A2). During that time, the accumulated strain levels are not the same in both bands, but
this is rectified in the very next loading increment (A4-A3), where band (2a) grows much
more than the surrounding levels. Then both bands (2a) and (2b) reach the same strain
values, which continue to be much higher than the surrounding field. The bands continue to
accumulate the same levels of strain as the surrounding material until stage (A4-A3), where
band (2a) accrues more strain than the adjacent band. In Fig. 5.10(b) a similar observation is
made for bands (1b) and (3).
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5.6 DISCUSSION

The evolution of in plane strains is presented in Fig. 5.1. During homogeneous deformation
(Stage A), remarkably high levels of total effective strain can be accrued (~5%). This
observation has never been seen before for BMG, during testing in unconstrained testing
configurations. As loading is increased, the deformation is localized into shear bands that
conform to the principal states of strain along the indenter. The shear band widths appear
much thicker than the traces shown in Fig. 5.2, due to the finite gage length size of 35µm
used to find the required strains. As such, the strain levels of 12% that are found within the
shear bands at stage E are in reality much higher. There are residual levels of strain that
remain in the material after unloading. The highest levels are seen within the formed shear
bands (up to 5.5% total effective strain) but lower levels of total strain (1%) can be achieved
in a small region surrounding the bands. That region underwent homogeneous deformation.
The radial strain distribution shown in Fig. 5.5 and later normalized in Fig. 5.6, verifies that
the far field is in fact in agreement with cavity expansion models. This would signify that
concepts such as self similarity are still valid. These models assume small strains, so as the
material moves from the small to finite strains and localized deformation, the analytical
model is no longer valid. However, despite the appearance of localized deformation, the
overall field does conform well to predictions of finite element simulations for a pressure
insensitive material. That is to show that the appearance of localized deformation has not
influenced yet the overall strain distribution.
Figure 5.3 showed the various strain states attained as one moves in different regions beneath
the indenter. Right beneath the indenter there is a principal strain state (biaxial state with
compression and tension) and this changes to a uniaxial strain state at the free surface. Thus,
a circumferential line would reveal how strain grows for various states of strain. The result is
presented on a reduced Mohr-plane in Fig. 5.8 for one such circumferential line. This
reduced Mohr-plane can represent the shape of he potential function for this material. If flow
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is assumed to be associated (i.e. that an increment of plastic strain grows in the same
direction as the total stress) then the potential function is in essence the yield function.
Figure 5.8 also shows how the strain increment changes every 10º. It is seen that all
increments are approximately growing in a radial manner. This would signify that the
potential function resembles more closely to a circle than a hexagon, i.e. that we are dealing
with a Mises potential surface and not Tresca. Since we cannot know for certain if the
potential and yield functions are the same, we cannot deduce any normality flow rule
conditions from this reduced Mohr-plane.
The incremental deformation map sequence presented in Fig. 5.9, shows how the
deformation evolves during the appearance of the first few shear bands. It is seen that shear
bands do not appear simultaneously, and that strain does not continue to localize in the same
band but is instead transferred to newly formed bands. These new bands are thought to act as
stabilizers of the first initiated bands so that the total accrued strain within a shear band is
diffused. The sequential images show how the field will form in a sequence of steps:
(1) a few shear bands are triggered
(2) new bands form that stabilize the accruement of strain in the first bands,
(3) field grows uniformly and continues to stabilize,
(4) either a new band appears or strain levels within a band increase much more than the
surrounding
so that with step (4), the entire process commences once more.
5.7 CONCLUSIONS

The in-plane deformation maps during cylindrical indentation of Vitreloy-1, have been
presented here.

It was seen that shear bands are the major accruement of permanent

deformation and that the field grows in a self similar manner. The potential function surface
on a reduced Mohr-plane has also been presented. The observations are important since very
little post yield information is available for this material.
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Figure 5.2 Optical image of the shear bands observed at the front plane of the sample. The
indentation depth was 0.1mm with an indenter radius of 2.4mm. The shear band network is
slightly biased.
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Figure 5.4 Residual strains (Stage F) along line a-a marked in Fig.1.
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Figure 5.6 The effective strain is shown as a function of normalized distance for Stages A-C
at 90º and 120º. The distance from the indenter interface is normalized with the elastic-plastic
boundary from cavity expansion for a Tresca material.

Figure 5.7 Comparison of the effective strains along the 90º radial direction for Stages A, C
and E. The symbols represent the prediction from a 3D-FEM model with a Tresca yield
criterion.
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(a)

(b)

Figure 5.8 (a) Location of circumferential plot, marked on the deformation map of Stage E.
(b) Total strain increments along a circumferential direction, presented on the reduced Mohrplane for Stages A,B, D and E. The angle increment every 10º is also indicated at each stage.
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(a)

(b)

Figure 5.10 (a) Line plots of the effective strain along lines (a) b-b and (b) c-c as shown in
Figure 5.9.
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CHAPTER 6. TOOL DEVELOPMENT
During the course of this work, the following analytical and numerical tools were developed:
− A cavity expansion model for a Mohr-Coulomb material with non-associated flow
(i.e. plastic strain increment is not in the same direction as the total stress) and perfect
plasticity.
− A numerical simulation of shear band localization based on Druger-Prager yield
1

criterion with associated flow and softening .
The cavity expansion model was needed to examine the influence non-associated flow, had
on the elastic-plastic boundary and the macroscopic measurements. This would then be used
to compare to the experimental results (please refer to Chapters 3 and 4 for the results of the
comparison).
The numerical model was created in order to make a comparison with experimental results
and gain an insight on the relevant parameters needed for accurate modeling.
The following is a description of the cavity expansion derivation, and the model
development.

6.1 CYLINDRICAL CAVITY EXPANSION MODEL FOR A MOHR-COULOMB
MATERIAL

Wedge or cone indentations have been idealized by appropriately modifying expressions for
cylindrical or spherical cavities (Marsh, 1964; Hirst and Howse, 1969; Johnson, 1970). The
above derivations have been done for Mises materials, but there have been recent
adjustments to incorporate pressure sensitivity effects. A Druger Prager yield criterion and
associative flow has been used for spherical indentation (Naramsinhan, 2004).

Here

expressions are derived using the Mohr-Coulomb yield criterion and allowing the possibility
of non-associative flow. The cylindrical cavity expressions for an infinite Mohr-Coulomb

1

The modeling work was performed under the supervision of Dr. Patrick Onck from March-June 2005, in the
Rijksuniversiteit Groningen, The Netherlands.
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material are derived first in section 6.1.1 and then extended for the cylindrical indentation
case in section 6.1.2.
6.1.1 Cylindrical cavity in an infinite Mohr-Coulomb material
A wealth of literature exists on the subject of expanding (or contracting) cylindrical or
spherical cavities in soils. The yield criterion for soil is Mohr-Coulomb and non-associated
flow is possible for such a material. The main problem when deriving the cylindrical cavity
is in dealing with the elastic strain contribution in the elastic-plastic zone. Past work had
either ignored the elastic strain contribution –introducing an incompatibility in the elastic
plastic boundary when non-associated flow was assumed i.e. whenever the dilation angle was
different than the friction angle (i.e. Yu and Houlsby, 1991; Yu and Rowe, 1999). Others
only considered small strains (where a closed form solution exists) or numerical means to
solve for finite deformations (Gibson and Anderson, 1961; Carter et al, 1986; Bigoni and
Laudiero, 1989; Yu and Houlsby, 1991; Papanastasiou and Durban, 1997; Yu and Rowe,
1999). The following is a derivation of a cylindrical cavity in a perfect plastic, MohrCoulomb material with non-associated flow and assuming small strains in the elastic plastic
zone.
For the problem of a thick-walled tube with inner radius a and outer radius b → ∞ , and the
following assumptions: the stresses and strains on sections far away from the end of the
cylinder are independent of the axial coordinate z. Additionally, plane sections should still
remain plane ( ε z is constant) (Lubliner, 1990). For plane strain conditions ε z =0. Finally,

σ z is taken to be the intermediate of the two stresses, with the σ r component in compression.
The material is assumed to be isotropic elastic, perfect plastic. The material yields according
to Mohr-Coulomb criterion.

The strain can be decomposed to elastic and plastic

components, with the dilation changing in a constant rate whilst in the plastic range.
From the symmetry about the z-axis, the shear stresses are zero. The remaining stresses are
only functions of r. The equilibrium equations are:
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dσ r σ r − σ θ
+
=0
dr
r

(6.1.1-1)

dτ rz τ rz
+
=0
dr
r
The second equation only gives τ rz = 0 after the boundary conditions are applied.
a) Stresses in elastic zone ( r ≥ c )
Since tube is still elastic, the axial strain can be written as:

σ z = Eε z + ν ( σ r + σ θ ) = ν ( σ r + σ θ ) ( ε z =0 in plane strain condition).
The infinitesimal strains (when the variation along the θ direction is zero) can be written as:

εr =

∂u r 1 + ν
=
[( 1 − ν )σ r − νσ θ ]
∂r
E

1  ∂u
 u 1 +ν
ε θ =  θ + ur  ≈ =
[( 1 − ν )σ θ − νσ r ]
r  ∂θ
E
 r

(6.1.1-2)

Combining the above equations for strain with Eq. 6.1-1 will give the compatibility equation
∂
(σ r + σ θ ) = 0 . When it is solved and the B.C, σ r ( ∞ ) = 0 is applied gives
∂r

σ r = B / r 2 


σ θ = − B / r 2 

(6.1.1-3)

The constant B can be found when the continuity of stresses are satisfied at r=c.
b) Stresses in elastic-plastic zone ( a ≤ r ≤ c )
The equilibrium equation (Eq. 6.1-1) is still valid but the additional condition of the MohrCoulomb criterion is needed. The criterion for plane strain conditions

σ e = σ θ − ξσ r − Y ≤ 0
with ξ =

(6.1.1-4)

2c cos φ
1 − sin φ
where φ and c are the angle of internal friction and
and Y = σ YT =
1 + sin φ
1 + sin φ

cohesion strength respectively. For a Tresca material, φ → 0° and ξ → 1 .
Combining Eq. 6.1-1 and Eq. 6.1-4 gives the following solution to the differential equation:
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Y 
1 − ξ 

Y 
ξ −1
σ θ = Qξr +
1 − ξ 

σ r = Qr ξ −1 +

(6.1.1-5)

c) Continuity at the interface ( r = c )
The radial stresses need to be continuous, σ r
equation

c+

= σr

c−

. Additionally, the compatibility

∂
(σ r + σ θ ) = 0 needs to be satisfied at the boundary. From these two conditions,
∂r

the constants B and Q are found.
2Y

c 1−ξ 
( 1 − ξ )( ξ + 1 )


2
Yc

B=−

ξ +1

Q=−

The stresses in the elastic zone are:
2
Y c 
σr = −
  
ξ +1 r  
2 
Y c 
σθ =
 
ξ + 1  r  

(6.1.1-6)

and the stresses in the elastic-plastic zone are:
1−ξ




1−ξ 
Y
2ξY
c 
σθ =
−
 
1 − ξ ( 1 − ξ )( 1 + ξ )  r  

Y
2Y
c
σr =
−
 
1 − ξ ( 1 − ξ )( 1 + ξ )  r 

(6.1.1-7)

a) Displacements in the elastic zone ( r ≥ c )
From Eq.1-2, the displacement is found to be:
2

1 +ν Y  c 
u=
  r
E ξ +1 r 

(6.1.1-8)

b) Displacements in elastic-plastic zone ( a ≤ r ≤ c )
Using a fixed angle of dilation and friction we can define a plastic potential as:
Φ = σ θ − ησ r
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where η =

1 − sinψ
and ψ is the dilation angle. Associated flow occurs when ξ = η , and
1 + sinψ

ξ = η = 1 describes a Tresca solid with associated flow. Additionally, for incompressible
flow η = 0 .
The increment of plastic strain can be written as:
∂Φ

= −ηΛ 
∂σ r
 P
P
ε&r = −ηε&θ
∂Φ
ε&θP = Λ
=Λ 

∂σ θ

ε&rP = Λ

(6.1.1-9)

From power equivalence we can write:

σ r ε&rP + σ θ ε&θP = σ e ε& p

(6.1.1-10)

where ε& p is the work conjugate of the equivalent stress defined in Eq. 6.1.1-4.
From combining Eqs. 6.1.1-9 and 6.1.1-10:
Λ=

σe &
εp
Φ

Assuming that we can decompose strains to elastic and plastic components, we can write the
total strains as:

ε θ = ε θe + ε θp =

1 +ν
[( 1 − ν )σ θ − νσ r ] + σ e ε p
E
Φ

ε r = ε re + ε rp =

1 +ν
[( 1 − ν )σ r − νσ θ ] − η σ e ε p
Φ
E

From the strain compatibility relation and under the small strain assumption:
du
u 1 +ν
[(η − ν (1 + η ))σ θ + (1 − ν (1 + η ))σ r ]
+η =
dr
r
E
By substituting the stresses in the elastic-plastic zone from Eq.1.1-8 and noting that
displacement should be continuous along the elastic-plastic boundary at r=c, the
displacement in the elastic-plastic zone is found to be:
ξ

η

Κ
Κ2  r 
Κ
Κ 2  c 

u= 1 r−
  c + Κ 0 − 1 +
  c
η +1 η + ξ  c 
η + 1 η + ξ  r 


where

(6.1.1-11)
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Κ0 =

1 +ν Y
E 1+ ξ

(6.1.1-12a)

Κ1 =

1 +ν Y
(1 + η )(1 − 2ν )
E 1−ξ

(6.1.1-12b)

Κ2 =

1 + ν 2Y
[1 + ηξ − ν (1 + η )(1 + ξ )]
E 1− ξ 2

(6.1.1-12c)

6.1.2. Modification for cylindrical indentation
The radial stress expression in the elastic-plastic region is needed (Eq. 6.1.1-7) along with the
radial displacement of the material (Eq. 6.1.1-8) and the following conditions need to be
satisfied:
1. At the interface of the core and the elastic plastic zone, from equilibrium, the
hydrostatic pressure of the core will equal to the radial stress. That is p = σ rr

r =a

.

2. During a movement dh of the indenter, the displaced volume of material underneath
the core needs to be appropriately accommodated.
From the first condition, by satisfying the continuity condition at r = a it is possible to
obtain the expression for the hydrostatic pressure in the core as:
p=

  c 1−ξ

Y
2  − ( ξ + 1 )
( 1 − ξ )( 1 + ξ )   a 


(6.1.2-1)

The second condition will give an expression between a and c incorporating the possibility
for non-associative flow.
ξ


1−ξ
du( a )
η + 1  c 
a
=−
Κ 2   + Κ 0 − Κ 1 +
Κ 2  
dc
η +ξ
η +ξ
c

 a 

η

where Κ 0 , Κ 1 , Κ 2 are defined in Eqs. 6.1.1-12.
From the geometric similarity condition

dc c
= , and neglecting core compressibility:
da a

πadu( a ) = 2a tan βda . Therefore
−

1− ξ
c
Κ2 
η +ξ
a

1−ξ


η + 1  c 
+ Κ 0 − Κ 1 +
Κ 2  
η +ξ

 a 

η +1

=

2

π

tan β

The assumption of core incompressibility enforces that for r<a, η=0.

(6.1.2-2)
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Using the assumption of shallow indentation

tan β =

2h a
=
a
R

(6.1.2-3)

By substituting Eq. 1.1.2-3 to Eq. 1.1.2-2 and using Eq.2-1, it is possible to derive an
expression for the elastic plastic boundary as:
2 +η

2 −ξ

c π
η + 1  1−ξ 1 − ξ
= Κ 0 − Κ 1 +
Κ 2  ΡY −
Κ 2 ΡY1−ξ
R 2
η +ξ
η +ξ


(6.1.2-4)

with
ΡY =

( 1 − ξ )( 1 + ξ ) p 1 + ξ
+
2
Y
2

(6.1.2-5)

Since there was never any indication of pile-up or sink in after indentation it is possible to
use the geometric relation between indentation depth and contact radius:

a ≈ 2 Rh
The normal indentation load (F) measured during the test can be correlated to the pressure
using force equilibrium:

p=

F
2aW

It is thus possible for a certain value of the indentation depth, to find the contact radius and
thus the pressure and elastic-plastic boundary dimension.

6.1.3. Comparison of plastic zone size evolution for Tresca and Mohr-Coulomb materials
The above derivation solution can be modified to describe a Tresca material. The cylindrical
cavity expansion solution for a Tresca material is already well known (Hill, 1983;
Chakrabarty, 1987). From there, we can obtain the two conditions of force equilibrium and
compatibility at the interface. Then, in the spirit of Johnson’s cavity expansion derivation
(1970) the expression for the hydrostatic pressure in the core is:

 c 
p = k 1 + 2 ln 
 a 


(6.1.3-1)

The radial displacement of the material particles is found to be
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du( a ) ( 1 + ν )( 1 − 2ν )
( 1 + ν )( 1 − ν )  c 
a
2k  
( − k )2  + 2
=
dc
E
E
c
a
By assuming volume conservation in the core we can write

πadu( a ) = 2adh = 2a tan βda
Finally assuming self similarity: dc da = c a = cons tan t and substituting the above two
assumptions in the relation from the radial displacement we get
2

2 E
1
c
2(1 − ν )  − (1 − 2ν ) =
tan β
π ( 1 + ν ) 2k
a

(6.1.3-2)

We can again rewrite the Eq. 1.1.3-1 and Eq.1.1.3-2 to describe the size of the elastic plastic
zone as:

(1 −ν 2 ) e p / k −1  e p / k −1 − 1 − 2ν 
c
= 2π

R
E / 2k
2(1 − ν ) 

with k =

σ YT
2

(6.1.3-3)

being the maximum in plane shear strength.

In previous work it has been proven that the shear band network is self similar for all radii in
agreement with cavity expansion models (Antoniou et al., 2005). It was also seen that the
smaller radii conform macroscopically to a pressure sensitive material with φ = 2° whereas
the larger radii are pressure insensitive (Antoniou et al, 2006a). While the dimensions of the
elastic-plastic boundary (c) will change depending on the pressure sensitivity parameter, we
can see from Fig.B1 that the change is almost proportional for each radius. It is thus possible
to normalize the entire field using the elastic-plastic boundary expression for a Tresca
material.
6.1.4. Strains in the elastic and elastic-plastic regions according to Tresca yield criterion
a) Elastic zone ( r ≥ c )
From Hill (1983) and Chakrabarty (1989) the displacement for a Tresca material is:
2

1 +ν Y  c 
u=
  r
E 2r
Then, under the small strain assumption:
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∂u
1 +ν Y  c 
=−
εr =
 
E 2r
∂r
u 1 +ν Y  c 
εθ ≈ =
 
r
E 2r

2

2

The maximum in-plane shear strain is:
1 +ν Y  c 
γp =
 
E 2r

2

(6.1.4-1)

b) Elastic-plastic zone ( a ≤ r ≤ c )
From the displacement expression (p.108, Hill, 1983):
u=

( 1 + ν )( 1 − 2ν )  Y  
 c  ( 1 + ν )( 1 − ν )  c 
Y  c
  1 + 2 ln  r +
E
E
r
 r 
 2 

The strains are:

εr =

( 1 + ν )( 1 − 2ν
E

)  Y    c   ( 1 + ν )( 1 − ν )  c 
Y 
 −  2 ln  − 1 −
E
 2   r  
r

2

( 1 + ν )( 1 − 2ν )  Y    c   ( 1 + ν )( 1 − ν )  c 
εθ =
Y 
 −  2 ln  + 1 +
E
E
 2   r  
r

2

The maximum in-plane shear strain is:
( 1 + ν )( 1 − 2ν )  Y  ( 1 + ν )( 1 − ν )  c 
Y 
γp =
−  +
E
E
 2
r

2

(6.1.4-2)

6.1.5. Results
Figure 6.1 shows the prediction of the above cavity expansion model for various radii and
degrees of pressure sensitivity. Figure 6.1(a) show the predicted response for a pressure
insensitive material for four different radii. The model is not valid below the initiation of
yield, since the core is assumed to be so small that the elastic strains can accommodate the
deformation.

Figure 6.1(b-c) show the how the macroscopic response changes with

increasing levels of the friction angle (measure of pressure sensitivity) and dilation angle
(deviation from normality flow). The higher the levels of the pressure sensitivity give a
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stiffer macroscopic response. The change is more dramatic for the smallest radius as seen in
Fig. 6.1(c). The variation of the elastic-plastic boundary (c) as a function of applied load is
shown in Fig. 6.2. Both the pressure insensitive (Tresca) solution and a high level of
pressure sensitivity are plotted together for all radii. It is seen that the higher the level of
pressure sensitivity, the more self similar the process zone size becomes. Finally, Fig. 6.3
shows the all the strain variations beneath the indenter. The radial strain ( ε rr ) is compressive
and has a higher absolute measure than the tensile circumferential strain component ( ε θθ ).
Note that the solution is not valid inside the core, where it is assumed that the material has
reached yield.

6.2 MODELING LOCALIZED DEFORMATION IN METALLIC GLASS
6.2.1 Constitutive Equations
When working with constitutive relations of inelastic materials one assumes that the material
is still a continuum but that the strains are influenced by stress, temperature and a number of
internal variables (Lubliner, 1990).

These internal variables are either physical or

phenomenological in nature and they can be used –along with stress and temperature, to
define the state of a small neighborhood of material.
For the case of metallic glass, the internal variables are chosen such that they can address the
following macroscopic observations of metallic glass:
1) Tension-Compression asymmetry
2) Pressure sensitivity of the yield surface
3) Localization angle varies from that of τmax (depends on the pressure sensitivity
parameter).
As Patnaik et al. (2004) have noted, many models can appropriately describe the above
characteristics (Mohr-Coulomb, modified Tresca and Druger-Prager). The Druger-Prager
model is chosen here because its yield surface does not contain corners and closely resembles
to the one produced from MD simulations (Lund and Schuh, 2003).
To develop the constitutive behavior of any material in the inelastic range we need the
following:
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1) Yield criterion, describing the conditions at which the material undergoes permanent
deformation
2) Flow Rule, describing how the plastic strain increment will grow at yielding.
3) Post Yield Rule, describing how the yield surface evolves after initial yielding.
•

Yield Criterion:
The Druger-Prager criterion is a subset of the yield criteria involving Coulomb

friction (Lubliner, 1990). It is typically used to model frictional materials (i.e. granular
solids) or materials with different yield in tension and compression. There are variations of
the model depending of the shape of the yield surface. Along the mean stress direction the
surface might be linear, exponential or hyperbolic. A cut in the π plane might also be non
circular (Extended Druger Prager). We chose the linear DP model with a circular shape in
the π plane similar to the Mises criterion.
The yield relation is Φ( σ e ,σ H ) ≤ 0 with the equality only being true at the point of yield.

σ e = 3 2sij sij = 3 J 2

is the effective stress and σ H = tr( σ) is the hydrostatic stress. The

Cauchy stress is σ and its second deviatoric invariant is J2. The linear DP yield criterion can
be written as:
Φ = σˆ − σ o = 0

(6.2.1-1a)

where σ̂ is defined as:

σˆ = σ e + ασ H

(6.2.1-1b)

with α being the pressure sensitivity parameter and a measure of the slope of the yield
surface in the σ e − σ H plane. σ o is sometimes called the cohesion and it is expressed as:
(1 − α )σ YC

σ o = (1 + α )σ YT

3τ


(6.2.1-2)

depending on whether it’s defined from compressive, tensile or shear yield stress
respectively.
•

Flow Rule:
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We are working with large deformation plasticity and by assuming associated flow:

DP = Λ

∂Φ
∂σ

(6.2.1-3)

&
Also by defining the work conjugate of σ̂ as εˆ we can express that the only plastic work

done is after the yield criterion is satisfied
σ : D P = εˆ&σˆ

(6.2.1-4)

We need to incorporate the increment of plastic strain in expression (6.2.1-3). We start by
writing the change of the yield surface with the total Cauchy stress as:
∂Φ
∂Φ  ∂Φ ∂σˆ
∂σˆ ∂σ H 


=
+
∂σ ij ∂σˆ  ∂σ e ∂σ ij ∂σ H ∂σ ij 

(6.2.1-5)

From the definitions of effective and hydrostatic stresses we can write:
∂σ e ∂σ e 3 s ij
=
=
∂σ ij ∂s ij 2 σ e

(6.2.1-6a)

∂σ H
= Gij
∂σ ij

(6.2.1-6b)

By substituting equations (6.2.1-6) into (6.2.1-5) we obtain:
∂Φ
3 sij
=
+ αGij
ij
2 σe
∂σ

(6.2.1-7)

If the above expression is multiplied with the total Cauchy stress then:

σ ij

 3 sij
 3 sij sij
∂Φ
= σ ij 
+ αGij  =
+ ασ H = σ e + ασ H = σˆ
ij
∂σ
 2 σe
 2 σe

(6.2.1-8)

Going back to equation (6.2.1-3) and incorporating the plastic work expression (6.2.1-4) with
(6.2.1-8) the multiplier is found to be:
Λ=

εˆ&σˆ
σ ij ( ∂Φ ∂σ ij )

= εˆ&
(6.2.1-9)

Finally, the plastic strain rate tensor is found by substituting (6.2.1-8) and (6.2.1-9) in (6.2.13)
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∂Φ
P
& 3 s ij + αG 
ˆ
Dij = εˆ&
ε
=
ij 
2σ
∂σ ij
e



(6.2.1-10)

The rate equation for inelastic strain takes the form:
 σˆ
εˆ& = ε&0 
σ0





1/ m

where for time-independent behavior m (a constant), is taken to be very small. The above
relation implicitly enforces that the yield criterion is satisfied. While Φ( σ e ,σ H ) < 0 the
inelastic increment is almost zero so only the elastic strain contributes to the total strain
increment.
•

Post Yield Rule:

Metallic glasses have very little post yielding behavior in uniaxial tension or compression to
warrant any accurate description. There have been numerous experimental results supporting
this i.e. Bruck et al. (1993), Donovan (1988) etc. Spaepen (1981) had noted that the “vein”
like patterns seen along the fracture surface are typical of an instability that develops when
two solid surfaces containing a fluid layer are pulled apart. Thus he speculated that the shear
band undergoes a structural change resembling local softening. For example, experimental
observations of the “vein” like patterns have been seen by Flores and Dauskardt (2001).
To describe such a softening behavior for the metallic glass, we use

()


σ
σ& 0 εˆ& = h1 − 0
σ


SS

&
εˆ


where h describes the slope of the decrease after yield and σ ss is the steady state value of the
yield stress.
In this work we are not including any further explanation of the softening. It is true that
Spaepen and Hufnagel (2002) had observed an increased amount of void like defects in a
shear band using high-resolution electron microscopy. Anand and Su (2005) had tried to
incorporate such void creation in their model but the model is still phenomenological with an
increased amount of complexity.
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6.2.2 Model description and Initial Results
A 2D geometric model of the sample and indenter is constructed, using FORTRAN codes
developed by the Micromechanics Group in The Netherlands2 where the above constitutive
framework is employed.

The entire in-plane section is modeled so that the symmetry

boundaries would not interfere with the propagation of shear bands. Quadrilateral elements
are used, formed from four triangular elements. This configuration prevents volumetric
locking. The mesh is separated into three regions of increasing refinement close to the
indenter tip. Frictionless contact is assumed between sample and indenter. The indenter is
modeled as rigid to simplify the contact analysis. The material is taken to have an effective
modulus E* where
2
2
 1 − ν SiC

1 − ν BMG

+
E* = 
EBMG 
 ESiC

−1

(6.2.2-1)

and ν SiC = 0.14 , E SiC = 410GPa , ν BMG = 0.36 , E BMG = 96GPa . The effective modulus,
accounts for the elasticity of the SiC indenter and thereby avert its influence when compared
with the experimental response. Since the strains underneath the indenter are large, finite
deformation is used. The numerical simulations are carried out in displacement control.
The stress-strain response for one element is shown in Fig. 6.4(a). The modulus here is
E*=EBMG.

The pressure sensitivity parameter ( α ) and cohesion strength ( σ 0 ) were

calculated from macroscopic measurements for σ YT and σ YC (Bruck et al., 1993). Since there
is little post yield information, the values of the softening slope and steady state stress were
assumed. To initiate localization, the elements within the region closest to the indenter, have
an assigned cohesion strength ( σ 0 ) with a normal distribution as shown in Fig. 6.4(b).
Figure 6.5 shows the plastic shear rate evolution for R=1.6mm. Shear bands initiate beneath
the surface, not at the interface. This agrees well with the experimental observations shown

2

During the first iteration, codes P.D.Wu and E. Van der Giessen developed for glassy polymers were
modified. In later iterations, modifications were made to the J2-flow code of F. Scheyvaerts and P.R. Onck.
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in Fig.6.6. Despite the complexity of the shear band network as described in Chapters 2, 3
and 4 the deformation commences when a single shear band forms beneath the indenter, as
seen in Fig. 6.6(a) and (d). Shear bands initiated beneath the indenter in the molecular
dynamics simulation of Shi and Falk (2005). Both the experimental and numerical results
presented here are in contrast with Su and Anand’s (2006) claim that shear bands do not
initiate in the bulk along the symmetry axis.
The initial results for this model used only macroscopic measurements for BMG to model the
shear band initiation. However, as was shown in this study, both the macroscopic and
microscopic measurements are needed to properly calibrate constitutive models.

Then

various exploratory studies could be performed –such as an in depth examination of the role
of non-associative flow.
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Figure 6.1 Cylindrical cavity expansion model predictions for the macroscopic loadindentation depth response for various degrees of pressure sensitivity and different radii.
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Figure 6.5 (a)-(c) Plastic shear rate results from an FEM simulation for R=1.6mm. For this
case, E*=EBMG, v=0.36, h / σ 0 = 195 , σ ss / σ 0 = 0.77 , ε&o = 0.5 × 10 −3 s −1 , m = 0.001 . The
pressure sensitivity parameter was calculated from macroscopic experimental results (Bruck
et al., 1993).
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CHAPTER 7. CONCLUSIONS
7.1 SUMMARY
The work presented in this dissertation has contributed to the fundamental
understanding of the conditions of initiation and propagation of localized deformation in
amorphous metals under a strain gradient field. This research provides a framework on
which parameters of various constitutive models describing BMGs can be calibrated.
Wedge indentation with a circular profile was used to provide a stable loading path
for the experimental observation of shear bands in Vitreloy-1 (Zr41.2Be22.5Ti

13.8Cu13.5Ni10).

Various indenter radii were used to provide different level of mean pressure ( p ), at the
same macroscopic load. Along with macroscopic force-indentation depth measurements, the
deformation evolution at the front surface of the sample was monitored optically.
It was found that the first shear bands initiate within the sample when a critical value
of p is achieved. The shear bands are found to conform well with the slip line field
solutions for a pressure sensitive material. There are two dominant shear band patterns that
can be formed conforming to either the α or β lines for each sector. The shear band network
that eventually forms is self-similar regardless of the value of p .

The angle between

intersecting shear bands along the indent centerline revealed the presence of primary and
secondary bands. Secondary bands form between the primary bands and have a significantly
higher included angle measurement. This implies that the material between primary bands
has undergone a structural change. By observing how the shear band spacing along the
centerline, correlated with an average measure of in-plane shear strain, it was possible to
explain shear band initiation as a strain relieving mechanism, and thereby develop a
phenomenological model that describes this behavior.
A numerical model was created using FEM and its prediction of the macroscopic
response for various yield criteria was compared to experimental observations. It was found
that the parameters for the yield criteria need to change depending on the developed level of
p . Thus, the pressure sensitivity parameter is no longer a constant, but it increases with p .
Even so, the method of finding the pressure sensitivity parameter from macroscopic data
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provides lower values than the local measurements. The local measurements of the pressure
sensitivity levels were based on comparing the included angles between pairs of shear bands
with those between the two families of the slip line field solutions for a pressure sensitive
material. In fact, the duality of the angle measurements can be captured in a constitutive
model by allowing for non-normality flow. The extent and eccentricity of the shear band
network should also be influenced by the pressure sensitivity parameter. However, it was
found that the size of the process zone conforms well to the contours of a pressure insensitive
yield criterion. Even though at a local level the response of the material is highly pressure
sensitive, all the dynamic interactions such as band bifurcations and the presence of the
secondary bands, dilute the overall response so that the material appears to be less sensitive
to pressure.
Experimental in-plane deformation maps have revealed the amount of total strain that
builds prior to the initiation of localized deformation. Such measurements have never been
reported experimentally and they can be used to examine the conditions for destabilizing the
homogeneous deformation in BMGs. Furthermore, the maps helped examine the change
imposed on the surrounding strain field by the appearance of a shear band. It was verified
that shear bands relax the asymptotic field by changing the order of singularity. Finally, it
was seen that the shear bands are not the only accumulation of permanent deformation but
that the surrounding material can accrue measurable level of inelastic deformation. The
technique also gives an insight to the actual amount of softening involved when a shear band
initiates, and how a preformed shear band can influence the surrounding material so that a
new shear band can be triggered. The above observations give a detailed insight on the postyield behavior of BMGs, which cannot be obtained from macroscopic uniaxial tension or
compression tests.
Finally, this work demonstrates how useful cylindrical indentation can be in
characterizing material behavior in view of the correlation of macroscopic and microscopic
deformation. The stable loading path can be used to study other materials with propagating
instabilities such as glassy polymers.

The work also advises caution whenever the

macroscopic measurements from indentation are used to extract various material parameters.
In particular, for pressure sensitive materials, hardness (maximum force per residual contact
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area) is not only affected by an error in estimating the contact area due to pile-up or sink-in
but it can also be biased by the pressure sensitivity parameter and when yielding would
initiate beneath the indenter.
In summary, the research work presented here has provided a much needed
fundamental understanding of the mechanics of shear band propagation and interaction in
BMGs. The experimental work has provided a framework on which constitutive models can
be calibrated. The nature of localization in these materials is fundamentally different than
crystalline solids. Once an instability commences, plastic deformation does not continue to
accumulate indefinitely within it, but new instabilities continue to form, propagate and drop
the order of singularity of the gradient field. The insight provided in this work can set up a
framework that can exploit the positive attributes of this material i.e. high strength, without
the hindrance of limited ductility.

7.2 FUTURE WORK

The dissertation focused on examining how instabilities in an amorphous metal form
and propagate under a strain gradient field. The main focus of the work was in examining
the validity of various constitutive models and finding relevant parameters from the
experimental data.
The work revealed two dominant shear band patterns forming beneath the indenter.
Subsequent shear bands conform to the orientation of the first few shear bands and whether
they align with the α or β lines for each sector. An interesting question would be to further
investigate the conditions for which the first shear band would align. In Chapter 3, the
possibility of asperity waviness within the contact area influencing the orientation of the first
shear band was presented. It would be an important clarification to make, in order to futher
elucidate on the interactions of material instabilities with local stress concentrators.
In Chapter 6, initial results for a numerical model describing were presented. The
model merits revisiting, so that all the experimentally calibrated parameters could be
adjusted. It would be important to investigate the conditions that influence shear band

148
spacing. Experimental observations indicate that the spacing is influenced by a mean value
of strain and not the gradient of the field.
As was presented in the introduction, the atoms of the amorphous metals have no
long range order but there can be short or middle range order that is currently being
examined in various atomistic models (e.g. Hufnagel, 2004). The amorphous metals tend to
have very similar behavior to porous materials such as rocks or soils. In that framework, it
was seen that the yield surface of the porous materials cannot grow indefinitely as predicted
by Mohr-Coulomb yield criterion, but there can be inelastic behavior under purely
hydrostatic conditions. Under such conditions, localized deformation is not in the form of
shear bands but of compaction bands.

The transition from shear to compaction band

behavior can be rationalized by introducing a cap on the yield surface (Olsson, 1999; Issen
and Rudnicki, 2000). The existence or absence of such bands in amorphous metals can be
examined when the material is tested under hydrostatic loading, or in uniaxial compression.
To emphasize this point, when acoustic emission measurements were taken for an amorphous
metal under uniaxial loading, two distinct processes were identified that have different
special scales (Vinogradov and Khonik; 2004).
Another important extension of this work would be on establishing relevant
parameters of constitutive models for other material systems. One such example is in
examining yield criteria for bone. Despite the existence of a hierarchical microstructure
whose largest component may be of the same order as the geometric dimensions, the most
commonly used yield criterion is that of a pressure insensitive (Mises) criterion. However, it
is expected that the microstructure will influence yielding and a more detailed study is
merited, especially when examining failure criteria for bone.
The understanding the deformation mechanisms in BMGs, would provide a clear road map
for BMGs reinforced matrix. Toughening in composite BMGs is thought to arise from formation of
more ordered shear bands (Flores et al, 2003) between reinforcements. Thus the details of interaction
between the secondary reinforcement phases and the shear bands leading to the ductility enhancement
have to be addressed. In particular, One has to show the role of diffusing and arresting the shear
bands before forming cracks.
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APPENDIX A. DEFORMATION CHARACTERISTICS OF TIN-BASED
SOLDER JOINTS
A paper published in the J. Mater. Res.1

Antonia Antoniou2,3 and Ashraf F. Bastawros2,4
A.1 ABSTRACT
A novel experimental configuration was devised to measure the evolution of the deformation
field and the corresponding toughness in solder joints for microelectronic packaging. The
utilized material system comprised a ductile layer of tin-based solder encapsulated within
relatively hard copper shoulders. The experimental configuration provided pure shear state
within the constrained solder layer. Different Pb/Sn compositions were tested with grain size
approaching the film thickness. The in-plane strain distribution within the joint thickness was
measured by a microscopic digital image correlation system. The toughness evolution within
such highly gradient deformation field was monitored qualitatively through a twodimensional surface scan with a nanoindentor. The measurements showed a highly
inhomogeneous deformation field within the film with discreet shear bands of concentrated
strain. The localized shear bands showed long-range correlations of the order 2–3 grain
diameters. A size-dependent macroscopic response on the layer thickness was observed.
However, the corresponding film thickness was approximately 100–1000 times larger than
those predicted by nonlocal continuum theories and discreet dislocation.
A.2 INTRODUCTION
Tin-based solder alloys of eutectic or near eutectic compositions are among the
commonly used interconnect materials for microelectronic packaging. The package integrity
is primarily driven by the reliability of the solder joints. From the field practice, it is usually
1
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shown that solder-joint failure is more prevalent than substrate failure under normal usage.
The microstructure of a typical solder alloy (Pb37/Sn63 eutectic or Pb40/Sn60 near eutectic)
is highly heterogeneous and presents strain rate sensitivity. In addition, solder joints operate
at a relatively high homologous temperature (Tm～183°C). Thus, the combination of
microstructure and service temperature leads to a highly inhomogeneous deformation field
within the solder joints,1,2 thereby severely affecting their reliability.
Another reliability controlling factor is the thickness of the solder joint. When the
thickness of these soft metallic solder layers approaches the micrometer range, they will be
subjected to a highly non-uniform deformation field, and size-dependent hardening is likely
to play a significant role in the mechanics of these joints. Such dependence will manifest
itself as an apparent strength improvement of the joint. The improved joint strength is known
in the literature as Friction-Hill phenomenon,3,4 due to the triaxial stress build-up when the
joint is loaded normal to the interface. However, under shear loading, such strength
enhancement is not known except for solder joints that possess width to thickness ratio
t/Lo>0.68.5 Moreover, when the joint thickness becomes the same order as the grain size, the
dislocation mobility within individual grains will be severely constrained by the adjacent
boundary.6
The scope of this work was focused on understanding the thickness-dependent
response of solder joints and the associated joint strength and toughening. The focus was to
understand the details of the deformation field and the hardening characteristics within the
constrained joint layer. This was done by testing constrained layers of the solder with
different thicknesses in pure shear loading while recording the evolution of the full
deformation field. Shear loading is selected here because it is the prevalent mode of failure
for solder joints due to thermal cycling mismatch of the chip and the surrounding packaging.7
A.3 EXPERIMENTAL
A.3.1 Material System:
Two tin-based solder alloys were tested: near eutectic alloy (Pb40/Sn60) and near
pure tin alloy (Pb2/Sn98). The detailed microstructure is shown in Fig. A.1 using backscatter
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scanning electron microscopy and optical imaging. The average grain size is about 75µm in
each case. Such size is slightly larger than those commonly observed in microelectronics
packaging.2 However, these grain sizes are consistent with the overall specimen dimensions
implemented in the current work.
A.3.2 Specimen Configuration:
The configuration shown in Fig. A.2 consists of two blocks that sandwich the solder
layer. By applying equal and opposite axial compressive forces on the block boundaries, a
state of direct shear with minimal hydrostatic stress can be generated within the test structure.
The proposed configuration is similar in principle to the Arcan fixture configuration. The
average shear stress as well as the boundary displacement can be directly calculated. The
loading blocks were made of oxygen-free, 99.99% high-purity copper (101 alloy series). A
key point for the validity of this test is that the interfacial adhesion strength should be about
two to three times the tensile yield strength of the solder layer.8 The thickness t of the solder
layer was varied between 100–1000 µm. The whole layer length Lo along the shearing axis
and the thickness B normal to the plane of flow were about 6 mm.
A.3.3 Full-field deformation measurements
Each specimen was tested in uniaxial compression to a macroscopic shear strain of
about 50%, using a computer-controlled servo-electric uniaxial testing frame (Instron 8862,
Instron Materials Testing, Canton, MA). The experiment was performed in displacement
control with a cross-head displacement rate of 1 µm/s. This rate corresponds to a shear strain
rate of about 10-2/s. From the recorded force-displacement data, the average shear stress was
calculated as τ =F/LoB. The average shear strain was defined as γ = δ t , where δ is the
axial cross-head displacement. It is apparent that a high level of shear strain can be attained
within the film for a very limited head displacement movement. The constrained layer limit
load was estimated as the 0.2% deviation from the elastic loading where the specimen shows
significant strain hardening.
Surface strain analysis within the solder joint thickness was performed at several
stages during the loading history. Surface images were acquired with a progressive scan

153
camera [Pulnix TM6702, 640(H) × 480(V) pixels] (Pulnix America, Inc., Sunnyvale, CA)
with a 10x extended working distance microscope objective attached to a traveling
microscope. The acquired images were then digitized with a frame grabber. Both oblique and
through-the-lens lighting was used. Before testing, the specimen surface was decorated with
a black-and white speckle pattern using a mix of 1µm graphite and alumina powders. The
imaged speckle size was about 7–8 pixels to provide adequate frequency representation
within the analysis window.
The analysis was performed utilizing fast Fourier transform (FFT)-based surface
displacement analysis (SDA).9 The images of the current deformed configuration were
correlated to the image of the original undeformed configuration through a series of two
dimensional FFT calculations of corresponding sub-windows. Each image was divided to a
set of 32-pixel square windows, with a 16-pixel overlap. The average displacement of each
window was represented at a node located at the window center. The details of the analysis
are listed elsewhere.10–13 The nodal displacement output from the SDA software was then
filtered through a bilinear interpolation filter based on the nearest three neighboring points to
eliminate the high-frequency digital noise without obscuring any displacement localization.
Utilizing the filtered nodal displacements, the Almansi (Eulerian) strain components of the
in-plane strain tensor were evaluated on the current configuration, based on a three-point
central difference scheme.
A.3.4 Toughness evolution measurements
A new conceptual methodology was devised by utilizing the nanoindenter
(TriboIndentor, Hysitron, Minneapolis, MN) to evaluate quantitatively the state of material
hardening within the highly inhomogeneous deformation field of the constrained layered
structure. It was assumed that the Von Mises flow rule applies and that the Tabor’s factor of
314 could be used to convert equivalent stress to hardness ( H = 3σ ,σ = 3τ ). With this
relation, an estimate for the current state of hardening could be reached either in situ or after
loading. The novelty of this simple approach is that a two-dimensional surface indentation
scan with the same indentation depth would provide a quantitative estimate of the spatial
stress distribution within the gradient field. While the measurements are on the surface,
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however, the proper trend is thought to be acquired, because plastic deformation in dense
metals is controlled only by the deviatoric stress.15,16
A.4 RESULTS
The shear stress–strain loading curves for the near pure β -phase tin alloy are shown
in Fig. A.3 for different brazed joint thicknesses. The loading curves showed significant
hardening evolution until reaching a peak where the brazed joints started to debond at the
interface with the copper blocks. While the different brazed joints yielded at approximately
the same shear stress level of 10MPa, however, there is significant thickness dependence for
the post yielding and hardening phase. It seems that there is an apparent joint toughening
with reduction of the joint thickness.
Figure A.4 shows the experimentally measured shear strain distribution within the
solder joints immediately after reaching the yield point. The deformation is localized in
bands having spacing of approximately 150µm, for all film thicknesses. The band spacing is
about two grain sizes apart. As for the near eutectic alloy, two different batches of soldered
specimens were tested. Each batch exhibited the same thickness dependence trend, but with
varying stress amplitude. Therefore, the initial flow stress of each specimen is normalized by
the flow stress for the 500-µm specimen of the same batch, thereby accounting for batch
variability.
Figure A.5 shows the systematic increase of the normalized initial flow stress as the
film thickness decreases. Figure A.6 shows atypical shear stress–strain curve, with the stages
marked for full-field deformation analysis. Figure A.7 shows the shear strain distribution
within a solder joint, having a thickness of t ～500µm. The deformation field is again highly
heterogeneous; however, instead of having continuous bands of localized deformation, there
are discontinuous islands of localized deformation with spatial spacing along the joint
thickness of about 120µm. The island’s shape resembles to a large degree the heterogeneous
nature of the microstructure, shown in Fig. A.1.
The evolution of the solder-joint hardening is checked after testing via
nanoindentation by employing a Berkovich tip with a 100-nm tip radius, subjected to
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1000µN of force. A line of indentation scan was carried out across the solder joint thickness
with 10-µm spacing. The spatial distribution of the measured hardness under the constant
indentation load is shown in Fig. A.8. The measured hardness clearly indicates a bimodal
distribution, wherein some narrow regions of the order 20–30µm show an elevated level of
hardening (～0.14 GPa) on top of a background of low level of hardening (～0.06 GPa). The
spacing between these regions of higher apparent hardening is about 70–100µm apart. Such
spacing is of the same order as those observed between the localized shear bands, shown in
Figs. A.4 and A.7. This trend can be understood in view of Tabor indentation analysis14 and
application of Von Mises flow rule. Thus, the localized shear bands are accompanied with a
higher level of instantaneous flow stress and thereby would show a higher level of hardening.
Dislocation multiplication and pile-ups lead to such higher level of apparent hardening. On
the other hand, geometrical constraints leave the background matrix with a very low
dislocation activity, thereby exhibiting a softer response under the secondary deformation
field of the nanoindentation. The implication of these measurements is that the shear stress
(current flow stress) within these bands is about two times its level in the surrounding matrix.
A.5 DISCUSSION
The presented experimental results of near eutectic and pure tin solder alloys having
thicknesses in the range 100–1000µm show systematic increase of the average yield shear
stress as the joint thickness decreases (Figs. A.3 and A.6). In addition, the deformation is
localized in bands having spacing of approximately 150µm and shear flow stress of about
two times the surrounding matrix, for all film thicknesses. Such inhomogeneous deformation
field can be understood if one considers the primary deformation mechanisms to be grain
boundary rotation and possibly sliding. Thus, the formations of the localized shear bands are
primarily taking place at the grain boundaries with the possibility of grain boundary sliding.
The formation kinematics of these localized bands requires significant accommodations of
the surrounding layers of grains through combinations of rotation (normally uniform; i.e.,
rigid) and/or shearing. The accommodation domains are approximately two-grain layers in
width, or the 120–150-µm spatial spacing between these localized bands. The discontinuity
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of these bands for the case of the near eutectic alloy is due to thermodynamic instability of
the Pb/Sn alloy. The microstructure will evolve to equiaxed grains with segregated α and β
phases that would lock each other and hinder grain boundary rotation and sliding.17
Within the solder-joint thickness range tested here, the macroscopic response of the
film seems to depend on the film thickness, which suggests a secondary length scale beside
the intrinsic length scale of the material. The preliminary discrete dislocation modeling of
Needleman6 for shearing of a constrained single-crystal film has indicated that both the
macroscopic response and the dislocation patterns have a strong dependence on the film
thickness. Surprisingly, the analysis showed a dislocation free layer adjacent to the boundary
while all dislocation activities were located and trapped in the middle of the film. It should be
emphasized that the experimentally observed size-dependent macroscopic response is found
at a layer thickness that is about 100–1000 times those predicted by non-local continuum
theories and discreet dislocation.6 One significant aspect with the tested samples is the
structural heterogeneity of the solder and the preexisting of voids. However, the effect of
these voids and defects are usually considered on the fracture toughness of the joint, wherein
the thicker the joint, the lower its fracture toughness due to the increased probability of
voids.18,19
A.6 CONCLUSIONS
The current study has shown the significance of the microstructure heterogeneities of
the solder alloys on the size-dependent strength and toughness response of the solder joint.
The average grain size to the joint thickness ratio seemed to control the periodicity of the
observed discrete shear bands. Further analysis has to be carried out to understand the
significance of such heterogeneous deformation field, its interaction with the solder joint
corners, and the associated elevation in the shear stress levels on the thermo-mechanical
reliability of solder joints for surface mount packaging.
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Figure A.1 (a) Backscatter scanning electron microscopy image of the near eutectic
(Pb40/Sn60). The Pb-rich phase is seen as the lighter recessed clusters due to etching. The
atypical layered structure of the eutectic alloy defines the extent of each grain. (b) Optical
image of the near pure -phase. The micrograph is showing columnar grains through the
solder joint thickness.
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Figure A.2 Loading configuration, showing the constrained solder joint subjected to pure
shear loading. The junction thickness normal to the plane of flow is “B” (not shown on the
drawing).

Figure A.3 Shear stress–shear strain curve for different solder joint thickness for pure βphase solder alloy. Significant size-dependent toughening is observed.

Figure A.4 Experimentally measured shear strain within the solder layer thickness for pure β-phase solder alloy. The
deformation field is clustered in localized shear bands having spacing of about 150µm.

t=1000µm
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Figure A.5 Dependence of the normalized shear flow stress on the joint thickness for near
eutectic Pb40/Sn60 solder alloy. Each data point represents an average of 3–4 experiments,
with the range of data indicated.

Figure A.6 Shear stress–shear strain curve for near eutectic Pb/Sn solder alloy. Points
marked where full-field deformation analysis is carried out.
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Figure A.7 Evolution of shear strain localization within the near eutectic Pb/Sn solder joint (t
～500 µm): (a) just before yielding at stage 2 in Fig. 6 and (b) at yielding, (stage 3) shown in
Fig. 6.

Figure A.8 Spatial distribution of hardening across the solder joint thickness, measured by a
nanoindenter. The joint is near eutectic Pb40/Sn60 solder alloy with a thickness of t=670µm.

