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I.

INTRODUCTION

The Dirac theory of the spin 1/2 point-particle predicts that the
electron should possess a magnetic moment of magnitude eti/2m^c.

Actual

measurements reveal a tiny discrepancy on the order of a/2ïï, where
a=l/137.036 is the fine structure constant.

This deviation from Dirac

point-particle behaviour is accounted for in the context of quantum
electrodynamics by higher-order processes involving the emission and
reabsorption of virtual photons by the bare electron.

These virtual

photons are imagined to form a sort of cloud around the bare electron
and consequently to generate its spatial structure.

Measurements

suggest (1) that this structure extends into space a distance on the
order of one-hundredth of a fermi.

For all practical purposes, then,

an electron can be treated as a structureless Dirac point-particle.
For hadrons the situation is quite different.
proton's

total magnetic moment, (gïï/2m^c)

For example, the

includes an

anomalous part, ^^=1.792782, giving rise to a contribution on the
order of the Dirac moment itself.

Such a large deviation cannot be

considered the result of corrections of order a/2ïï.

Equally mysterious

from the standpoint of pure quantum electrodynamics is the neutron.
According to this theory a neutral point-particle has no magnetic moment.
However, measurements of the neutron's magnetic dipole moment in nuclear
magnetic resonance experiments have shown its value to be (eh/2m^c)y^,
where p^=-l.913148 is the anomalous magnetic moment of the neutron.
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The earliest explanation of this discrepancy from Dirac pointparticle behaviour was given by pseudoscalar meson field theory (2).
The idea is that a virtual photon used to probe the proton structure
can interact with both the bare Dirac proton and with the cloud of
virtual, strongly interacting mesons which presumably are being
continuously emitted and reabsorbed by the proton.

This cloud is assumed

to produce a complicated distribution of chc/ge and current density
which increases the proton's intrinsic magnetic moment above the value,
efi/2m^c, expected on the basis of Dirac theory.
The first experiments to detect the existence of such an extended
structure in the proton were made by Hofstadter et

(3).

Calculations

of the proton's structure based on the meson model, however, have led only
to qualitative success in understanding Hofstadter's results.

Neither

the anomalous moment of the radius of the proton has been satisfactorily
explained (4).
Since fundamental theories for the interaction of mesons and
nucléons have not yet led to reliable, self-consistent quantitative
calculations of electromagnetic structure, information about the structure
of the hadron is obtained from the phenomenological analysis of two types
of experiments:
(1.)

Electron-hadron elastic scattering,

(2.)

Electron-positron annhilation into hadron-antihadron pairs.

Hofstadter's experiment, electron-proton elastic scattering, is an
example of the first of these experiments,

and pion pair production in

electron-positron colliding beam experiments is an example of the second
type.

The relevant kinematical variable for both of these processes
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is the four-momentum transfer, q, which can be either a space-like
(q2>0) or a time-like (q^<0) Lorentz four-vector depending on which

channel the interaction occurs in.
In the case of electron-proton scattering only two functions of
space-like q^ are required to completely characterize the process in
the one-photon-exchange limit (i.e., in the case where only a single
virtual photon is exchanged between the electron and proton).

These

are called the electric (E) and magnetic (M) form factors of the
proton (p), Gg(q2) and G^(q2), respectively.

The experimental data

describing the momentum space distribution of the proton charge and
magnetization density are summarized by the dipole law,

GP(q2) = [1 + (q2/0.71)]"2,

(1.1)

and the form factor scaling law,

GP(q2) = (1 + yp)GP(q2).

(1.2)

The dipole law receives its name from the existence of the double pole
at q2=-0.71 (GeV/c)2, and the scaling law from the constant ratio of
the form factors from which one may be obtained by scaling the other.
As discussed in Appendix A, the Fourier transforms of these functions
are related to

the charge and magnetization density of the proton in

coordinate space.

In this sense, the dipole and scaling laws suggest

that the charge and magnetic moment density of the proton fall off
exponentially with distance.

Furthermore, the asymptotic behaviour
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of the form factors suggests that the proton is a composite, not
an elementary particle (see Appendix A for a further discussion of
these points).
In the case of electron-positron annhllation into a charged pionantipion pair, the spinless nature of the pion requires only a single
form factor for a complete description of its electromagnetic structure.
Since q2<0; this is a time-like form factor.

The experimental data

indicates the existence of a distinct Breit-Wigner-llke resonance peak
in the form factor at a fairly definite value of q^.

In

the vicinity

of this peak the pion form factor, f^^fq^), is well-described by the
function

£^"(q2)|2.
(q^+m^)^ + m^r^

P

where
P

P P

is the (mass)^ of the p meson and P its width.
P

The exact

manner in which this meson comes into the picture will be discussed
later in connection with the vector meson dominance model.
The standard theoretical approach to the problem of electromagnetic
structure begins with dispersion relations (5).

Let G(q^) be the charge

form factor of a given hadron, H, and let v represent the threshold of
the least massive channel into which H can decay.
theory treatment,

In the dispersion

G(q^) is assumed to be analytic everywhere in the

complex q^-plane except for simple poles on the unphyslcal sheet and
along a branch cut from -v? to

If it is also assumed that G(q^)
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vanishes as |then as a consequence of these conditions, G(q^)
must satisfy an unsubtracted dispersion relation.

(1.3)

which defines the form factor uniquely in terms of an integral over
the spectral function, Im[G(s^)] (6).

The integration variable, s^,

represents the (mass)^ of the various intermediate states through which
the photon-hadron interaction

occurs.

• The spectral function is calculated using the unitarity property
of the S-matrix.

The calculation shows that it may be written as a sum

over all the strongly-interacting intermediate states consistent with
energy-momentum conservation and the conserved quantum numbers of the
strong interaction.

The determination of the spectral function thus

requires a complete knowledge of all the basic interactions mediating the
electron-hadron scattering process.

This is a formidible problem as the

number of such states is unlimited.
Using experimental data it is possible to at least place constraints
on the functional form of the spectral function.

First of all, the form

factor is normalized at q^=0 to the charge of the hadron,
exists the sum rule

So there

6

Secondly, the dipole law, Eq. (1.1), indicates that the form factors
of the nucléon decrease at least as fast as q ^ for large q^.

This

condition may be imposed on Eq. (1.3) by using the identity

s^
qZ-s^

q2

q2(q2-s2)

with the result that
—00

. [lm[G(s2)]
js2lm[G(s^)]
G(q^) = —
ds^ H
ds^.
W
9
* / q2(q2-s2)

j

I—

(1.4)

Now, if an asymptotic behaviour of the form

lim q^G(q^) = 0
q2->oo

is imposed, then from Eq. (1.4) there follows the two "dispersion
sum rules" (7),

Im[G(s^)]ds^ = 0,

s^Im[G(s^)]ds^ = 0,

(1.5)

J -1-2
both of which place mathematical limitations on the form of Im[G(s^)].

More generally, if the form factor goes to zero more rapidly than the
dipole, then

lim q^"G(q^) = 0
n
q^->oo

implies the set of sum rules,
—00

(1.6)

^Im[G(s^)]ds^ = 0; N=l,2,3,...n.
2

To go further in the analysis the assumption of vector meson
dominance (8) is usually made.

This is a model for photon-hadron

interactions in which it is assumed that the photon couples dominantly
PC —
only to neutral vector mesons bearing the same quantum numbers, J =1 ,
as the photon and that the vector mesons in turn interact strongly with
the hadron (the experimental values of the masses, widths, thresholds and
photon-couplings of these vector mesons are given in Table 1).

The

simplicity of the vector dominance model is due to the assumption that
the unstable vector meson states dominate the photon-hadron interaction;
that is, that uncorrelated pions, kaons, nucleon-antinucleon pairs, etc.,
make only negligible contributions to the intermediate states.

Math

ematically this assumption means that the vector meson singularities of
Im[G(s^)I

should dominate the form factor.

In electron scattering

experiments, the form factors are required for

q^>0, which is presumably

8

Table 1.

Experimental Data on the Neutral Vector Mesons

Mass^

Width

Threshold

^V

p

0.770 ±0.010

0.150 ±0.010

0.27914

2.6±0.2

w

0.782710.0006

0.010 ±0.004

0.41410

7.7±0.8

4»

1.019710.0003

0.0042+0.0002

0.98741

6.2±0.9

p'

1.6

0.4

0.5582

5.2

4)

3.105 ±0.003

<0.0019

3.695 ±0.004

<0.0027

^Mass, width and threshold are in units of GeV.
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far enough from the vector meson resonance peaks to allow them to be
approximated by a delta function,

Im[G(s2)] = tr^a^ô(s^ +

%

,

V
where a^ is a coupling constant and m^ the mass of the vector meson, V.
T h e s u m i s over the established vector meson resonances, p , w , and (J).
A p' may also be present, but the resonance interpretation of the relevant
data is still uncertain.
This approximation amounts to ignoring the width of the vector mesons
and the cut structure of the integrand of Eq. (1.3); that is, the vector
mesons are treated as stable rather than unstable particles.

As a result

of this approximation the dispersion integral simplifies to the so-called
monopole form for the electromagnetic form factors.

G(q2) = ^

(1.7)

V s' +
The electromagnetic form factor may be broken up into a part receiving
contributions from only the isovector vector mesons,

since the p is the only established isovector vector-meson which couples
to the photon (that is, the p meson is a member of an isospin triplet).

10

and a part receiving contributions from only the isoscalar vector
mesons,

q2 + m2

q2 + mj

Experimentally, it is known that both obey a q ^ dependence at high
q2.

The sum rules given in Eqs. (1.5) then take the form

\h +

m^a

° "•

= 0.

(1.8)

P PH

Since the p , to, and (f)
a

differ in mass, these sum rules imply

=a =a, =0, which contradicts the experimental evidence for the
pH toH (j)H '

existence of non-zero vector meson-hadron couplings.
Attempts to fit the nucléon form factor data using just p, co,
and (() dominance and monopole propagators (9) have led to good fits to
the low energy data at the expense of requiring the p mass to be at least
200 MeV smaller than its measured value in leptonic decays.

Even when

core terms are added as adjustable parameters a good fit using the
observed masses of the vector mesons in Eq. (1.7) has never been
achieved.

As expected from the sum rules, the problem is aggravated at

high q2 due to the rapid fall-off of the data. Monopole propagators
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therefore can only be regarded as phenomenological representations
of the data.

The mass and coupling parameters occurring in the theory

cannot be identified with the real masses and couplings of the vector
mesons.
For the time-like electromagnetic form factors Eq. (1.7) is
usually modified to give a Breit-Wigner resonance at each vector meson
mass.

In the small-width approximation, I^<<m^, the electromagnetic

form factor becomes

G(f) =

—
^

+ »v -"V'^v

and gives a good representation of the data for time-like
of the vector meson resonance peaks.

in the region

However, in addition to being an

approximation around the vector meson pole, the Breit-Wigner propagator
is defective because it produces poles on all sheets of the scattering
amplitude and because the pole position is unrelated to the resonance
width.

Thus it gives no insight into the dynamical origin of the

resonance.
As a consequence of the apparent failure of vector meson dominance
in the space-like region, the monopole model has been amended by several
authors.

It is important to discuss some of these modifications and their

success and failure in fitting the nucléon and pseudoscalar form factor
data.

These modifications fall into five classes:

(1.)

Extended Vector Meson Dominance:

In addition to the p, w,

and (j), contributions from additional higher vector mesons like the p'
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are required.

These will modify the sum rule for the isovector

couplings and presumably eliminate t h e contradiction posed by Eq. ( 1 . 8 ) .
Attempts to fit the data utilize the monopole propagators and treat the
mass and couplings of the p*

as adjustable parameters.

The general

result (10) has been that a good four-pole fit, with or without core
terms and using the experimental p , to, and (j) masses requires a p '
mass on the order of 900 MeV.
region.

No p' has ever been observed in this

Chan et al. (9), however, have obtained a fair fit to the data

(Xp=1.8) in the momentum transfer region less than 1 (GeV/c)^ using a
p' mass of 1.2 GeV.

Such a p' may be identified with an ojir enhancement

detected in some experiments.

Even so, extensions to higher q^ have

resulted in a rapidly deteriorating fit.
(2.)

Pole dominance is wrong and contributions from the continuum

are needed.

In the time-like region it is to be expected that vector

meson dominance works well because of the obvious resonances which
dominate any continuum background.

But why a pole on the unphysical

sheet should dominate the dispersion integral in the space-like region
is a mystery.

There is no a priori justification for vector meson

dominance, according to this philosophy, it is merely a simplicity
assumption.
Core terms have been included in the three and four-pole fits ( 1 1 )
in order to simulate a continuum contribution.

These core terms, though

tiny, are crucial to the fit and violate the observed asymptotic dipole
behaviour of the form factor.

Ball and Parkinson (12) have included

contributions from the closed decay channels of the p.

The resonance
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is represented by a relativistic generalization of the Breit-Wigner
propagator based on the Frazer-Fulco ansatz.

They found that the NN

state is dominant and that the TTTT state is the smallest contribution,
leading them to the conclusion that p-dominance is not sufficient to
explain the nucléon isovector form factor.

Other models (13) have

been proposed that include corrections to simple pole dominance due to
the non-resonant structure, but have not yet been shown to give good
agreement with the data.
(3.)
come

Pole dominance is wrong because additional form factors

into the problem.

The vector meson-nucleon coupling constants,

have been allowed a monopole momentum dependence (14) designed to
simulate dipole-like behaviour when the monopole propagators are retained
for the vector meson pieces.

Massam and Zichichi (15) use, in addition

to a monopole momentum dependence for

SU(3) symmetry and its

breaking to relate the various coupling constants and make a one
parameter fit to the nucléon form factor data.

Their final chi-square

per degree of freedom, Xp> is 4.0, so the fit is not satisfactory.
In the vector meson dominance field theory of Kroll, Lee and
Zumino (16), the form factors are predicted to obey the form

V

V

where a^(q^) is proportional to the strong form factor of the vector
meson.

This obviously allows for a more complicated q^-dependence,

but the a^j. cannot be calculated from the theory. Ng (17) has made a
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fit to the form factor data using the theory of Kroll, Lee and Zumino
and assuming that the vector meson-nucleon vertices obey a monopole
momentum dependence.

A fit to all the nucléon form factor data over a

momentum region up to 4 (GeV/c)^ gave Xp=1.5 for a four parameter fit.
However, the assumptions made about the momentum dependence of the
strong vector meson-nucleon couplings are thoroughly ad hoc.
A priori it is possible that, in a quark model description,
the extra q^-dependence could come from the vector meson-quark-quark
coupling and/or from the spatial extension of the bound state quark wave
function (18).

However, more knowledge of quark dynamics is necessary

before such a hypothesis can be given substance.

The implications for

the existence of the dipole p meson as they relate to the nucléon form
factor data have been discussed by Krepps and Moffat (19).
(4.)

Generalized Vector Meson Dominance:

An arbitrarily large

number of higher vector mesons have been included in Veneziano model
descriptions (20).

In these models the cut in the form factor is

approximated by an infinite set of equally spaced poles associated with
Regge recurrences on a linearly rising Regge trajectory.

These give

good "eyeball fits" to selected form factors, but no analysis for all
the nucléon form factors has been made.

Jengo and Remiddi (21) con

sidered contributions from three recurrences of the p-trajectory and
found a good eyeball fit to G^(q^) alone.

However, a good fit to a

selected form factor is always possible when enough arbitrary parameters
are introduced.

The authors ignored finite-width effects and con

tributions from the w and (j), making the analysis quite weak.
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(5.)

Vector meson dominance with p, w, and <j) contributions works

if the vector meson propagator and the vector meson-nucleon vertex
are constructed with the correct analytic properties.

Many attempts

have been made, nearly all of them have been ad hoc in one way or
another.

One such attempt (22) involved the use of the relativistic

S-wave Breit-Wigner parametriaation to obtain

2

V
with a square-root function to represent the elastic cut in the
propagator.

Though this propagator has the correct analytic behaviour

in that it satisfies a dispersion relation, possesses a resonance at
q2=-m^ and yields good eyeball fits to the data, it is not suitable for
a description of the p meson, for example, because the resonant tttt
system forming the p meson interacts in a P-wave, not an S-wave, state.
Thus the S-wave Breit-Wigner gives rise to a TTTT phase shift possessing
the wrong threshold behaviour.
Deo and Parida (23) have fit
Mandelstam (24).

using the N/D method of Chew and

The P-wave structure of the partial wave amplitudes

arising in the dispersion relation method were parametrized using an
effective-range formula.

The resulting fit, though good, depended on

their being a large number of free parameters and on the relative lack
of constraint in fitting only one of the four nucléon form factors.
In an attempt to avoid the use of hypothetical higher vector mesons
and capitalize on the use of unitarity and analyticity. Renard (25)

16

constructed propagators including contributions from the inelastic
channels that couple to the p.

These channels give cusp-like effects

at their thresholds that simulate the bumps attributed to the higher
vector mesons.

Renard is able to fit all the data reasonably well (no

is reported) including the high energy pion and kaon data.

The

drawbacks to his approach lie in the arbitrary choice he makes for the
structure functions and in the ad hoc momentum dependence of the vector
meson-nucleon couplings.
None of these modifications of the monopole model is widely
accepted due to their arbitrariness.

The purpose of this work is to

construct a phenomenological model of hadronic form factors based on
vector meson dominance and on an unstable particle field theory. The
unstable vector meson propagators used in the analysis possess the
correct analytic properties to enable a representation of unstable
particles; i.e., poles only on the unphysical sheet and a branch cut on
the real axis.

Furthermore, the resonance width or total decay rate is

connected to a function characterizing the dynamical nature of the
resonance.

This model is then compared to the experimental data on pion,

kaon and nucléon electromagnetic form factors, and used to make pre
dictions where experimental data is presently lacking.
In Chapter II the space-like electromagnetic form factors are defined,
a model for them constructed, and fits made to the low-energy nucléon,
pion and kaon data are analyzed.'

Unlike fits using monopole propagators,

only the p, oj, and (j) are required to achieve a good

fit to the data.

At higher energies a contribution from a heavy isovector-vector meson
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is utilized.

An interpretation of this meson in terms of known

resonances is made.

The theory is very sensitive to the mass and half-

width of the vector mesons, and these values are close to their
experimental counterparts.

In addition, the vector meson-nucleon

coupling constants determined by this fit satisfy sum rules implying
that there exists no direct photon-nucleon coupling.

By a

criterion,

the data fits are much better than those obtained using stable particle
propagators, suggesting that the instability of the vector mesons is
crucial and reinforcing the validity of the vector meson dominance model
in the space-like region.
Also in this chapter, the pion and kaon space-like form factors
are predicted on the basis of fits to the nucléon data using vector
meson universality.

The radii of the pion, kaon, and nuclecu are cal

culated and found to be slightly larger than the accepted values.
In Chapter III the time-like electromagnetic form factors are
defined.

These are obtained by analytic continuation of

space-like region.

from the

There is no other attempt in the literature to

describe the space and time-like electromagnetic form factors of the pion,
kaon and nucléon simultaneously with the same set of three vector meson
propagators.

Good fits to the low-energy pion form factor are obtained

only if p-w mixing is included.

The fits demonstrate that within the

present accuracy of the experimental data, the p couples universally
YTT

to the pion and nucléon so that the identification f

V
=2f^ can be made.

Good fits to both the low and high energy pion and kaon form factor data
require a contribution from a heavy p meson which can easily be
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Identified with the experimental p' at 1.6+0.2 GeV.

Furthermore,

it is found that the vector meson-pion and vector meson-kaon couplings
obey sum rules that suggest there exists no direct photon-pion or
photon-kaon interaction.
The pion charge radius calculated on the basis of fits to the
pion form factor data give a large value with respect to the accepted
value.

This discrepancy can be traced to the anomalous threshold

behaviour due to the cut structure of the model propagator used in the
analysis.

When this propagator is modified to incorporate the correct

P-wave threshold behaviour, the radius predicted on the basis of a fit
to the pion form factor is 0.75±0.05 f., in excellent agreement with the
recent controversial result from

eir

scattering: 0.78±0.10 f.

However,

the P-wave iTir phase shift calculated using the theoretical form factor
lies outside the error bars of the data.

The disagreement is especially

acute at the inelastic threshold, 18±3° compared to 11+5°, given by
experiment.

This suggests that some other mechanism other than vector

meson instability may be needed to consistently account for the large
pion charge radius.

Possibilities include structure in the pirir vertex,

contributions from inelastic channels, etc.
Appendix A contains a discussion of the physical interpretation
of the electromagnetic form factors as charge and magnetic moment dis
tributions in coordinate space.

In Appendix B the theoretical basis for

vector meson universality is discussed.

Appendices C and D contain a

discussion of the initial values of a propagator function, ly(q^), and
its initial derivatives, and of the computer programs used in the
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analysis, respectively.

Appendix E contains a brief discussion of

work in progress concerning an attempt to modify the vector meson
propagator to include structure in the pirir vertex.

The work is

concluded with a comprehensive bibliography, references (1-166).
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II.

SPACE-LIKE ELECTROMAGNETIC FORM FACTORS

This chapter begins with a definition of the electromagnetic form
factors of hadrons defined for space-like values of the four-momentum
transfer.

This definition is necessary since an elementary particle

may possess strong, weak and gravitational form factors due to its
interaction with the corresponding fields, as well as electromagnetic
form factors due to its interaction with photons.

The experimental

methods for measuring these form factors and a discussion of the limits
of validity of the form factor data is given in Section B.

A vector

meson dominance theory of space-like form factors is described in
Section C which is based upon propagators possessing analytic properties
capable of representing unstable vector mesons.

Finally, in Section D

the space-like electromagnetic form factors for the proton, neutron, pion
and kaon are analyzed using this model and the results are discussed.
A.

Definition

Consider a single virtual photon which interacts with a hadron, H,
of spin S.
Fig. 1.

In terms of a Feynman graph this process is represented by

In this figure p=(p,iE) is the incident and p'=(p',iE') the

final four-momentum of the hadron.

Four-momentum is conserved at the

photon-hadron vertex so the four momentum carried by the photon is

q = p' - p

q2 = -(E' - E)2 + (p' - p)"- > 0.
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H
4-

H

H

H

Figure 1.

Feynman diagrams for the interaction of a virtual
photon, Y> with a hadron, H.
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The blob at the vertex in Fig. 1 represents the set of all strongly
interacting intermediate states which are involved in the process.
For example, there are contributions from uncorrelated pions, pionic
resonances, uncorrelated kaons, nucleon-antinucleon pairs, etc.

This

graph is described by the matrix element

j^^(q) = <P'|jj^^(0)|p>,

where

YH
(x) is the hadronic electromagnetic current operator.

The

x-dependence in the matrix element has been transformed away using
space-translation invariance.
There is no way to sum the infinite number of graphs appearing
on the right in Fig. 1, so the exact functional form of the electro
magnetic current matrix element between hadronic states Is unknown.
However, since it is a Lorentz four-vector it may be written as a sum
of Lorentz covariants for spin S, I^, multiplied by 2S+1 scalar "form
factors" (26), f^^(q^),

2S+1

j=l
In this work only the form factors for particles of spin 0 and
spin

will be analyzed. Measurements of the form factors

resonances exist, but are not directly susceptible
presented in this work.

of nucléon

to the analysis

No measurements of elastic form factors of

particles of spin greater than 1 (outside of nuclei) exist.
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1.

Baryon form factors (S=^)
For any member, H=B, of the h

baryon octet, B={N,ZjAjE}, Lorentz

invariance and current conservation require that, for space-like q

2

and

for B on the mass shell,

JJ[^(Q) = I(2IT) 3UG(P') [Y^F|®(Q^)+A^^Q^F2^(Q^)]UG(P)

(2.1)

In this manner it is seen that the electromagnetic current matrix
element of a spin h baryon may be written as a sum of Dirac gamma
matrices,

a^^=[Y^,Y^]/2i; Dirac free-particle spinors, Ug(p') and

Ug(p); and two form factors, fj^Cq^) and f^^Cq^), called the Dirac and
Pauli form factors, respectively.

The Hermiticity of

YH

(x) implies

that these form factors are real for space-like values of q^.
The Dirac form factor is related to the static charge (in units of
and the Pauli form factor to the static anomalous magnetic moment (in
Bohr magnetons) through the normalization conditions

(0) = QG.
F^®(0) = WG/2MG.

(2.2)

These numbers determine the strength of the interaction between the
baryon and a weak electromagnetic field.

A linear combination of these,

the electric (E) and magnetic (M) form factors, are defined as

GG(Q2) = FJ®(Q2) - (Q2/2MG)F^®(Q2),
G^^'Q^) = F^^(Q^) + 2MGF^®(Q2)

(2.3)
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These form factors have a more transparent meaning than the Dirac and
Pauli form factors.

As discussed further in Appendix A, they are related

to the Fourier transforms of the charge and magnetization density of
the hadron.

By Eq. (2.2), the electric and magnetic form factors are

normalized according to

G®(0) - QG.

G®(0) - Qj + "B-

(2.4)

In SU(3) electrodynamics the electromagnetic current is written as
g

the sum of an isoscalar current, J^(x), and the third component of an
isovector current, (jJCx))^,

jY(x) = J^(x) + (f(x))g.

(2.5)

The matrix elements of the isospin current between ^ baryon states may be
written in terms of isospin form factors as

<B|J^'^(0)lB> = i(2ïï)
y

(p')[Y f^»^(q2) +
is
y i

where S, V denote the isoscalar and isovector form factors, respectively.
YB

These form factors are related to fj g by Eq. (2.5) as the sura

Since there are only four electromagnetic form factors, the eight
isospin form factors are clearly redundant.

This redundancy can be

removed by using the group properties of the isospin generators.

Then
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the matrix elements of the isoscalar or isovector current taken
between baryon states of the same hypercharge but opposite isospin are

<+|jS(0)|+> = <-|jS(0)|->,
<+!(/(0))3|+> = -<-|(/(0))3|->,

where + has been used to denote the state

and - the state

AS a result the form factors for these states may be written

in terms of the isoscalar and isovector form factors according to the
equations

• F1.2(4') -

(2.6)

The inverse relations are

<.2(<'') • 4,2(4') + FL.ZC')'
2^1,2(4') - 4.2(1') -

The isoscalar and isovector electric and magnetic form factors are
defined similarly as

^^.«(L') ° ^E,M(4') * °E.M(L')'
«;.„("') - «E,M(O')

- <=LM("').

2G|.M(Q') • <.M(4') - GÊ.M(Q')-

(2-7)

The electromagnetic current matrix elements of a self-conjugate
particle vanish by charge conjugation invariance (27).

Thus the
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form factors of A and E® vanish identically for all q^:

2.

Pseudoscalar meson form factors (S=0)
Unlike the baryons, which possess two form factors describing the

momentum space distribution of their charge and magnetization density,
the spinless pseudoscalar mesons possess only one form factor.
factor describes their charge distribution.
0

This form

For any member, H=P, of the

octet, P={K,Tr,ri,TI'}, Lorentz invariance and current conservation

require that for P on the mass shell,

j^^(q) = (p +p')^f^^(q^).

where the pseudoscalar meson form factor, f^^Cq^), is normalized to the
total charge,

F^^(O) = QP,

and is real for space-like values of q^.

Again a decomposition into

isoscalar and isovector form factors can be made.
no isoscalar form factor by G-parity invariance.

The charged pion has
The charged and neutral

kaons, however, possess both isoscalar and isovector form factors.

= FSK(Q2) +
- F™(Q2).

(2.8)

Thus
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The TT^, n, and n' possess no form factors by charge conjugation
invariance,

B.

Experimental Data and Empirical Laws

There are several methods by which knowledge concerning the electro
magnetic structure of hadrons is obtained.

A discussion of these methods

and an analysis of the validity of the experimental data is an important
step prior to a theoretical analysis.
1.

Proton Data
The electric and magnetic form factors of the proton are measured in

electron-proton elastic scattering experiments.

In the one-photon-

exchange approximation this process is described by the Feynman graph
of Fig. 2.

In this graph p^, s^ are the initial and p^, s^ the final

four-momentum and spin of the electron.

The initial and final four-

momenta of the proton are defined in a similar manner with subscripts 3
and 4, respectively.

The momentum carried by the photon is q=p^-P2=P^-P2,

by four-momentum conservation.

The scattering amplitude for this graph,

in terms of the matrix elements of the electromagnetic current operator, is
written

i<ep|T|ep>^ = j®^(q)Dp(q2)^^j^P(q),

(2.9)

where |ep>^ represents the initial free-particle electron-proton state,
i pj^,sj^;p^,s^>, and |ep>^=|p2,s2;p^,s^> the final electron-proton twoparticle state.

As before, the current matrix elements are defined to be
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e

H e

+
e

Figure 2.

Feynman diagrams for the process e + H -> e + H.
(a)

The direct photon-hadron interaction term.

(b)

The vector meson exchange term.
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JY^(Q) = <PI.S^|J®^(0)JP2,S2>,
J^^(Q) = <P3.S3|J^^(0)JP^,S^>,

and D_(q2) is the photon propagator,
R

DP(Q2) = -I6^^/Q2.

As discussed in Sec. I, experiment shows that the electron has no internal
structure, so the electromagnetic current matrix element between oneelectron states to lowest order in a can be written as

= I(2TR)"3U^(PJ,SPY^U^(P2>S2).

The exact functional form of the proton part of the hadronic electro
magnetic current operator is not known, but as indicated in the discussion
in Sec. IIA, Eq. (2.1), the matrix element can in general be written in
terms of the Dirac and Pauli form factors as

j^^(q) = i(2n) ^u^(4)[y^f(q2)+a^^q^f2^(q2)Ju^(2),

where

Up(n) = Up(p^,s^); n=2,4.

Using the expression, Eq. (2.9), for the matrix element for
electron-proton elastic scattering, it is straightforward to derive the
Rosenbluth differential cross section formula (28):

da
Wa =

+ t(GP)2
+ 2TC(^)2tanHe/2) ],

(2.10)
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where

is related to the electron scattering angle, 6, and the

incident electron energy, Eg, in the lab system by the equation,

4E2SIN2(8/2)
q2 =

,
1 + (2E^/MP)SIN^(6/2)

T=q^/4m^, and

is the cross section for the scattering of a rel

ativistic electron from a spinless point charge,

1
a

1

cos^(0/2)
.
4E2sin4(8/2)
1+(2E /m )sin2(6/2)
0

OP

Eq. (2.10) holds only in the extreme relativistic limit where errors on
the order of a and m^/qZ can be ignored.
Typically, the form factors are extracted from the differential
cross section measurements, after radiative corrections are applied,
by making a Rosenbluth plot.

The procedure is to measure (da/df2)

fixed q^ and variable 6, plot (do/dSî) /a
the data points with a straight line.

for

against tan^(0/2) and fit

The slope of the line is pro

portional to (G^)^ and the intercept is proportional to (Gg)^+T(G^)^.
In this way the squares of the form factors, but not their signs, can
be determined.

Deviations from this straight line behaviour can be

taken as evidence for the breakdown of the one-photon-exchange mechanism
due to the exchange of two or more virtual photons.

No deviations from

the Rosenbluth formula have been observed in elastic electron-proton
scattering up to 25 (GeV/c)^ (29).

There is the possibility of con
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tamination from effects due to the exchange of weak neutral bosons.
These have been calculated (30) and found to be an order of magnitude
less than the present experimental accuracy of the cross section
measurements.
The proton form factor data used in this analysis is taken from a
compilation by E. Lohrmann (31).
from 0.47 to 3.77 (GeV/c)^.
(GeV/c)^.

For

The measurements of

used extend

the data ranges from 0.06 to 4.09

The electric and magnetic form factors are difficult to

separate above 4 (GeV/c)^ due to the existence of the momentum-dependent
factor, 2T, multiplying (G^)^.

Data quoted for G^ above 4 (GeV/c)^

is usually obtained from the cross section measurements by assuming that
Gg and G^ scale according according to Eq. (1.1) and (1.2).

Since this

assumption may be in error, the cross section data is substituted for
G^ data above 4 (GeV/c)^.

It extends from 3.11 to 25.03 (GeV/c)^ to

allow for a continuous overlap with the G^ measurements.

The proton

differential cross section and form factor data is recorded in Tables 2-4
and is seen graphically in Figs. 10 and 12.
tables refer only to statistical errors.

The errors quoted in these

Systematic errors between data

sets obtained from different experiments have been ignored.
According to the conventional interpretation placed upon the electro
magnetic form factor data, the strong q^ dependence of the data graphed in
Figs. 10 and 12 means that the proton must be regarded as an extended
particle.

For a more rigorous clarification of this point, see the

discussion in Appendix A.
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Table 2.

Proton Electric Form Factor Data

q2(GeV/c)2

0.06
0.07
0.11
0.14
0.15
0.17
0.19
0.21
0.24
0.28
0.29
0.32
0.35
0.38
0.43
0.46
0.50
0.54
0.58
0.62
0.65
0.70
0.74
0.78
0.98
1.18
1.59
1.79
1.98
2.91
4.09

GP(q2)[l+q2/0.71]2

Error

1.00
0.99
0.98
0.99
1.03
0.97
0.97
0.97
1.02
1.00
1.00
0.99
0.94
0.97
1.03
1.00
1.03
0.99
1.01
0.94
0.94
1.08
1.06
0.97
0.99
0.97
0.89
1.23
0.96
1.07
1.53

±0.01
0.01
0.03
0.02
0.02
0.02
0.05
0.03
0.03
0.04
0.05
0.02
0.07
0.01
0.06
0.05
0.10
0.09
0.02
0.08
0.09
0.09
0.15
0.04
0.04
0.06
0.07
0.13
0.17
0.26
0.49
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Table 3.

Proton Magnetic Form Factor Data

q2(GeV/c)2

[l+q^/O.71] /[l+y^]

Error

0.47

0.97

±0.03

0.50

0.96

0.02

0.54

0.99

0.01

0.58

0.98

0.05

0.62

0.99

0.03

0.66

1.02

0.02

0.70

0.99

0.02

0.76

1.02

0.03

0.79

1.03

0.01

0.88

1.08

0.02

1.05

1.04

0.02

1.10

1.05

0.03

1.20

1.07

0.01

1.56

1.04

0.02

1.76

1.00

0.04

1.96

1.03

0.04

2.33

0.99

0.04

2.44

1.06

0.03

2.46

1.06

0.03

2.51

1.07

0.03

2.53

1.06

0.03

2.61

1.09

0.04

2.92

1.07

0.02

3.11

0.984

0.02

3.27

1.021

0.05

3.77

1.051

0.09
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Table 4.

Electron-Proton Differential Cross Section Data

q^(GeV/c)^

Energy

Angle

(do/an)

3.11
3.11
3.11
3.27
3.77
3.88
3.881
4.08
4.09
4.16
4.2
4.28
4.88
5.0
5.082
5.89
6.276
6.81
6.85
7.512
7.58
8.766
8.78
9.528
9.59
9.992
12.49
15.02
20.0
20.03
25.03

4.12
3.47
2.67
4.002
10.0
2.777
4.874
3.82
5.886
3.87
3.11
8.46
4.34
10.001
10.702
4.96
11.349
5.988
5.54
12.00
6.13
12.7
5.71
6.13
6.13
13.32
14.657
16.008
17.314
17.806
17.314

0.562
0.719
1.138
0.611
0.218
1.571
0.541
0.829
0.436
0.826
1.335
1.073
0.831
0.262
0.244
0.829
0.263
0.731
0.829
0.281
0.831
0.294
1.311
1.323
1.321
0.307
0.328
0.344
0.419
0.34
0.612

0.199
0.089
0.0282
0.123
0.97
0.0081
0.1
0.0178
0.113
0.0185
0.00457
0.00887
0.00769
0.1772
0.1913
0.00334
0.0571
0.0058
0.00138
0.0195
0.00074
0.00707
0.00011
0.0000604
0.000077
0.00392
0.00084
0.000328
0.0000284
0.000045
0.0000042

Error
±0.0169
0.0072
0.0032
0.01
0.017
0.0014
0.087
0.00178
0.0057
0.00185
0.000457
0.0011
0.000769
0.0077
0.0048
0.000334
0.0023
0.0011
0.000138
0.001
0.000074
0.00053
0.000033
0.0000085
0.0000308
0.00023
0.000087
0.000038
0.0000066
0.000013
0.000002

35

2.

Neutron data
Since no pure neutron targets exist, the neutron form factors have

to be determined indirectly by either elastic or inelastic electrondeuteron scattering.

In elastic electron-deuteron scattering the

electromagnetic field may interact with either the proton or the neutron,
so proton effects have to be separated out in order to determine the
neutron form factors (see Fig. 3).

This separation is usually done in the

impulse approximation, which states that the electron-deuteron scattering
amplitude is the sum of the amplitudes for the scattering of electrons by
a free proton and a free neutron.

In addition some ansatz for the

deuteron wave function must also be made.

From these two assumptions the

theory of electron-deuteron elastic scattering (32) predicts that the
electric and magnetic form factors of the deuteron (33) are related to
those of the neutron and proton by the equations

G£(Q^) = GG(Q2)F^(Q2),

where f^ ^^q^) are deuteron structure functions defined by integrals over
the ground-state dueteron wave functions.
enter

because the deuteron has lsospin=0.

Only the isoscalar form factors
Thus a measurement of the

differential cross section for electron-deuteron scattering can be used to
deduce the nucléon isoscalar form factors.

If the proton and deuteron

form factors are measured at the same value of q^, by Eq. (2.7) it may
be seen that the relative sign and magnitude of the neutron form factors
can be determined.

More often, a four-pole phenomenological fit to the

proton form factor data is used to represent the proton contribution.
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Figure 3.

Feynman diagrams for elastic electron-deuteron scattering.

37

As a practical matter, only

is actually measured in electron-deuteron

elastic scattering because scattering by the deuteron*s magnetic dipole
moment is only a

5%

contribution at small q^.

Even then, g" is a very
TJ

small quantity, and thus very sensitive to errors in experiment and theory.
There are at least five factors limiting the accuracy of the G^Cq^)
measurements ;
(1.)

The value of G^ is uncertain due to the model-dependent

extrapolation of G^ and G^.
(2.)

The model dependence of the ground state deuteron wave

functions also adds uncertainty because the exact functional form of the
two-nucleon potential is unknown.

Galster et al. (34) have shown that

(da/dfi)^^ varies as much as 75% when different deuteron wave functions
are used.
(3.)

Some of the popular choices are given in reference (35).
The assumption that the free and bound-state neutron form

factors are identical cannot be exactly valid because the nucléons in the
deuteron are off the mass shell.
(4.)

The use of a non-relativistic theory in the calculation of the

deuteron wave function is not exactly valid because the scattering takes
place at relativistic velocities.

However, relativistic corrections have

been made by Gross (36).
(5.)

Meson exchange current contributions to the deuteron electro

magnetic current are usually ignored, which means that important
corrections to the Born approximation involving the interaction of the
virtual photon with virtual mesons binding the neutron and proton to
form the deuteron are being excluded (37).
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The neutron form factors can also be measured in inelastic
electron-deuteron scattering; i.e., deuteron electrodisintegration
experiments.

The relevant amplitudes in the one-photon-exchange approx

imation are given in Fig. 4, and represent the dominant contributions at
the quasi-elastic peak.

The theoretical analysis is complicated and

will not be discussed (38).
In these experiments, usually it is the ratio, R, of the neutron to
proton differential cross sections that is actually measured.

This has

the advantage that errors due to final state interactions cancel out.
If the scattered electron is detected at the quasielastic peak in
coincidence with the recoiling neutron, R is nearly equal to the ratio
of the free particle Rosenbluth cross sections.

Thus, a measurement of R

and of the proton form factors at the same value of q^ may be used to
deduce the neutron form factors according to Eq. (2.10).

This experiment

is subject to the same errors that occur in elastic electron-deuteron
scattering.

In addition, a correction for final state interactions be

tween the outgoing proton and neutron has to be made, though it is usually
ignored in the analysis.
In view of these limitations on the validity of the neutron form
factor data, only data for low values of the momentum transfer have
been kept.

The

data used in this analysis is obtained from a compila

tion by E. Lohrmann (31), and extends from 0.03 to 1.16 (GeV/c)^.

This

data is determined experimentally from both elastic and inelastic electron
deuteron scattering.

The data for G", also obtained by such experiments,

is taken from a compilation by R. Wilson (39).

It ranges from 0.0117
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Figure 4.

Feyranan diagrams for inelastic electron-deuteron scattering
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to 0.989 (GeV/c)^.

Recent measurements (40) have resulted In knowl

edge of Gg up to ,2.7 (GeV/c)^ and of

up to 3.75 (GeV/c)^, but this

data has not yet been incorporated in the analysis due to the incon
sistencies mentioned above.

Some experiments report negative values

for (G")^, but these are ignored in the analysis.
£
Finally, the initial slope of G^ has been measured in experiments
in which very low energy neutrons scatter off electrons bound in atoms.
Since reliable theories of low energy scattering from atoms exist, the
initial slope measurements are usually regarded as being highly precise.
The electric and magnetic form factor data for the neutron is
plotted in Figs. 11 and 13.

The form factor data and the initial slope

measurements are tabulated in Tables 5-7.
3.

Pion data
The pion form factor data for space-like values of

references (41) to (44).

is taken from

In all cases the pion form factor has been

deduced from the pion electroproduction reaction, ep-^ir^n. In Fig. 5
the first few diagrams which describe this inelastic process are given.
Because of the large number of diagrams contributing to pion electroproduction, kinematic conditions have to be carefully chosen to isolate
the pion-pole term, which corresponds to electron scattering off the
virtual pion.

From an analysis of the three-body kinematics Akerlof (42)

has shown that the pion pole term is dominant at small electron scattering
angles and at zero angle between the photon and outgoing pion momentum.
Mistretta ^

(43) take their measurements close to the A(1236); i.e.,

in the region where the pion-proton center-of-mass energy is close to the
mass of the A(1236) resonance.

In this case contributions from the first
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Table 5.

Neutron Electric Form Factor Data

Q2(GEV/C)2

0.0117
0.0234
0.0389
0.0545
0.0662
0.0857
0.1170
0.1560
0.1950
0.2410
0.2610
0.273
0.296
0.381
0.424
0.428
0.46
0.467
0.483
0.506
0.576
0.6
0.623
0.654
0.673
0.701
0.732
0.763
0.783
0.794
0.818
0.849
0.884
0.915
0.942
0.989

Error
0.024
0.015
0.019
0.025
0.046
0.027
0.083
0.052
0.051
0.055
0.042
0.054
0.071
0.053
0.073
0.050
0.058
0.037
0.073
0.07
0.038
0.08
0.058
0.036
0.054
0.038
0.009
0.057
0.05
0.046
0.034
0.029
0.019
0.05
0.012
0.025

±0.013
0.013
0.014
0.012
0.014
0.015
0.023
0.019
0.02
0.017
0.017
0.018
0.02
0.017
0.019
0.014
0.014
0.027
0.016
0.018
0.015
0.017
0.018
0.016
0.016
0.015
0.016
0.016
0.036
0.017
0.014
0.016
0.019
0.022
0.027
0.023
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Table 6.

Neutron Magnetic Form Factor Data.

Q2(GEV/C)2

±0.34
0.07
0.04
0.10
0.07
0.11
0.08
0.03
0.03
0.16
0.05
0.06
0.14
0.15
0.22

Experimental Values of the Initial Slope of G^(q^).

Slope (GeV/c) %
0.459
0.575
0.512

Error

1.38
1.05
1.10
1.00
0.97
1.10
1.01
0.93
0.98
0.99
1.03
1.08
1.03
1.18
1.00

0.03
0.05
0.09
0.12
0.16
0.18
0.20
0.29
0.38
0.43
0.48
0.56
0.77
0.97
1.16

Table 7.

G^(q2)[l+q2/0.71]2/y^

IS

Error
±0.02
0.019
0.019

Ref.

149
150
151
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Figure 5.

Feynman diagrams for pion electroproduction.
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two graphs must be separated from the others using one of the many
theories of electroproduction (45).
Extraction of the space-like pion form factor from the differ
ential cross section for ep-^eir^n is thus a very theory-laden process.
The pion form factor, f^^(q^), is treated as a free parameter determined
by fitting the theory cross section to the cross section data for each
value of q^.

The electromagnetic form factors of the proton also

enter the calculation due to the nucleon-pole terms (see Fig. 5).
The standard procedure is to use the dipole and scaling laws to account
for these effects.
Kellet and Verzegnassi (46) have re-analyzed the electroproduction
models and concluded that single pion electroproduction cannot give
an unambiguous determination of the pion form factor due to the exist
ence of an unknown subtraction constant, usually ignored, entering the
dispersion relation formalism.

This purely theoretical uncertainty

means that the pion form factor deduced from electroproduction exper
iments can vary at least between the values predicted by simple pdominance, f =m^/(q^+m^), and by G^.
P P
P
&
Dombey and Read (47) have argued that because a pseudoscalar,
rather than a pseudovector, pion-nucleon coupling is chosen for the
Born approximation terms in pion electroproduction, a contribution from
the weak axial-vector form factor of the nucléon, g^^q^), is ignored in
all analyses to date.

Since g^(q^) is not a well-measured quantity, the

pion electroproduction data allows a wide variation in the value of the
pion form factor even beyond that of the other errors mentioned.
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The data, recorded in Table 8, includes values for the pion form
factor from 0.039 to 3.991 (GeV/c)^.

Most experimentalists include

only statistical errors in their measurements, whereas Akerlof and
Mistretta include theoretical uncertainties as well.

These are estimated

to be about 5%, ignoring the uncertainties mentioned above.

The high

measurements are least reliable as they depend on a theory which fails
to fit the angular distribution of the pions for q2>>m^.
There are two other sources of error in experiments which deduce
the pion form factor from electroproduction measurements in addition to
the theoretical uncertainties:
(1.)

The values of f^^ determined are heavily dependent on the

electroproduction theory used to deduce them.

Different theories give

results for f^^ varying as much as 25%.
(2.)

Final state interactions between the outgoing pion and

nucléon are often ignored.

This leads to a value of the pion form

factor larger than its real value.
As a consequence of the heavy theory-dependence required in
extracting the space-like pion form factor data, agreement with exper
imental results is not to be taken as a high priority.

It is prefer

able to try to predict the space-like pion form factor data by relating
it to more reliable experimental results.
4.

Kaon data
No direct electron-kaon scattering experiments have ever been

performed.

Only recently have kaon electroproduction experiments,

ep-^eK^A, eK^z'^, been conducted (48).

The theoretical interpretation
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Table 8.

Space-like Pion Form Factor Data

q^(GeV/c)

0.039
0.046
0.047
0.048
0.117
0.176
0.234
0.294
0.396
0.62
0.795
1.069
1.712
1.19
1.198
1.2
1.204
1.216
1.314
1.988
2.015
3.301
3.991

Table 9.

Error
0.624
0.922
1.061
0.922
0.672
0.656
0.325
0.411
0.333
0.208
0.16
0.11
0.257
0.076
0.321
0.083
0.085
0.324
0.071
0.221
0.034
0.136
0.124

Space-like Kaon Form Factor Data

q^CGeV/c)
0.1
0.2
0.3
0.4
0.5
0.6

±0.190
0.283
0.247
0.134
0.262
0.071
0.08
0.036
0.018
0.014
0.01
0.011
0.018
0.008
0.018
0.007
0.006
0.028
0.007
0.016
0.004
0.017
0.022

Error
0.948
0.892
0.833
0.773
0.712
0.651

±0.006
0.011
0.014
0.018
0.020
0.021
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has not yet led to a determination of the space-like kaon form factor,
however.

The kaon form factor has been determined indirectly by Mickens

and Rush (49) from a study of
Wu and Yang (50).

scattering data using the method of

Their idea is that the asymptotic differential

cross section for hadron-hadron scattering is related to the electro
magnetic form factor of the hadron (51), leading them to predict a
decaying exponential formula for the asymptotic electromagnetic form
factor of the hadron.

From the known pp and TTTT scattering data Chou

and Yang were able to predict the asymptotic proton and pion electro
magnetic form factors, which were found to be in qualitative agreement
with the data even for small q^, outside the expected region of validity.

+ +

By using the known K K

scattering data, Mickens used their technique

to determine the space-like kaon electromagnetic form factor.

The

results are given in Table 9 and plotted in Fig. 16.
A plot of the kaon form factor data against q^ shows that it is
suspiciously well-represented by straight-line behaviour.
it is subject to doubt.

For this reason

Furthermore, the Chou-Yang model for the form

factors, despite its "success" for the proton and pion data, has the
wrong analytic properties when analytically continued into the time-like
region.

It predicts an infinitely oscillating behaviour for the time

like form factors, corresponding to an infinite number of equally-spaced
higher vector meson resonances.

Thus it can only be regarded as pro

viding a limited phenomenological understanding of the data.
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5.

Empirical laws
From a careful analysis of the nucléon electromagnetic form

factor data three empirical generalizations, the dipole, scaling and
asymptotic laws, have been deduced.

These results will be discussed

separately.
a.

The dipole law

The dipole law, Eq. (1.1), gives a simple

first approximation to the data.

It experiences deviations of 5% for

q2<5 (GeV/c)^ and -15% for q^>10 (GeV/c)^, so it is not a perfect fit.
In fact, the dipole law has no accepted theoretical foundation (52-53)
and is probably only of fitting origin.

The dipole law gives a non-

resonant behaviour when analytically continued into the time-like region.
This contradicts the existence of known vector meson resonances in
the time-like form factors, so the dipole law has only limited validity
over a limited range of q^.
b.

The scaling law

The form factor scaling law,

gives a simple relation between the proton and neutron form factors
in which the magnetic moments act as scaling parameters.
law for the neutron electric form factor, the u

n

In the scaling

is introduced in order to

obtain close agreement to the initial slope measurement, which is nearly
given by the "Foldy term", y^/4m^=0.542.
result.

The scaling law is not an exact

Fluctuations of 10% in the quantity fg=(l+iip)Gg/G^ between 1 and

3 (GeV/c)^ are known (54), however.

Recent very accurate measurements (55)
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between 0.05 and 0.30 (GeV/c)^ show evidence for an oscillatory
behaviour in f^, but this may be an instrumental effect.
The scaling law used to be written with Gg(q2)=0, as predicted by
SU(6) and the relativistic quark model (56) and supported by the data
of Drickey and Hand (57).

Their experiment, which gave a zero value

for the neutron electric form factor within experimental errors, con
tradicts the initial slope measurements.

Discrepancies between low q^

electron-deuteron scattering and the thermal neutron data have been
traced to the model-dependence of the deuteron wave function used in the
analysis (58).

Present data definitely rules out the possibility that

Gg(q2)=0 for all q^ (59).
The scaling law for the neutron electric form factor as written in
Eq. (2.11) is due to Hand et al. (10).

It is usually favored because it

reproduces the initial slope of Gg(q2), though it fails to fit the
higher

data well.

The generalization

GG(Q2) = (II^T/(L+4T))G^(Q2) ,

has been predicted on ad hoc grounds (60) and yields a better fit
to the data for large q^.
For time-like q^ the scaling law violates the annhilation
threshold constraint,

*4" ~

—

which requires that in e e ->NN the nucleon-antinucleon pair be produced
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isotropically at threshold.

As a result, like the dipole formula,

the scaling law has only a phenomenological significance (61).
c.

The asymptotic law or superconvergence condition

The

asymptotic law,

LIMFQ^G^ W(Q^)] = 0,
QZ-K.
E,M

(2.13)

holds trivially if the dipole law is valid for large q^.

New data

suggests (62) that the electromagnetic form factors of the proton may
drop even more rapidly than q ^.

The existence of an elementary bare

proton would be manifest by the appearance of a hard core term in the
electromagnetic form factor.

The asymptotic law implies, then, that there

exists no hard core to the proton; i.e., the proton is a composite
particle.

The form factor data for the neutron does not extend to high

enough values of q^ to allow a valid speculation as to its asymptotic
behaviour.

If the scaling law does apply for high q^, then it also

follows that the neutron is a composite particle.
In terms of a physical picture, the dipole and scaling laws are
usually taken to imply that the proton and neutron possess a continuous,
exponential distribution of charge and magnetization density, and that
only one form factor is needed to describe them.

This cannot be exactly

correct for the neutron, as implied by the scaling law for G^, because
the net charge of the neutron is zero, requiring the charge density to
change sign someplace.
lack of rigor.

In any case, this interpretation is flawed by its

For a further discussion see Appendix A.
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C.

The Theory of Space-like Form Factors

Consider the elastic scattering of an electron, e, and a spin -5
or spin 0 hadron, H.

If the possibility of a direct point-like inter

action is allowed for, then in the framework of the one-photon-exchange
approximation and the vector dominance model this process is described
by the Feynnan graphs shovm in Fig. 2.

Graph 2(a) represents the pure

electromagnetic interaction of the electron with the hadron.

Graph 2(b)

represents the possibility that the photon may also interact with the
hadron by materializing into a vector meson, V, which in turn interacts
with the hadron.
In terms of the current matrix elements defined previously, the
T-matrix element representing this process is

<eH|TleH> = <eH|T

em

|eH> + <eH|T ^
|eH>,
strong'

where

<eHlT^^|eH> =

(q)[-i6^^/q2]j^^'(q2=0),

The direct photon-hadron interaction term is described by the current
j^^(q^=0), where the functional dependence q^=0 means that the form factors
appearing in i^^(q) are to be evaluated at q^=0.
contribution is represented by the term

The strong interaction
The quantity j^^(q) is

the matrix element of the vector meson source current taken between
hadronic states.

Since the vector mesons are spin one, this matrix

element has the same Lorentz structure as the matrix element of the
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electromagnetic current operator.

The quantity

V

represents the

Lorentz product of the unstable vector meson propagator, [A^CqZ)] ,
R

and the photon-vector meson vertex operator,

VP

The leptonic

current and the photon propagator may be factored out so that the total
hadronic current matrix element can be written as

+^][Y(Q^)JY^(Q),

(2.15)

V
where the sum goes over all the vector mesons contributing to the form
factor.

Due to their complexity, the vector meson propagator and the

photon-vector meson vertex operator will be discussed separately.
1.

The photon-vector meson vertex operator
Since fg^Cq^) is a second rank Lorentz tensor that depends only on

q^, its most general form is given by the expression

The last term vanishes identically due to the properties of the fourindex symbol,

By gauge invariance

satisfies

which imolies

It is usual to assume that the photon-vector meson form factor, f^(q^),
is a slowly-varying function of q

2

so that for all practical purposes
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it can be regarded as a constant.

Usually this coupling is redefined

as

FL(-IN^) =

The coupling constant, f^, is best measured in experiments involving
the decay of neutral vector mesons into lepton pairs.

The matrix element

for such a process is represented by the Feynman diagram in Fig. 6 and
described by the expression

<V|T|e\~> = -ifj^ejj®^(-m2),

where q^=-ra^ since the vector meson is on the mass shell, and
the polarization operator of the vector meson.

is

The half-width for the

process is given by

r(V^e^e ) = (4ïïa^/3)(f^/in^)2m^.

where terms of order m^/m^ have been ignored.

Thus a measurement of

the decay rate for a vector meson to go into leptons gives the magnitude,
but not the sign, of the photon-vector meson coupling.
The photon-vector meson couplings have also been measured in
experiments involving the photoproduction of vector mesons on nuclei.
The experimental values deduced from the photoproduction data are given
in Table 1 and were taken from a compilation of coupling constants by
Pilkuhn et al. (63).

The photon-vector meson couplings deduced from the

leptonic decay rates of vector mesons are much lower than the values
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e-fi-

e+p+

Figure 6.

Feynman diagrams for the leptonic decay of a neutral
vector meson, V.
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reported in Table 1.
is due to a possible

It is not yet clear whether this discrepancy
dependence of Yy or to other experimental errors,

for example, a contribution to Y^ from electromagnetic p-to mixing, or
from the two-pion decay mode of heavy vector mesons like the p'.
2.

The vector meson propagator
The vector meson dominance, hypothesis is usually introduced using

stable particle propagators for the vector mesons.

Although it is an

experimental fact that the vector mesons are highly unstable particles
with half-lives on the order of 10

seconds, it is usually expected

that the effects of this instability are small, being of order
However, for vector mesons like the p , this ratio is on the order of 20%,
so their instability cannot be ignored in any process in which they are
produced as intermediate states.

Even the importance of finite-width

effects for the u) and (f) should not be prejudged on the basis of their
small r^/m^ ratio, but should only be tested against fits to the data.
The p meson has long been an annoying meson in the sense that the
determination of its width have varied from experiment to experiment and
process to process.

Colliding beam experiments give the pion form factor

directly which, when fitted with a Breit-Wigner formula with constant
width yields a

on the order of 0.145 GeV, which is much different

from RP=0.130 GeV obtained from 2TT production in purely hadronic inter
actions.

This may be due to the fact that the instability of the p has

never been consistently taken into account.

The problem is aggravated

by the fact that at least three different empirical defintions of the p
mass and half-width are in use:
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(1.)

The value of energy at which the p -production cross section

maximizes and the width of the p peak at half-maximum.
(2.)
d/dq [cot[6
(3.)

The value of m
TTir

p

and F

p

such that cot[6

(-m^)]=0 and
TTirp

(-m^)]]=l/m T , where 6 (q^) is the I=J=1 TTTT phase shift.
p
p p
mr

The position of the associated pole, mp-i(r^/2), in the

scattering amplitude.
The real mass and width of the p correspond to its pole position in
the complex energy plane.

The other definitions are approximations which

are valid only in the small-width limit.

A determination of this pole

position using a propagator capable of including the effects of the p
instability can thus lead to valuable information about the parameters
chacterizing the p.
The model to be considered is an improvement over the standard
vector dominance model in that propagators possessing analytic properties
capable of representing unstable particles are used in the analysis.

These

propagators are derived from a relativistic quantum field theory of
unstable particles, and not from ad hoc parametrizations of dispersion
relations.

Using standard methods for the evaluation of the propagator

in the Heisenberg representation, and the formalism of Hammer and
Weber (64), it is possible to show that the exact spin-one propagator
for a stable or unstable vector meson of mass m^ is

1

[^A^(q2)]^ _

/dm' (my/m')"

(
irm^l

C

HI .
M'-MY-R^(M') Q^+M'^-IE

(2.16)
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The quantity, Ry(m'), is the level shift in the center-of-mass system
of the vector meson, and satisfies the dispersion relation

1
R^(m') = <my|U|m^> +-

Im[R(m'')]
m"
C

where R,.(m') is connected to the dynamics through the relation

Im[R^(m')] = ïï<V|R^(m')A(m'-Ho)AR^(m')iV>.

(2.17)

In these equations A is a projection operator chosen to eliminate the
single-particle states, U is the interaction Hamiltonian responsible for
the vector meson decay, HQ is the free-particle Hamiltonian, and |V>
is the single-particle vector meson state.

The contour, C', starts

at threshold and goes to infinity below the pole at m', as shown in
Fig. 7(a).
The path of integration, C, used in the definition of the propagator,
is along a contour which encircles only the singularities of the function

(2.18)

in the physical sheet of the complex m'-plane.
In the stable particle case the interaction, U, is of such a nature
as to result in a bound state pole on the real m' axis below threshold,
corresponding to the physical rest mass of the particle, and a branch
cut from threshold to infinity corresponding to the multiparticle states
which involve the particle.

The pole and cut singularities may be
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(a)

(b)

Figure 7.

Integration contours in the definition of (a)
and (b)
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explicitly shown by writing

DY(M') =

where the function, Z

is defined by

1

I

IM[R(M'')]

Z ^(m'jUL.) = 1 + — / dm"

j

,
(m''-in^)(m''-m')

C'

and the contour, C, extends from
integrand, as shown in Fig. 7(a).
at

as well as the cut.

to <» below both poles of the
The contour C then encircles the pole

This contour may be deformed as in Fig. 8(a).

In general the cut contribution is higher order in the interaction strength
and as a first approximation is usually ignored relative to the simple
pole.

In this approximation the propagator may be written

I^lAyCq^)]

=

^ ^

,

(2.19)

Q "S

which is the renormalized form of Eq, (2.3,6) and leads to the stable
particle (Clementel-Villi) form for the electromagnetic form factors.
For an unstable particle the singularities of D^^(m') consist of a
*

conjugate pair of

poles,

decay products of the vector meson.
sheet and are defined by

and a branch cut corresponding to the
The poles lie on the unphysical
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(a)

® m IV
(b)

m,v

Figure 8.

Integration contours in the definition of (a) the stable
and (b) the unstable vector meson propagators.
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m,
IV
*

"V ~

= my + i(ry/2),

where m^ is the mass and

(2.20)

the total decay rate of the vector meson.

The parameters m^ and [^72 correspond roughly to the center and width at
half-maximum of a Breit-Wigner resonance shape.
The vector meson poles may be factored out of

^(m') and a new

*
function, Z^(m',m^y,m^y), defined so that
*

*

DY(M') = (M'-M^Y)(M'-M^Y)Z I(M',M^Y,M^Y),

where

contains the cut contribution and is defined by

-1

*

1 /

Im[R^(m")]

where C'' is the contour shown in Fig. 7(b).

Except for the cut, the

'ft

function Z^(m',m^y,m^y) is analytic everywhere on the unphysical sheet
and everywhere on the physical sheet except at the vector meson poles.
3.

The electromagnetic form factors
Using the expressions for the vector meson propagator and the photon-

vector meson vertex operator, the function D^^(q?) can now be constructed.
In order to facilitate analysis it is convenient to define a function,
Gy(q^)j by the equation

GY(Q^) = I ; ( 0 ) + Q"2[ 1 ^ ( 0 ) - I Y ( Q 2 ) ] ,

(2.22)
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where

I,(F)

L

2iri

—1-.

I

(2.23,

q^+m'^-ie

and

1 ^ ( 0 ) = (DIY(Q2)/DQ2)Q2=O.

Then the propagator may be written

[Î5A^(Q2)]^^,=

(Q ^ V / Q 2 ) ] G Y ( Q 2 ) ,

since

V
The D
function becomes
uv
= -L(N$/2YV)[6^^-(QYQV/Q2)]GY(Q2).

The electromagnetic and vector meson source currents,

YH

(x) and

VH
J ^ (x), respectively, are conserved; i.e.,

9 J^^(X) = 3 J^^(X) = 0.
UU
W P

Space-translation invariance then requires that the single-particle
momentum state matrix elements of these currents vanish.
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Consequently, the

terms drop out, leaving

D^^(q2)j^H(q) = -i(my/2Yy)Gy(q2)jVH(q).

(2.24)

Finally, using Eq. (2.2), the electromagnetic form factors of a spin îg
baryon are

_ QG
N _
(QF) =

2
(M§/2YY)GY(Q2),

f2^(q^) =

-5}g2®(mJ/2Y^)G^(q2),
V

(2.25)

VB
where the strong vector meson-baryon form factors, g^ g, are taken to be
constants independent of q^ and are defined by the matrix element

J ^ ® ( Q ) = I(27R)"3ÛG(?')[Y^GJ®+A^GQG(Y3/2MG)G^®]UG(P).

(2.26)

By a similar analysis, the form factor of a pseudoscalar meson is
written

f^^(q^) = Qp - Zl8vp("^/2Yy)Gy(q^).

(2.27)

V
The monopole approximation to the unstable particle propagator is
obtained as outlined in Section IXC, Eq.(2.19).
the nucléon form factors take the form

2

FYN, 2 \ _

NV

In this approximation
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Using the identity

= 1 -

Q2 +

1 + (Q^/M^)

the baryon form factors may be re-written in a form originally due to
Clementel-Villi (65),

NV

NV

NV
FF(,2) .

^

NV

^

.VLN_F2 ) +

(2.2,)

It is possible that there exists no point-interaction between the
photon and hadron.

In that case the form factors vanish asymptot

ically, so Eqs. (2.29) become

V

'

"v

which are known as the pole formulas.
4. _A model for the electromagnetic form factors
As can be seen from Eq. (2.17), since Im[R^(m')] receives
contributions from all the elastic and inelastic decay channels of the
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vector meson to all orders of the decay couplings, it cannot be
calculated exactly.

Thus some assumption for Im[R^(m')] must be made

which leads to a simplification of the mathematics.

To construct such

an ansatz, use can be made of the experimental fact that the vector
mesons have preferred decay modes.

Experimentally it is known, for

example, that the p decays into a pair of charged pions and the <j) into
a pair of charged kaons with branching ratios of 1.0 and 0.86, respec
tively.

Similarly, the w decays into three pions with a branching ratio

of 0.9.

From dimensional analysis it is expected that the finite-width

effects of an unstable vector meson depend on terms proportional to
r^/m^, Py/m^, and r^y^/mi^.

For the w these ratios are small quantities,

so the treatment of the w as an unstable particle is optional except
for energies near the to mass.

For the p and (f> on the other hand,

these ratios are large, so the effects of their instability cannot be
ignored.
The large two-particle decay modes of the p and

(p,

and the small

width of the w suggests that a reasonable ansatz is to assume that
Im[R^(m')] is completely determined by the two-particle decay modes.
For purposes of calculation, the w-propagator might just as well be
replaced by the Breit-Wigner form.

This cannot be done for the (f)-

propagator, however, due to threshold effects coming from the close
proximity of the two-kaon branch point and the (f) mass.
In order to calculate the contribution to Im[R^(m')] arising from
4- -

the two-particle decay, V->-P P , minimal vector meson coupling.

".31)
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is used in the free-field Lagrangian density to generate the PPV current,

R P- -

R

+ B^P+P\.

The interaction Lagrangian is then

PPV

.VP
®VP MM '

which (except for normal-dependent terms) is physically equivalent
to first order in the coupling constant to coupling the p to the
conserved isospin current of the pion,

Lp,. •

and coupling the

%KK " SfK*-

(2-32)

(p

to the conserved strangeness current,

% K

Using these Lagrangian densities it is straightforward to calculate the
imaginary part of the level shift.

The result is

Im[R^(m')] = (m'/24)(g2p/4n)[l - (y^/m'2) ]3/2.

Note that for

(2.33)

this simplifies to

Im[R^(m')] = a^m',

(2.34)

where

= (l/24)(g2p/4%).

(2.35)
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The simplest ansatz for a model for the electromagnetic form
factors is therefore to assume that the significant contributions to
R^(m') occur for values of Im[R^(m')] well above threshold so that

Im[R^(m')] = a^m';
Im[R^(m')] = 0

;

(2.36)

where the decay thresholds are given in Table 1.

This is expected to

be a reasonable approximation for the space-like form factors because
the

values are well above threshold.

Using this ansatz in Eq. (2.21),

becomes

*

1 /

V''

z/(m',mT„,m.J =—/dm"
1
' IV IV
IT/
( M "-m')(m"-m^^)(m"-m*^)
C1

I

The pole terms are evaluated using Cauchy's residue theorem and the
integral along the cut from
partial fractions.

to » is evaluated using the method of

This gives the algebraically complicated result

*

[1__+(JL)2][I

The phase of

}.

(2.37)

is zero on the physical sheet above the cut and

Zti

*

below the cut.

The points m^^ and

in the logarithmic terms are
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evaluated on the physical sheet.

The function

has a

logarithmic branch point at in'=viy and conjugate zeros at

and

"k

on the unphysical sheet.

With this choice of phases, if m' is

real and m'<Uy, then R^(m') is real, and if

on the real axis, then

R^(m') is complex, as required.
With the choice of phase angles indicated in Fig. 9 it follows that

-p^|exp[-i(2iT-(t))],
" I V ' ^ V " L*LV"UV|GXP(IF)'

4» = tan ^[r^/2(m^-y^)],

for the relevant poles on the unphysical sheet, and

±iq-Py = l±iq-y^|exp[-i(-Tr±0)],
0 = tan l(q /w^),

for the poles on the physical sheet.

Thus one has

*
1 - ^logg(

=

hi 1 +^tan~l[r^/2(m^-y^)]),

®1V~^V
(±IQ-UY)2

log

*
® CMIY-%V)(M^Y-UY)

WY + QZ

= log
+ (RJ/A)

+ 2itan ^(q/y^).

This phase choice is made to give Dy(m^y)=Dy(m^y)=0 only on the unphysical
sheet.
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*
.J® ^ I V

iqrZ/'v

- Ii Q
q-/^ V

m IV

Figure 9.

Phase angle definitions of the simple poles of D^(m')
for space-like values of m'.
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The function I^(q^), defined by Eq. (2.23), has poles at
in the unphysical sheet, and at ±iq for q^>0.

and

The contour, C, in

Fig. 8(b) may be closed at infinity to obtain the result depicted in
Fig. 9.

The pole contributions then give

Iy(q2) = (mj/2iq)[ (1/D^(iq)) - (l/D^(-iq)) ].

The function,

(2.38)

is thus determined by Eq. (2.37) with m'=±iq.

In order to complete the calculation of the electromagnetic form
factors the constant terms 1^(0) and 1^(0) must also be calculated.

This

can be achieved by noting that a power series expansion of both I^(q^)
and D^(iq,m^^,m^^) for small values of q^ gives, by virtue of Eq. (2.38),

1^(0) = M2[D-L(0)]',
I;(0) = (L/6)M2[DYL(0)]"'.

The derivatives of D^^(m') may be written in terms of the derivatives
of Dy(m'), which are determined by a power series expansion of D^(m')
for small m'.

The details are given in Appendix C.

With these results, the explicit form of the vector meson propagator,
Gy(q2), can be calculated using Eq. (2.22), and thus the form factors,
by Eq. (2.25)
D.

Nucléon Form Factors

Since the nucléon is a member of the baryon octet, its Pauli and
Dirac electromagnetic form factors are given by Eq. (2.25) with the sub
stitution H=N, where N=p,n represents the nucléon.

The corresponding

electric and magnetic form factors are defined by Eqs. (2.3) as
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] (M^/2YY)GY (Q2) ,
= ^N'^N" ]>)8i^+WHg^^^(m2y2i^)Gy(q2).

(2.39)

V
NV
As usual, the vector meson-nucleon couplings, g. _, are assumed to be
i,Z
q^-independent parameters.

The data is fit using these expressions by

minimizing the total x^» defined by

O(Q2)

NV
with respect to the parameters g^

The sums are over the number of

data points for each form factor, over all four form factors and the
electron-proton differential cross section.

The quantity

is the

experimental value of the form factor and the function o(q^) is the mean
standard deviation of each data point.

The computer program used to

locate the minima of this function is described in Appendix D,
The most abundant and accurate data on the hadronic form factors in
the space-like region has been obtained for the proton and neutron.
low q

For

these measurements are precise enough to place strong constraints

on theories of hadronic structure.

In view of this, the nucléon form

factor analysis based on the theory described in Sec. IIC is carried
in two parts.

out

Since the space-like form factors are influenced only by

the tails of the vector meson resonance peaks, the data is first fit for
low q^ with contributions from just the p, w, and (t>.

The experimental

evidence indicates that the higher vector mesons are so massive that
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their contribution to the low

behaviour cannot be very great.

This

part of the analysis has been reported elsewhere (66).
In the second part of the analysis, the data is fit over the whole
q^ range up to 25 (GeV/c)^ with form factors containing a contribution
from a heavy isovector-vector meson.

This is necessary because it appears

that just three vector meson propagators do not result in a rich-enough
momentum structure to explain the low and high q^ data.

The extra

degrees of freedom obtained by treating the mass, width and couplings
of this heavy p as adjustable parameters is important in obtaining a
satisfactory fit.
Throughout the discussion to follow this heavy p meson will be
denoted p' for brevity.

It is important to distinguish this particle from

the experimental p' with a mass of 1.6 GeV and a width of 0.4 GeV.

The

resonance interpretation of this particle has not yet been established
with certainty, so it is judicious to treat the heavy p resulting from
a fit to the high energy nucléon form factor data as a prediction of
the theory.
1.

Nucléon form factors with p , w, and (j) dominance.
Considering contributions from just the three least massive vector

mesons, there are a total of twelve nucleon-vector meson coupling constants
to be determined by minimizing the total

.

Isotopic spin invariance

is used to obtain six relations between these twelve couplings.
Eq. (2.26), these relations read

From
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gf + gf = 0,
GP» - GJ» . GP» - GJ» = 0 ,
(UP/2M^)GPF + CU^/2M^)G* - 0 ,
(VP/2MP)GP" - ( \ / 2 M ^ ) G ^ ' ° - <PP/2MP)GP* - ( \ / 2 M ^ ) S ^ * - 0 .

The six independent coupling constants are chosen as

pV

„

^L 2 '

The minimum

determined by fitting the data with various theory

functions is shown in Table 10 and was obtained with the masses and
widths of the p, w, and (f> fixed at their best experimental values.
The values of the coupling constants obtained are given in Table 12 under
the heading. Fit 1.

Table 10 includes results obtained using the

unstable vector meson propagators, the monopole propagators, and the
dipole and scaling laws as theory functions.
imum

As can be seen, the min

values correspond to a fit using the exact vector meson propagator

for either the momentum range 0 to 1 GeV/c or 0 to 2 GeV/c.

The chi-

square per degree of freedom, Xp, for the exact propagator over the range
0 to 2 GeV/c is 1.3 as compared to 2.8 for the monopole propagators and
4.2 for the dipole and scaling law model.

In the latter case, the large

minimum x^ is due to the breakdown of the scaling law and the assumption
that Gg=0.

These results suggest that vector meson exchange with p,

w, and (p dominance provides an adequate description of the nucléon form
factors up to q^= 4 (GeV/c)^.
To further investigate the goodness of the fit the masses and
widths of the vector mesons are included as adjustable parameters and
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Table 10.
Form Factor

Comparison of Minimum Chi-square for n Data Points
n

Monopole

Dipole

Exact
Propagator

Momentum Transfer 0-1 GeV/c

G:

<
<
Total

26

16

21

22

13

26

40

10

36

37

274

24

15

171

19

28

90

250

354

84

Momentum Transfer 0-2 GeV/c

G:

Total

31

22

28

31

27

74

131

52

36

36

274

24

15

151

19

30

109

283

452

137
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Table 11.

Vector Meson Masses and Widths Obtained from
Nucléon Form Factor Fits (In GeV).
Fit 1^

Fit 2^

Fit 3^^

0.765

0.767±0.004

0.772

rp

0.135

+0.023
0.115
-0.002

0.113

m

0.789

+0.004
0.797
-0.015

0.797

r

U)

0.010

0.010+0.001

0.0102

%

1.019

1.066±0.05

1.077

0.004

0.005±0.001

0.0048

Ui

"p'

3.000

'p'

0.048

Fit 1:

Fit to nucléon form factor data with only couplings as adjustable
parameters. For a fuller discussion of this fit see Hammer,
Weber, and Zidell, reference 66.

^Fit 2:

Best fit to nucléon data for q^<4 (GeV/c)^ with all masses,
widths and coupling constants allowed to float.

"^Fit 3:

Best fit to low and high
nucléon form factor data with a
contribution from a heavy p meson.

76

Table 12.

Vector Meson-Nucleon Coupling Constants Obtained from
Nucléon Form Factor Fits^
Fit 1

Fit 2

Fit 3

+0.1
2.15

2.6

2.8
-0.3

gP^

5.50

g^^

16.17

6.67±0.13

6.9

+0.04
16.0

16.2
-1.2

gP*^

g^*

10.4

10,1 ±0.2

9.3

-6.72

-6.43±0.26

-6.87

-12.23

-12.2 ±0.1

-11.23

GPP'

-0.01^

gPP'

-0.005^

^For a definition of the fits, see Table 11.
^The values of these couplings are calculated assuming Ypi=2Yp
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the data is re-fit.

The best fit corresponds to Xp=l'3 and to the

set of masses, widths and coupling constants labeled Fit 2 and given
in Tables 11 and 12.

As can be seen from these tables, the best values

for the masses and widths compare favorably to the experimental masses
and widths determined from an analysis and compilation of many differ
ent experiments.

The results are shown graphically in Fig. 10-13.

The vector dominance model utilizing the exact vector meson propagators
seems to give a realistic picture of the electromagnetic form factors
of the nucléon.
The variances in the masses, widths and couplings are determined
by fixing the relevant parameter at some value, floating all the others,
and re-minimizing the

The results obtained for the p mass, width

and coupling constants are plotted in Fig. 14.

These variances correspond

to a chi-square change of 12 units, equal to the number of adjustable
parameters when the masses and widths are included.

They measure the

sensitivity of the theory function to the parameters used to fit the
data.

This sensitivity is due to the strong constraints placed upon

the fit by the different functional forms of the four form factors, the
accuracy of the data, and the unequal amounts
factor.

of data for each form

The values of the parameters in general change quite dramatically

if, for example, only one form factor is fit.
The ratios of the vector meson-nucleon coupling constants obtained
in this analysis have been measured in TTN and NN scattering experiments.
Only the p couplings deduced from such experiments are well-enough
determined to permit a comparison with theory.

For the ratio of the
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tensor and vector couplings of the p to the nucléon, experiment gives

lipgf/gf = 1.85 - 5.2

depending on which model is used for the interaction.

The result

obtained in this analysis,

= 4.610.5,

falls within the generous bounds placed by experiment.
2.

Nucléon sum rules
In the model constructed in Sec. IIC the possibility of a direct

coupling of the photon to the nucléon is explicitly assumed.

If

hadronic interactions are mediated solely by vector mesons then the
electromagnetic form factors must vanish as q^-x».

By Eq. (2.25) this

means that the following sum rules must be obeyed:

(™2/2Y^)(yjj/2m^)l^(0),

(2.40)

V
since

lim G (q2) = I,UO).
Q2^ ^

^

If the width of the vector meson is negligible, then the derivatives
of ly are given by the approximate forms

lyCO) = -1,
1^(0) = l/mj,

(2.41)
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as discussed In Appendix C.

A measure of the finite-width effects of

the vector meson is the degree to which the exact values of the initial
derivatives of

differ from Eq. (2.41).

In the small-width approximation the sum rules become

1-

T(S™/2Y,).

(2.42)

V
Thus the sum rules for the unstable particle case reduce to those for
the stable particle case, Eq. (1.8).

These equations may also be

written in terms of their isoscalar and isovector parts.

The exact

charge sum rules then become

h

= (M2/2YP)GPPL^(0),

^

+ ("'5/2y^)gP'^IJ(0).

(2.43)

and in the small-width approximation, from Eq. (2.42),

sf •
= 1-

(2-44)

The experimental evidence supports the conclusion that the nucléon
electric and magnetic form factors drop at least as fast as q
perhaps faster, as q^ goes to infinity.
terms of

The representation of

and
in

and its derivatives, Eq. (2.22), may then be used to show

that, if the Pauli and Dirac form factors obey

lim qZfY^ (q2) = 0,

(2.45)
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then in addition to the charge and magnetic moment sum rules there
exist the relations

4•

- "•

Zj -

ye™(in^./2Y,)I,(0) = 0.

(2.46)

V
No new relations are implied if

goes as fast as q ^ as q^-x».

It is clear that Eq. (2.40) may be used to define the theoretical
values of the charge and anomalous magnetic moment of the nucléon which
may be calculated from a knowledge of the initial derivatives of I^(q^).
Similarly, Eq. (2.46) may be used to define the asymptotic parameters
and Zg.

An asymptotic bound of the form given by Eq. (2.45) thus

N N
implies Z^=Z2=0.
The exact sum rules have been tested for 48 different data sets
giving

values within 12 units of

this way theoretical

uncertainties are placed on the values of the nucléon charges, magnetic
moments and asymptotic parameters determined in the analysis.
are given in Table 13.

The results

As can be seen, they suggest that the sum rules

for the proton and neutron charge and the proton magnetic moment are
satisfied to within 5%, whereas the sum rule for the neutron anomalous
moment is off by 50%.

Physically, this means that there exists no

elementary point proton; that is, in electromagnetic interactions the
proton behaves as if it were a composite particle. There also exists no
point charge in the neutron, though the presence of the hard core term
in its magnetic structure could indicate the presence of a bare neutron.
It is to be expected, however, that form factor measurements at higher
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Table 13.

Theoretical Values of the Proton and Neutron Charge, Magnetic
Moment and Asymptotic Parameters Determined by Nucléon Form
Factor Fits

Experiment^

a

Fit 2

Fit 1

Fit 3

+0.01

%

1.0

Q.

0.0

1.04

1.00

1.04
-0.01

0.046

+0.027
0.026
-0.011

0.047

+0.03
"P

1.79

1.83

1.78

1.80
-0.02
+0.12

-1.91

-2.76

-2.81

-2.87
-0.03
+0.12

0.0

-0.35

0.11

-0.32
-0.12
+0.20

0.0

1.16

-1.72

1.68
-0.50

0.0

0.026

+0.017
0.049
-0.018

. 0.21

+0.02
4

0.0

1.24

1.05

1.24
-0.14

^For a definition of the fits see Table 11.
The values in this column for the asymptotic parameters are not true
experimental measurements; they are only weakly implied by the data.
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will also show that the neutron is a composite particle. The quark
structure of the proton and neutron, for example, is very similar,
suggesting that the form factors have the same degree of compositeness
and therefore possess electromagnetic form factors with the same
asymptotic behaviour.
The values of
in Table 13.

and Z^ obtained from this analysis are displayed

The experimental values quoted in this table are supported

by the dipole behaviour of the form factor.
agreement with this behaviour.

Only Z^ is in reasonable

This is presumably due to the lack of

high q^ data for the other form factors, making it difficult to determine
the asymptotic fall-off of the form factor by extrapolation from low
q^ measurements alone.

As discussed in Appendix A, the functional form

of this fall-off is related to the degree of compositeness of the particle.
Obviously, nothing can be said about the number of constituents in the
nucléon from this analysis.
3.

Nucléon electromagnetic radii
Experimentalists customarily quote values for the initial slopes of

the nucléon form factors as well as the form factors themselves.

The

initial slopes have a special significance because they are used to define
the electromagnetic radii according to the equation

<r2> = (-6/G(0))[dG(q2)/dq2]Q.

(2.47)

In this equation, G(q^) is any nucléon form factor and G(0) is its value
q^=0.

The derivative of G(q^) at q^=0 is denoted by the subscript, o*
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The quantity <r^> represents the mean-square radius of the nucléon.

The

theoretical motivations underlying this definition are discussed at
length in Appendix A.

The experimental values of the nucléon radii,

compiled in Table 14, are determined by fitting the small q^ form factor
data with the function

G(q2) = 1 + aq^ + bq'*

(2.48)

and defining the charge radius by (67)

<r^> = -6a/G(0).

Theoretical expressions for the nucléon radii result by taking the
derivatives of both sides of Eq. (2.39).

For the electric form factors,

[dGg(q2)/dq2]o = -(Pj^/4m^) + ^(mJ/2Y^)g^J5l^'(0),
V
since G^(0)=0 and

[DGY(Q2)/DQ2]O = -%I^'(0).

Mathematical forms for the second derivative of I^(q^) are given in
Appendix C.

The definition of the charge radius then gives

<R2>G = -6[ (-WP/4M2) +

^(M^/2YY)G^^^IY'(0) ],

<r^>g = -6[ (-u^/4m2) + ^ ( m ^ / 2 Y y ) ' ( 0 ) ! •

(2.49)

V
Similar expressions follow for the radius of the magnetic moment
distribution,

^ ["6/] ^(G^^+HPGG^) (M2/2YY)Î5L^' (0) ,

V
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Table 14.

Nucléon Charge and Magnetic Moment Radii in Fermi
Notes

0.82±0.06

0.84±0.03

0.35±0.02

0.7810.36

Experimental values (31)

0.81±0.03

Experimental value (152)

0.88±0.03

Experimental value (69),
dipole parametrization

0.92±0.03

0.83±0.07

Experimental value (69),
monopole parametrization

0.80

0.77

0.07

0.36

Three-pole theory fit (75)

0.84

0.73

0.29

0.71

Four-pole theory fit (75)

0.79

0.79

0.32

0.77

Seven-pole theory fit (75)

0.81

0.81

0.36

0.81

Dipole and scaling law fit

0.89

0.95

0.46

0.95

Fit 1

0.88+0.01

0.93+0.02

0.45±0.02

0.93+0.02

Fit 2

0.88

0.93

0.44

0.92

Fit 3
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= [-è/Unï

'

(2.50)

V
since

[DGJJ(Q2)/DQ2]O =

^(G^+Y^G^) (IN2/27^)Î2L^'(0) .

V
In Table 14 predictions for the nucléon radii using this model
and using the monopole and dipole models are given.

The radii calculated

using the monopole propagators are based on the expressions

[dGg(q2)/dq2]Q = - ^(1/2y^)[ (g^/m^) + (g^/2m^) ],
[DG^^Q2)/DQ2]O = - ^(1/2Y^) [G^ + 2M^G^] (L/N^),

V
with parameters determined by a phenomenological fit to the data (68).
The dipole and scaling laws imply

<R2>P = <R^>^ = <R2>^ = (0.81 F.)^,

<r2>g = (0.36 f.)2.

As can be seen, the equality between the electric and magnetic
radii of the proton calculated using the theory functions in this
analysis is well satisfied.

However, the predicted radii obtained by

fitting the form factor data using unstable particle propagators are
larger than the radii determined by fitting the same data using Eq. (2.48)
for small q^.

A more recent electron-proton scattering experiment (69)

performed over the momentum range 0.005l£q^_<0.0837 (GeV/c)^ indicates
that the proton radii are larger than their accepted values.
measurement agrees with the results of this analysis.

This new

By contrast,

the monopole model containing only the known vector meson pole terms
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predicts radii much too small compared to even the accepted experimental
values.

Even formulations utilizing as many as seven monopole terms

result in small nucléon radii.

For details see Table 14.

The prediction for the initial slope of the neutron electric form
factor given by Fit 2 is

[dGg(q2)/dq^]0 = 0.85±0.08 (GeV/c) ^,

which, by comparison with the experimental values reported in Table 7,
is seen to be too large by about a factor of 3/2.

The prediction for the

neutron charge radius is therefore too large by the same factor.

This

slope is well measured experimentally, and constitutes an important
discrepancy between theory and experiment.

It may be traced to the

anomalous threshold behaviour of the propagator to be discussed in Sec. IV,
4.

Higher vector meson contributions to nucléon form factors
The need for high-mass particles to account for the rapid fall-off

of the nucléon form factor data has been expressed by many authors.
Massam and Zichichi (15) have suggested including the heavy photon of Lee
and Wick (70), and Chanowitz and Drell (71) have suggested the inclusion
of a 10 GeV gluon presumably responsible for binding partons in the
nucléon.

It has also been suggested (72-73) that a p* is needed in the

isovector form factors in order to saturate the charge and asymptotic
sum rules.
There have been a few attempts to fit the nucléon data using higher
vector mesons.
fit.

At least six vector mesons are needed to obtain a good

Zovko (74) has made six-pole fits with four free parameters.
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His best fit required isovector mesons at 1.14 and 1.45 GeV, and an
isoscalar meson at 1.18 GeV, in addition to the known p, w, and ({>.

There

is no experimental evidence for the existence of such low-mass vector
mesons.
Filho and Meyer (68) have made a detailed analysis of higher vector
meson contributions to the nucléon form factor data using a vector
dominance model with stable particle propagators.

A fit to all available

data using only p, w, and (j) contributions gave x|=3600.

This chi-square

was reduced by a factor of 300 vAien a p' at 1.6 GeV was added, and by
another factor of 10 when its SU(6) partners, w' and (()', were included
with their couplings as free parameters.

It is noteworthy that their

best fit occurred for a p at 0.98 GeV, where none has ever been found.
This points up the problem that the stable particle propagators have in
fitting the low q^ data.

A similar analysis with similar results has

been made ty R. Feist (75), whereas Bilenkaya et_al. have expressed the
need for a contribution from a p'' at 5 GeV in addition to a p' at 1.28
GeV (76).
There are several theoretical grounds for believing in the existence
of at least one J
(1.)

PC —
=1
resonance above the p:

The quark model allows for the existence of massive quark-

antiquark pairs bound in

states in addition to the known

octet,

as well as for radial excitations of the L=0 qq ground states Wiich act
like vector mesons (77).
(2.)

The Veneziano model (78) allows for the existence of an un(

limited number of vector meson resonances above the known p , w , and (|).
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In this model the cuts in the scattering amplitude are approximated by
an infinite set of equally-spaced poles associated with recurrences on
a linearly rising Regge trajectory in the momentum-spin plane.

For

every parent trajectory there exists an infinite set of parallel daughter
trajectories with

intercepts given by the so-called "duality mass

formula",

m^^ = m^(l+2n); n=0,l,...

For example, for the p it is expected from this theory that the higher
vector mesons occur at the mass values

m^n = {0.765, 1.33, 1.71, 2.03,...}.

There also exists w and (j) trajectories and their daughters (79).
(3.)

Higher vector mesons have also been predicted in gauge models

of the weak, strong and electromagnetic interactions (53), in an optical
model description of pp scattering (80), in an analysis of ÏÏN charge
exchange scattering (81), from a theoretical treatment utilizing SU(3)@
SU(3) (82), and in a dual resonance model of nrr scattering (83).
PQ

On experimental grounds many J

=1

enhancements are known (84, 85-

86), but there is still some question as to viiether they are genuine
resonances or not, and if so, vAiat their masses and widths are.
pilation of these experimental results is given in Table 15.
-j- _

may be summarized by the observation that e e

A com

This table

annhilation into multi-

meson states indicates the presence of a vector meson resonance at

m , = 1.6 GeV;
P

T , = 0.35±0.05 GeV,
P
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Table 15.

Experimental Data on the Higher Vector Mesons.
Mass (GeV)

Width (GeV)

1.24 ±0.02

Ref.

153*

1.25

0.13

154^

1.25

0.150

155^

1.256±0.01

0.130±0.02

156^

1.3

1.8

157*

1.43 ±0.05

0.65 ±0.1

157^

1.5

0.4

158^

1.55

0.26 ±0.11

159^

1.55 ±0.06

0.36 ±0.10

155^

1.6

153*

1.6

0.35

1.6

±0.1

1.968

0.5
0.35

160*^
±0.1

161^
162®

1.6

2.0

154*

1.8

2.1

153*

^Produced in yp-^-pir ir

+ neutrals.

^ Produced in yp+wnp.
c
^ .
Produced in e e -^ÏÏ .
'^Produced in pp+(wn)w .
® Produced in pp-)-K°K°.
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that couples to the photon with a strength,

that obeys

(Yp,/Yp)2 = 4.

Plon-photoproduction data, on the other hand. Indicates the presence of
a p' with the parameters

m , = 1.43+0.05 GeV; r , = 0.65±0.1 GeV;
(YP,/YP)^ = 6±2.

The discrepancies in these results is a reflection of the difficulty in
identifying these enhancements as bona fide resonances due to background
contamination from other processes or particles, or to the lack of a clear
signature.

In neither experiment is it possible to decide whether the

purported enhancement is a resonance or a kinematic effect.
PC
evidence, for example, for a J =1

There is some

vector meson at about 1.2 GeV,

though the evidence is also consistent with the assumption that it is
actually a pure kinematic enhancement (87).

These results tend to cast

suspicion on fits incorporating higher vector mesons in monopole models.
In all of the models incorporating higher vector mesons previously men
tioned, vector mesons not yet observed have been introduced.
In addition to contributions from the p, o), and <j), a contribution
from a heavy p meson, called the p', is allowed for in this analysis.
It is important not to confuse this p' with the experimental candidate for
that label at 1.6 GeV.

The mass, width and coupling constants of this

p' are determined by fitting the high-energy nucléon form factor data.
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For the full-range up to 25.03 (GeV/c)^, the results for a minimum
XP=2.5 are

m , = 3.0 GeV; r , = 0.048 GeV.
P

P

This result should be compared to the fit over the low momentum trans
fer region vhich gave a chi-square per degree of freedom of 1.3.

It

is clear that the high momentum transfer region causes a significant
deterioration in the quality of the fit.
The p' determined by this fit does not find an easy slot in the
spectrum of vector meson candidates.

However, recently two high

mass mesons, #(3105) and ^'(3695), have been discovered in experiments
involving the production of hadronic states from electron-positron
annhilation (88) and in proton scattering from light nuclei (89).
masses and total decay rates are given in Table 1.

Their

No definite evidence

for other narrow resonances with a mass less than 5.9 GeV has been found
(.90), though there is the hint of a broad resonance at 4.1 GeV (91).
The spin, isospin, parity, G-parity and charge conjugation prop
erties of these particles has still to be established with certainity.
Theoretical interpretations suggest they are isoscalar vector meson
states:

either bound states of charmed quarks (92), fiQ bound states (93),

or gauge vector bosons (94).

Presumably they couple to the photon and

should show up in the nucléon and meson electromagnetic form factor data.
It is curious that the heavy vector meson identified in this analysis should
possess a mass so close to that of the #(3105).

The identification of the
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two would stand on firmer ground if it turned out that <j;(3105) were
an isovector meson rather than an isoscalar meson as predicted by SU(4).
The p'-nucléon couplings determined by the data analysis, for example,

gPP'/2Yp, = -4.0017,
gPP'/2Yp, = -0.00083,

are qualitatively in agreement with the experimental observation that
the two-body decay modes of the ij; and 4»' into hadrons are strongly
suppressed.

From Tables 13 and 14 it is apparent that the addition of

the p' does not improve the predictions for the sum rules or the electro
magnetic radii significantly.
and small width of the p'.

This is a consequence of the large mass

Since it is located at a smaller value of

time-like q^ than the other mesons, its effect at the origin is diminished.
E.

Pion and Kaon Form Factors

From Eq. (2.27) the electromagnetic form factor of the charged pion
is written

f^^(q^) = 1 - ^gy^(m2/2Yy)G^(q2),

(2.51)

V
where the sum includes only contributions from the isovector mesons because
g

=g. =0 by G-parity conservation of the strong interactions.

^OJIR ^<J>TR

J

tr

J

o

The neutral

pion has no charge form factor because it is its own antiparticle; that is,
the TT° field transforms into itself under charge conjugation (27).
For the charged kaon no symmetry considerations exist which prevent
the existence of isoscalar or isovector contributions to its electromag
netic form factors.

Furthermore,

K° under charge conjugation, so the

neutral kaon may possess a form factor.

By analogy to the pion, then.
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\n
2F^(Q2) = 1 - ^2G^(MJ/2Y^)G
^(Q2)

2fSK(q2) = 1 - y2g^(m^/2Yy)G^(q2).

(2.52)

V
The form factors of the charged and neutral kaons are defined by Eq. (2.8),
The sums in Eq. (2.52) are over the isovector and isoscalar mesons,
respectively.
Since neither the space-like pion or kaon data represents direct
measurements of the electromagnetic form factors, an attempt to fit the
data would lead to misleading values of the vector meson-pion and kaon
coupling constants.

However, the pion form factor may be related to

the isovector nucléon form factor under the assumption of vector meson
universality.

Analogous to charge universality, vector meson univer

sality is the statement that the vector mesons couple to all hadrons with
a universal strength.

The exact form of the universality relations

between coupling constants depends on utilizing some internal symmetry
group to describe the hadrons collectively.
by the hadrons appears to be broken SU(4).

The minimum symmetry obeyed
If g^, g^, and g^ represent

the universal couplings constants of the known vector mesons, then SU(4)
predicts that

% - SPI. '

- 2GPK'

° (2/3)gf;

H'

- 0,

'V "•

(2-53)

The assumptions going into these predictions and a deeper discussion
of vector meson universality is given in Appendix B.
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The value for the p-ir coupling constant obtained from this
analysis is

or

g^ /4it = 2.2+0.4,
pTT
\^ich is in excellent agreement with the experimental value (63) set by
the 2ir decay mode of the p,

g2 /4ir = 2.5610.25.

"pir

Banerjee and Levinson (95) have made an analysis of the data bearing
on the question of w-universality.

Their result for the universal w-

coupling gives

vAiich is in fair agreement with the coupling predicted on the basis of
this analysis,

SwK =

= 5.3±0.3.

The universality relations given in Eq. (2.53) may be used to
obtain expression for the form factors of the pseudoscalar mesons
according to Eqs. (2.51) and (2.52),

f^^(q2) = 1 - 2gPP(m2/2Y )G (q2) + HVMT = 2fY(q2),
P

P

p

-L
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(Q2) = 1 - 8^^(MP/2YP)GP(Q2) - (GP^/3)(M2/2Y^)G^(Q2)

- 8*K(*+/2Y4)G+(q') + HVMT'
(q2) =

gP^(m2/2Y )G (q2)
I
P
P
P

-

- (g^^/S)(m^/Zy )G (q2)
X
W
W
W

+ •"">

where HVMT means Higher Vector Meson Terms.

".54)

These equations permit a

prediction of the pion and kaon charge form factors in the space-like
region from a knowledge of the nucléon charge couplings and an ex
perimental value for g

.

(PK

Here, as in the nucléon case, the analysis is divided into two
parts:

pion and kaon form factors with

p, o),

and

ip

dominance, and

higher vector meson contributions to pion and kaon form factors.
1.

Pion and kaon form factors with_p,_w, a n d d o m i n a n c e
In Fig. 15 a comparison of the fit to twice the isovector part of

the nucléon charge form factor, 2f^(q2)=f^^(q2)^ and to the space-like
pion data is made.

The upper and lower solid curves labeled "bounds"

correspond to the upper and lower bounds on f^ within the parameter
tolerances listed in Tables 11 and 12.
seen to fall between the bounds.

Both nucléon fits 2 and 3 are

The curves give good agreement with

the high q^ data considering the heavy theory dependence going into the
determination of the pion data.

The data is seen to lie higher than the

theory predictions for q^ values less than 2 (GeV/c)^.

Note that the

addition of the 3 GeV p' does not alter the prediction for the pion form
factor significantly.
In Fig. 16 the predictions for the space-like kaon form factor
using SU(4)-universality and an experimental value, g^y=4.6±0.2, for the
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Pion Form Factor
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Fit 3
••••
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predictions based on fits to the nucléon form factor data.
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(|)-kaon coupling are given.

The theory predictions for both Fits 2 and

3 are clearly inconsistent with the data, but this data is unreliable
for the reasons outlined in Sec. IIB.

The validity of the universality

relations used to derive this form for the kaon form factor are also
open to question.
2.

Pion and kaon sum rules
If the pseudoscalar meson form factors vanish at least as fast as

q"2, then the two conditions,

lim f^^(q^) = 0,
Q2-XX)

lim q2fYP(q2) = Q,
q^-HJo

(2.55)

imply the two sum rules,

Zp = ^g^(ni2/2Y^)I^(0) = 0.

(2.56)

V
For the pion, the sums in Eq. (2.56) cover only the isovector mesons.
Complete p-dominance of the pion form factor then implies

Since the initial derivatives of 1^ are non-zero, these equations are
inconsistent.

This suggests that either complete p-dominance of the

pion form factor is faulty and higher Isovector resonances are required
to saturate Eq. C2.56), or that the momentum dependence of the p-
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propagator is more complicated.

The parameters of Fit 2, for example,

yield

Q

= 1.02; Z

TT

Where
Z^.

= -0.49,
tr

is the asymptotic parameter for the pion defined by analogy to

The charge sum rule is in good agreement with Q^=l, whereas Z^ is

seen to be very different from zero, suggesting that the pion form factor
predicted by universality decreases at a rate no faster than the monopole.

Note that the addition of a p' in the sum of Eq. (2.56) changes

the situation significantly.

Q

= 0.95: Z
tr

For Fit 3,

= 0.3.

TT

The change of sign of Z^ suggests that a set of p' parameters exists for
which Z^=0 exactly.
These predictions as well as those for the charged and neutral
kaons are compiled in Table 16.

The experimental values quoted for Zp

are only weakly supported by the data; they do not represent real
measurements.

As can be seen from this table, the kaon charge sum

rules differ from the experimental values of the charge by more than 20%.
This is probably an indication that SU(4) universality is not an adequate
basis for predicting the behaviour of the kaon charge form factors.
3.

Pion and kaon electromagnetic radii
The electromagnetic charge radii of the pion and kaon are defined

according to Eq. (2.47) by the equations

<r2>

TT

= -6[g ^(m2/2Y )>5r'(0>]- + HVMT,
piT

p

p

p
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Table 16.

Predictions of Pseudoscalar Meson Charges and Asymptotic
Parameters based on Nucléon Fits
Fit 1

Fit 2

Fit 3

1.0

1.00

1.02

0.95

1.0

1.23

1.24

1.20

0.0

0.23

0.22

0.24

0.0

-0.46

-0.49

0.30

0.0

-0.84

-0.90

-0.50

0.0

-0.38

-0.41

-0.77

Experiment

V
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<r2>g - -6[ ^(g^/2)(in2/2Y^)i2l^'(0)] + HVMT.

(2.57)

V
Complete p-dominance of the pion form factor in the zero-width limit
suggests that

<r^>

= -6/m^ = 0.36 f^,
IT

p

since lp'(0)=l/mp in this approximation.
In Tables 17 and 19 experimental values for the charge radii of the
charged pion and charged and neutral kaons are quoted.

The experimental

measurements obtained from different experiments are seen to be in poor
agreement with one another.

The general trend is that pion electro-

production experiments predict smaller values for the pion charge radius
than direct measurements in eir scattering experiments.
Kellet and Verzegnassi (96) have argued that values of the pion form
factor extracted from pion electroproduction experiments have a latent
theoretical error of unknown magnitude due to the existence of subtraction
constants usually ignored in the analysis.

The data is consistent with a

pion form factor varying at least between f^^ and Gg, or, with a pion
radius varying at least from 0.63 to 0.88 f.

The values of the pion

charge radius derived from the electroproduction data are thus too in
definite for a comparison with theory.

In an attempt to improve this

situation, the same authors have employed an optimal extrapolation tech
nique to determine the charge radius using the electroproduction ex
periments (97).

They conclude that the pion charge radius is very large

relative to the simple vector meson dominance result: <r^>'^0.9610.2 f.
TT
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Table 17.

Experimental Values of the Pion Charge Radius in Fermi

<r2>^

Notes

IT

0.86 ±0.14

(m)*

e~p-»-e ïï'^^n (pion electroproduction)

(m)

0.67 ±0.02

(d)b

0.61

(P)=

0.704±0.007 (d)

43
42

0.80 ±0.10 (m)
0.60 ±0.02

Ref.

Data region:

q^^l (GeV/c)^

41
41

Data region: q^£2 (GeV/c)^

44

Data region: q^£4 (GeV/c)^

44

0.73 ±0.13

(m)

IT p->«^e n (inverse pion electroproduction)

0.78 ±0.10

(m)

e

0.71 ±0.05

(c)d

0.98 ±0.24

Cm)

IT

-••e

TT

(electron-pion scattering)

105
98
99

e p->« ir^n (pion electroproduction)

^(m) indicates a fit using the monopole formula.
^(d) indicates a fit using the dipole formula,
^(p) indicates a fit using a polynomial formula,
^(c) indicates a fit using Chebykov polynomials .
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The most precise and model-Independent determination of the charge
radius of the pion was made in a recent electron-plon elastic scattering
experiment (98) over the momentum transfer range 0.0353 to 0.0138 (GeV/c)^.
This experiment gives

<r2>^ = 0.78±0.10 f

(2.5$)

for the charge radius of the pion and

[<r^>^/<r^>g]^ = 0. 96i0.12

for the ratio of the pion and proton charge radii (99).
Models of the pion form factor based on conçlete p -dominance are
therefore seen to be in poor agreement with recent experimental results.
In Table 18 values for the pion charge radius based on a variety of vector
meson dominance theories are given.

It is apparent that the intro

duction of finite-width effects, correct threshold behaviour, or additional
vector mesons in the conventional manner do not seem to Improve the
situation markedly.

The pion charge radius predicted on the basis of the

model presented in this work is

<r^>^ =0.85i0 .02 f,

for fit 2.

The other fits fall within the narrow limits allowed by the

correlated errors of the p parameters.

This prediction is in good agree

ment with the latest experimental result.

This underscores the importance

of incorporating instability into the vector meson dominance model in a
consistent manner.
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Table 18.

Theoretical Values of the Pion Charge Radius in Fermi

<r2>^

0.63
0.59

Notes

Ref.

Simple pole model (mp=0.770)
0.69

Dlpole model

0.81

Assume f^^(q^)=Gg(q^)

0.65

Three-pole fit ( p , p ' , p " )

120

Gounarls-Sakural propagator

164

0.709±0.011

Generalized Gounarls-Sakural

112

0.63

Frazer-Fulco

165

0.67

Veneziano model

119

0.87

Fit 1

0.85 ±0.02

Fit 2

0.86

Fit 3

0.98

Fit 4

0.94

Fit 5

0.94 ±0.13

Fit 7

0.94

Fit 9

0.75 ±0.05

Fit 10

0.58

0.69
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The predictions for the charged and neutral kaon radii are in
agreement with the data only for the K^.

The K*^ radius is based on

form factors indirectly determined by Mickens and Rush (49) on the basis
of K'^K^ scattering.

This data has been ignored in the analysis due to

the dubious status of the theory used to deduce it.
4.

Higher vector meson contributions to pion and kaon form factors
In Fit 3 a contribution from a 3 GeV p' is needed to obtain a fit

to the four nucléon form factors.

Thus a contribution from this particle

automatically accrues to the pion and kaon form factors through the
universality relations, Eq. (2.53).

These relations are easily extended

to include the p' through the requirement of isovector dominance of the
pion form factor; that is, 2gP^=g

•L.

The predictions for Qp,

M'

, 2g^^ =g ,.

JL

(J II

and <r^>p based on these universality

relations and on the parameters determined by Fit 3 are given in Tables
16, 18 and 19.

The charge sum rules are essentially unchanged by the

introduction of this particle, but a large change is to be noted in the
predictions for the asymptotic parameters.

It is difficult to connect this

change solely to the Introduction of the p' because the p, w, and (}> masses,
widths and couplings also take on new values.

Due to the small r^i/m^,

ratio of the p', its effect on the charge sum rules is only to change them
by an amount g^*^ /2Yp,=2xlO

Its effect on the asymptotic sum rule is

about ten times larger due to the factor m^, multiplying g^^ /2Yp,.
Note that there is no appreciable effect on the radii of either the
pion or the charged and neutral kaons due to the Introduction of the p' .
This is consistent with the observation that the contribution to the radius

Ill

Table 19.

Experimental and Theoretical Values of the Charged and
Neutral Kaon Radii in Fermi

<t^>^o
K

<r^>^+

Notes

K

0.39+0.03

K K

0.58

SU(3)-monopole

scattering

Ref.

49

0.25-0.28

Kroll-Lee-Zumino

0.22±0.22

eK° scattering

166
120

0.17

0.63

Six-pole fit

0.40

0.78

Fit 1

0.39

0.76

Fit 2

0.40

0.76

Fit 3

0.42

0.80

Fit 6

0.56

0.76

Fit 7

0.54

0.76

Fit 9

16
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from a given vector meson is 6g^(m^/2Yy)^Iy'(0).
amounts to only

,m^, = 6x10

the small-width approximation.

For the p' this

(GeV/c) ^ since l^'(0)=-l/m^ in
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III.

TIME-LIKE ELECTROMAGNETIC FORM FACTORS

This chapter consists of a discussion of the time-like electromagnetic
form factors of hadrons.

These form factors are measured In colliding

beam experiments involving the annhilatlon of leptons with the sub
sequent creation of hadronlc states.

The form factors Involved in such

a process are defined in Section A and the character of the experiments
used to measure them are discussed In Section B.

The theory of time-like

form factors, presented in Section C, closely follows that of the space-like
form factors because they are related simply by analytic continuation.
Finally, the time-like electromagnetic form factors of the proton, pion
and kaon are discussed in Section D.
A.

Definition

Consider the annhilatlon of an electron-positron pair into a hadronantihadron pair.
in Fig. 17.

The Feynman diagram describing this process is given

In this diagram p_=(p ,E_) and p^=(p^,E^) are the four-

momenta of the electron and positron, respectively.
momenta primed quantities are used in a similar way.

To denote the hadron
The four-momentum

of the virtual photon is given as usual by four-momentum conservation as

Q = P_ + P+ = PI + P+,

and is a time-like quantity; i.e., q^<0.

The blob at the photon-hadron

vertex in Fig. 17 represents the set of all strongly-interacting states
which mediate the conversion of a time-like virtual photon into hadronlc
matter.

This vertex is described by the matrix element

H'

H*

H"

H*

H"

+

Figure 17.

H*

+

Feyranan diagrams for the annhilation of an electron-positron pair
into a hadron-antihadron pair in the context of vector meson dominance.
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jY«(q) - <0|JJ "(0)|HV>

which may be expanded In terms of Lorentz spin covariants and form
factors, f(q^).

The time-like form factors, f(q^), are complex-valued

functions of q^ and take on physical values only on the branch cut; i.e.,
for q^<-y^, where y is the threshold for the production of the leastmassive hadronlc state.

The form factors may be defined off the cut by

analytic continuation, and are related to the space-like form factors
describing the crossed process (eH->eH) by dispersion relations.

Only time

like form factors for particles of spin 0 and spin h will be considered
here.
1.

Baryon form factors

(.S'*h)

For any member, H=B, of the 1/2^ baryon octet, Lorentz invariance
and current conservation require that for B on the mass shell,

jj®(q) - i(2Tr)"3vg(p^)[:y^fj^®(q2)+a^^q^f2®(q2)]ug(i_),

where

Ug(p_)

(3.1)

and Vg(p^) are free-particle spinors for-the baryon and

anti-baryon, respectively.

The time-like form factors have the same

normalization as their space-like counterparts, only now they must be
analytically continued across the unphysical region, -y^£q^£0.
2.

Pseudoscalar meson form factors (8=0)
For H=P, a 0

pseudoscalar meson, it follows by an analogous

argument that

j^^(q) = (p+ -

(3.2)

where f^^(q^) Is the time-like form factor of the pseudoscalar meson, P.
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B.
1.

Experimental Data

Proton data
The natural frame in which to discuss the colliding beam experiments

and thus the time-like form factors and propagators is the center-of
mass frame of the incident electrons.

In this frame the total three-

momentum vanishes, so

Q = I2E,

q

= -4E^,

where E is the total energy of the electron in the center-of-mass system.
Let 0 be the angle between the proton and electron, then the differential

+- -

cross section for e e ->-pp is easily shown to be

(do/do)p = (a2/]6E2)[l-(mp/E)2]'^[|G^(q2)I^(l+cos^e)
+ (mp/E)2|G^(q2)I^sin^e].

This equation is easily integrated to give the total cross section,

A(E^E ^P) = (A^/6E^) [L-(MP/E)^]'^[2 IG^(Q^) | ^+(MP/E) ^|G^CQ^) |2] .

Measurements of the total cross section, therefore, yield knowledge of
the modulus of the proton form factor, not its real or imaginary parts.
The known time-like proton electromagnetic form factor data is
summarized by three upper limits and two cross section measurements ob—

—

tained from experiments involving the reaction, e e ->pp.

The form factors

obtained from these measurements are given in Table 20 (100) and are
obtained assuming Gg=G^ for values of q^ near the two-nucleon threshold.
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Table 20.
q2(GeV/c)2

Time-like Proton Form Factor Data
]G^(q2)|2

Error

-4.41

0.19

±0.03

-4.41

0.27

0.04

-5.1

<0.20

-6.6

<0.16

-6.8

0.25
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Inverse electroproduction, TT p->-e^e n, has been studied (101) as a
source for information on the time-like electromagnetic form factors of
the nucléon for q^£-4m^.

The major difficulty lies in the separation of

the Born terms from nucléon resonances and background, so data is not
presently available.
2.

Pion data
The time-like pion electromagnetic form factor has been measured in
~

-J- —

colliding beam experiments involving the reaction e e ^TT TT .

In the

one-photon-exchange approximation this process is described by the
Feynman graph in Fig. 17.

The differential cross section is

(DO/DO)^ = (A^6^/32E2) I F'*^^(Q^) I ^SIN^E,

where 8=p/E.

"F" "

—

The total cross section for e e ->-TT TT is then found by

integrating out the angular dependence.

The result is

O(E^E -MT'*"TT ) = (NA/12)(G3/E2)|F^^(Q2)|2.

The major problem associated with the determination of the time-like pion
form factor in colliding beam experiments is to distinguish between pion
and kaon particle-antiparticle pairs produced in the final state.
high

only the total number of such pairs can be measured.

At

Such

measurements therefore establish only upper limits on the pion form factor.
The technique used to separate these events, invented by Bernadini _et al.
(102), is to make use of the SU(3) prediction for the ratio of the pion
and kaon total cross sections to separate the pion and kaon form factors
at high q^.

This technique depends on assuming that the vector meson pole

terms are represented by the zero-width approximation.
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"4
^

Q2 +

so that the form factors are written (the ratios of the vector meson
couplings to the photon couplings are determined by SU(3); see Appendix B)
in the following form

F^^CQZ) = PP(Q2),

fYK(q2) = (l/2)Pp(q2) + (l/6)P^(q2) + (l/3)P^(q2).

This assumption is expected to describe the tail of the pion and kaon
form factors reasonably well because the q^ values are far from the
resonance peaks.

The consistency of the procedure is checked by testing

the SU(3) ratio at low q^, where the pions can be counted and the kaons
lack the energy necessary to cause a trigger in the detector.
Agai.n there is the possibility of two-photon-exchange contributions
to e e

annihilation into pseudoscalar mesons.

They have been calculated

(103) and found to be limited to a few percent.
The pion form factor data used in this analysis is taken from the
experiments reported in Ref. (102) and (104-107).

All of these are

colliding beam experiments with the exception of Berezhnev (105)
which involves a determination of the pion form factor near the Zn
threshold using the inverse electroproduction reaction e p-^-e^e n.

The

analysis used in this kind of experiment is subject to the same errors that
occur in the derivation of the space-like pion form factor from electroproduction experiments.

Only two of the data points taken in this experi-
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ment are used in the data analysis.

The others lay too close to

threshold, where the propagator has a small local maximum due to the
logarithmic branch cut.
Of the six data sets used, only that obtained by Bernadini jet al.
(102) resulted from an attempt to separate the pion and kaon pairs.
Consequently, only this data is used for q^£-2 (GeV/c)^.

The data

of Augustin _et _al. (108) has been excluded from the analysis because his
results give consistently larger values for |f^^(q^)p than other ex
periments.
In the data of Bernadini et al. the q^ values range from -1.44 to
-9.0 (GeV/c)2.

The interesting feature of this experiment is that the

values for the pion form factor lie above the tail of the p meson at high
q^, an effect which cannot be accounted for either by statistical fluc
tuations or the mathematical form of the propagator used to represent the
p (109-111).
3.

Kaon data
The time-like electromagnetic form factor of the charged kaon is

measured in colliding beam experiments involving the reaction e e
(the form factor of the neutral kaon has not been measured).

K

This ex

periment is analogous in every detail to those involving the pion form
factor in colliding beam experiments.

The data used in this study is

taken from Ref. (102) and (107) and is compiled in Table 2 2.
C.

Theory of Time-Like Form Factors

The annhilation of an electron-positron pair into a hadron-antihadron pair is described in the one-photon-exchange approximation and in
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Table 21.

Time-like Pion Form Factor Data

q2(GeV/c)2

-0.067
-0.087
-0.112
-0.497
-0.575
-0.593
-0.604
-0.613
-0.624
-0.637
-0.656
-0.697
-0.98
-1.04
-1.3924
-1.44
-1.69
-1.96
-2.56
-3.61
-3.76
-4.41
-9.0

Table 22.

Error

1.32
1.3
1.69
22.3
39.0
40.5
44.7
35.6
24.8
23.9
22.3
15.0
2.9
2.03
1.5
1.28
0.72
0.67
0.13
0.135
0.068
0.034
0.026

Time-Like Kaon Form Factor Data

q2(GeV/c)2

-1.39
-1.59
-2.4
-2.56
-3.2
-3.61
-3.76
-4.41
-5.76
-9.0

±0.20
0.32
0.42
2.5
3.5
3.5
3.6
2.5
1.7
3.0
2.5
2.0
0.5
0.07
0.8
0.34
0.24
0.19
0.07
0.06
0.07
0.023
0.027

Error

1.2
1.1
0.25
0.28
0.32
0.22
0.11
0.05
0.02
0.04

±2.8
2.5
0.08
0.15
0.18
0.09
0.11
0.03
0.02
0.04

122

the context of the vector meson dominance model by Fig. 17., where the
possibility of a direct photon-hadron interaction has again been allowed
for.

The transition matrix element describing this process is given by

<E'^E"|T|H'^H > = J®^(Q) (-I<S^^/Q^) J^^(Q) ,

where, for time-like

,

J®^(Q) = I(2TT)'3G^(P_)Y^V^(P+).

As before, there is a separation of the current,

YH
(q), into two parts:

one corresponding to the direct photon-hadron interaction and the other
representing the vector meson piece, which is described by the vector
meson propagator and strong form factors.
1.

The time-like propagator
Since G^(q^) is an analytic function of q^, the time-like vector

meson propagator is obtained by analytic continuation from the space-like
region.

The poles in I^(q^) are now at q=±2E±ie, as shown in Fig. 18.

Again the contour C may be closed at infinity with the result that

I^(q2) = (m2/2q)[ (1/Dy(q)) - (l/D^(-q)) ],

(3.4)

where Dy(q) has the same functional form as Eq. (2,37), with iq replaced
by q.

With the phase definitions given in Fig. 18 it follows that

Q - WY = |Q - WYL,

- q - Py = | q + MY|exp(in).

The D^(m') function may then be written

COMPLEX m'-PLANE

e
-2E

Figure 18.

Phase angle definitions of the simple poles of
for time-like values of m'.

N3
W

MIV
(m')
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D (±iq) = (±qr /4TTy^)log

(±q-y )2
*

1

_

R,,

-m [l+(q/m ) + ( r /2nLj2][l+-tan ^ (

)

(3.5)

2(*V-WV)

where

(± Q-PY)^

log

(IQ-O^

= log^
(NIJ^^-YY)

+ (l±l)l7l.

(3.6)

I ™1V~^V ^ ^

Î I

The functions 1^(0), 1^(0) and

(0) are all independent of q^,

so Eq. ( 3 . 4 ) , ( 3 . 5 ) and ( 3 . 6 ) are enough to determine the exact time
like propagator for the vector mesons.

The expression for the form factors

h a v e t h e s a m e f o r m a s E q s . ( 2 . 2 5 ) and ( 2 . 2 7 ) .
In the small F^/(m^-y^) approximation, for q near the resonance,
the Dy(q) functions may be approximated by the equations

DY(Q) = Q-MY+I(RY/2MY)Q,
DY(-Q) = "(Q+NIY).

This leads to the Breit-Wigner form,

Gy(Q2) = MJ[Q2-M2-IIN^ry]"l.

The nature of the approximations used to derive the Breit-Wigner
propagator washes out many of the interesting details of the vector
meson peak, for example,
side.

the sharpness of the p peak on the high energy
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D.

Time-Like Proton Form Factors

The time-like nucléon form factors are identical in structure
to the space-like form factors when the space-like propagators are
replaced by the time-like propagators.

The strong vector meson-hadron

form factors are assumed to be the same constant for both space-like and
time-like values of q^.

This assumption is made for simplicity, and to

allow a direct comparison with the decay constant involved in the
hadronic decay modes of vector mesons.

In principal they could be

quite different since the decay couplings are defined for vector mesons
on the mass shell and can in general be complex functions of q^.
It is important that the time-like form factors of the proton
obey the so-called annhilation threshold constraint, Eq. (2.12), which
requires that the electric and magnetic form factors of the proton be
equal at the two-nucleon threshold.

As can be seen from Eq. (2.3), this

condition is obeyed trivially if the electric and magnetic form factors
are first formulated in terms of the Pauli and Dirac form factors, as
is done in this analysis.

In theories beginning with dispersion relations

for the electric and magnetic form factors the threshold constraint need
not be satisfied and must be imposed as an auxiliary condition.

Failure

to do so results in contradicting the assumed analytic properties of the
form factors.

This may be seen by writing the Pauli and Dirac form factors

in terms of the electric and magnetic form factors according to the
equations

F}^(Q2) = [G^(Q2) + TGJJ(Q2)]/[L + T],
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= fG^(q^) - Gg(q^) ]/2m^[l + T ] ,

where T=q^/4m^.

Unless the annhilation threshold constraint is

obeyed, the Pauli and Diracs form factors possess a singularity at
Q2=-4M?..

Due to the scarcity of data not too much can be said about the time
like structure of the proton.

The predictions, based on the parameters

of Fits 2 and 3, are plotted along with the data in Figs. 19 and 20.
As may be seen by examining these figures, the prediction based on
Fit 2, in which no higher vector mesons are included, falls-off much
too rapidly to give a good fit to the data.

The inclusion of the p'

at 3 GeV results in a rapidly rising curve which peaks at -9 (GeV/c)^.
The width of this peak is too large to be consistent with the upper
limits shown in the figure.

Several computer runs have shown, however,

that p' widths as small as 0.015 GeV give equally good fits to the space
like nucléon data because the unstable particle propagator is insensitive
to small width/mass ratios.

Such a small width would easily bring the

curve for Fit 3 into line with the data.

The disagreement between the

prediction based on the unstable particle propagator and the measurements
at -4.41 (GeV/c)^ is probably not significant.

Note that the data is

inconsistent at this point.
E.

Pion and Kaon Form Factors

The analysis of the time-like pion form factor has been a popular
topic for many years.

Gounaris and Sakurai (109) have used the N/D

method to construct a p-propagator incorporating finite-width effects.

Time-like Proton Electric
Form Factor
Fit 2
Fit 3
to

0.60
0.40

-8.00

-7.20

Figure 19.

-6.40

-5.60 -4.80
(GeV/c)^

Time-like proton electric form factor vs q^.

-4.00

Time-Like Proton Magnetic
Form Factor
Fit 2
Fit3-

0.80-

8.00

-7.20

-6.40

-5.60

-4.80

q2(GeV/c)2
Figure 20.

Time-like proton magnetic form factor vs

4.00
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Their propagator is good only for

since they assume the 6^^

I=J=1 phase shift satisfies a generalized effective range formula which,
even theoretically, can have exact validity only on the elastic cut.
Their propagator results in an adequate description of the low-energy
pion form factor data, but fails completely to explain the space-like
data, giving an over-all

Renard (110) and Bonneau and Martin (111)

have included the effects of inelastic channels coupled to the p.
Both models suffer from ad hoc assumptions about the structure of the
p-hadron vertex and are therefore unreliable.

Deo and Parida (112) have enriched the momentum structure of the
p-propagator through a further generalization of the effective range
formula.

A fit to the world data of the pion in both the space and

time-like regions gives x|=l*32.

However, the model suffers from

arbitrariness and the use of a large number (6) of free parameters to
adjust for lapses in theoretical knowledge.

Many other models have

been proposed (113).
At the time of the original analysis (66) of the time-like form
factor data, data was available only down to about -1.2 (GeV/c)^.

For

the kaon, colliding beam experiments had given four values down to -3.20
(GeV/c)2.

Due to its scarcity the data therefore did not warrant fitting,

but was instead predicted on the basis of universality fits to the nucléon
form factor data.

For Fits 2 and 3 the assumption of p-universality

was used to related the pion form factor to the isovector form factor
according to Eq. (2.54).

In Fig. 21 data points are shown for the

pion form factor along with the upper and lower bounds for f^^ con
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sistent with the p mass, width and coupling variances given in
Tables 11 and 12.

The upper curve is seen to fall noticeably below the

peak experimental data points.

Note the shift in the p-peak due

to the different preferred mass values for the p.

It is easy, of course,

to fit this data by letting the p parameters float.

However, this

destroys the correlation of the parameters determined by fitting the
space-like nucléon form factor data.
Augustin et

(108) were the first to detect a contribution

to the pion form factor from p-w mixing.

This occurs as a consequence

of the G-parity violating electromagnetic w+2w decay (114).
thought to go through the processes shown in Fig- 22.

It is

In terms of

these graphs the pion form factor becomes

FY*(Q2) = 1 _ 2GPP(M2/2YP)GP(Q2) - G^^(M2/2Y^^G^^Q2),

where p-w mixing has been introduced phenomenologically by using the
w-propagator and a complex-valued coupling constant, g^^.
In order to investigate the significance of this effect, the pion
form factor is fit for values of q^^-1.04 (GeV/c)^.

This momentum

range is chosen to avoid possible contributions from higher vector mesons.
The results, labeled Fit 4 and compiled in Tables 23 and 24, are achieved
treating the w parameters as free values and confining the p parameters
within the bounds set by the nucléon data (115):

m
(1)

and,

= 0.781±0.001 GeV; T
0)

= 0.0095+0.0003,

Time-Like
Pion Form Factor
Data
I
Bounds
Fits 2
Fit 3

46.67
40.00
33.34
26.67
20.00
13.33
6.67

VY

0.00
- I . 20

-0.96

-0.72

-0.48

-0.24

q2(GeV/cJ2
Figure 21.

Time-like pion form factor vs q^.

The curves represent

predictions based on fits to the nucléon form factor data.

0.0

TT

TT

/

/
W

c(

=
\

\ ^
V

Figure 22.

\

\•

TO

TT

IT

Feynman diagrams contributing to electromagnetic p-w mixing.
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Table 23.

Vector Meson Masses and Widths in GeV Obtained From Fits
to the Psuedoscalar Meson Form Factor Data

m

Fit 4^

Fit 5^

Fit

0.766

0.763

0.763

0.115

0.130

0.119

0.781 ±0.001

0.782

0.782

0.0095±0.0003

0.0090

0.0094

P

r

p

m

r

0)
W

m,

1.049

9

r,

0.0051

9

+0.3
m ,
P

'P'

1.51

1.72±0.2

-0.1

+0.7
0.25

-0.1

^it 4:

Fit to pion form factor peak with p-o) mixing.

^Fit 5:

Fit to pion form factor data with p , to, and p ' .

^3IT 6:

F i t t o k a o n f o r m f a c t o r d a t a w i t h p , w , (j), a n d p ' .

0.32±0.1
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Table 24.

Vector Meson-Pseudoscalar Meson Coupling Constants Obtained
From Pseudoscalar Meson Form Factor Fits^

g

ptr

|g
I
' wir '
a

Fit 4

Fit 5

4.6

5.2

0.26+0.02

0.28 ±0.01

75.0 ±1.0°

96.0

±6.0°

SPK

gp,^/2Yp,

Fit 6

2-3

-0.071±0.03

gptj^/^Tp,

^or a definition of the fits, see Tkble 23.

-0.12±0.03
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|g

I = 0.26+0.02, a = 75+1°,

for x^=0*8.
R

The result for the p-to mixing angle, a, is in agreement

with ot=86±14° obtained from colliding beam experiments (116) based on
a fit to the data using the Gounaris-Sakurai propagator.

The p-u) mixing

angle has also been measured in dipion production experiments (117),
giving a=10A±5°.

The result is therefore model-dependent, making a

comparison with experiment difficult.
The branching ratio for w^2m can now be calculated using the
formula

B(u->-2ïï) =

r((D-»-2u) / r

0)

= (m /12)(|g
0)

|^/4it )[l-(iJ /m )^]^/^.

' TOTT '

P

0)

The numerical value based on the parameters of Fit 4 is

B(a)->-2ïï) = 3.1+0.05%.

Experiments involving the production of pion-antipion pairs in strong
interactions (118) give branching ratios of 0.80±0.28%, whereas
colliding beam experiments (116) typically give values on the order of
3.61±2% when analyzed using the Gounaris-Sakurai propagator.

The result

obtained using the exact propagator is seen to be consistent with the
later values.

If the correlation between the p parameters is released then

X& as low as 0.1 can be achieved.
F

In this case the real part of g

TOÏÏ

changes sign, giving a p-w mixing angle of 101°, more in line with the
results from dipion production experiments.
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It appears that the exact time-like propagator gives an adequate
description of the peak data points of the pion form factor, though
the description is no better than that provided by other finite-width
parametrizations which include the effects of p-w mixing.

It is not

possible, for example, to shed any light on the different results for
the p and w parameters obtained from colliding beam experiments and
dipion production experiments.
In Fig. 23 the time-like kaon form factor obtained from the
nucléon form factor fits assuming SU(4) universality is shown.

Though

the data is widely scattered, it appears that the theory expressions
predict larger form factors than are consistent with experiment.

Note

the large enhancement at -9 (GeV/c)^ due to the 3 GeV p' (this peak is
shown somewhat exaggerated in width for purposes of clarity).

Because

the width of this p' is so ill-determined by the data, it is not possible
to conclude whether the existence of a p '->K^K

decay mode is present

in the data.
1.

Fits to the pion and kaon form factor data
For time-like q^ the electromagnetic interactions of the pseudo-

scalar mesons can be accounted for in the vicinity of the vector meson
mass by pole-dominance using either monopole or exact propagators.

In

the case of the pion, universality of the p coupling is suggested and
results in the identification 2f^=f^^.

But a good

fit to the data

requires contributions from electromagnetic p-o) mixing.
The recent experiment of Bernadini et al» (102) gives values for the
pion and kaon form factors to -9 (GeV/ç)^.

This experiment has the

7.00-

Time-Like K* Form Factor
Fit 2

6.00-

Fit 6
Fit 7
Fit 9

5.00
4.003.00
2.00-

1.00

0.00

-10.00

-8.00
23.

-6.00

-4.00
(6eV/c)^

TLnie—like kaon form factor vs

-2.00

(p' peak exaggerated)
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crucial merit that a separation of the pion and kaon signals is made, and
shows that below -2 (GeV/c)^ the form factors of the pion and kaon are
much larger than is to be expected on the basis of an extrapolation of
the vector meson tails and may in fact tend to unity, characteristic of
a point particle.
To account for this discrepancy two major lines of thought have
been developed.

One is the idea that the pseudoscalar mesons are

composed of point-like constituents, quarks or partons, and that at
large time-like
probed.

the point-like structure-of the meson is being

The other is based on the attempt to modify vector meson

dominance by including contributions from higher vector mesons or from
inelastic channels that give cusp effects at their thresholds.
In this latter sense, in one type of dual resonance model (119)
a fit was made to the time-like and selected values of the space-like
pion form factor data using generalized vector meson dominance and the
duality mass relation.

A good fit to the data required the use of

three hypothetical isovector resonances beyond the p.

Zovko (120) has

constructed a zero parameter simple-pole model of the pion and kaon form
factors by imposing thé asymptotic bounds, Eq. (2.25).

A good fit

required the introduction of six vector mesons, only three of which
correspond to experimentally established vector mesons.

The pattern that

emerges again is that vector meson dominance models for electromagnetic
form factors which ignore finite-width effects require the use of nonexsistent vector mesons in order to obtain acceptable fits to the data.
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In this analysis a generalized vector meson dominance model
with P and p' contributions is constructed in the hope of predicting
vector mesons which have some experimental basis.

Attempts to fit

the high energy pseudoscalar meson data with p and

ut

contributions alone

fail even if all the masses, widths and couplings are taken as adjust
able parameters.

This .is due to the high energy behaviour of the data

discussed previously and to the existence of an enhancement at about
1.5 GeV in the pion data and at 1.7 GeV in the kaon data.

If these

enhancements correspond to higher vector mesons then an analysis using
the unstable vector meson propagators developed in this work may lead
to important insights concerning the real mass and width parameters
of the resonance.
In this extended model the pion form factor is written

and the kaon form factor becomes

£^'^(Q2) . 1 - (SP*/2)(M2/2YP)CP(Q2) -

- (G^,,/2)(M^.,>0^.(Q^),

where p-universality has been assumed.

In the first fit to the pion

data, labeled Fit 5, the p' parameters are allowed to float and the p
parameters are held within the bounds determined by the nucelon data.
The best fit (compiled in Tables 23 and 24) occurred for the following
p' parameters (Xp=0'6):
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1.51±0.15 GeV, r , = 0.25±0.20 GeV

m

P

P

PP'/27p' = -0.071±0.03

1

where the errors are estimated by making several runs yielding the
same

for different parameter sets.

and 25.

This fit is shown in Figs. 24

Note the complexity of the p-peak due to p-w mixing and the

small local maximum near the two pion threshold (due to the logarithmic
branch cut).

At higher values of the momentum transfer there is a bump

in the form factor at -(1.51)2 corresponding to the virtual p'->2ÏÏ decay.
The branching ratio for this process, defined by

B(p'->2Tr) = (mp,/rp,)(g2,^/48m)[l-(Up/mp,)2]3/2

is

B(P'->-2IT) = 0.08YPI%.

The values of the

, coupling are still controversial.

Ceradini ^ al.

report (121)

(2Yp,)2/4ir = 17±5

if the p' decays completely into pe, and

(2Yp,)2/4n = 13±5

if an u7r mode is also present.

From a theoretical analysis of the p'

decays, Bramon and Greco (122) conclude

Time-Like Pion Form Factor
Data:*
40.00 -

Fit 7:

33.3426.67

6.67T

-1.20

-0.96

Figure 24.

T

T

-0.72

T

-0.48
(GeV/c)^

-0.24

Time-like pion form factor vs q^, obtained from plon form factor fits.

2.80

Time-Like Pion Form Factor
Dotal
Fit 5
Fit?
Fit 9

2.40

2.00
1.60

1.20

0.80
0.40
0.00

-9.00

-7.00 -5.00

-3.00

-1.00

q2 {GeWcf
Figure 25.

High-energy time-like pion form factor vs q^.
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Using the value suggested by the analysis of Bramon and Greco,
it follows that

B(p'^2Tr) = 2.1%

compared to the experimental result (123),

B(p'->2Tr) < 10%.

Considering the available phase space, the smallness of the p'-'•2ÏÏ
branching ratio is surprising.

Explanations for this have been proposed

by the quark model (124) and by gauge theories (l25).
Continued into the space-like region, the pion form factor is
seen to fall below the experimental points, as shown in Fig. 26.
that the curve

Note

corresponding to Fit 4 has a zero at 1.7 (GeV/c)^.

This

is a result of fitting only the peak data points; the asymptotic
behaviour of the pion form factor is not constrained by the data.
There appears to be an enhancement in the high-energy time-like
kaon data, shown in Fig. 23, that may be due to the presence of a p'^2K
decay mode.

In order to check this the kaon time-like data is fit with

a contribution from the p'.

The vector meson-kaon couplings are

confined within the limits set by the nucléon data according to SU(4)
universality.

This fit is labeled Fit 6 and gives Xp=0«9 for

m^, = 1.72±0.2 GeV,
gP^'/2Yp, = 0.12±0.03.

, = 0.32±0.1 GeV,

0.95
0.84

Space-Like Pion Form Factor
Data {

0.74
0.63
0.53
0.42
0.32

0.21
0.1 I

0.00

0.00 0.40 0.80
Figure 26.

1.20

1.60 2.00 2.40 2.80 3.20 3.60
(GeV/c)^

Space-like pion form factor vs

, obtained from pion form factor fits.
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The calculated p '-»-2K branching ratio is

B(p'+2K) = O.lOrg.Z.

For Ypi=2Y^ this gives B(p*->2K)=3.1%, in agreement with the experimental
result

B(p'->2K) < 10%.

The time-like kaon form factor obtained by fitting the kaon data
is shown in Fig. 23.

The extrapolation to space-like

is shown in

Fig. 16, and possesses the same general behaviour predicted by SU(4)
universality fits 2 and 3, though the slopes of the curves at the origin
are slightly different.
Considering the large errors on the p' mass and width (due to the
paucity of data) obtained from the pion and kaon form factor data fits,
these results suggest that a single vector meson in the 1.5-1.7 GeV
mass region contributes to both the pion and kaon form factors.

The

mass and width of this meason can be pinned down better if the pion and
kaon data are fit simultaneously.

This will place more constraint on the

parameters and should result in a better determined set of mass, width
and coupling constants.
If the p, (1), and ip masses and widths are retained within the
variances listed in Table 11, a good fit with
with a mass of 1.52 GeV and a width of 0.23 GeV.

occurs for a p'
The parameters are

given in Tables 25 and 26 under the heading. Fit 7.

For this fit the
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Table 25.

Vector Meson Masses and Widths in GeV Obtained From Fits
to the Pseudoscalar Meson Form Factor Data
d
Fit 7*

Fit 8^

Fit 9^

0.763

0.763

0.763

0.775

rp

0.129

0.129

0.129

0.141

m

0.782

0.782

0.782

0.783

0.0101

0.0110

0.0110

0.014

1.016

1.016

1.016

0.0057

0.0057

0.0057

1.52±0.02

1.53

1.32

0.2310.04

0.21

0.22

m

Fit 10

P

r

w
w

%

'p'
nip,,
'p"

^it 7:

1.70
0.29

Simultaneous fit to pion and kaon form factor data with
contribution from p'.
Fit 8: Simultaneous fit to pion and kaon form factor data with
SU(3) couplings and contribution from p'.
^Fit 9: Simultaneous fit to pion ami kaon form factor data with
,
contributions from p' and p''.
fit 10: Fit to peak data points of pion form factor using the complex
propagator.
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Vector Meson-Pseudoscalar Meson Coupling Constants Obtained

Table 26.

From Pseudoscalar Meson Form Factor Fits*

®pii

a

Fit 7

Fit 8

Fit 9

Fit 10

5.2

5.2

5.2

5.65

0.29±0.03

0.31

95.0 ±1.0°

95.0°

2.6

®PK

0.46

102.°

2.6

2.6

2.6

1.9

4.1

4.9

+5.0
1.8

®a)K

-1.2

00

+0.9
4.9
-3.4

-0.07

-0.088

-0.02

1

8B'K/\'

-0.046

-0.035

-0.029

S p"K'%'I

^For a definition of the fits, see Table 25.

-0.023

-0.01
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couplings are obtained with the isovector parts of the pion and kaon
form factors related by universality.

The isoscalar couplings are

nearly identical to those predicted by SU(4); indeed, when the exact
SU(4) couplings are used the

changes only negligibly (Fit 8).

If

the accepted values for the w and (|) mass and width are used it is also
possible to obtain a good fit to the data using essentially the same
couplings, so only the isovector part of the kaon form factor is of
crucial importance to the fit.
As can be seen from Fig. 24 and 25, Fit 7 gives a good representa
tion of the pion form factor in both the low and high energy regions.
However, the corresponding space-like form factor has a zero at 3.4
(GeV/c)^.

The fitting of the isovector part of the kaon form factor

with the pion form factor clearly does not lead to wholly acceptable
results.

The space and time-like kaon form factors for this fit are

shown in Figs. 16 and 23.

Note that the p' peak in the kaon data shifts

to a region where no data is present.

It is therefore not possible to

conclude whether a p' contributes to the kaon data or not, and if it does,
whether it is the same p' that affects the pion data.
Crossing relates the couplings determined in Fit 7 to the vector
meson decay strengths so that the branching ratio for the two-pion and
two-kaon decays can be calculated:

B(w^2n) = 4.1%,
B(p'->2Tr) = 2.3%,
B(p'->-2K) = 0.3%.
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The theoretical analysis of the mesonic form factors has thus far
given no evidence in favor of the existence of a vector meson resonance
at 1.25 GeV, reported in some experiments (see Table 15).

In order to

clean this problem up, an attempt is made to determine the mass and width
of two consecutive daughters of the p-trajectory that lead to a good
fit to the pion and kaon data simultaneously.

This requires the use of

the duality mass and width relations,

m^
PN

= m^(1+an),
"

where m =0.763 GeV, F /m =0.169, and a=2.
P

m^, = 1.3 GeV,

P

It then follows that

P

= 0.22 GeV,

m^, ,= 1.7 GeV, Fp,, = 0.29 GeV.

SU(4) couplings are used for the p, w, and ((>.

The results of the fit

are given in Tables 25 and 26 under the heading of Fit 9, and the curves
are shown in Fig. 23 and 25.

The double peaks in the form factors can

not be taken too seriously, of course, since there is not enough data to
justify their existence.

If the masses, widths and couplings of the

higher vector mesons are allowed to float, then the Xp drops from 0.7 to
0.4.

The p' and p" masses move up to 1.4 and 1.98, respectively, and

the widths to 0.10 GeV and 0.40 GeV.

A good fit to the data cannot be

obtained if, for example, only the odd daughters are retained.
mass spacing parameter, a, may also be allowed to float freely.

The
The best
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fit occurs for a=2.75, corresponding to masses of 1.49 GeV and 1.96
GeV.

The data therefore apparently does not favor either the existence

of a p* at 1.25 GeV or the duality mass relation with a=2.
1.

Pion and kaon sum rules
If the form factors of the pseudoscalar mesons drop to zero as

rapidly as given in Eqs. (2.55), then sum rules for Qp and Z^, defined
by Eqs. (2.56), must be obeyed.

The values for Q^, Q^+, and

culated using the parameters of fits 4-9 are given in Table 27.

cal
In the

cases where the high q^ pion and kaon data is fit either independently
or simultaneously, the charge sum rules are satisfied to within 5%.

This

suggests that the pion has no hard core and is a composite, not an
elementary, particle.

Likewise, the results for the kaon charges suggest

that both the charged and neutral kaon is not elementary.
The values for Z^, Z^+ and Z^^ are also given in Table 27.

The

results indicate that the form factors of the pseudoscalar mesons decrease
no faster than the monopole and that there exists a hard core term in
the function q^f^^(q^).
2.

Pion and kaon charge radii
The pion and kaon charge radii are defined by Eq. (2.57).

The

values of these radii based on the parameters from fits to the pseudoscalar meson data are given in Table 18.

These fits yield values for

the pion charge radius on the order of 0.94 f., which is larger than the
value, 0.85 f., obtained by assuming f
fits to the nucléon data.

YTT

V
=2f^ , and extrapolating from

It is also larger than the values predicted

on the basis of other models, as seen in Table 18.
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Table 27.

Predictions of the Pseudoscalar Meson Charges and Asymptotic
Parameters Based on Fits to the Pseudoscalar Meson Form Factor
Data

Q

IT

Fit 4

Fit 5

1.26

1.04

Fit 6

Fit 7

Fit 9

1.02

1.10

Q^+

1.00

1.05

1.05

Q 0

-0.34

-0.06

-0.04

-0.40

-0.31

Z

IT

-0.58

-0.25

Z^+

-0.51

-0.67

Z^o

0.66

-0.27

-0.63

-0.31
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The values of the kaon charge radius based on fits to the pseudoscalar meson form factor data are given in Table 19.

The experimental

values for these radii are not at all well-determined, so the values in
Table 19 must be treated as predictions to be compared with future ex
periments.

This model therefore predicts that the charge radius of the

k"*" is 0.78±0.02 f. and the charge radius of the K® is 0.47±0.08 f.
3.

The P-wave pion-pion phase shift
To explain the large value of the pion charge radius deduced from

a recent ew scattering experiment. Levin and Okubo (126) have concluded
that the I=J=1 pion-pion phase shift must possess a large enhancement on
the elastic cut.

Such a behaviour has no dynamical basis in existing

theory, but is not explicitly ruled out by the data.

This is an impor

tant result for this study because the phase shift makes its connection
to the pion form factor through the relation

= tan l{Im[f^^(q2)]/Re[fY^(q2)]},

(3.7)

where 6^^ is the phase shift for the scattering of two pions in the
I=J=1 state, that is the isovector P-wave state.
on the elastic cut; i.e., for

Eq. (3.7) is exact only

from -4m^ to -16m^, and is established

by applying unitarity in the calculation of the spectral function,
Iin[f^^(q^], and then by making a partial wave expansion of the ir-ir scat
tering amplitude.
Data for 6^^ is obtained indirectly from dipion production experiments
—
—
like IT p-MT TT n.

This strong interaction process is complicated by the

existence of many intermediate states, just a few of which are shown in
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Fig. 27.

For low

the process is dominated by one-pion-exchange and

the analysis is simplified enough to allow a determination of the ir-tr
scattering cross section, and thus the various ir-ir phase shifts.
Data from a recent experiment (127) is shown in Fig. 28.

In general

the data from many different experiments exhibits an appreciable spread
from experiment to experiment and between different methods of analysis
applied to the same experiment.

This is due to the heavy theory-dependence

of the data; an arbitrary extrapolation procedure is needed to go from
the physical region to the pion pole.

For example, in the ÏÏ—rr phase

shift analysis of Estabrooks et al. (127) two solutions for 6
found to fit the cross section measurements well.

TTIR

were

At the four-pion

threshold one solution gave

6

(-16m^) = 11.5±0.5°
1TÏÏ
IT

and the other gave

Ô

(-16m^) = 14.6+0.5°.
TTÏÏ
TT

On the other hand, Protopopescu et al. (128) quotes a rather small value,

6

(-16m^) = 9.4±0.7°.
ÏÏÏÏ
IT

The 6^^ data is usually summarized by an effective range formula,

(q2+ 4m2)3/2cot 6^^(q^) = -CPp/a^m3)q + fq(q^ + m^),

where a,m^=0.05 and f=-2.21 so that 6 (-16m^)=ll°.
1 TT
.
irir
IT
from the Chew-Low extrapolation theory.

(3.8)

This formula follows

+\

n

J

•n \ / ^

3ir

\
\

\ IT

\ TT

(OPE term)

TT
TT

+•••
\ TT

Figure 27.

Feynman diagrams for the reaction IT
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Since the model constructed in this work leads to a large pion
charge radius, the question arises as to whether the predicted ir-n
phase shift behaves according to the Levin-Okubo conjecture.

This phase

shift is plotted in Fig. 28 for Fits 2 and 3 (the other fits lead to very
similar results).

The curves for these fits swells way above the effective

range formula and takes the value 24+3° at the inelastic (i.e., four-pion)
threshold, as compared to the experimental result, which is on the order
of 11°.

This step-function-like behaviour is due to the presence of the

logarithmic cut in the propagator and to mathematical interplay between
various terms at

values near the two-pion threshold.

This in turn is

due to the specific nature of the approximation made for Im[R^(m')],
Eq. (2.36).
The curves labeled B, C and D in Fig. 28 are taken from the LevinOkubo paper and represent phase shifts which give radii at least as large
as the anomalous result from direct eir scattering, <r^>^=0.78±0.10 f. (98).
In order to improve the unphysical threshold behaviour of the propagator
used thus far in the analysis, and to investigate the relevance of the
Levin-Okubo conjecture to this method of attack, a second p-propagator
was derived assuming

Im[Rp(m')] = (Fp/m^)[l-(yp/mp)2] 3/2[l-(Wp/m')2]3/28(m'-Pp),

in keeping with the dynamical assumption, Eq. (2.32).
0(m'-vip) is the usual unit step-function.

In this equation

The simple propagator, derived

from Eq. (2.37), is thus the limit of this new propagator for m'»vip.
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The new propagator then takes the form

OylnDyCm') = { [ïïi+L(m^^)]R(m^^,m') - [iTl+L(m^^))

(m'2-w2)3/2
+ [Trl-L(m')]M'2

(m'-m
"^V

)(m'-m

N

)

111

17

m Im^yl

+-+-;-)] }

m

m^^

where

\ " (ry/2my)[ 1 - (Wy/my)2] 3/2,
(m'+p

L(m') = log

+ (m'-y )'^
r
j-,
(m'+y^)^ - (m'-yy)%

and

R(m,m')

(m2-y2)(m'-m
f-*

)

A fit to the pion form factor data for q^^-1 (GeV/c)^ (to avoid
effects of the p') gives xt=0'8 for the parameters
r

m

= 0.775±0.005 GeV, r

P

= 0.141±0.005 GeV,
P

SpT, ° 5.65.

The relevant data for this fit, called Fit 10, is given in Tables 25-27.

TT-TT P-wave Phase Shift
48.00 Data l
Effective range formula-42.00 Fit 2—•—•—•
tn
Fit 3
ï 36.00 Fit 10

A Form D
+ Form C
* Form B

EN

3 30.00
•JI

? 24.00
CO

00

18.00

12.00

0.00

0.60
Figure 28.

1.40

1.80
2.20
2.60
q2 (GeV/c)2 [x|0'']

Pion-pion P-wave phase shift vs
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The pion charge radius evaluated for the parameters and the prop
agator of Fit 10 is

<r2>^ = 0.75+0.05 f.,
IT
even in better agreement with the latest result from electron-pion
scattering (98).

Note, however, that this value is substantially smaller

than the other values compiled in Table 18 calculated using the simple
propagator.
The phase shift calculated using this propagator is plotted in
Fig. 28.

The two curves correspond to the bounds allowed by different

equally-good fits to the low energy pion form factor data.

Note that

the step-function-like behaviour is absent and that at the inelastic
threshold,

6

(-16m^) = 18±3°

TTTT

TT

more in keeping with the experimental result, though the predicted
value is still too large.
It appears that the use of the exact p-propagator leads to large
radii and large phase shifts that do not behave like those posited by
Levin and Okubo.

The Gounaris-Sakurai propagator, on the other hand, leads

to a small charge radius and a small phase shift (8°).

Yet both fit the

time-like pion form factor data well for low q^.
The difference between these propagators in this respect may be
traced to the fact that the pion charge radius calculated using the
exact p-propagator has terms proportional to r^/y^, y m /r^, and m^/y^

160

(see Appendix C), none of which are small numbers for the p.

These

terms do not appear in the Gounaris-Sakurai propagator due to the manner
in which the branch cut is mathematically put in.

Thus the large TT- TT

P-wave phase shift seems to be irrelevant to the conjecture of Levin and
Okubo that the pion charge radius therfore be large.
To .further investigate this question, the p-propagator has been
modified to include the possibility of structure in the ptnr vertex.
The results of this analysis are preliminary and are contained in
Appendix E.
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IV.

DISCUSSION AND CONCLUSIONS

À.

Status

The use of unstable particle propagators in the description of the
electromagnetic form factors of hadrons has led to some notable results.
First of all, a good fit to the low-energy nucléon form form factor data
has been obtained using just p, u), and (J) dominance, and has led to a
determination of the vector meson resonance parameters in good agreement
with experiment.

This result must be contrasted with the simple-pole

model, which requires the p mass to be very low, or requires the exist
ence of experimentally unconfirmed higher isovector vector mesons if the
known p resonance parameters are retained.

The fit obtained on the basis

of the theory presented in this work is especially good considering all
the constraints placed on the analysis;

the accuracy of the data and

the high correlation between the four form factors due to their common
dependence on only three vector meson propagators.

Moreover, no ad hoc

assumptions about the momentum dependence of the strong vector mesonnucleon form factors is made.

The coupling constants are shown to be

interrelated by sum rules and to give good predictions for the vector meson
decay constants.

Since the experimental values of the vector meson-

nucleon couplings could have been imposed by the experimental data at the
outset, effectively a two-parameter fit to the data has been achieved.
Due to the step-function-like behaviour of the simple propagator
near threshold, the initial slopes of the nucléon form factors come out
somewhat large as compared to experiment.

In particular, the initial slope
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of the electric form factor of the neutron is too large by about 60%.
This same effect leads to an enhancement in the values of the nucléon
radii as compared to experiment.
The low energy form factors of the pion and kaon have been shown
to be related to those of the nucléon on the basis of p-universality.
A more general vector meson universality based on SU(4) does not seem to
give adequate fits to the data, though in most cases the data itself is
uncertain so a good test is not possible.

The predictions for both the

time-like pion and kaon form factor data are in excellent agreement with
experiment if due account for the existence of electromagnetic p-w mixing
is made.

For the space-like form factors of the pseudoscalar mesons,

the experimental data is model-dependent so no direct comparison with
experiment can be made.

However, for the pion the predicted space-like

form factor is consistent with the earliest model-dependent experimental
values, and brackets the most recent high-energy measurements.
At higher energies, new vector mesons like the heavy p's at 1.5 and
3.0 GeV are required to obtain good fits to the pseudoscalar meson and
nucléon data, respectively.

The heavy p at 1.5 GeV may be identified

with the experimental p' at 1.6±0.2 GeV reported in some experiments.
There is no obvious candidate for the heavy p at 3.0 GeV, though the
recent discovery of a heavy vector meson, ^(3105), at 3.1 GeV may be a
possibility.

Until the isospin of the ip is measured nothing can be said

with any certainty.

In general the high energy form factor data is too

sparse to uniquely determine a given vector meson, so the theoretical
errors in the resonance parameters are quite large and can be decreased
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only by more accurate measurements performed over small
above 3 (GeV/c)^.

intervals

In particular, the data on the neutron form factors is

in dire need of improvement.
The most recent measurements of the pion charge radius have prompted
a reanalysls of the pion form factor using an unstable particle propagator
with the correct P-wave threshold behaviour.

The result is that the

predicted value for the pion charge radius decreases from its former
large value, 0.94 f., to the value 0.75 f., in very good agreement
with the direct measurement in eir scattering.

The predicted P-wave

phase shift is much larger than the experimental result, however.

For

example, at the four-pion threshold, the phase shift is around 18° com
pared to the experimental value of 11°.

It is not clear whether this

discrepancy is due to the theory-dependence of the data or to some more
fundamental consideration.
In the hope of bringing the phase shift prediction into line with
experiment, structure in the pirir vertex has been posited.

This leads to

the introduction of a new free parameter, a, which complicates the
momentum-dependence of the p-propagator considerably.

Preliminary results,

given in Appendix E, indicate that values of a leading to an experimentally
consistent value for the P-wave phase shift also lead to predictions for
the charge radius close to those of the vector meson dominance model.
therefore appears that, if the recent measurements of the pion charge
radius are correct, some mechanism other than vector meson instability
is needed to account for its large value.

It
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Vector meson dominance was first suggested by the behaviour of the
nucléon electromagnetic form factors. It is known to work well in the
time-like region near the vector meson resonance peaks when the effects
of vector meson instability can be ignored. This work suggests it is
also a viable description of the interaction of space-like photons with
hadrons if the role of vector meson instability is not ignored.
In a wider theoretical context, pole dominance has recently been
raised from its original status as a low-energy phenomenology to a basic
description of photons, vector mesons and intermediate vector bosons in
gauge field theories incorporating spontaneous syimnetry breaking (129).
It has been suggested, for example, that the weak interactions owe their
origin to vector and axial-vector dominance (130) in which (so far hypo
thetical) intermediate vector bosons couple to the p and the

and that

gravitation is due to dominance by f-mesons (131) in which the graviton
couples to massive 2^ f-mesons which interact universally with hadrons
through the conserved energy-momentum tensor.

In fact, unified gauge

theories of weak, electromagnetic and strong interactions have been pro
posed (132) in which vector meson dominance plays a leading role.
B. Improvements
There are several ways in which the proposed model for the electro
magnetic form factors may be modified or refined:
(1.) A careful analysis and compilation of all the available
nucléon form factor and ep total elasuic cross section data should be
made.

In this way questionable data points can be eliminated. Since

systematic errors between different data sets can seriously affect x^»
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the number of variable parameters in the fit should be increased to
include normalization parameters (133).
(2.) The model for the form factors should be improved. The
assumption of dominant two-body decay modes should be dropped for the w.
Even though the r^/m^ ratio is small, suggesting that the exact form of
the (D-propagator is irrelevant as long as analyticity is assumed, an copropagator which includes the dominance of three-body decay modes may
result in a set of w-hadron couplings more in line with universality
predictions. Looking ahead to the future, the difference between various
parametrizations of the w peak will become especially crucial as the
precision of the colliding beam experiments is increased.

There is

basically no other model for the w-propagator in existence because
alternate parametrizations rely on effective range formulas and dispersion
relations, and a phase shift analysis of three-body decays is very
difficult.
The nucléon form factor data should be re-fit using the complex
propagators. The nucléon radii calculated using the parameters of the
fit are expected to give better agreement with the data due to the
absence of anomalous threshold effects. It might be expected, therefore,
that the theoretical value of the slope of the neutron electric form factor
at q2=0 will be in better agreement with experiment.
(3.) The charge, magnetic moment and asymptotic sum rules obtained
in this analysis can be solved simultaneously for the coupling-ratios
if only four vector meson contributions are included and the masses and
widths are fed in as input.

It would be interesting to know how well

these parameters fit the data.
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(4.) Finally, the high-energy nucléon form factor data should be
re-fit using only the known (or most probable) higher vector mesons;
that is, p'(1.6), if(3105) and i(»'(3695).

According to the quark model,

the (j) decays dominantly only into states with non-zero strangeness.
particular,

In

Experimentally it is known, for example, that the

cross section for photoproduction of if) mesons is very small relative to
that for the photoproduction of the p and w (134). Yet good fits to
the nucléon electromagnetic form factor data cannot be obtained unless
a contribution from an isoscalar vector meson other than the

to

is

utilized. This is a consequence of the dipole behaviour of the isoscalar
form factor. To achieve consistency with the quark model, it is
judicious, therefore, to re-fit the nucléon form factor data utilizing
contributions from only the p and p' in the isovector part of the form
factor, and from w and
form factor.

\p

(and perhaps IJJ') in the isoscalar part of the
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V.

APPENDIX A: PHYSICAL INTERPRETATION OF
ELECTROMAGNETIC FORM FACTORS,

It is tempting to conceive the elementary particle as a rigid
three-dimensional structure possessing a more or less definite radius.
However, it is difficult to maintain this idea due to requirements im
posed by the special theory of relativity. If an elementary particle is
extended in space then the spatially separated parts of it must be
connected like the parts of an absolutely rigid body. The special theory
of relativity requires, on the other hand, that deformations in a solid
object propagate no faster than the speed of light.

But for a solid

object to behave like a rigid body deformations would have to propagate
instantaneously to all parts of the body. Thus an elementary particle
cannot be spatially distributed, and therefore must be a point-like
object.

This argument, of course, does not exclude the possibility that

an elementary particle might consist of some kind of impenetrable fluid.
At one time it was hoped that non-local field theories (135) would
lead to a representation of space-time extension and to the elimination
of the divergences in the quantum theory of interacting fields. These
hopes have been frustrated by the difficulty in making non-local theories
simultaneously causal and Lorentz-invariant (136).
From the discussions in Sec. lA and IB, f^^(q^) and f2^(q^) are seen
to include all possible effects due to virtual particle fields around the
nucléon which interact with the photon and do not violate Lorentz or
gauge invariance. This cloud of virtual particles surrounding the nucléon
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is usually not regarded as representing a real static spatial structure
because it consists of particles not identified with real entities: i.e.,
with virtual particles (137). What do the form factors have to do, then,
with the "form" of the particle; i.e., with the actual charge and mag
netization density of the particle in coordinate space?

As will be made

clear below, they have nothing to do with it at all in a rigorous sensethey actually represent only theoretically defined functions which can be
measured in the laboratory and thus by which a theory can be tested. The
relativistic form factors allow a relativistic scattering amplitude for
point-particle scattering to be parametrized in such a way as to express
deviations from non-relativistic results.
The whole package to terms like "particle", "core", and "structure"
actually represent euphemisms.

A "particle" in the context of this

analysis is simply a pole of the S-matrix. If the pole lies on the real
axis below the threshold of its interactions, the particle is stable; and
if it is on an unphysical sheet it is unstable. The "structure" of a
particle is defined wholly in terms of its form factors.

If f(q2)fO

over some range of q^, the particle is said to possess structure.

This

structure has a radius only if the initial slope of the form factor does
not vanish. The structure has a "core" if the form factor goes to

some

non-zero asymptotic value.
This terminology is motivated by the common usuage of non-relativistic
nuclear physics (138) where the form factors are meaningfully defined as
Fourier transforms of the nuclear charge and magnetic moment density. Then
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the classical kind of image of a particle as a static charge and magnetic
moment distribution with a well-defined surface, radius and core makes
sense.
In the relativistic case, the relation between form factors and
static charge and magnetic moment distributions has only an intuitive
meaning. A number of difficulties arise which make it difficult to
assign a literal meaning to the concept of spatial structure. If infor
mation concerning the static structure of a hadron, for example, is
desired for small distances, the uncertainty principle requires that a
photon probe of large three-momentum be involved.

For real photons this

corresponds to large recoil energy changes in the hadron, leaving it in
an excited state and disrupting its static structure.

Real photons of

smaller momentum would diminish recoil effects, but would also wash-out
the details of the hadronic structure.
To avoid these difficulties, virtual space-like photons can be
used to probe the electromagnetic structure of hadrons in elastic
electron-hadron scattering experiments.

In this case the photon is off

the mass shell, so the amount of recoil energy transferred to the nucléon
can be considerably reduced and its ground state structure can be explored.
In fact, in the Breit frame, where the energy transferred by a virtual
photon vanishes, the electric and magnetic form factors can be used to
define static charge and current densities in the classical sense.

Since

q=p'-p, the fourth component of q vanishes and current conservation is
expressed by

170

which implies that
in this frame.

Y

N(q) consists of a scalar and a transverse vector

A calculation then shows that in the Breit frame the

nucléon matrix elements take the form

j^^(q) = iaxqG^(q2),

= iGg(q^),

where both the nucléon spin states are up or down due to the selection
rules on angular momentum and parity (NN must be

or ^Dj).

This same

result occurs in a non-relativistic theory for the interaction of a momentum
space

charge density, Gg(q^), with a scalar potential and a magnetic

dipole interaction with G^JCq^).
The Fourier transforms of the current matrix elements can now be
used to define time-independent (i.e., static) charge and magnetic moment
distributions according to the equations,

p^^(x) = (2n)

3^^d^qG^^q2)exp(iq'x),

J^^(x) = i(2n) ^^d^qaxqG^(q^)exp(iq*x).

(A.l)

No such interpretation holds for the Dirac and Pauli form factors and it
is important to note that the analysis in terms of the Breit frame system
is specialized and valuable mainly because it produces the same result as
a non-relativistic treatment.
The inverse transformations of Eq. (A.l) are

Gg(q2) = ^jd3xp^^(x)exp(-iq'x),

ioxqG^^qZ) = j^d^xjY^(x)exp(-iq'x),

(A.2)
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and the normalization condition gives

Gg(0) = Qjj = yd^xp^^(x),

as expected.

If

p

YN

~•
(x) is assumed to be purely radial, then by Eq. (A.2)

the electric form factor becomes

Gg(q^) = Jp^^(r)[lq|r] lsin(|q|r)4mr2dr.

In Table 28 pertinent examples of Gg(q^) and their corresponding Fourier
transforms are displayed assuming the charge distribution is spherically
symmetric. As can be seen from this table, a monopole form factor (Form 2)
gives a Yukawa-type, e ^/r, charge density. The dipole form factor, on
the other hand, corresponds to a decaying exponential charge density.
The dipole and scaling laws, Eq. (1.1) and Eq. (2.11), are known to
give a fit to the nucléon form factor data which removes the major part
of the q^-dependence.

Thus, in the loose conceptual sense of Eq. (A.l),

the charge and magnetization density of the nucléon are spread out in
space and drop-off exponentially with distance. This is quite different
from the behaviour of nuclear charge densities, which present sharp drops
in charge density corresponding to surface features.
The net charge of the neutron is zero, so its charge density must
change sign at some definite point. The scaling law for G^, Form 4 in
£

Table 28, is seen to describe just such a detail. The Fourier transform
gives a charge density which is negative for r<2b, vanishes for r=2b,
and changes sign for r>2b.
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Table 28.

Spatial Charge Distributions for Given Form Factors

Form

p ^(r)

Gg(q2)

1.

1

5(r)

2.

[l+(q^/b^)] ^

(b^/4irr)exp(-br)

3.

[l+(q^/b^)] ^

(b^/87r)exp(-br)

4.

[q^/a^][l+(q2/a^)] ^

[b'*/8ira^][l-(2b/r)]exp(-br)
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The justification for this interpretation of the Fourier transform
of the Breit-frame current matrix elements has been given by Ernst et al.
(139). They show that the interaction of a nucléon wave packet with a
static external electromagnetic field is described by an interaction energy
identical in form to the classical self-energy of a distribution of
charge and magnetic moment.

The analogs of the classical charge and

magnetic moment density in this interaction energy are just Eq. (A.l).
As suggestive as this interpretation is, it is flawed in at least
four ways (140):
(1.) To measure the charge and magnetic moment distributions
defined by Eqs. (A.l) the form factor in the Breit frame must first be
measured.

But a given Breit frame is reached by a boost from a rest

frame that varies with the momentum transferred to the nucléon. Thus
it is not clear in what frame the charge and magnetic moment densities
defined by Eq. (A.l) are expected to apply.

The ambiguity is removed in

the non-relativistic limit where the Breit and Lab frames are identical.
(2.) Static charge and magnetic moment distributions are ruled
out by special relativity, which does not allow the existence of rigid
distributions of charge (or mass).
(3.) For time-like form factors, a completely different definition
of spatial charge and magnetic moment densities would be necessary
because the Breit-frame does not exist and the form factors are complexvalued.
(4.) The electromagnetic form factors are defined only in first
order electromagnetic interactions.

At high momentum transfer, or
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small distances, inelasticity sets in and the meaning of a static
charge density becomes obscure.
Despite these difficulties, it is common to formulate theories of
nucléon structure in terms of Eq. (A.2) by making some assumption about
the electromagnetic current density and to make predictions for the
electric and magnetic rather than the Dirac and Pauli form factors.

The

reasons for doing so are related to the operational meanings of the
N
N
electric and magnetic form factors (141). The use of G and G„ rather
E

yN

than f^

YN

and f^

M

eliminates the interference term in the differential

cross section. This makes it easier to determine the form factors from
the data and reduces their correlated error. Secondly, the expectation
value of the magnetic moment operator taken between nucléon wave packet
N
rest states is proportional to the total magnetic moment, G^(0),
and of
N
the charge operator to the total charge, Gg(0), as required.

By contrast,

the Pauli form factor normalizes to the anomalous moment.
A. Electromagnetic Radii
Even though it does not make good physical sense, in the context
of quantum field theory, to speak of static charge and magnetic moment
distributions, it is permissible to define root-mean-square electro
magnetic radii in terms of the form factors directly and bypass the
question as to whether they correspond to anything real or not.

Such a

definition can be made as an analogy to the definition of the expectation
value of r^ for a hadron described by a radial wave function.
expand the exponentials in Eq. (A.2) to lowest order in q^.

Gg(q^) = Gg(0)

- h J d ^ x ( q - x ) ^ p ^ ^ ( x ),

First

This gives
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where the q*x term integrates to zero by symmetry considerations.

Here

Gp may be taken to represent either the electric form factor of a spin h
baryon or the charge form factor of a pseudoscalar meson.

Next, assume

p^^(x) describes a spherically-symmetric charge distribution. Then it
follows that

GgCqZ) = Gg(0) - (l/6)q2<r2>B g"(0),

(A.3)

where the charge radius squared is defined by

<r2>g = Gg(0) ^J^p^^(r)r^d^x.

(A.4)

Unfortunately, there is no guarantee that the radius defined in this
way will be positive-definite.

The radius may be expressed in terms of

the form factor by differentiating Eq. (A.3). This leads to

<r2>g = -6G^XO)-l[dGg(q2)/dq2]o

(A.5)

H
H
if G (0)^0. If GL(0)=0, it is conventional to drop the term in the
denominator of Eq. (A.5). The subscript, Q, indicates that the derivative
is to be evaluated at q^=0.
For the magnetic form factor (if it exists), one may start with
Eq. (A.l) and write

j^^(x) = o X J^^(x),

where the hadronic spin magnetization,

—Y

H, is defined by

j^®(x) = i(2n) 3y"d^qG^(q^)qexp(iq'x).
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This equation may be re-expressed in terms of a magnetic scalar
potential, <ji^(x), defined by

*%(%) = -(2TT)

3Jd3qG^(q^)exp(iq«x).

Then,

The Fourier transform then gives

G^(q^) = Jd3x4i^(x)exp(iq*x) .

The radius of the magnetic moment distribution is defined by analogy
to Eq. (A.5) as

= -6G^(0) l[dG^Xq2)/dq2]o,

(A.6)

where (j)^ is assumed to be radial.
B. Compositeness
Reductionism of the large to smaller constituents has dominated
science for centuries. In physics, the concept of compositeness usually
entails the idea that the composite entity may be taken apart and put
together with no drastic alteration of its constituents during the proc
ess.

This concept breaks down in the elementary particle domain when

the mass defect is of the same order as the mass of the "complex" entity.
For a hydrogen atom, Am/m=10 ^, so it makes sense to speak of the hydrogen
atom as a composite system.

But for the nucléon built from quarks, for

example, Am/m=3f-l, where f>l is the ratio of the quark and nucléon masses.
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The quarks presumably loose their identity in the nucléon, and it is
more accurate to think of the nucléon as composed of quarks in the
abstract group-theoretical sense of irreducible representations,
especially since quarks do not experimentally appear to exist as free
particles.
In relativistic quantum field theory, on the other hand, the nucléon
is conceived as a dynamic structure.

At any moment the physical nucléon

may consist of a bare point-like nucléon and any number of virtual mesons
allowed by the conserved quantum numbers of the strong interaction. The
existence of such a bare nucléon implies the existence of a hard core
term in the nucléon electromagnetic form factor. The simplest way to
justify this result is through a consideration of the ground state atomic
charge structure of the hydrogen atom.

If the hydrogen atom is treated

as a composite particle, then its non-relativistic ground state wave
function is easily shown to be

}p (x) = (l/naSy^'x exp(-lx|a ),
0

0

0

where
a

= •ft^/ye^.
0

The atomic form factor of the hydrogen atom is determined by the charge
density,
p(x) = |^^(x)|2.
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and can be written as

f(q^) =

d^xp(x)exp(iq'x).

If the Fourier transform is performed, the form factor is seen to
obey a dipole equation,

f(q2) = (16/a4)[q2+(4/a2)]
0

which has an asymptotic q

0

behaviour. Had the hydrogen atom been

treated as an elementary particle, its charge density would have been
written as a delta function so its atomic form factor would be

f( q f )

=

1.

This difference in the asymptotic behaviour of an elementary and composite
particle applies in the relativistic case as well, though the proof is
complicated by relativity and requires the use of the Bethe-Salpeter
equation. Amati and collaborators (142) have shown that the functional
form of the form factors at high q^ allows one to distinguish between
a finitely and an infinitely composite particle.

The more composite

a particle is, the more rapidly its form factor decreases (the fastest
decrease consistent with dispersion relations is the exponential). Models
of hadrons with N constituents predict that (143)

as q^ goes to infinity. In the classical quark model for the nucléon,
N=3, so it follows that the nucléon form factors obey
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which is consistent with the dipole formula.
N=2, so a monopole form is predicted:

For the pion and kaon,
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VI. APPENDIX B: VECTOR MESON UNIVERSALITY

In order to complete the analogy between vector and axial-vector
forces in electromagnetic and weak interactions, in 1960 J.J. Sakurai
proposed (8) that the strong interactions are vector in nature, that the
neutral vector mesons are coupled to the conserved currents of the strong
interaction in a minimal way, and that there exists universal vector
meson coupling constants.

In particular, he proposed that the p is

coupled to the isospin, the <() to the hypercharge and the w to the baryon
number currents of the hadrons. The nucleonic, pionic and kaonic terms
of the effective Lagrangian density for the vector meson-charge inter
actions are thus

The universality condition (144) is then written

Sp„ = ZSpN • ZSpK'

®ajN " ® a ) K '

®(j)N

®(j)K'

In terms of vector meson dominance of the electromagnetic form
factors the universality relations take the form

f^^Cq^) = 2f^(q2)

= 2f^(q2),
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f]^(q2) =

(qZ),

f^"(q2) =

(B.2)

In SU(3) the J^^=l

vector mesons form a nonet; I.e., an octet

and a singlet. In the limit of pure SU(3) symmetry the nine vector
mesons are mass-degenerate. But since the physical masses range from
0.770 to 1.02 GeV, it is clear that SU(3) is badly broken by the medium
strong and electromagnetic interactions.

Consequently, there is no

a priori reason why SU(3) should be a good symmetry for the description
of the electromagnetic properties of the vector mesons. In fact, in order
to explain the failure of simple SU(3) symmetry breaking to identify the
masses of

U

and

o

(the pure isosinglet and the pure eighth component

of the vector meson octet) with the known w and (j), the auxiliary concept
of

mixing (145) had to be introduced. In this scheme the physical

0) and (}) are treated as superpositions of the pure SU(3) states as follows:

|w> = |VQ>COS0 + |Vg>sine,
|(|)> = |Vg>cose - |VQ>sin9.

Using second order perturbation theory it is possible to show that the
mixing angle, 0, has the value 40.2°, determined by the masses of the o)
and

(p.

Other forms of mixing theory have been proposed and lead to

different predictions for the mixing angle. In all of these predictions
the effects of mixing between different nonets in different states of
angular momentum excitation is ignored; for example, between nonets con
taining the p and the p' (146).
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The massive ^(3105) and ij)(3695) are believed to require a higher
internal symmetry group, SU(4), for a complete description. In this
PC """"
scheme the J =1
vector meson nonet is contained in a larger 15@1
dimensional representation. The other members include ^(3105) and
three other so far unconfirmed charmed vector mesons and their antiparticles, with masses on the order of 2.2 GeV. This more complicated
symmetry results in mixing between the w, (j), and \p, but the former results
are not affected. The p ' , K ', ii)(3695),... are radial excitations of
*
the p , K , 4^3105),... and form another 15@1 dimensional representation.
Hence the notation ij;'=ij)(3695) in Table 1.
In SU(3) there are two ways the vector mesons may be coupled to
the baryons and only one way they can be coupled to the pseudoscalar
mesons. The SU(3) baryon-vector meson couplings are determined by posit
ing the interaction Lagrangian density.

Lygg = fTr( [B,B]V ) + dTr( {B,B}V ),

(B.3)

where f and d are undetermined coupling constants, and B and V are 3x3
matrices. These matrices are built from the SU(3) generators, A^, and
from the baryon and vector meson fields, B^ and V^, according to the
equations

B=4

8

i=l
8

V =

i=l
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Note that the d-type couplings bear no resemblance to Sakural's
vector current theory, but the f-type coupling is identical to his
conjecture except that the physical w and (}> fields do not occur in
Eq. (B.3), but the pure SU(3) fields,

and Vg.

For the vector meson-pseudoscalar meson interaction only the
f-type coupling,

^VPP -

),

is possible due to charge conjugation invariance.

The Sakurai uni

versality assumption is thus exact in the pure SU(3) limit.
The coupling constants in Eq. (B.l) are related to the SU(3)
coupling, gp, by

Sp. °

g^K " /^gpCosG.

(B.4)

If the pion form factor is completely dominated by the p, then

gpZ-^Yp - 1-

This relation, and the quark model prediction for the mixing angle,
6=35.2° (or cos0=/2/3, sin0=/l/3), then gives

g

/2Y„ = 1,
piT
P

EpK^^Yp = 1 / 2 ,
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In the field theory of Kroll, Lee and Zumino (16), the vector
mesons are coupled to the conserved currents of the strong interaction in
a way that results in the hadronic current operator being composed of
a simple linear combination of the known neutral vector meson fields, as
follows

- -('°p/2Yp)P„ -

The source currents, J^, for the vector mesons are defined
y

j" = [cos(8y-8g) ME-gyY^sineg + ggB^cosey],
J* = [cos(0Y-0g)~^]t gyY^coseg + gBB^sin&y],

where I^, Y^,

(B.6)

are the conserved isospin, hypercharge and baryon

number currents, and g^, gg, 8^, 8g are undetermined parameters whose
values depend on some model for SU(3) symmetry-breaking.
The assumption of SU(A) symmetry allows a reduction of the number
of these parameters and imposes a universal coupling on the vector
mesons.

Banerjee and Levinson (95) have shown that in this case
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These equations can be used to relate the vector meson-hadron
couplings as follows. For the pseudoscalar mesons, which possess
only one form factor, take the matrix element of Eq. (B.7) between
single P-states. This leads to

V " (g^/2)[2B(P)+Y(P)],
V " C8*//2)[Y(P)-B(P)],

(B.8)

where Ig(P), B(P) and Y(P) are the isospin, baryon number and hypercharge of P.

The vector meson-baryon couplings have a similar rep

resentation with P replaced by B.
Specialized to the case of the pion, kaon and nucléon, Eq. (B.8)
becomes

(2/3)8^"; g,
(B.9)

Sakurai (147) has compared the relevant experiments which give the
p-hadron coupling constant and has found that the universality of the
p coupling is strongly supported by the data.

Banerjee and Levinson (95)

have considered some of the experimental data bearing on the question of
w-universality and have found that it supports a universal coupling.
There are reasons for believing that universality cannot be an
exact relation between the vector meson charges, namely, because the
assumption of p-dominance of the pion form factor, for example, is a
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drastic assumption far from the p pole, say at q^=0.

On the other hand,

if the p mass vanished, universality would be natural, just as it is for
the photon. Since the vector mesons have a large mass, universality
can only be an approximate relation.
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VII. APPENDIX C:

CALCULATIONS OF 1^(0), 1^(0) AND I^'(O)

The functions 1^(0), ly(0) and I^'(O) are defined as the zeroth,
first and second derivatives of

evaluated at q^=0. They may be

written in terms of the derivatives of D^(q) by making a power series
expansion of both sides of Eq. (2.38) and equating the coefficients of
equal powers of q^. This gives

1^(0)

= m^^D-l(O)]',

i;(0)

= (m2/6) [ D - l ( O ) ] " ' ,

I^'(O) = (m2^60)[D-l(0)]V.

(C.l)

It is convenient to write D^(q) in the general form

Dy(q) = [ -(m^/C) + (A/C)q + (BF^(q2)/Cm^)q2 ],

(C.2)

where

FyCqZ) = 1 + [D^"(0)/3D^'(0)]q + [Dy^\0)/12D^'(0)]q2 +...

and where A, B, and C are defined in terms of the derivatives of D^(q) by

C = -my/Dy(0),
A = D^(0)C,
B = (myC/2)D^'(0).

(C.3)

It is then straightforward, but tedious, to shown that by expanding
the inverse of Eq. (C.2), the derivatives can be expressed in terms of A, B,
and C and the other derivatives of D^(q) through the relations
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lyCO)

= -AC,

1^(0)

= (C/in2)[A3+2AB+(in^/3){D^"(0)/D^'(0)}],

l y ( 0 ) = -(2C/m^)[A5+4BA3+3AB2+m^BA2{D^''(0)/D^'(0)}

+ (2myB2/3){D^/'(0)/D^'(0)}

+ ( A B m ^ / ô ) { d J ' ^ CO / D ^ ' ( 0 ) }

+ (in3B/60){D^(0)/D^'(0)}].

(C.4)

The values of the derivatives of Dy(q) for the two propagators used in
this analysis are as follows:
(1.) For the simple propagator,
D^(0)

= [l+(l/ir)tan~l(r^/2{m^-y^})]-(r^/4i7m^)log^(y2/|m^^-y^|2)^

Dy (0) = ry/nm^yy,

D;"(0) =
= 4ry/nmyy3,
D^(0) = ISYmn^y^.
(2.) For the complex propagator,
ay^Dy(O) = 2Re{ [iri+L)
]R^0)} + (3iryy/4)
-(y2/|m^y| 2) [

(iry^/2)+2Re{m^y+(Try^m^y/2m^y) } ] ,

a~^TrDy(0) = 2Re{ [ i+L(m^^)]R(m^^,0)/}- (4/3)
- ( y 2 / | m i v l 2 ) - ( T r y 3 / | m ^y | 2 ) R e ( l / m ^y),

Oy^Dy'(O) = 3iT/8y^,
oi~lïïDy"(0) = 6/5y2,
a~^Dy"*^(0)

= 3iT/4y3,

ctylTTDy(O) = 4 8 / 7 y ^ .

To lowest order in Fy/m^, y^/m^, and y^r^/m^, for the simple propagator the
initial derivatives of 1^ may be written
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l y ( 0 ) = - 1 + (ry/2Trmy) [l+(2yy/m^)+log^(y^/iny)],
1^(0) = (l/m^) [l+(r^/2iTm^)-(4ryy^/2Tnn2)-(3r^/2TTiii^)log^(y^/m^)
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VIII. APPENDIX D: THE COMPUTER PROGRAMS

A number of computer programs were utilized in the analysis of the
hadronic electromagnetic form factors in order to minimize the total x^The most efficient of these is based on the gradient expansion algorithm
of Marquardt (148). A brief description of the theory underlying this
program follows.
Let the data points be (x^,y^) and let o\ represent the standard
deviation for each measurement, which is assumed to be equal to the
experimental error.

Ignore errors in x^. Let the theory function be

represented by y(x,a^), where a^ represents a set of NTERM parameters
to be determined by fitting the data; k=l,2,3,...NTERM.
The theory function may be expanded about its value at the initial
parameters, a^^^ as follows:
NTERM
y(x,a) = y(x,a ) +
(3y/3a ) 6a .,
°
j=l
J ^oj
where 6a.=a,-a ,.
j j oj

(D.l)

The deviation from the ith experimental value is

(DEV)^ = y^-y(x^,a) = y^-y(x^,a^)-^(3y(x^)/3aj)^ Gay.

The chi-square function is now defined as the sum of the squares of
the deviations from the observed values weighted by the mean standard
deviations; that is.
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and is a measure of the goodness of the fit of the theory function to
the data. The goal is to determine the set of parameters which minimizes
the difference between theory and experiment. In the method of least
squares, this is the same as finding the smallest value for the cal
culated chi-square.

Thus minima are sought in

for values of 6a^ that

are simultaneous solutions to

3x^/35a^ = 0.

(D.3)

If the curvature matrix element, a.,, is defined by the equation

a., = y^(l/a2)[3y(x )/9a ]
jk

^

1

X

K

[3y(x )/9a ]
I K

(D.4)

i
and the column vector, 6^, by

= ^(l/o?)[y^-y(x^)][9y(x^)/3aj^]^

then the condition for a minimum in

(D.5)

can be re-written more compactly

as the matrix equation

i = a6a,

(D.6)

This equation is a condition for a minimum in x^ only if the initial
values of the parameters are very close to the minimum in order for the
Taylor series expansion, Eq. (D.l), to apply.

The 6a calculated by

inverting Eq. (D.6) may not correspond to those of the minimum.

Thus the

need for an iteration procedure to search for the true minimum.
It is not mathematically convenient to solve these equations
analytically when the theory functions are complicated.

Instead, x^ is
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considered to be a continuous function of NTERM parameters describing
a hypersurface in an NTERM-dimensional space.
for the appropriate minimum of

This space is then searched

Since local minima usually interfere

with the search it is necessary to estimate the values of the unknown
parameters so that the initial chi-square lies close to the absolute min
imum.

This can be implemented by performing a grid mapping to identify

the desired range of parameters and by using as much physical insight as
possible to set their initial values.
The gradient-expansion algorithm is designed to optimize the searching
procedure even far from the minimum

•

The algorithm begins by increasing

the diagonal elements of the curvature matrix by an amount A.

Then,

j=k
*jk

; j^k.

If X is very small, the solution to this equation is essentially the same
as that of Eq.(D.6).

If A is very large, the equations decouple because

the diagonal terms dominate.

The increments, day, are now in the same direction as the gradients,
The complete algorithm reads

1.

Compute x^(a)'

2.

Let X=0.001.

3.

Calculate 6a and x^(a+6a) from Eq. (D.6) for X=0.001.

.
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4.

If

(a+<Sa)>x^(a), increase X by a factor of 10 and go to 3.

5.

If x^(a+<Sa)<x^(a), decrease X by a factor of 10.

Take a+ôa

as the new starting point and go to 3.
Thus, far from the minimum the algorithm gives solutions characteristic
of a gradient-search, in which the direction of search is along the
direction of maximum decrease of x^•

Close to the mimimum, as can be

seen from Eq. (D.6), the algorithm yields solutions characteristic of
an analytical expansion method in which it is assumed that x^ is parabol
ic near the minimum.

The Fortran-coded program used to minimize x^

and fit the pion form factor data is given at the end of the discussion.
All of the expressions derived in this Appendix are slightly modified
when several different sets of data and corresponding theory functions
are fit simultaneously using the same set of free parameters.

In this

case x^ is composed of a sum of chi-squares defined by the separate theory
functions.
NTF

NTEEM

and where the superscript k represents the kth theory function, and the
sum over i is over the total number of theory functions, NTF.

It is then

straightforward to see that the curvature matrix element and the 3 vector
become
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NTF NDP,

= 22
E
"
k=l 1=1

,

11,

11

(I/o 2)[y -y (x ,a )][9y (Xi)/3a ]
11
1 o
in

,

NTF NDP
a , =

^
^ M

(l/a^2)[9y („ )/9a ]
[3y'^(x^)/9a ]
oh
^
^ oj

The goodness of fit is measured by the chi-square per degree of
freedom, xS» also called the reduced chi-square.
r

This quantity is

determined by the total number of data points,

NDP =

NTF
T? NDP, ,
k=l

and by the number of variable parameters in the fit

(NVPAR) according

to the equation

r

= X^/( NDP-NVPAR).

A good fit is defined by a set of parameters for which the theory function
falls within the errors of all the data points, Xpl^-O*

A value of Xp

less than one does not necessarily indicate an improvement of the fit
because the data represents a limited sample and the chi-square is expected
to fluctuate from experiment to experiment.
Assuming the deviations obey a Gaussian distribution, the probability
that a random set of NDP measurements will yield a value of

as large or

larger than that obtained is expressed by the confidence level, P(x^,NDP),
which is tabulated and easily accessible in books on statistics.

A

reduced chi-square of one corresponds to a confidence level of approx
imately 50%.

In general, the confidence level is useful as a tool for re

jecting theory functions, not for validating the correctness of two theory
functions giving similar confidence levels.
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C
C
C
C
C
C
C
C

CURFIT: A MINIMIZATION PROGRAM UTILIZING THE
GRADIENT EXPANSION ALGORITHM OF MARQUAROT
TO FIT THE TIME-LIKE PION FORM FACTOR
DESCRIPTION OF PARAMETERS
X: ARRAY OF DATA POINTS FOR INDEPENDENT VARIABLE
Y: ARRAY OF DATA POINTS FOR DEPENDENT VARIABLE
SIGMAY: ARRAY OF STANDARD DEVIATIONS FOR
Y DATA POINTS
NOP: NUMBER OF PAIRS OF DATA POINTS
NTEKMS: NUMBER OF PARAMETERS
NVPAR: NUMBER OF VARIABLE PARAMETERS
A: ARRAY OF PARAMETERS
THEORY: THE THEORY FUNCTION; CALCULATED VALUES
OF Y
CHISOI: CHI SQUARE

C
C
C
c

C
C
C
C
C
C
C
C
C

COMMENTS:
DIMENSION STATEMENTS ALLOW NTERMS UP TO 8
FLAMOA=0«00L AT BEGINNING OF SEARCH
REAL BETA(8).ALPHA(8,8),FLAMDA.A(8),8(8)
REAL 6ETF8 ), WT (8 ). ARRAY ( 8. 8 ) • ALPH( 8,8) .C(8)
INTEGER C0UNT(25)«Cl(8)tC2(8)
COMMON /BBB/ NDP,NVPAR
CCMMCN/CCC/ WT
COMMON/EEE/NQ
CATA FLAMDA/O.OOI/
CALL ASSIGN*5,'CR:',3,LERR)
CALL ASSIGN(6,«LP:•,3,LERR)
CEFALT=.0000 000000 00001

C
C
C

DEFALT SHOULD BE «(EPS)**2
REA0(5.111) EPS,NTERMS,NSTEPS
FORMAT (FIO .3,6X, 12,8 X, 12)
WRITE(6,111) E PS,NTERMS,NSTEPS
5 DO 12 1=1,NSTEPS
12 CCUNT<I)=0
NSTEPS=0
FLAMDA=.001

111

C
C
C

INPUT DATA:

10
11

INITIAL PARAMETER VALUES AND WEIGHTS

REAOC5,10,END=90)(CI(I},C2(I)•A(I),WT(I),1=1.NTERMS)
FORMAT(9X, A4,6X, A4,5X,F 12.7,F10.4)
VKRITE(6, 11 )
F0RMAT(5X,'INPUT PARAMETERS:*)
WRITE(6, 13 )( I . CI (I) ,C2( I),A(I),WT(I) .1= 1.NTERMS)
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13
321
C

F0RMAT(4X.I2,3X.A4,2X.A4.4X,F10.4,F7.1)
PE:AD(5,321 ) NO
F0RMAT(9XtIll

NVPAR=0
DO 17 I=1,NTERMS
C(I )=ACI )
17 NVPAR=NVPAR+H»T(I)
C
C
C

CALCULATE CHISQ.ALPHA• BETA
CALL FCNfNTERMS, CHISQI.A,1•ALPHA.BETA)
35 ARRAY!J.K1=ALPHA(J.K}/ SORT(ABS(ALPHA(J.J)
CHISQ3=CHISQl/INDP-NVPAR)
MRITE<6,104) CHISQl.CHISQS
104 FORMAT!«O*./.IX.9X••CHISQUARE*,5X,•CHI SQUARE/(NDPINVPAR)',3X. NDF',3X,'NVPAR',2X,'STEPS',3X.'COUNT',
1/,1X.2F20.10)
IF(NQ .EO. 0) GO TO 91

C
C
C

COUNT THE ITERATIONS
70 NSTEPS=NSTEPS+i

C
C
C
C

DEFINE ARRAY ACCORDING TO FORMULA,
NORMALIZING IT TO THE DIAGONAL
55 DO 30 J=1,NTERMS
DO 34 K=1,J
1*ALPHA(K.K))+DEFALT)*WT(K5 »WT{J)
34 ARRAY(K,J}=ARRAY(J,K)
ARRAY(J.J)=(1. + FLAWDA )*WT(J)
30 CONTINUE

C
C
C

INVERT ARRAY
CALL MATINV (ARRAY.NTERMS.OETJ

C
C
C
C

INCREMENT A, AND CALCULATE NEW VALUES OF CHISQ. ALPHA.
AND BETA
DO 40 J=1,NTERMS
B(J)=A(J)
DO 40 K=1,NTERMS
40 B(J)=e(J)+ BETA(K)*ABRAY(J,K?/SQRT(ABS(ALPHACJ.J)»
1ALPHA(K,K))+DEFALT)
CALL FCN(NTERMS.CHISC2,B.4,ALPH.BET)
IF(CHISQ1-CHISQ2) 45,50.50
45 FLAMDA=1C*FL AMDA
COUNT(NSTEPS)=COUNT(NSTEPS)+1
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C
C
C

IF S E Q U E N C E I S N O T CONVERGING, ABORT
IF(FLAMDA.GT ,10000 ) GO TO 61
GO TO 55

C
C
C

CHECK TO SEE IF DELTA CHISQ IS LESS THAN EPS
50
76

WRITEC6.76) CHISQ2
FORMAT*'0',/,10X.* INTERMEDIATE CHI S Q=* .F20 • 10 >
¥RITE(6,1131)
1131 FQRMAT(*0«.T13,•PARAMETER••T25.•WEIGMT••T36.
I'INITIAL VALUE',T58.'FINAL VALUE')
MRITE(6* 1121 )( I . CI ( I ).C2( I),WT (I),C(I) ,B (I)
1 ,I=1,NTERMS)
1121 FORMAT( 1X,3X,I2,5X,A5,A5,5X.F2.0.2F20. 10)
IF(CHISQ1-CHISQ2-EPS ) 65,60,60
65 CHIS01=CHI SO 2
C
C
C

IF SEQUENCE IS NOT CONVERGING, ABORT
IF(NSTEPS.GT.24) GO TO 61
DO 75 J=1,NTERMS
BETA(J)=BET(J)
AFJ)=B(J)
DO 75 I=1,NTERMS
75 ALPHA(I,J)= ALPH(I,J}
FLAMDA=FLAMDA/IO.

C
C
C
C

SINCE DELTA CHISQ HAS TOO LARGE, BUT CHISQ DECREASED,
REITERATE
GO TO 70
61 WRITE(6,153)
153 FORMAT('
THE SEQUENCE IS NOT CONVERGING')
DO 699 J=1 ,NTERMS
699 8ETA«J)=B(J)-A(J)
WRITE(6,651)(A{J),BETA(J),J=1,NTERMS)
651 FORMAT*IX,'THE COMPARISON SET OF PARAMETERS AND THE
ILAST SET OF INCREMENTS WERE ', / , 10( 2F20.10 ,/) )
WRITE(6,124; CHISQL
124 FORMAT(IX,«THE COMPARISON CHI SQUARE WAS '.F20.10)
60 CHIS03=CHISQ2/(NDP-NVPAR)
WRITE(6,102) CHISQ2,CHISQ3,NDP,NVPAR,NSTEPS,
1(COUNT(I), 1=1,NSTEPS )
102 FORMAT*
2F20.10,7X,3(13,4X) ,20{I 2,1X) )

C
C
C

OUTPUT INITIAL AND FINAL VALUES OF PARAMETERS
WRITE* 6, 113)
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113

F0RMAT(T13 t* PARAMETER» .T25 »• WEIGHT* ,T36.
IMNÎTIAL VALUE ««TSe» «FINAL VALUE")
WRITE!6«112)(I«Cl(I)tC2(II.WT(I).C(I)tB(I).
II=1.NTERMS)
112 FORMAT(1X.3X,I2,5X,A5.AS.SX,F2.0,2F20.10)
C CALL FCN FOR THE LAST TIME. IFLAG = 3
C
CALL FCN(NTERMS, CHISQ2*B«3. ALPHA, BETA)
91
CONTINUE
C
C GO ON TO NEXT DATA SET
C
GO TC S
90 STOP
END

SUBROUTINE MAT INV( ARRAY.NOROER.DET)
REAL
ARRAY,DET
DIMENSION ARRAY( 8,63,IK(8),JK(8)
hSTEFS=0
DET=1.
CO 100 K=1,N0RDER
AMAX=0.
21 DO 30 I=K,NORDER
00 30 J=K,NORDER
IF(ABS(AMAX)~ ABS( ARRAY( I,J))) 24,24,30
24 AMAX=ARRAY(I,J}
IK(K)=I
JK(K)=J

30 CONTINUE
IF(AMAX) 41,32,41
41
I=IK(K)
IFCI-K) 21.51,43
43 DO SO J=1,N0R0ER
SAVE=ARRAY(K.J )
ARRAY(K.J)=ARRAY(I,J)
50 ARRAY( I.J)=-SAVE
51 J=JK(K)
IF(J-K) 21,61,53
53 CO 60 I=1,N0RDER
SAVE=ARRAY(I,K)
ARRAY!I.K)=ARRAY( I,J)
60 ARRAY!I,J)=-SAVE
61 DO 70 I=1,N0RDER
IF!I-K) 63,70,63
63 ARRAY!I,K»=-ARRAY(I,K)/AMAX
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70 CONTINUE
DO 80 1=1.N0R0ER
DO eO J=1,N0RDER
IF(I-K) 74.80,74
74 IF(J-K) 75,80,75
75 ARRAY!I,J)-ARRAY(I,J)+ARRAY(I,K)*ARRAY(K,J)
80 CONTINUE
DO 90 J=1,N0RDER
IF(J-K) 83,90*83
83
ARRAYCK,J)=ARRAY(K,J)/AMAX
90
CONTINUE
APRAY(K.K)=1 ./AMAX
NSTEPS=NST5PS+1
100 CET=DET*AMAX
32 DO 130 L=1.NSTEPS
K=NSTEPS +1-L
J=IK(K)
IF(J-K) 111,111, 1 0 5
105 DO 110 I=l,NORDER
SAVE=ARRAY(I ,K)
ARRAY*I,K)=-ARRAY(I,J)
110 ARRAY CI,J)=SAVE
111 I=JK(K)
IF(I-K) 130, 130, 113
113 DC 120 J=1.NORDER
SAVE=ARRAY(K,J)
ARRAYfK,J)=-ARRAY<I,J)
120 ARRAYd,J)=SAVE
130 CONTINUE
140 RETURN
END

FUNCTION THEORY(T,X,J,K>
REAL*4 10, I1.T(2,13),
PHASE 1,SNGL,LQ
COMPLEX DVIO,DV20,IV,GV(5),DV1,DV2,FPI,01
REAL*4 ALOG,SORT,ATAN,REAL,CABS
REAL*8 W0,DATAN,DLOG,CDA8S,Dl,O2, 12(2),OBLE
COMPLEX M1.M2, L1,S 1,RS«CMPLX,CONJG
CCMFLEX CSORT,CLOG,A I,A2,M3,M4,CEXP
COMPLEX MS.A3,A4,AS,K6
REAL*4 ALPHR(S),ABS,ALPHA( 5),GAMA( 5)
REAL*4 PI,MU(5),X(8),WT<8)
DATA PI/3.141593/
CATA
GAMA
/2.6,7.7,6.2.5.2,5.2/
DATA
MU/0.2792,0.2792,0.9877,0.5584.0.5584/
CATA ALPHR/0.08824,0.0064,0.0022,0. 1094,0.1094/
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DC 9 1=1 .2
M1=CMPLX( X( I)« X(I+2)/2.)
K2=CCNJG(M1)
THETA=SNGL(OATAN(X(I*2)/(2.DO»{OBLE(X(I))1CBLE(MU(I))))))
PHI =SNGL(DATAN(X(I+2)/(2.D0»(DBLE(X(I))+
1CBLE(MU( I))))))
81 =CABS(M1-CMPLX(MU( I),0.0))
B2=CABS( M1+CMPLX(MUC I).0.0))
A1=CMPLX(0.0.THETA)
A3=CMPLX(0.0,PHI)
A4=(Al-A3)/2.
ANGLE=<THETA-PHI )/2.
M3=81*CEXP(A1)
M5=E2*CEXP(A3)
Z=SGRT{B1/B2)
BETA=ATAN((2.*Z*SIN(ANGLE))/(l.-(Z**2)))
A5 = CMPLX(0 .0.BETA)
B3=l.+<Z**2)-(2.*Z*CCS(ANGLE))
84=1.-(Z**2)
B£=2.*Z*SI N( ANGLE)
CMPL X(S 4/E3;B 5/B 3 }
LI=CMPLX(ALOG(CABS(M4)).BET A)
GAMMA=3.*( THETA+PHI)/2.
Sl =((SORT(81*82))**3 )*CEXP( CMPLX(O.O.GAMMA))
RS=(<(CMPLX<O.O.PI)+Ll)*S1)/((Ml-M2)*Ml**2))
RV=REAL(M2+((PI*MU(I)*M2)/(2.*M1)))
D00=(-2.*REAL(RS*M2)/1.)-(3.*PI*MU(I)/*.)+
1((((PI*MU( I)/2.)+(2.*RV))*MU( I)**2)/(CA8S(M1 )**2))
C10=((2.*l.0 •REAL(RS))/l.)-C4./3,}-((MU(I)**2)/
1(CABS(Ml)**2))- ((PI*REAL(1./M2)*MU(I)**3)/
1(CABS(M1)**2))
ALPHA(l) =(X(I+2)/(2.*X(I)))/(SORT(1.-((MU(I)/XCI))
1**2))**3)
C0=C00•ALPHA CI )/P I
D1=D10*ALPHA<I)/PI
D2=(< 3.*PI)/<8.*MU(I)))«ALPHA(I)/PI
D3=(6./(5.*MU(1)*»2))*ALPHA(I)/PI
C=-X(I)/DO
A=D1*C
B=(<XCI)*C)/2.)*D2
IO=-A*C
I1 =(A**3 )+(2.*A*B)
I 1 = 1 l+((B*X( I)/3.)*(D3/D2))
11= <C/<X(I)*»2))*I1
C=SORT(-T(J.K))
Q1=CMPLX(Q.0.0}
SQ=(Q**2)-(MU(I)**2)
LQ=ALOG((Q+SQRT(SQ))/MU(I))
100 CONTINUE
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DV10=(!•/Q)+( l./Ml)+(!./M2)
CV10= OV10*(PI*MU(I )/2.)
DV10=1«+DV10
CV10=DV10*(CABS(Q1-M2))**2
CV10=-OV10*( (MU(I)**2)/(Q*CABS(M1)**2))
DV10=DV10+2.*REAL(RS*(Q1-M2))
IF(G .LT. 0) GO TO 101
OVl =DVl 0+<((CMPLX(0.O.PI )-LQ» •SORT(SQ)**3)/(0**2))
Q=-Q

Qi =-01
GO TO 100
101 CONTINUE
OV20=DV10+((LQ*SQRT(SO)**3)/(Q**2))
DVI=DV1 *ALPHA(I)/PI
CV2=OV20*ALPHA(I)/PI
IV=((X(I)**2)/(2.»(-Q)))*((1./0V1)-(1./DV2))
6VCI) =I l+(( lO-IV )/T( J ,K))
9
CONTINUE
GO TO CIO.201.J
10
FPl=l.-((2-*X(5)*GV( l)*X(1)**2)/(2.*GAMA(1))}
l-CMPLX(X(6)tX(7))*GV(2)*((X{2)*»2)/{2.*GAMA(2)}}
THEORY=(CABS(FOI))**2
20
CONTINUE
GO TO 50
50
CONTINUE
RETUPN
END

18

SUBROUTINE FDTH( NTER MS.X.A.I.J)
REAL X(2.13),A(8).WT(8)«0ERIV<83
CCMMON/CCC/WT
CCMMCN/DDD/DERIV
DC 18 K=l,NTERMS
A(K )=A(K)+.000S
F2=ThE0RY<X.A.I.J)
A(K)=A(K)-.001
F1=THE0RY( X. A. I.J)
DERIV(K> = <F2-F1)/.001
A(K)= A(K )+.0005
RETURN
END
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SUBROUTINE FCN(NTERMS.CHISO 1•A,1FLAG,ALPHA,BETA)
REAL ALPMA(8.8 )*BETA(8 )»DERIV<8)»A( 8)» WT( 8)
REAL X(2,13) tY(2.13),SUM(2)•SI GMAY(2•I 3)
INTEGER N(4),Z
CGMPCN/BBB/ NDP.NVPAR
COMMON/CCC/WT
COMMCN/DDD/OERIV
COMMCN/EEE/NQ
GO TO (10.20t30t40)»IFLAG
10
CONTINUE
READ(5»1400) N1,N2
1400 FORMAT C8X. I2«8Xt 12)
C
READ IN PION DATA
REACC5* 130 1)( X( l.O,Y( l.K)« SIGMAY( 1.K),K =1 «NI)
1301 F0RPAT(3F13.4)
WRITE(6.1360)
1360 F0RMAT('0'.5X,' TIME-LIKE PION DATA:',/,T4,
l'M0MENTUM**2«.TIB,'FCRM FACT0R**2*,T3»,•ERROR')
WRITE(6*1301)CX(1•K)•Y{1«K)•SIGMAY(l.K)«K=l.Nl)
N(1)=N1
N|2)=N2
NDF=N(1)
40
CONTINUE
DO 12 K=l,2
12
SUM(K)=0.0
C***DO 11 J=l,2; DO 50 M=l,2 *********
J=1
Z=N(J)

11

DO 11 K= 1,Z
SUM(J)=SUM(J)+((THEOPY(X.A.J.K)-Y(J.K))/
1( SIGMAY( J,K))
1)**2

CH1SQI=SUM(1)
IF(NQ .EQ. 0) GO TO 30
C
C

34
C
C

INITIALIZE CURVATURE MATRIX
CO 34 J=1,NTERMS
BETA(J)=0.
00 34 K=1,J
ALPHA( J«K)=0•
DEFINE UPPER ECHELON OF CURVATURE MATRIX
N=1

Z=N(M)
DO 50 1=1,Z
CALL FDTH(NTERMS,X»A,M,I)
DO 46 J=1,NTERMS
BETACJJ=BETA<J)+((Y< M,I)-THEORY(X,A,M,I))/
1((SIGMAY(M,1))**2))
1*DERIV(J )*WT(J)
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DO 46 K=1,J
ALPHA!J.K)= ALPHA(J ,K )+((DERIV( J )*OERIV(K ))/
1(( SIGMAYCM.I))**2))
CONTINUE
DEFINE LOWER ECHELON OF CURVATURE MATRIX
DC S3 J=1,NTERMS
CO £3 K=1,J
ALPHACK.J)=ALPHA(J.K)
GO TO 20
CONTINUE
CONTINUE
RETURN
END
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IX.

APPENDIX Et

RESEARCH IN PROGRESS

To further investigate the P-wave pion-pion phase shift problem
associated with the unstable particle propagators presented in this
discussion, the p-propagator is modified by introducing a parameter,
a^, and writing

Im[R (m')] = a m'[l-(y
P
P
P

^/^f(m')0(m'-y ),
P

where

f(ni') = (m'/nip)^[ (ffip + a^)/(m'^ + a^)].

This parametriisation, giving f (m^)=l, is a phenomenological way of
introducing structure into the pirir vertex.
The parameter, a^, is treated as an adjustable parameter and its
value is to be determined by a least squares fit to the pion form factor
and simultaneously to the phase shift data.

This parametrization will

introduce a degree of freedom that hopefully will allow the P-wave
phase shift to be fit.

This gives the theory the option of controlling

discordant data until the values of the pion phase shift at the

inelastic

threshold are known with more certainty.
Preliminary work utilizing this propagator leads to the following
results.

A plot of the pion radius against the parameter a^ for fixed

values of the p resonance parameters (Fit 10) shows that for a^=0 the pion
charge radius is 0.75 f., as required for consistency, the radius then
decreases uniformly with increasing a^ until for a^=l.0 the radius is
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quite close to the standard vector meson dominance result using
monopole propagators, 0.60 f.

Over this same region, the P-wave phase

shift varies from 24° at a =0 to 12° at a =1.0.
P
P
The correlation between the parameters m , T , g
P

p

, and a

PTT

p

can only

be determined by a fit to the data, which has not yet been performed.
The indications are, however, that if the least square fit chooses a
value for a^ much larger than 1.0, as will probably be required in order
to simultaneously fit the pion form factor and the phase shift data, then
the corresponding pion charge radius will not be much different from the
standard vector meson dominance result.

This suggests that if the

measurements leading to a large pion charge radius are correct (as well
as the highly model-dependent phase shift measurements), some mechanism
other than vector meson instability will be needed to account for it;
for example, the inclusion of Inelastic channels coupled to the p .
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